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Abstract

The paper presents a method of construction of tight frames for L%(Q), Q2 C R". The construction
is based on local orthogonal matrix extension of vectors associated with the transition matrices across
consecutive resolution levels. Two explicit constructions are given, one for linear splines on triangular
polygonal surfaces with arbitrary topology and the other for quadratic splines associated with Powell-Sabin
elements on a six-direction mesh.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

In the past two decades, wavelets and frames have proved to be a useful tool in image and
signal processing. Recent developments in geometric modeling and numerical approximations
have motivated the construction of wavelets and frames for other multiscale and multiresolution
information, such as discrete geometry information generated by subdivision processes or
3-D scanners and discrete functional data generated by numerical solution of partial differential
equations. For instance, wavelets based on surface subdivision schemes on polyhedral meshes
of arbitrary topology have been studied in [15,14,2] for the purpose of geometry compression,

* Corresponding author. Fax: +44 1382 345516.
E-mail addresses: matgohss @nus.edu.sg (S.S. Goh), tgoodman @maths.dundee.ac.uk (T.N.T. Goodman),
matleesl @nus.edu.sg (S.L. Lee).

0021-9045/$ - see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jat.2008.01.001



https://core.ac.uk/display/82270132?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/jat
mailto:matgohss@nus.edu.sg
mailto:tgoodman@maths.dundee.ac.uk
mailto:matleesl@nus.edu.sg
http://dx.doi.org/10.1016/j.jat.2008.01.001

50 S.S. Goh et al. / Journal of Approximation Theory 158 (2009) 49-68

while frames from surface subdivision schemes have been constructed recently by Charina and
Stockler [3,4].

In many situations, frames provide more flexibility than wavelets and their constructions from
multiresolution analyses (MRA) are also simpler. A catalyst for this development is the Unitary
Extension Principle introduced by Ron and Shen [18], which provides a general construction of
tight wavelet frames for L>(R") in the shift-invariant setting, which we shall refer to as the
stationary case. Some historical pointers on the development of the theory and construction
of frames can be found in [9]. The paper [9] and a parallel and independent study in [6]
provide further development of the subject. The Unitary Extension Principle of Ron and Shen
is formulated in the frequency domain and allows for the construction of affine frames that are
shifts and dilates of a finite set of functions. With the aim of constructing tight frames for square-
integrable functions on compact sets and to extend the frame theory beyond the shift-invariant
setting, Chui et al. [7] have developed a parallel theory, formulated in the time domain, together
with a general construction of tight frames for L>(I), where I is a finite interval in R. The
multiresolution subspaces (Vj);‘;o of L?(I) are generated by finite sequences of functions, ® i
that satisfy the non-stationary refinement relations, ®; = ®;1A;, j =0,1,..., where A;isa
non-square transition matrix. They provide necessary and sufficient conditions for sequences of
functions ®;,1B;, j = 0,1, ..., to form a tight frame, in terms of the existence of symmetric
positive semi-definite matrices, I';, that define the kernels, ®;I"; CD]T, j =0,1,..., fora

sequence of approximation operators that converges in norm to f for any f € L2(R). The
construction of frame elements is then carried out by factoring the matrices I'j ;1 — A;T’; AJT to
obtain B;. The method was demonstrated in the construction of non-uniform spline tight frames
in [7]. The theory and the general method of construction have been extended in [8] to spaces
of square-integrable functions on non-compact subsets of R, and are also partially extended to
higher dimensions in [3]. On the other hand, for the space L2([0, 27)™) of periodic functions,
in which the wavelet frames are generally non-stationary, Goh and Teo [12] have developed
the corresponding Unitary Extension Principle in the frequency domain and introduced a new
method of construction based on local matrix extension to matrices with orthonormal columns.
The method employs the singular value decomposition, which simplifies considerably the

problem of matrix extension.
While general theories and methods for the construction of wavelets and framelets in the

stationary and non-stationary settings have been established, explicit construction of wavelets
and framelets in most cases remains a challenging task. The object of this paper is to develop a
new method for constructing tight frames for the space LZ(Q), where 2 C R”, and provide two
explicit constructions. The construction, which is largely motivated by thatin [12], is based on the
local matrix extension of vectors associated with transition matrices of the refinement relations
across consecutive resolution levels. It is applicable in both the stationary as well as the non-
stationary setting. The matrix extension can be carried out by the Householder transformation
in the scalar case and by an adaptation of the method based on singular value decomposition
developed in [12] in the scalar as well as the vector case. These are illustrated in Sections 4 and
5. A general theory is developed in Sections 2 and 3. Although the construction of frame elements
in Section 2 is developed for L2(£2) on a n-dimensional region € C R”, it is applicable to locally
parametrizable piecewise smooth manifolds in R”, such as a sphere or polyhedral surfaces. In
Section 4 we construct tight frames for linear splines on triangular polyhedral surfaces in R3
of arbitrary topology. Piecewise linear functions defined on polyhedral surfaces are useful in
applications in computer graphics (see for instance, [1,11]). Section 5 deals with the construction
of piecewise quadratic tight frames from Powell-Sabin elements on a six-direction mesh [16].
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After completing this work we discovered that similar, but different, constructions of tight
frames appear in preprints by Charina and Stockler [3,4] and Reimers [17]. Explicit constructions
of tight frames from MRA generated by surface subdivision schemes are given in [3,4], while
some univariate tight spline frames and bivariate linear spline frames are constructed in [17].

2. Construction of tight frames

Letg;,i € S, and E;;j, j € T, be real-valued functions in L2(2), Q@ C R”, satisfying
¢ = aijbj, i€S, .1
jeT
where a;; > 0,i €S, jeT,
Zaii:l’ jer, (2.2)
ieS
and each row of the matrix (a;j)ies,jer has finitely many non-zero entries. We assume that

{¢i :i € S}and {qNSj : j € T} are locally finite, i.e. for any x € €, there is a neighborhood of x
in which all but a finite number of them vanish. Note that

Z¢i = Zzaijaj = Z%‘Zai/ = Z‘;J*

ieS ieS jeT jeT ieS jeT

Suppose I; == [¢; >0, i € S, and 7, = /aj > 0, j € T. Then integrating (2.1) gives

Ii:Zaijij ies. (2.3)
JjeT
—-1/2 . ~ ~1/2% . .
Let®; =1, ""¢;, i € S,and ¥ := Ij ¢j, j € T.Then (2.1) gives
~ 12 = .
@ =Y (I;/L) " aij®;. ieS. (2.4)
JjeT

Takei € S. Let{j : a;j # 0} = {j1, ..., jr@}. For simplicity put (i) = r, and define

. ~ 1/2
v = veli) = (T, /Iaig) . €=1,....r.
Then
r r ~
vi =) (Li/hi) aijo = 1,
=1 =1
by (2.3). We can therefore extend the row vector (vi, va,..., V) to an orthogonal matrix
V = (vké)i,e:1 withvig =vg, £=1,...,r.

Fork =2,...,r, define

2%

.
Yk =i =) vkeq; 1D, (2.5)
=1
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Proposition 2.1. For f € L*(Q),
r(i)

> (L +Zwak =) (£, 9%

ieS ieS k= jeT

Proof. Take f € L?(€2) and let aj = (f, E)j),j € T.Then for afixedi € S, by (2.4) and (2.5),

r 2 r r 2
®)2 + ) (fvw)’ = (Z (T/1)'"? az’jﬂjz) + (Z ”kf"iljézo‘fe)
= =2 \i=1

=1

(12 ’ 2
T
=Z Zaw Ve j, =HVD[ajl,...,aj,
1 \¢=1

~

1/2 272

where D = dlag(au1 N

). Thus

(fo @)+ D (fo v = lajy. ..., DTV VDI, ... a;]"

k=2
: T
= [Oljl, . otjr]dlag(a,-jl, ey aijr)[(le, ey Oljr]
= Zaw“/k > ailf, &)
JjeT

Hence it follows that

r(i)

DL Y D UL =D ai(f.®)7 =D (f. )%

ieS ieS k=2 ieS jeT jeT

by (22). O

Next, we considgr the vector case. Here, we consider sets of functions rather than a single set.
Let¢;,i € S,and ¢, j € T, be functions in LZ(Q), Q C R”", as before and we still assume the
situation of (2.1)—(2.4), except that we now allow a;; < 0. Now suppose S is the union of finite
disjoint subsets S, v € J. Take any v € J and suppose S, = {i1, ..., in}, wherem = m(v) > 1.
Let{j € T : a;j # O forsome i € S,} = {j1,..., j-}, where we suppose r > m. For simplicity
we write by, = iy jys 1<p<m,1<qg <r,and assume

biyy+---+bpy>0 £€=1,...,r

Now let U := (v,,q) where

’
p=l.g=1°
= (T,/1,)" ® big)~"/?b
Upg = ( ]q/ zp) ( lq+"'+ mq) Pq-

Then for 1 < p,q <m,

,
b z[

UU ) pg = vpevge = (i, I ‘/2§ _botbalii

( )pq s ptVqt = (lp lq) bll - +bmé
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Note that

m
b (I
vuT I.]/ _ 1/2 bpebgedj,
;( ol Zzblz-i- + be

—1,2 —1/2 -1/2
L, prel =1, Z“!n ilio= 1, 3 iy Ty = 1)
=1

jeT

by (2.3). Thus (11.11/2, ceeh Iifn/z)T is an eigenvector of UUT with eigenvalue 1. We shall assume
that all eigenvalues of UU are less than or equal to 1. We note that this will be the case if all
entries of YU are non-negative. For let D be the diagonal matrix with entries Iill/ 2, cee Il]m/ 2
Then D~'UUT D has eigenvector (1,1, ..., 1)T with eigenvalue 1. If all entries of UUT are
non-negative, then D~'UUT D is a stochastic matrix and so all its eigenvalues are less than
or equal to 1. Under this assumption on the eigenvalues, we may extend U to a real matrix
V=W pq)j;,rq:p s = s(v) > r, which has orthonormal columns; this is shown in Theorem 4.1
of [12] for complex-valued matrices and the result for real matrices follows as a special case. For
k=m+1,...,s,define

,
Y=Y vebie+ -+ bue)' 7. (2.6)

Proposition 2.2. For f € L3(Q),
s(v)

PV S SR VA VS S ST A FI

ieS veJ k=m(v)+1 jeT

Proof. Take f € L2(Q) and for a fixed v € J, letay == (f, Equ), g =1,...,r. Then by (2.4)
and (2.6),

She+ Y ()
p=1

k=m+1
m roo 12 2 s )
- Z (Z (Ij/é/li1>) bp@ai) Z (Z vke(b1e + - - + bm[)l/zag)
p=1 \t=I k=m+1

[

2

2
Z (Z vke(b1e + - + bme)l/zote) = HVD ap, .. ~,ar]TH ,
k=1 \t=1

where D = diag((by¢ + - - - + bm/z)l/Z)Zzl- Thus
m

s
(f, @)+ Y (L) =l IDTVI VDI, ... )"
p=1 k=m+1

= [a1, ..., o ldiag((bie+- - +bme) Y ylan, ..., ar]"
r
= > i+ + b}

=Y @+ +ai, )P

jeT
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Summing over v in J gives

s(v)

DUL®+DY T DT (LU =D ai(f. )P =D (£ )

ieS veJ k=m(v)+1 ieS jeT jer
by (2.2). O
To construct tight frames for L3(Q), 2 c R", we consider scaling sequences ¢f, i €Sy,
£=0,1, ..., of real-valued functions in LZ(Q) satisfying
¢l€= Z al[] f+1’ iESg, ZzOslv"w (27)
JESe+1

for afj € R with

doafi=1, jeSu, £=01,.... (2.8)
ieSy
We assume that for £ = 0, 1, ..., the collection {qbf 11 € 8¢} is locally finite and that for each
ieS,=0,1,..., only a finite number of coefficients in (2.7) are non-zero. Note that from

Q.7),fort =0,1,...

SH-T X - ¥ 60 Tam X

i€Sy i€Se JESi+1 JESe+1 i€Sy JESe+1
by (2.8). We shall assume that ZieSo c/)? =1, so that
dogf=1 £=01..... 2.9)

€Sy

‘We shall also assume that fori € Sy, ¢ =0,1, ...,

=/#>a
Q

and define

P = UH Ty

Fori € S¢,¢ = 0,1,..., we have provided methods to construct, under quite general
conditions, r = r(i, £) functions wfk, k=1,...,r,defined by
Yo=Y bloot, ies, t=0,1,..., (2.10)
J€Se+1

and satisfying for any f € L%(Q), £ > 0,

DAL =D (AN YD (v 2.11)

JESe+1 ieSy ieSy k=1

We suppose that for eachi € S, £ =0, 1, ..., only a finite number of coefficients in (2.10) are
non-zero.
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We say that the collection {CD? 1l e Spp U {wfk ck=1,...,r,ie€ S8, £=0,1,...} forms a
normalized tight frame for L*(Q) if for every f € L*(R),

AP =Y (A0 + DD Y (f v (2.12)

€Sy =0ieS; k=1
By standard frame theory (see for instance [5, p. 115] this is equivalent to
o0 r
F=Y (LN + Y IS vl (2.13)
i€So £=0ieS; k=1

for all f € L?(R). In general, for ¥4,k = 1,...,r,i € S;,£ = 0,1,..., to contribute to a
normalized tight frame requires some restrictions on the scaling sequences qbf. For simplicity
we shall make the following assumptions, which cover most practical cases including those in
Sections 4 and 5.

(AD) ¢f(x) >0,x € Q,i €S, £=0,1,....
(A2) For some integer N,

{i:pf(x) #0)| <N, xeQ,ieS, £=01,....
(A3) For £ = 0,1,...,i € Sy, there is a subset Qf C € such that supp(q&f) C Qf and
diam(Qf) < hy, where hy — 0 as £ — oo.
Theorem 2.3. Suppose that (A1)—(A3) are satisfied. Then the collection {db? 1ie Sty {1//fk :
k=1,...,r,i €8¢, £=0,1,...} forms a normalized tight frame for LZ(Q).

We shall give a proof of Theorem 2.3 in the next section.
3. Approximation order and proof of Theorem 2.3

We consider ¢/, @ and ;. k=1,...,ri € S, £=0,1,...,in L*(Q), @ C R", with all
the assumptions as in the previous section. To determine the approximation order of the frame
system, we take v > 0 and consider a sequence of operators Qg : C'*1(Q) — V; of the form

Qcf =) M)},

ieSy
where in addition to conditions (A1)-(A3) on ¢>f we assume that the linear functionals kf satisfy

(AD) ()] < Al flgelloos i € Se, €=0,1,....., for some constant A > 0,

Theorem 3.1. Take v > 0 and suppose that for £ = 0,1, ..., Q¢p = p for any polynomial p
on Q of degree v. If f € C*T1(Q), then

100 f(x) — f(x)] = Oy,

uniformly on compact subsets of 2, where hy are as in condition (A3).
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Proof. Take x € Q. For £ = 0,1,..., let Wy = U{QF : i € Sy, ¢f(x) # 0}. Letting W be a
compact set containing {y : d(y, x) < h¢}, £ =0, 1, ..., condition (A3) ensures that W, C W,
£ =0,1,.... Since W is compact and d(x, y) < hy for any y € Wy, there is a constant B
depending only on the (v + 1)th derivative of f on W, such that

If = Plwlleo < BR)T, €=0,1,....
Then since f(x) = p(x), recalling (Al) and (A4),for¢ =0,1,...,

1Qef(x) = fFO)] = 1Qe(f = P < Y IM(f = plgf (x)

€Sy

< AlCf = Plwlloe Y £ () < ABRYH.

ieSy

The result follows. [

Remark 1. In most practical situations, €2 is compact. In this case Theorem 3.1 gives

1Qef — flla = Oh)™.

We now define a sequence of operators Ty : L2(2) — V; by

Tof =) Mo},

ieSy
where kf( f) = ﬁ (f, qﬁf). This is a sequence of integral operators with kernels
Ke(x,y) =Y (IH'¢f(0)pf (), (x,y) e Qx Q.
ieSy

In the univariate case, the kernel K, corresponds to that of [7] with the matrix I, =
diag({(lf)’l/ z}ieSz)- We are interested in the norm convergence, Ty f — f, for the proof of
Theorem 2.3. The conditions for the convergence of such an integral operator have been studied
in approximation theory. Since the results are scattered in the literature we shall give a proof of
a result (Theorem 3.3 below) that meets our need.

By condition (A3), |)\f( DI = 1l flgelloo. The following lemma shows that Ty is uniformly
bounded.

Lemma 3.2. For f € L*(),

ITeflla < N2 £,
where N is defined by condition (A2).

Proof. For x € €2,

2
(Z )»f(f)¢>f(X)> < N Y LN @F )2,

ieSy ieSy
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since condition (A2) implies that there are at most N non-zero terms in the summation. Thus

ITef15 < N Y UH2EL ¢ 0 15 < N DY U™ 2f fquffgabffg(qﬁf)z

ieSy ieSy
=Ny [ Por=n [ 1Yo =NIrih
ieS, V% 2 jes,

where we have used (2.9) and the inequality |, (qbf)2 <Jq ¢f = Iie, since 0 < ¢f <1. O

Theorem 3.3. For f € L3(Q),
lim T, f = f in L*().
L— o0

Proof. Note that if g(x) = ¢ for all x € 2 and for a constant ¢, then for x € €2,
Tog) = Y (H™! (/ 4! )4: 0 =cY gl =c.
i€S; €Sy

It follows from Theorem 3.1 that if g € C1(S2), then |Tyg(x) — g(x)| = O(hy) uniformly on
compact subsets of €2.

Now take f € L*(Q2) and € > 0. Choose a compact subset K C Q with || f — flxl2 < €.
Let L ={x € Q:d(x, K) < 1}. As in the proof of Lemma 3.2, if h, < 1, then

ITef —TeflLlla < N2 f — flklla < NY2e.

Choose g € C1() such that [[(g — f)|ll2 < €. Choose M such that for all £ > M, hy < 1 and
I(Teg — )|Lll2 < €. Then for £ > M,

If=Teflz < I1f = flellz + 1 fle — glellz + g — Teg)lell2
+1Te(g = Hlela + 1Tefl — Tefll2 < 3¢ + 2N e
Thus lim¢— oo T¢ f = fin L3(Q). O
We are now ready to prove Theorem 2.3.

Proof of Theorem 2.3. It follows from (2.11) (see [5, p. 409]) that for f € L*(Q) and £ =
1,2,...,

r
dYorohol = S (rer e+ Y Y (A v it 3.1)
jES( ieSp_1 i€So—1 k=1
Iterating (3.1), we have for any f € LZ(Q) and¢=1,2,...,
-1 r
DAL RN = (LN + D DY (L,
€S, ieSy m=0i€eS, k=1

which gives

—
Tof =) (f, O))® Z > Z (Ui

i€eSy m=0i€eS, k=1

Letting £ — oo and using Theorem 3.3 gives (2.13), which is equivalent to (2.12). [
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In Sections 4 and 5 we shall construct wfk for bivariate linear splines and for Powell-Sabin
elements respectively.

4. Piecewise linear frames on triangular meshes in R3

The construction of frame elements in Section 2 is applicable if & C R3 is a polyhedral
surface. We shall illustrate the construction of frames on such a manifold by considering linear
splines on triangular polyhedral surfaces of arbitrary topology. Let P be a triangular polyhedral
mesh in R, P(PP) be the set of all its vertices and F(P°) be the set of all its faces. For any two
surface integrable functions f, g : PY — R, we define their inner product

/fgdS

and let LZ(PY) be the space of all surface integrable functions with respect to this inner product.
Let Vp be the space of linear spline functions in L2(PY), i.e. the space of continuous L2-functions
on PV that are linear on each of its triangular faces. The space V; is spanned by nodal functions
¢0, pE P(PO), where

(f. g :=/ fgd§S =
'pO

TeF(PY

¢ (@) =8pq. q € P(P).

Subdivision of P at the mid-point of each of its edges gives a refinement P! of P°, whose
vertices are the set P(P'), which is the union of P(P") and the midpoints of all the edges
of PV. Similarly we define the space V; of linear splines in L?(P°). Continuing in this way
gives a nested sequence of subspaces Vo C Vi C Vo C ---, with U?O:O Vi = L*(PY). The

general method of Section 2 for the construction of tight frames for L2(P?) is applicable at each
resolution level, which gives tight frame elements in V;, j = 1,2, ..., whose union together
with {¢2 : p € P(P%)} form a tight frame for L2(PY).

We now construct tight frame elements in Vj. Take the nodal basis functions qb?, e Vo,p €

P(PY). For each vertex p € P(P") where m edges meet, let its neighboring vertices be
pj,Jj = 1,...,m, arranged in the anticlockwise direction, and let p1 be the mid-point of the

edge [p, p;]. Let qj[l,, ¢>1 q)l be the nodal basis functions at p, p respectively in V;. Then
(2.1) and (2.2) are satisfied w1th

m
0 1 1
Op=p+ D _apd;,
=
where ap; = %,j =1,...,m. Letting
I, _/ podS= > qu ds, pe P(PY),

TeF(PY)
_ plds =
_fpo q 0 =

71/2

/qbq ds, qePPh,

TeF(Ph

o) =1,"7¢0 . @) ="',
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(2.4) becomes
Uy
0 1 1/2 5,1 1 1/2 41
¢p=(5/@)/¢5-%§;§(5/5)/¢ﬁ
j:

1 _ gl I — gl
where Ij = ij, d>j = q)p_/ and

isal x (m + 1) unit vector. Extending v to an orthogonal matrix, the construction (2.5) gives m
frame elements W][-? e Vi,j=1,2,..., m, with support equals that of qb?,.

To compute the components of v explicitly, we note that for any triangle T = [a, b, c]
with vertices a,b,c € R3 and any linear function f : T — R taking value 1 on one
vertex and O on the other two vertices, fT fdS = |T|/3, where |T| denotes the area of T.
Let T; = [p, pj, pj+1] be the triangle in POwith vertices p, Dj, Pj+1, where p; are defined
cyclically, and let T} = [p, p}, p;} ] be the corresponding triangle in 7. Then

1 m
§Z|Ti|,
i=1
=) T == ) T,
3T 125

I} =T} |+|T1I—l(|T~ |+ 1T;1) =1
=i j ! j—1 jl)y, J=1L1L...,m,

1
IP

and hence

oo 13 Tioi|+ T

I_pzé_t’ ﬁ:zkj, where A ; ._M

b b 2ZITiI
i=1

Therefore,

- %(1,,/3x e 3.

A natural way to extend v to an orthogonal matrix is to find an orthogonal matrix V that maps
the unit vector e; := (1,0, ..., 0) to v, and this is provided by the Householder transformation
[13]:

2(er — )" (ef —v)

V=1I- :
ller — w2

whichisa (m + 1) x (m + 1) matrix whose (k + 1)throw, k =1, ..., m,is

-3
< v 3\, \/)\.k)\.],..., MeAg—1, 1 — )\k’ \/}\.k}.k+],...,7\/A.k)\.m).(4.1)

Other orthogonal extensions of v can be obtained by transforming any orthogonal matrix with
first row equals e; by V.
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Using the orthogonal extension V, (2.5) and (4.1) give the following frame elements
associated with a vertex p € P(P°):

A | 1 O
vl = 6, + 2/ =3y =3 ¢i¢, k=1,....,m.
2T+ | ¢ ; /

#k

5. Tight frames from Powell-Sabin elements on a six-direction mesh

Let T denote a regular triangulation of R? into equilateral triangles and P be the set of their
vertices. To be definite we assume elements of 7" have sides of length 2, choose the origin as one
of the vertices and the x-axis parallel to one of their sides. Let 7 denote the triangulation gained
by inserting the medians of all elements of T, and let S denote the space of all C! piecewise
quadratic functions on 7. From the well-known Powell-Sabin ‘6-split’ elements [16], we know
that each function in S is determined uniquely by its values and first order derivatives at P.

Now let ¢; € S have support in the hexagon centered at the origin and have non-zero
triangular BeZier coefficients as shown in Fig. 1. Note that ¢1(- ,y) = é1(- ,—y),y € R,
and the support of ¢, is actually on the pentagon BCDEF. Let R denote a rotation through ZT”
clockwise and write ¢» = ¢1(R-), ¢3 := ¢ (R2.). Their supports are illustrated in Fig. 2. Note
that ¢3(-, ¥) = ¢2(- , —y), y € R. Also their derivatives at the origin are

v $1(0,0) = (=2,0),  v¢2(0,0) = (I, —v/3),  v¢3(0,0) = (1,v/3). .1
Clearly ¢1, ¢2, ¢3 are linearly independent and form a basis of the subspace of S comprising all
functions with support in the hexagon. Moreover, {¢;(- — p) : p € P, i = 1,2,3} span all of S

Y A
C B
3 1
1
3. 1
1
D | A X
3 1/
1
- 1
1
E F

Fig. 1. Bezier coefficients of ¢ .
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a b c

Fig. 2. Support of (a) ¢ (left), (b) ¢ (middle), (c) ¢3 (right).

and

3
D i —p)=3. (5.2)

peP i=1

Integrating (5.2) over a region €2 formed by two adjacent triangles in T gives

3
30| = [¢, p= /¢j=3f 6 =123,
— Jr? R

peP] 1

and so
f b =19 =2v3, i=1273.
RZ

In order to apply the theory of Section 2 we must satisfy (2.9) and so rescale our functions by
defining ¢ := ¢;/3,i = 1,2,3. Thenfori = 1,2,3,10 = 2/+/3 and ®; := (I?)"1/%¢} is
given by

@; =271233Mg, i =1,2,3. (5.3)

Now let T denote the mesh of equilateral triangles gained by dividing each element of 7" into
four by joining the mid-points of its edges. Let 7T denote the triangulation gained by inserting
the medians of elements of T Let S denote the space of all C ! piecewise quadratic functions on
T ie. S = {f2): f € S} Nolesareﬁnementof’T see Fig. 3, and so S C S. Thus we
have refinement equations

ZZ $;2- —p), i=12,3 (5.4)

PEP j=

To describe this in detail, let pop = 0 and py, ..., pe denote, respectively, the vertices A, B,
C, D, E, F of the hexagon shown in Fig. 1. Then with ¢ = (¢1, ¢2, ¢3)T, (5.4) becomes

6
¢=>Y AKPQ2- — pr), (5.5)
k=0
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Fig. 3. (a) Regular triangular mesh 7 (top left), (b) median subdivision 7 of T (top right), (c) edge mid-point subdivision
T of T (bottom left), (d) median subdivision 7 of T (bottom right).

k=0,...,6.Then
y¢(pk/2)]

[¢(Pr/2), 0xP(pr/2), 0

for 3 x 3 matrices A(k),

(5.6)

k=0,..

A)C,

[¢(0), 20x¢(0), 23,¢(0)] and by (5.1),

where C :

(5.7)

0
—zﬁ} .
3

2
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The matrices A(k) can be calculated from (5.6) and (5.7) but first we shall rearrange (5.5) to take
account of symmetry.

Define Pj, j € Z, by P; = pj,j = 1,...,6, and so that (P;) is periodic of period 6,
ie. Piig = Pj, j € Z. Also we extend the definition of ¢; to j in Z so that (¢;) has period 3.
Then for j € Z,

RPj = Pj_3, ¢j(R-)=0¢jt1.
Letting ¢jx = ¢;(2- — Py, j, k € Z, we have for x € R?,
Gjk(Rx) = ¢j2Rx — Pr) = ¢ (R(2x — Pry2)) = ¢j+1(2x — Pry2) = Pjt1.4+2(X).

We now arrange the functions on the right-hand side of (5.5) into cosets under the operation of
R, i.e. we define

vOi=02-), ¥'i= (o1, 03, ¢35, ¥ = (15, P21, 033)”
U3 = (P13, s, d3)T, ¥t = (B12, doas d36) T
¥ = (P16, 922, d3a)T, O = (P14, d26, P32)T

Then fork =0, ..., 6, writing y* = (w{‘, 1//5, wé‘)T,

VER) = 9%, j € Z (mod3). (5.8)
Thus (5.5) becomes

6
¢=) By, (59)
k=0

for 3 x 3 matrices B(k), k =0, ..., 6. Defining B(k);;, i, j € Z, periodic with period 3 in i and
Jj, we have fori € Z, x € Rz,

6 3 6 3
$i(x) =i 1(Rx) =Y Y Bk)i—1;¥5(Rx) =YY Blk)i1,j- 195 (x),
k=0 j=1 k=0 j=1
by (5.8). Since B(k), k =0, ..., 6, are uniquely determined by (5.9) we have
B(k)ij = B(k)i—1,j—1, i, ] € Z (mod 3),

ie. B(k),k = 0,...,6, are circulant matrices. We shall denote by C the space of all 3 x 3 real
circulant matrices.
Now suppose that

6
f=Y cloyt,
k=0
for C(k) € C,k =0,...,6. Writing f = (f1, f2. f3)T, clearly fo = fi(R-), f3 = fl(Rz- ).

We shall consider f(S-), where S(x, y) := (x, —y),x,y € R. Defining the permutations o :
1,2,3) - (1,3,2),r:(1,...,6) > (1,6,5,4,3,2), wehave for j = 1,2,3,k=1,...,6,

$jk(S-) =¢;2S- — P) =¢;(25- —SPriy) = do(jH(2 — Prry) = Po().e(h)-
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Denoting 1(g1, g2, g3)7 = (g1, g3, g2)7, it follows that
6
nf =y T iomy’,
k=0
and ¥0(S-) = ny ¢'(S-) = gyl ¥AS ) = gyd YAS ) = gyt YRS ) =

ny, ¥3(S-) =yt wO(S-) = ny®, so that
nf(s-) = Oy +cT Wy + TGy + Ty’ + T Syt + T @y’
+cT6)y°.
In particular,
f1(S ) ==xf1, fo(S) =21,
when CT(0) = £C(©), cT(1) = £C(), cT@) = £CB), cT@) = £CB), cT' ) =
+C(6).
We shall now calculate the matrices B(k), k =0, ..., 6,in (5.9). From (5.6), fork =0, ..., 6,
[AK) 11, A(K) 12, A 13] = [91(pr/2), ded1 (Pr/2), yr (pi/21C T,
where by (5.7),
1/3 1/3 1/3
cl=|-1/6 1/12 /12 |.
0 —+3/12 3/12
Then from (5.1),
[A0)11, A(0)12, A(0)13] = [1, —2,01C~ = [2/3, 1/6, 1/6],
and further calculations give
[A(D11, A(D)12, A(1)13] = [0,0,0]C~" = [0, 0, 0],
[AQ)11, AQ)12, AQ)13] = [1/4, —1,01C™" =[1/4,0, 0],
[AB)11, AB)12, AB)13] = [3/4,0, —/31C~ ! =[1/4,1/2,0],
[A@)11, A@)12, Ad i3] = [1,2,01C7" =0, 1/2,1/2],
[AG)11, A(5) 12, A(5)13] = [3/4,0,v/31C~ 1 =[1/4,0,1/2],
[A(6)11, A(6)12, A(6)13] = [1/4, —1,01C™" =[1/4,0,0].
By (5.5) and (5.9),

6

3 6 3
SO>S AWdi =YY Bhvt, i=12.3.

—0 j=1 k=0 j=1

~

Since ¥! = (¥, 3, ¥3)T = (¢11, ¢23, ¢35)7 , it follows from the linear independence of ¢ j
that

[B(D11, B2, B3] =AM 11, AB)12, AG)13]1 =0, 1/2,1/2].
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Since B(1) € C,

0 12 1/2
Bh=|1/2 0 1/2
12 1/2 0

Similarly,

[2/3 1/6 1/6] /4 0 0
B(O)=|1/6 2/3 1/6], B2)=| 0 1/4 0 |,
[ 1/6 1/6 2/3 | 0 0 1/4
(174 172 0]
B4 =|0 1/4 1/2],
[1/2 0 1/4]

B(3) = B(2), B(5) = BT, B(6) = 0.
We now apply our method in Section 2 to construct a frame. We need to consider the
3 x 18 matrix U = [U(0)...U(5)] where for k = 0,...,5,U(k) is gained from B(k) by
dividing each column by twice the square root of the sum of the entries in the column. Then
U©0)=1B0),U1)=1B1),UQ)=U@B) =B(2),U@) = %3(4), UGBy =U@®T.
Clearly, U(k) € C,k =0, ..., 5. A straightforward computation shows that

14 5 5
UUT=ﬂ 5 14 5|,
5 5 14

which has eigenvalues 1, 3/8, 3/8. We shall extend U to a matrix V with orthonormal columns
by a modification of the method for establishing Theorem 4.1 of [12], which ensures that V
comprises blocks in C, and hence the frame elements will have appropriate symmetry.

We first note that any 3 x 3 circulant matrix M can be written as M = F*DF, where D is a
diagonal matrix and for @ := exp(2mi/3), F is the unitary Fourier matrix given by

1 1
FF=|1 o o*].
1 o o

(see [10, p. 73]). Then a matrix M is in C if and only if ]\1 = F*DF, for D € D =
{diag(d, e, e) : d € R, e € C}. Note that in this case MT = F*DF.

Now let A := diag(1, +/3/8, +/3/8), so that
UUT = F*AF. (5.10)
For some D(k) e D,k =0,...,5,

U=[UQ©)...UG5)] = F*[D()... D(5)|diag(F, F, ..., F)
= F*AXdiag(F, F, ..., F), (5.11)

where diag(F, F, ..., F) is a 18 x 18 block diagonal Fourier matrix and
X =[A"'"D©O)...A7'D®5)).
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Now from (5.11),

X = A~ FUdiag(F*, F*,..., F*),
and so by (5.10),

XX* = A'FUUTF* A~ = ATV FFPAPFFA A~ = 1.
Thus X has orthonormal rows. We shall extend X to a unitary matrix ¥ = [D; j]i j=0° where

Dij € D,i,j =0,...,5 and Dy; = A~'D(j),j = 0,...,5. We then define A € D by
A = diag(0, \/5/8, +/5/8), and define V as the 7 x 6 matrix of 3 x 3 blocks, viz.

A O
V = diag(F*, F*,...,F*) | A 0| Ydiag(F,F,...,F)
0 1
- U© - - - UGB T
F*ADwF - - - F*ADysF %(O) (gS)
F*DF - - - F*DsF 0 0
_ _ . — , (5.12)

L F*DsoF - - - F*DssF Vso oo Vs

where V;; € C,i,j = 0,...,5. Since the second matrix on the right-hand side of (5.12) has
orthonormal columns and the other matrices in the product are unitary, V has orthonormal
columns.

It remains to give a detailed construction of Y. For j = 0,...,5, write A‘lD( j) =
diag(d;, ej, e;). Note that eg, ey € R, dr = d3,e2 = e3 € R, dy = ds, e4 = e5s. We construct an
orthogonal matrix (dl-j)5 where dy; =dj, j=0,...,5,and

i,j=0
2 2
dip = §, diz = —%, dyj = 0 otherwise,
2 2
doy = %, dys = —%, dpj = 0 otherwise,
dip =di3, dia=dis, 3=<i<5.
Similarly we construct a unitary matrix (e; j)?’ =0’ where eg; =e;, j =0,...,5, and
V2 V2 .
e = BN ey = — e1j = 0 otherwise,
«/554 «/564 .
€4 = , e =————, e; =0otherwise,
2|eq| 2|eq]

ande;; € R,3 <i <5,0<j <35, satisfy
eix =e¢;3, ei4=¢j5, 3=<1i=035.

Then fori, j =0,...,5,let D;; = diag(d;;, ¢;j, e;j). By construction Y is unitary and extends
X. Moreover

Via = =V, Vi = 0 otherwise,

5.13
Vag = -V, W j = 0 otherwise 19
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andfor3 <i <5,
T T T T T
ViOZV,'()a Vilzv,'l» Vi2=V,'2=Vi3=V,'3» Vi4=Vi5- (5~14)

In this case, as noted in (5.3), the normalized functions ®; are given by ®; = c’1¢i,i =
1,2,3, where ¢ = 2'/23%%. Then from our earlier theory the frame elements are given by
V= (W, W), ¥5), where fori =0, ..., 5,

5
v =" Eioyt,
k=0
and

C
E;(0) =cVio, Ei(1)=cVp, E;i(2) = EViz,

c /3 cv/3
E;(3) = §Vi3, Ei(4) = TVMa E;i(5) =

Vis.
From our earlier discussion
Wi =wi(R), Wl=wi(RrR)
and from (5.13) and (5.14),
Wis ) =W, WS )=V, i=034,5,
WIS ) =—wi, Wwis)=-wl, i=102.
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