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Abstract

Let C be a closed convex subset of Hilbert spaceH , T a nonexpansive nonself-mapping fromC
into H , andx0, x, y0, y elements ofC. In this paper, we study the convergence of the two seque
generated by

xn+1 = 1

n + 1

n∑
j=0

(
αnx + (1− αn)(PT )j xn

)
for n = 0,1,2, . . . ,

yn+1 = 1

n + 1

n∑
j=0

P
(
αny + (1− αn)(T P )j yn

)
for n = 0,1,2, . . . ,

where{αn} is a real sequence such that 0� αn � 1, andP is the metric projection fromH ontoC.
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1. Introduction

Let H be a Hilbert space,C a nonempty closed convex subset ofH , S a nonexpan
sive mapping fromC into itself such that the setF(S) of all fixed points ofS is nonempty.
Shimizu and Takahashi [4] studied the convergence of iteration process for a family o
expansive mappings in a Hilbert space. Using an idea of Shimizu and Takahashi [4], Shio
and Takahashi [5] studied the strong convergence of the sequence{xn} in the framework
of a Banach space. We restate the sequence{xn} as follows:

xn+1 = αnx + (1− αn)
1

n + 1

n∑
j=0

Sjxn for n = 0,1,2, . . . , (1)

wherex0, x are elements ofC, and{αn} is a sequence such that 0� αn � 1. They proved
that {xn} converges strongly to an element of fixed point ofS which is nearest tox in
the framework of a Hilbert space. But this approximation method is not suitable for som
nonexpansive nonself-mappings. On the other hand, the authors [2] studied the stro
vergence of the two sequences generated by

x1 = x ∈ C, xn+1 = αnx + (1− αn)PT xn for n = 1,2, . . . , (2)

y1 = y ∈ C, yn+1 = P
(
αny + (1− αn)Tyn

)
for n = 1,2, . . . , (3)

whereP is the metric projection fromH ontoC, andT is a nonexpansive nonself-mappi
from C into H . We proved that{xn} and{yn} converge strongly to fixed points ofT when
F(T ) is nonempty.

In this paper, we study the two type iteration processes which are mixed ite
processes of (1)–(3) as follows:

xn+1 = 1

n + 1

n∑
j=0

(
αnx + (1− αn)(PT )jxn

)
for n = 0,1,2, . . . , (4)

yn+1 = 1

n + 1

n∑
j=0

P
(
αny + (1− αn)(T P )j yn

)
for n = 0,1,2, . . . , (5)

wherex0, x, y0, y are elements ofC, P is the metric projection fromH ontoC, andT is a
nonexpansive nonself-mapping fromC into H . To prove our results, we use the nowh
normal outward condition. It was first presented by Halpern and Bergman [1]. This b
ary condition is very simple but great importance in our proof. By using nowhere no
outward condition, we first consider the sequence{xn} generated by (4) and prove that{xn}
converges strongly asn → ∞ to an element of fixed point ofT whenF(T ) is nonempty,
further we consider the sequence{yn} generated by (5) and prove that{yn} converges
strongly asn → ∞ to an element of fixed point ofT whenF(T ) is nonempty.

2. Preliminaries and notations

Throughout this paper, we denote the set of all nonnegative integers byN. Let H be a
real Hilbert space with norm‖ · ‖ and inner product〈· , ·〉. Let C be a closed convex subs
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of H , andT a nonself-mapping fromC into H . We denote the set of all fixed points ofT

by F(T ). T is said to nonexpansive if

‖T x − Ty‖ � ‖x − y‖ for all x, y ∈ C.

From condition ofC, there is a mappingP from H ontoC which satisfies

‖x − Px‖ = min
y∈C

‖x − y‖ for all x ∈ H. (6)

This mappingP is said to the metric projection fromH ontoC. We know that the metric
projection is nonexpansive and that a mappingP from H ontoC satisfies (6) if and only
if 〈x − Px,y − Px〉 � 0 for eachy ∈ C andx ∈ H . T is said to satisfy nowhere norm
outward condition ((NNO) for short) if

T x ∈ Sc
x for all x ∈ C,

whereP is the metric projection fromH onto C and Sx = {y ∈ H | y �= x,Py = x}.
Concerning (NNO) condition, we know the following [2]:

Proposition 1. LetH be a Hilbert space,C a nonempty closed convex subset ofH , P the
metric projection fromH ontoC, andT a nonself-mapping fromC into H . Suppose tha
T satisfies(NNO) condition. ThenF(T ) = F(PT ).

Proposition 2. Let H be a Hilbert space,C a nonempty closed convex subset ofH , and
T a nonexpansive nonself-mapping fromC into H . If F(T ) is nonempty thenT satisfies
(NNO) condition.

The following lemma is a similar result which is proved by Shimizu and Takahash
In a similar way, we can show this lemma.

Lemma 1. Let H be a Hilbert space,C a nonempty closed convex subset ofH , andS

a nonexpansive mapping fromC into itself such thatF(S) is nonempty. Let{xn} be a
sequence inC such that{xn+1 − 1

n+1

∑n
j=0 Sj xn} converges strongly to0, and let{xni } be

a subsequence of{xn} such that{xni } converges weakly tox ∈ C. Thenx is a fixed point
of S.

Proof. We show that{Slx} converges strongly tox. If not, there exist a positive numberε

and a subsequenceSlk x of {Slx} such that‖Slk x −x‖ � ε for eachk. Since{xni } converges
weakly tox, for eachy ∈ C with y �= x, we have

lim inf
i→∞ ‖xni − x‖ < lim inf

i→∞ ‖xni − y‖.

Let r = lim inf i→∞ ‖xni − x‖ and chooseδ > 0 such thatδ <
√

r2 + ε2/4 − r. Then,
there exists a subsequence{xmi } of {xni } such that‖xmi − x‖ < r + δ/6 for everyi. On the
other hand, we have

‖xmi − Slx‖ �
∥∥∥∥∥xmi − 1

mi

mi−1∑
Sjxmi−1

∥∥∥∥∥

j=0
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+
∥∥∥∥∥ 1

mi

mi−1∑
j=0

Sj xmi−1 − Sl

(
1

mi

mi−1∑
j=0

Sj xmi−1

)∥∥∥∥∥
+

∥∥∥∥∥Sl

(
1

mi

mi−1∑
j=0

Sj xmi−1

)
− Slx

∥∥∥∥∥
� 2

∥∥∥∥∥xmi − 1

mi

mi−1∑
j=0

Sj xmi−1

∥∥∥∥∥ + ‖xmi − x‖

+
∥∥∥∥∥ 1

mi

mi−1∑
j=0

Sj xmi−1 − Sl

(
1

mi

mi−1∑
j=0

Sj xmi−1

)∥∥∥∥∥.

In particular,∥∥∥∥∥ 1

mi

mi−1∑
j=0

Sj xmi−1 − Sl

(
1

mi

mi−1∑
j=0

Sjxmi−1

)∥∥∥∥∥
�

∥∥∥∥∥ 1

mi

mi∑
j=1

Sj xmi−1 − Sl

(
1

mi

mi∑
j=1

Sj xmi−1

)∥∥∥∥∥ + 1

mi

‖xmi−1 − Smi xmi−1‖

+
∥∥∥∥∥Sl

(
1

mi

mi∑
j=1

Sj xmi−1

)
− Sl

(
1

mi

mi−1∑
j=0

Sj xmi−1

)∥∥∥∥∥
�

∥∥∥∥∥ 1

mi

mi∑
j=1

Sj xmi−1 − Sl

(
1

mi

mi∑
j=1

Sj xmi−1

)∥∥∥∥∥ + 2

mi

‖xmi−1 − Smi xmi−1‖.

Since{xmi−1} and{Smi xmi−1} are bounded, there exists a positive integeri1 such that

1

mi

‖xmi−1 − Smi xmi−1‖ <
δ

6

for eachi � i1. Since{xmi−1} is bounded, by Lemma 3 in [3] there exists a positive in
gerL0, such that for everyl � L0, there exists a positive integeril satisfying∥∥∥∥∥ 1

mi

mi∑
j=1

Sj xmi−1 − Sl

(
1

mi

mi∑
j=1

Sjxmi−1

)∥∥∥∥∥ <
δ

6

for eachi � il . Since limn→∞ ‖xn+1− 1
n+1

∑n
j=0 Sj xn‖ = 0, there exists a positive integ

i0 such that∥∥∥∥∥xmi − 1

mi

mi−1∑
j=0

Sjxmi−1

∥∥∥∥∥ <
δ

6

for all i � i0. So, for anyl � L0 andi � max{il , i0, i1}, we have

‖xmi − Slx‖ < 2× δ + r + δ + δ + 2× δ = r + δ.

6 6 6 6
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we use
Chooselk � L0. Then fori � max{ilk , i0, i1}, we have∥∥∥∥xmi − Slkx + x

2

∥∥∥∥
2

= 2

∥∥∥∥xmi − Slkx

2

∥∥∥∥
2

+ 2

∥∥∥∥xmi − x

2

∥∥∥∥
2

−
∥∥∥∥Slk x − x

2

∥∥∥∥
2

<
(r + δ)2

2
+ (r + δ/2)2

2
− ε2

4
< (r + δ)2 − ε2

4
< r2.

This implies

lim inf
i→∞

∥∥∥∥xmi − Slk x + x

2

∥∥∥∥ < r.

However, we haveS
lk x+x

2 �= x from ‖Slk x − x‖ � ε, then we obtain lim infi→∞ ‖xmi − x‖
< lim inf i→∞ ‖xmi − Slk x+x

2 ‖, this is a contradiction. Therefore,{Slx} converges strongly
to x. This implies, for eachε > 0, there exists a positive numberl0 such that

‖Slx − x‖ � ε

2
for eachl � l0. So, we have that ifl � l0 + 1, then

‖Sx − x‖ � ‖Sl−1x − x‖ + ‖Slx − x‖ � ε.

Sinceε is arbitrary, we get thatSx = x. �

3. Strong convergence theorems

In this section, we prove two strong convergence theorems. To prove our results,
the method employed in [6,7].

Theorem 1. Let H be a Hilbert space,C a nonempty closed convex subset ofH , P1 the
metric projection fromH onto C, T a nonexpansive nonself-mapping fromC into H

such thatF(T ) is nonempty, and{αn} a sequence of real numbers such that0 � αn � 1,
limn→∞ αn = 0 and

∑∞
n=0 αn = ∞. Suppose that{xn} is given byx0, x ∈ C and

xn+1 = 1

n + 1

n∑
j=0

(
αnx + (1− αn)(P1T )jxn

)
for n = 0,1,2, . . . .

Then{xn} converges strongly toP2x ∈ F(T ), whereP2 is the metric projection fromC
ontoF(T ).

Proof. SinceF(T ) is nonempty, thenT satisfies (NNO) condition. Letz ∈ F(T ), M =
max{‖x − z‖,‖x0 − z‖}. Then we have

‖x1 − z‖ = ∥∥α0x + (1− α0)x0 − z
∥∥ � α0‖x − z‖ + (1− α0)‖x0 − z‖ � M.

If ‖xn − z‖ � M for somen ∈ N, then we can show that‖xn+1 − z‖ � M similarly.
Therefore, by induction, we obtain‖xn − z‖ � M for all n ∈ N and hence{xn} is bounded.
Also, from
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at
∥∥∥∥∥xn+1 − 1

n + 1

n∑
j=0

(P1T )jxn

∥∥∥∥∥
=

∥∥∥∥∥ 1

n + 1

n∑
j=0

(
αnx + (1− αn)(P1T )jxn

) − 1

n + 1

n∑
j=0

(P1T )j xn

∥∥∥∥∥
� αn

∥∥∥∥∥x − 1

n + 1

n∑
j=0

(P1T )jxn

∥∥∥∥∥,

we have{xn+1 − 1
n+1

∑n
j=0(P1T )j xn} converges strongly to 0. Next, we shall prove th

lim sup
n→∞

〈P2x − xn,P2x − x〉 � 0. (7)

Let {xni } be a subsequence of{xn} such that

lim
i→∞〈P2x − xni ,P2x − x〉 = lim sup

n→∞
〈P2x − xn,P2x − x〉,

and there exists{xnij
} which is a subsequence of{xni } converging weakly asj → ∞ to

w ∈ C. From Lemma 1 and Proposition 1, we obtainw ∈ F(T ). Then we have

lim sup
n→∞

〈P2x − xn,P2x − x〉 = lim
j→∞〈P2x − xnij

P2x − x〉
= 〈P2x − wP2x − x〉 � 0.

By (7), for anyε > 0, there existsm ∈ N such that

〈P2x − xn,P2x − x〉 < ε (8)

for all n � m. On the other hand, from

xn+1 − P2x + αn(P2x − x) = 1

n + 1

n∑
j=0

(
αnx + (1− αn)(P1T )jxn

)
− (

αnx + (1− αn)P2x
)
,

this implies

‖xn+1 − P2x‖2 �
∥∥∥∥∥ 1

n + 1

n∑
j=0

(
αnx + (1− αn)(P1T )jxn

) − (
αnx + (1− αn)P2x

)∥∥∥∥∥
2

+ 2αn〈xn+1 − P2x, x − P2x〉

�
{

(1− αn)
1

n + 1

n∑
j=0

∥∥(P1T )jxn − P2x
∥∥}2

+ 2αn〈xn+1 − P2x, x − P2x〉
� (1− αn)

2‖xn − P2x‖2 + 2αn〈xn+1 − P2x, x − P2x〉
for all n ∈ N. By (8),
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‖xn+1 − P2x‖ � 2αnε + (1− αn)‖xn − P2x‖2

= 2ε
(
1− (1− αn)

) + (1− αn)‖xn − P2x‖2

� 2ε
(
1− (1− αn)

)
+ (1− αn)

(
2ε

(
1− (1− αn−1)

) + (1− αn−1)‖xn−1 − P2x‖2)
= 2ε

(
1− (1− αn)(1− αn−1)

) + (1− αn)(1− αn−1)‖xn−1 − P2x‖
for all n � m. By induction, we obtain

‖xn+1 − P2x‖2 � 2ε

(
1−

n∏
k=m

(1− αk)

)
+

n∏
k=m

(1− αk)‖xm − P2x‖.

Therefore, from
∑∞

n=0 αn = ∞, we have

lim sup
n→∞

‖xn+1 − P2x‖ � 2ε.

Sinceε is arbitrary, we can conclude that{xn} converges strongly toP2x. �
Theorem 2. Let H be a Hilbert space,C a nonempty closed convex subset ofH , P1 the
metric projection fromH ontoC, andT a nonexpansive nonself-mapping fromC into H

such thatF(T ) is nonempty, and{αn} a sequence of real numbers such that0 � αn � 1,
limn→∞ αn = 0 and

∑∞
n=0 αn = ∞. Suppose that{yn} is given byy0, y ∈ C and

yn+1 = 1

n + 1

n∑
j=0

P1
(
αny + (1− αn)(T P1)

j yn

)
for n = 0,1,2, . . . .

Then{yn} converges strongly toP2y ∈ F(T ), whereP2 is the metric projection fromC
ontoF(T ).

Proof. SinceF(T ) is nonempty, thenT satisfies (NNO) condition. Letz ∈ F(T ), M =
max{‖y − z‖,‖y0 − z‖}. Then we have

‖y1 − z‖ = ∥∥P1
(
α0y + (1− α0)y0

) − z
∥∥ �

∥∥α0y + (1− α0)y0 − z
∥∥

� α0‖y − z‖ + (1− α0)‖y0 − z‖ � M.

If ‖yn − z‖ � M for somen ∈ N. Then we can show that‖yn+1 − z‖ � M similarly.
Therefore, by induction, we obtain‖yn − z‖ � M for all n ∈ N and hence{yn} is bounded.
Also, from∥∥∥∥∥yn+1 − 1

n + 1

n∑
j=0

(P1T )jyn

∥∥∥∥∥
=

∥∥∥∥∥ 1

n + 1

n∑
j=0

P1
(
αny + (1− αn)(T P1)

j yn

) − 1

n + 1

n∑
j=0

(P1T )jyn

∥∥∥∥∥
� 1

n + 1

n∑∥∥P1
(
αny + (1− αn)(T P1)

j yn

) − (P1T )jyn

∥∥

j=0
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hat
� 1

n + 1

n∑
j=0

∥∥αny + (1− αn)(T P1)
j yn − (T P1)

j yn

∥∥

� αn
1

n + 1

n∑
j=0

∥∥y − (T P1)
j yn

∥∥,

we obtain{yn+1 − 1
n+1

∑n
j=0(P1T )j yn} converges strongly to 0. Next, we shall prove t

lim sup
n→∞

〈P2y − yn,P2y − y〉 � 0. (9)

Let {yni } be a subsequence of{yn} such that

lim
i→∞〈P2y − yni ,P2y − y〉 = lim sup

n→∞
〈P2y − yn,P2y − y〉,

and there exists{ynij
} which is a subsequence of{yni } converging weakly asj → ∞ to

w ∈ C. From Lemma 1 and Proposition 1, we obtainw ∈ F(T ). Then we have

lim sup
n→∞

〈P2y − yn,P2y − y〉 = lim
j→∞〈P2y − ynij

,P2y − y〉
= 〈P2y − w,P2y − y〉 � 0.

By (9), for anyε > 0, there existsm ∈ N such that

〈P2y − yn,P2y − y〉 < ε (10)

for all n � m. On the other hand, from

yn+1 − P2y + αn(P2y − y) = 1

n + 1

n∑
j=0

P1
(
αny + (1− αn)(T P1)

j yn

)
− P1

(
αny + (1− αn)P2y

)
,

this implies

‖yn+1 − P2y‖2 �
∥∥∥∥∥ 1

n + 1

n∑
j=0

P1
(
αny + (1− αn)(T P1)

j yn

)

− P1
(
αny + (1− αn)P2y

)∥∥∥∥∥
2

+ 2αn〈yn+1 − P2y, y − P2y〉

�
{

1

n + 1

n∑
j=0

∥∥P1
(
αny + (1− αn)(T P1)

j yn

)

− P1
(
αny + (1− αn)P2y

)∥∥}2

+ 2αn〈yn+1 − P2y, y − P2y〉

�
{

(1− αn)
1

n + 1

n∑
j=0

∥∥(T P1)
j yn − P2y

∥∥}2

+ 2αn〈yn+1 − P2y, y − P2y〉
� (1− αn)

2‖yn − P2y‖2 + 2αn〈yn+1 − P2y, y − P2y〉
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for all n ∈ N. By (10),
∑∞

n=0 αn = ∞, and in the proof of Theorem 1, we can conclude t
{yn} converges strongly toP2y. �

References

[1] B.R. Halpern, G.M. Bergman, A fixed-point theorem for inward and outward maps, Trans. Amer. Ma
Soc. 130 (1968) 353–358.

[2] S. Matsushita, D. Kuroiwa, Approximation of fixedpoints of nonexpansive nonself-mappings, Sci. Math
Jpn. 57 (2003) 171–176.

[3] T. Shimizu, W. Takahashi, Strong convergence theorem for asymptotically nonexpansive mappings, Nonlin
Anal. 26 (1996) 265–272.

[4] T. Shimizu, W. Takahashi, Strong convergence to common fixed points of families of nonexpansive mappin
J. Math. Anal. Appl. 211 (1997) 71–83.

[5] N. Shioji, W. Takahashi, A strong convergence theorem for asymptotically nonexpansive mappings in Ban
spaces, Arch. Math. 72 (1999) 354–359.

[6] W. Takahashi, Convex Analysis and Approximation of Fixed Points, Yokohama Publishers, Yokohama, 20
(in Japanese).

[7] R. Wittmann, Approximation of fixed points of nonexpansive mappings, Arch. Math. 58 (1992) 486–491


