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Abstract

Let C be a closed convex subset of Hilbert sp#teT a nonexpansive nonself-mapping fram
into H, andxg, x, yg, y elements ofC. In this paper, we study the convergence of the two sequences
generated by

n

o (nx + A —an)(PT) xy) forn=0,1,2,...,
j=0
n .

] P(any + (A —an)(TP) y,) forn=0,1,2,...,
j=0

Xn+l1=

Yn+1=

where{a,} is a real sequence such thak@, < 1, andP is the metric projection front/ ontoC.
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1. Introduction

Let H be a Hilbert space a nhonempty closed convex subsetif S a nonexpan-
sive mapping fronC into itself such that the s&t(S) of all fixed points ofS is nonempty.
Shimizu and Takahashi [4] studied the convergence of iteration process for a family of non-
expansive mappings in a Hilbert space. Usingdea of Shimizu and Takahashi [4], Shioji
and Takahashi [5] studied the strong convergence of the seqierjcia the framework
of a Banach space. We restate the sequéngeas follows:

1
xn+1=anx+(l—an)m2()51xn forn=0,1,2,..., Q)
j:

wherexg, x are elements of', and{«,} is a sequence such thatlx, < 1. They proved

that {x,,} converges strongly to an element of fixed pointSofvhich is nearest ta in

the framework of a Hilbert space. But thipoximation method is not suitable for some
nonexpansive nonself-mappings. On the other hand, the authors [2] studied the strong con-
vergence of the two sequences generated by

x1=x€eC, Xpr1=opx + (1—o,)PTx, forn=12,..., (2)
y1=yeC, yn+1=P(o¢ny+(1—oc,1)Ty,,) forn=12,..., 3

whereP is the metric projection fron#/ ontoC, andT is a nonexpansive honself-mapping
from C into H. We proved thatx,} and{y,} converge strongly to fixed points &f when
F(T) is nonempty.

In this paper, we study the two type iteration processes which are mixed iteration
processes of (1)—(3) as follows:

1 < 4
X4l = ;(anx + (1 —a)(PT)x,) forn=0,1,2,..., (4)
1< .
Yn-i-l:m P(a11y+(1_an)(TP)jy;z) forn=0,1,2,..., 5)
j=0

wherexo, x, yo, y are elements of, P is the metric projection fron# ontoC, andT is a
nonexpansive nonself-mapping frathinto H. To prove our results, we use the nowhere
normal outward condition. It was first presented by Halpern and Bergman [1]. This bound-
ary condition is very simple but great importance in our proof. By using nowhere normal
outward condition, we first consider the sequefgg generated by (4) and prove tHat, }
converges strongly as— oo to an element of fixed point &f when F(T) is nonempty,
further we consider the sequengg,} generated by (5) and prove that,} converges
strongly as: — oo to an element of fixed point & whenF(T') is nonempty.

2. Preliminaries and notations

Throughout this paper, we denote the set of all nonnegative integeés bst H be a
real Hilbert space with norrii- || and inner product:, -). Let C be a closed convex subset
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of H, andT a nonself-mapping front into H. We denote the set of all fixed points Bf
by F(T). T is said to nonexpansive if

ITx — Tyl <|x—y| forallx,yeC.
From condition ofC, there is a mappin@ from H onto C which satisfies

lx — Px||=min|lx —y| forallxeH. (6)
yeC

This mappingP is said to the metric projection frotH onto C. We know that the metric
projection is nonexpansive and that a mappthfrom H onto C satisfies (6) if and only
if (x —Px,y— Px) <0 foreachy e C andx € H. T is said to satisfy nowhere normal
outward condition ((NNO) for short) if

TxeS; forallxeC,

where P is the metric projection fromH onto C and S, = {y € H | y # x, Py = x}.
Concerning (NNO) condition, we know the following [2]:

Proposition 1. Let H be a Hilbert spaceC a nonempty closed convex subsetgfP the
metric projection fromH onto C, andT a nonself-mapping frond" into H. Suppose that
T satisfieYNNO) condition. ThenF (T) = F(PT).

Proposition 2. Let H be a Hilbert spaceC a nonempty closed convex subsethfand
T a nonexpansive nonself-mapping frahinto H. If F(T) is nonempty thed satisfies
(NNO) condition.

The following lemma is a similar result which is proved by Shimizu and Takahashi [3].
In a similar way, we can show this lemma.

Lemma 1. Let H be a Hilbert spaceC a nonempty closed convex subsettbfand S

a nonexpansive mapping frof into itself such thatF (S) is nonempty. Lefx,} be a
sequence il such that{x,+1 — % Z,’}:o SJx,} converges strongly t0, and let{x,, } be
a subsequence @k, } such that{x,,} converges weakly to € C. Thenx is a fixed point
of S.

Proof. We show tha{$’x} converges strongly te. If not, there exist a positive number
and a subsequen@é x of {S'x} such that|S% x —x|| > ¢ for eachk. Since{x,, } converges
weakly tox, for eachy € C with y # x, we have

liminf [x,, — x|l <liminf ||x,, — y|.
1—> 00 1—> 00

Letr = liminf;_. |lx», — x|l @and choosé > 0 such that < \/r2+&2/4—r. Then,
there exists a subsequer{eg, } of {x,, } such thaf|x,,, — x| <r + §/6 for everyi. On the
other hand, we have

mi—

1 1
xm; = S0l < |2y — — > ST, 2
m; % 0
j:
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1 m;—1 1 m;—1
il J _sif = J
+ m; Z S Xmi—1 S (m[ Z S xm;l)
Jj=0 Jj=0
1 m;—1
I ' I
+|[S| — STxm.—1 ) — S'x
(mi Z m;—1
Jj=0
1 m,-—l
<2|xm; — = D S x| + xm; — i
mj “
j=0
1 m;—1 1 m;—1
il J _sif = J
o > S-S (m,- Z S xm,l) .
j=0 j=0
In particular,
1 m;—1 1 m;—1
- J _sl = J
m; Z N Xmi—1 S (mi Z S xm,-—l)
j=0 j=0
1 1 & 1 _
<=8 wma =S =D S a1 )|+ =l -1 — 8™ X1
mi ‘= mi “— mi
Jj= Jj=
. 1
1 mj . 1 mj .
- Sl<—ZS/xmi_1 S =Y S
m; ~ m; ~
j=1 j=0
1 mj i 1 m; ) 2 .
<= S = S =3 S | |+ -1 — 5™l
mi = mi = mi

Since{x,,,—1} and{S$™ x,,,—1} are bounded, there exists a positive integesuch that

_”xm,‘fl - Smixm,-fl” <z
m;

6

for eachi > iy. Since{x,,,—1} is bounded, by Lemma 3 in [3] there exists a positive inte-
ger Lo, such that for every > Lo, there exists a positive integgrsatisfying

1 mj
lS]xmi_]_ - Sl (m—l Z S]xml-—1>

j=1

mi

1
i < —
n; 6

j=

foreachi > i;. Since lim,— oo [|Xp4+1— n—}rl Z?:o S7x,|l = 0, there exists a positive integer
ig such that

1 m;—1
Xm; — —— E S'lxm,-fl
mj =
Jj=0

foralli > ig. So, foranyl > Lo andi > maxi,, io, i1}, we have

< —

6

||xm-—SlX||<2X§+r+§+§+2Xézr_’_(s_
l 6 6 6 6
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Choosdy > L. Then fori > maxiy,, io, i1}, we have

2 2 2 2

Shex + x Xm: — Slex Xm: — X Shx — x
e L M [ 2| =2
i 2 2 + 2 2
8 2 §/2 2 2 2
- (r+2 ) +(r+2/ ) _%<(r+5)2_%<r2'
This implies

L Shex + x
liminf|x,, - ———| <r.
i—00 2

However, we haveql"gJ # x from || S%x — x|| > &, then we obtain limint, o [|xm, — x|
< liminf; 5 o0 X, — S]”T*" ||, this is a contradiction. Thereforg§’x} converges strongly
to x. Thisimplies, for eacl > 0, there exists a positive numbgrsuch that
18" —xll < 2
2
for eachl > lp. So, we have that f > [g + 1, then
1S — x| < IS — x|+ 18"x — xl| <.

Sincee is arbitrary, we getthafx =x. O

3. Strong convergence theorems

In this section, we prove two strong convergence theorems. To prove our results, we use
the method employed in [6,7].

Theorem 1. Let H be a Hilbert spaceC a nonempty closed convex subseHqf P; the
metric projection fromH onto C, T a nonexpansive nonself-mapping frathinto H
such thatF (T) is nonempty, andw, } a sequence of real numbers such that «, < 1,
lim,— 00 &y =0and o2 g, = co. Suppose thatr,} is given byxo, x € C and

n

1 .
Xptl= —— (oc,lx +A- a,,)(PlT)/x,,) forn=0,1,2,....
n+14
j=0
Then{x,} converges strongly t&x € F(T), where P, is the metric projection fronC
onto F(T).

Proof. Since F(T) is nonempty, thel" satisfies (NNO) condition. Let € F(T), M =
max{|lx — z||, lxo — z|I}. Then we have
1 — zll = ||rox + (1 — @o)xo — z|| S aollx — zll + (1 — o) lxo — 2]l < M.

If |x, — z|| < M for somen € N, then we can show thdtr, 11 — z|| < M similarly.
Therefore, by induction, we obtajix, — z|| < M for all n € N and hencéx,} is bounded.
Also, from
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1 < ,
- J
Xn41 P E 0(1"1T) Xn
j:

n

) 1 < )
j;)(anx + (L —an)(PiT) x,) — — ;(PlT)-/xn

1 < ,
= E : J
X " 1j_O(P1T) Xn

n+1

<oy

’

we have{x, 1 — n—}rl Z'}:o(PlT)jxn} converges strongly to 0. Next, we shall prove that

limsup{Pox — xp, Pox — x) <O0. 7

n—oo

Let{x,,} be a subsequence pf,} such that

lim (Pox — x,, Pox —x) =limsup{Pox — x,,, Pox — x),

i—00 n—oo

and there existgxnij} which is a subsequence 6f,,} converging weakly ag — oo to
w € C. From Lemma 1 and Proposition 1, we obtaire F (7). Then we have

limsup Pox — xp, Pox — x) = lim (Pox — Xy, Pox — x)

n—00 J—00
=(Px —wPyx —x) <0.
By (7), for anye > 0, there exist&: € N such that
(Pox — xp, Pox —x) < ¢ (8)

for all n > m. On the other hand, from
R )
Tnit = Pox o (Pox —x) = = jzo(anx + (L= ap)(P1T) xy)

— (otnx +1- ot,,)sz),
this implies
1 < , 2
| Z(anx +1- ot,,)(PlT)/x,,) - (anx +@1- ot,,)sz)
j=0
~+ 20, (xp4+1 — Pox, x — Pox)

2
lxp 1 — Pox||© <

2

N

1 <& 4
R ;II (PLT) x, — Pox||

~+ 20t (xp41 — Pox, x — Pox)
< (1= an)?lxn — Pax|[|? + 200, (X 41 — P2x, x — Pax)

forall n € N. By (8),
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X041 — Pox|| < 20 + (1 — ) [l — Pox||?
=2e(1— (1 —aw) + 1 —an)llx, — Pox|?
< 28(1— 1- a,,))
+ 1 —an)(2e(1— A= an-1) + A — ap—1) [ xn—1 — Pox|?)
=2¢(1- L—ap) A —ap-1) + (1 — o) (L — ay—1) | xn—1 — Pox|
for all n > m. By induction, we obtain

n n
gt — Poxl|? < 26 (1— [Ta- ak)> + [T@= aw)llxm — Pax|.

k=m k=m

Therefore, fromy_,> o, = 00, we have

limsup|lx,+1 — Pox|| < 2e.
n—oo
Sincee is arbitrary, we can conclude thit,} converges strongly té»x. O

Theorem 2. Let H be a Hilbert spaceC a nonempty closed convex subsetHqfP; the
metric projection fromH onto C, andT a nonexpansive nonself-mapping frahinto H
such thatF(T) is nonempty, and, } a sequence of real numbers such that o, < 1,
liMmy,— 00 2y =0and o2 g, = co. Suppose thalty,} is given byyo, y € C and
1 ,
= X%Pl(any + (1 —a)(TPYy,) forn=0,1,2,....
j=

Then{y,} converges strongly t&y € F(T), where P is the metric projection fronC
onto F(T).

Proof. SinceF(T) is nonempty, therl” satisfies (NNO) condition. Let € F(T), M =
max{|ly — z||, llyo — zlI}. Then we have

ly1 = zll = | Pr(eoy + (1 = @0)yo) — z|| < |0y + (1 — o) yo — 2|
<aolly —zll + A —ao)llyo — zll < M.

If |y, — zll < M for somen € N. Then we can show thadty,+1 — z|| < M similarly.
Therefore, by induction, we obtajiy, — z|| < M for all n € N and hencéy,} is bounded.
Also, from

1 < :
Ynt1— ——= Y (P1T)y,
=0

n+ 14

J
1L | L o |
Tt 1§]P1(°‘ny + (L= ) (TP y,) = n—H;(PlT)-’yn

- ‘ ‘
< n+1 ;H Pl(ot,,y +1- Oln)(Tpl)]yn) —(P1T) y, H
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> llemy + (A=) (T Py, — (T P1) |
j=0

<
n+1
1 & 4
<o ;Hy — (T Py yu|,

we obtain{y,+1 — n—}rl Z;?:O(PlT)-/ yan} converges strongly to 0. Next, we shall prove that
limsup(P2y — yn, P2y — y) <0. )

n—oo

Let{y,,} be a subsequence pf,} such that
(P2y = yn;, P2y — y) =limsup(P2y — yn, P2y — y),

lim
i—>00 n—o00

and there exist$y,,l./_} which is a subsequence §f,,} converging weakly ag — oo to
w € C. From Lemma 1 and Proposition 1, we obtaire F(T). Then we have

limsup(P2y — yn, P2y —y) = lim (P2y — yn, , P2y — y)
n—00 J—>00 J
=(Py —w, Poy —y) <0.
By (9), for anye > 0, there exist&: € N such that
(P2y —yn, P2y —y) <e& (10)
for all n > m. On the other hand, from

1 <& .
Vitd = P2y Fan(Poy —3) =~ XE]Pl(any + (1= on)(T P1) yy)
J

— Pi(any + (1 —an) P2y),
this implies

lyns1 — Payl? <

1 < .
— > Pafany + A=) (TPYy,)
n =
2

— Pi(any + (X —an) P2y) | + 20 (yns1— P2y, y — P2y)

1 <& )
S {n +1 ]XZC:JH P]_(Olny +(1- Oln)(TPl)’yn)

2
— Pi(any + (1—an) P2y)|| } + 20 (Yn41 — P2y, y — P2y)

n 2
1 .
< {(1— )= D TPy szH}
j=0

+ 20, (Yn+1 — P2y, y — P2y)
< (L= an)?llyn — PoylI? + 20y (yus1 — P2y, y — P2y)
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foralln € N. By (10),_,~ ;@ = 00, and in the proof of Theorem 1, we can conclude that
{yn} converges strongly t¢»>y. O
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