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Abstract. It is shown how the method of Fis:her and Rabin can be extended to get good lower
bounds for Presburger arithmetic with a bourded number of (uantifier alternations. In this case,
the complexity is one exponential lower than i the unbousded case. This situation is typical for
first order theories.

1. Introduction

Almost all lower bounds for the complexity of the decision problem for mathe-
matical theories rely on the fact that certain formulas with many quantifier alterna-
tions are hard to decide. Mathematicians realized a long time ago that formulas
with more than a few quantifier alternations are no longer understandable. There-
fore it is justified to pay special attention to formulas with few quantifier alternations
and to investigate the complexity of the decision problem not only as a function
of the length of formulas, but as a function of length and quantifier alternation
depth, and in particular to investigate this complexity for the formulas of constant
depth.

Definition. For p € {c, 6} the depth D,(F) of a formula F is defined by:
D,(F)=0if F is quantifier-free,
D,(F v G)=D,(F n G)=max(D,(F), D,(G)),
D, (—F) = Ds(F), D;s(—F) = D,(F)
D,(F-»G)=D,(—F v G)

D,(F < G)=D,((—F v G) A (F vG)),

* This work was supported by the Science Research Council under grant GR/A 80334 and by the
Swiss National Foundation.
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D, (3xF) =max(D,(F), 1),
D5(3xF)=D,(3AxF)+1,
D,(VxF)=D,(—3x—F).

The quantifier alternation depth of a formula F is min(D,(F), Ds(F)).

Presburger arithmetic (PA) is the theory of nonnegative integers N={0,1, 2, ...}
witl+ 0, 1 and +.

Let PA(m} be the set of formulas of PA whose quantifier alternation depth is
at most m. Reddy and Loveland [9] have shown that PA(m) is accepted by a
deterrainistic Turing machine in space 2°" ™, (They have proved this result for
for.nulas in prenex normal form, but the extension to PA(m) is obvious.) The
corstants ¢ and d are always independent of m and n. (m can be considered as a
coristant or a function of the input length n.) We assume the reader is familiar with
the lower bound theorem of Fischer and Rabin [4] for PA, and we show how this
theorem can easily be extended to get good lower bounds for PA(m) too.

2. Lower bound

l.et L be the set of formulas in first order logic with 0, 1, + and =. The extended
version of the crucial Theorem 8 in [4] is:

Theorem 1. There exists a constant c >0 so that for all non-negative integers m and
k there iz a formula M (x, y, z) of L, such that for real numbers, A, B, C,

M7 (A,B,C)istruec>AecNAA<2*"AAB =C,

Also Mi (x, y, z) is a formula with quantifier alternation depth max(0, 2m — 1) and

length at most c(mk log k + 1), and M7 (x, y, z) is Turing machine computable from
m and k ir: time polynomial in m and k.

Proof. The construction of the formulas M}’ (x, y, z) will be inductive on m. For
m =0 we have 2“° =2 and we define M3 (x, y, z) as
(x=0Az=0)vix=1Az=y)vix=1+1az=y+y).
To get M7 ' from MY, we observe that for qeN-{0} and k£ >0,
xeN and x=g*
is equivalent to

there exist x, . . . s Xk-1ENwithxo<gq,x,<q,x,<q,...,x-1<q

k-1
andx= Y xgq'
i=0
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and this is equivalent to

there exist u, xo, ..., xx—1ENwith u<gq, xo<gq, x,<gq,

k-1
X2<¢,..., xx-1<qand x= Y xu'.
i=0

If x =Y ") xu', then xy = Y o xyu' and by Horner
x=xotuxi+u( - +u(xp_—2+uxi_1) )

and

xy =xoy +ulxiy+u(- -+ uxe_2y +uxe_iy) -« *)).
Hence, for k >0, M (x, y, z) is equivalent io

aua X0y e oo s Xk~1520s 025 2k=15005c005 Uk—15 WOy - -+ ) Wg—1

k—1 k-1
A xiZun N M (u, xi + 0, 0ic))A k1 =0Ax =x0+ g
i=1 i=1

k-1 k-1

AN ME(xsy, z)A N M (U, zi +wi, wim)) Awg_1 =0
i=0 i=1

AZ =Zg+ W

If we replace x; # u by a formula expressing x; < u, then wt get a formula which
is more easily understandable.

We define My exactly like this, but for m >0, M}"" is constructed from this
formula using the abbreviation method [4]:

p
A M(r, s, t)
i=1
is replaced by

VxVyVz [(\7 X=rAy=S§AZ =t,-)—>M(x, A z)].

i=1

And as in [4], the same variable names are used several times, so that only 4k +7
different variable names appear in M} (x, y, z). (Actually variable renaming is not
necessary when m = O(k) as in Theorem 2.)

Then there is a constant ¢ with

M7+ x, y, 2)|<|MFY (x, y, z)| +ck log k
and therefore

IME (x, v, 2)| < c(mk log k +1).
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The quantifier alternation depth of My (x, y, z) is max(2m —1, 0). It is obvious that
M7 (x,y, z) is computable by a Turing machine in time polynomial in m and k
(even within space O(log m +log k) on the work tapes).

The method we use to get lower complexity bounds from a formula for multiplica-
t.on is not new. Therefore we preseni only an outline.

First we use modular arithmetic and the prime number theorem, as in [4], to
defizie multiplication up to 22" in Presburger arithmetic by a formula of length
n and quantifier alternation depth m.

To do this, we define g(n) to be the least common multiple of all positive integers
less than or equal to n. Then g(n) =e*"™, where ¢ is Tchebvchef’s function. Using
this definition: of g, it is easy to write a formula G}'(x) which is true precisely for
x= g(2""' ). (Mute that y is a non-negative integer <2*" iff M (y, 0, 0) is true.)

Let fi(n)~~7n) denote asymptotic equivalence of f; and f5, i.e.
limy, .0 filn)/f2(1) =1,

Then the prinie number theorem (see e.g. [7]) is equivalent to ¢(n) ~ n. (In fact
one proves (1)~ n in order to prove the prime number theorem.) And the Chinese
remainder the orem implies that for all non-negative integers x, y, z < g(n), we have

xy=2z iff
x;y; = 2z; for all positive integers i<n
andall x;, y;, z; <i with
x=x,y=y;and z=2z; mod |

Using the formulas My (x,y,z) and G (x) to express these congruences and
equalities, we can easily define a formula Prod;'(x, y, z) which is true in Niff xy =z
and x, y, z<g(2*™). The length of Prodj(x, y, z) is only c(mk log k +1) and its
quantifier alternation depth is 2/ +d. We have already seen that for all constants
< e and for k™ sufficiently big g(2*")>c¢*".

Now when multiplication is defined for a large initial segment of N, we can—if
we like—depart from the paper of Fischer and Rabin and follow the more elegant
method used by Heintz [8] and A. R. Meyer (see [5]): we first define the concatena-
tion of words and then use it to describe computations of Turing machines. All
this increases the quantifier alternation depth of the formula only by a small additive
constant.

The most elegant method to code words over a finite alphabet into non-negative
integers is due to Smullyan [10]. The number A=Y]_, a2’ with a;€{1, 2} (not
{0, 1}!) codes the word W(A) = a,a,._; . . . ao. This defines a one-to-one enumeration
of the words over {1, 2}.

We first define a formula Pot7'(y, u) saying that y <g(2“™) and u is the biggest
power of 2 luss than or equal to y. Then the following formula says that W(z) is
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the concatenation of W{x) with W(y) and z <g(2*") (hence the length of W(z)
is bounded by log g(2“™j ~2*™): -

Ju o Poti(y +1, u) AProdi(x, u, t)Av+y =12

Having concatenation available it is no prcblem (but a bit lengthy) to describe
computations. *{ere ‘computation’ means a suitable encoding of a sequence of
subsequent configurations of a Turing machine.

We can describe computations of length 2™ by formulas of length ¢, (mk log k +1)
and quantifier alternation depth 2m + ¢,. Hence, there are constants ¢ and d such
that for all m, n >d we can describe computations of length <2"/™ " by formulas
of length n and depth m. This implies:

Theorem 2. There is a constant ¢ >0 such that no 3 ™™ time-bounded non-
deterministic Turing machine can decide PA(m).

This result holds also when m is a function of the input length ».

3. The Berman complexity

Both the time and the space complexity measure seem to be not quite adequate
for mathematical theories like Presburger arithmetic. Berman [1] has shown that
the simultaneous bounds for time and alternation depth of an alternating Turing
machine is a better compi-xity measure.

Directly applying the method of [1] to the above non-deterministic lower time
bound for PA(m) and to the upper space bound of [9] for PA(m), we get (as for
PA) also pretty tight bounds for PA(m):

Theorem 3. There is a constant ¢ >0 such that for all m, m'eN (with m’'<m)
pi/mteem=ml i a lower bound for the time complexity of alternating Turing machines
deciding PA(m) with at most m’ alternations.

Remark. Theorem 3 can be improved, if we sav in a formula, “there is an accepting
computation tree”, instead of simulating the aiternations of the alternating Turing
machine by quantifier-alternations of the formula.

Theoremd. There is a coustant c such that forallm e N there is a 2™ time-bounded
alternating Turing machine which decides PA(m) with m alternations.
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4. Other thearies

The method of this paper can be applied to other mathematical theories. The
exponential complexity jump from PA(m) (for constant m) to PA is typical for
those mathematical theories whose decision complexity is at least non-deterministic
exponential time.

If the comyilexity is also not more than exponential space, such as for the theory
of reals with zddition [3], then good lower bounds for bounded and for unbounded
quantifier altwrnation depth are usually much easier to obtain. It is then usually
possible to defir:~ concatenation directly, without defining multiplication. We illus-
trate this met': < with one example.

4.1. The tneory of reals with addition

We represent some reals (namely the non-negative integers) by words over a
finite alphabet and define their concatenation in the theory of reals with addition.
Insteud of the theory cf reals with addition, we could choose any other theory such

that all its models are groups, and in one model an element of infinite order exists
(see [8]).

Asbefore, letthe intzger A =Y _, a,2' with a; € {1, 2} represent the word W(A) =
a, ' * * ap. Hence the integer 0 represents the empty word. Now we define a formula
K& (x, y, z), such that for all A, B,CeN, K[ (A, B, C) is true iff W(A)W(B)=
W(C) (the concatenation of W(A) with W(B) is W(C)) and B <2*".

Ki(x,y, z) is defined as

(y=0Ax=z)v(y=1ax+x+1=2)v(y=1+1Ax+x+1+1=2)
and K7 (x, y, z) is defined to be equivalent to
3”1,---,uk,}’0,-‘-,)’k,Zo,---,Zk
k | m
_/‘\l K& (yi-1, up y:)
i=
AVeo=0ay=y

k
m Y
AN K (zie1, dy ) hZo=X A2k = 2.

i=1

Using the abbreviation methods of Section 2, this formula can be transformed such
that

|K¥ (x, y, z)| < c(mk log k +1)

and the quantifier alternation depth of K" (x, y, z) is max(2m —1, 0).
From this result it follows 2asily: '
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'Theorem 5. There is a constant ¢ > 0 such that the validity of formulas with quantifier
alternation depth <m of the theory of reals with addition cannot be decided by an
(n/m)'™ time-bounded non-deterministic Turing machine.

And naturally also the analogues to the Theorems 3 and 4 hold for the reals
with addition.

5. Conclusions

For a big enough constant m, the complexity of PA(m) is one exponential lower
than that of PA. This is typical for mathematical theories. For very small constants
m, the complexity is even lower. PA(1) is (NPu co-NP)-complete. This follows
from the result of Borosh and Treybig [2] and von zur Gathen and Sieveking [6]
that solvable linear diophantine inequality systems have a polynomiaily bounded
solution. But for a constant m as low as about 6, we have an exponential nondeter-
ministic lower time bound for PA(m). Hence, there is a very interesting complexity
jump somewhere between m =1 and m =10.

Problem. Where does this complexity jump occur? In particular, for which me
{1,...,10}is PA(m) in NP U co-NP or in POLYSPACE, and for which m is PA(m)
not in NEXPTIME?
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