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We study properties of elements in a ring which admit the general-

izedDrazin inverse. It is shown that the element 1−ab is generalized

Drazin invertible if and only if so is 1−ba, and a formula for the gen-

eralized Drazin inverse of 1 − ba in terms of the generalized Drazin

inverse and the spectral idempotent of 1 − ab is provided. Further,

recent results relating to the Drazin index can be recovered from our

theorems.

© 2011 Elsevier Inc. All rights reserved.

1. Introduction

Throughout this paper R will be a ring with unity 1. The notation Rinv means the group of all

invertible elements of R. Following Koliha and Patricio [15], the commutant and double commutant of

an element a ∈ R are defined by

comm(a) = {x ∈ R : ax = xa};
comm2(a) = {x ∈ R : xy = yx for all y ∈ comm(a)},

respectively. Let Rqnil = {a : 1 + ax ∈ Rinv for every x ∈ comm(a)}, and if a ∈ Rqnil then a is said to

be quasinilpotent [13]. Let Rnil be the set of all nilpotents of R. Clearly, Rnil ⊆ Rqnil.

Recall that an element a ∈ R is (von Neumann) regular provided there is an element b ∈ R such that

a = aba. In this case b is called an inner inverse of a, and denoted by a−. An element a ∈ R is said to
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have a Drazin inverse [12] if there exists b ∈ R such that

bab = b, b ∈ comm(a), a − a2b ∈ Rnil.

The element b above is unique if it exists and is denoted by aD, and the nilpotency index of a − a2b is

called theDrazin index of a, denoted by ind(a) [12].Moreover, aD ∈ comm2(a) (see [15]). If ind(a) = 1,

then a is group invertible and the group inverse of a is denoted by a#.

The concept of the generalized Drazin inverse in a Banach algebra was introduced by Koliha [14].

Later, this notion was extended to a ring by Koliha and Patricio [15]. An element a ∈ R is generalized

Drazin invertible [15] in case there is an element b ∈ R satisfying

bab = b, b ∈ comm2(a), a − a2b ∈ Rqnil.

Such b, if it exists, is unique; it is called a generalized Drazin inverse of a, and will be denoted by

agd. In a Banach algebra, the condition b ∈ comm2(a) in the above definition can be weakened as

b ∈ comm(a). Results on generalized Drazin inverses (in rings and Banach algebras) can also be found

in [2,4–6,9–11]. We will denote by RD, R# and Rgd the set of all Drazin invertible elements, group

invertible elements and generalized Drazin invertible elements in R, respectively.

Jacobson’s lemma states that for any a, b ∈ R, 1−ab ∈ Rinv if and only if 1−ba ∈ Rinv (see [1,7]). In

[3,8], the authors generalized Jacobson’s lemma to the Drazin invertibility. Motivated by these papers,

we consider Jacobson’s lemma for the generalized Drazin inverse. It is shown that if 1− ab belongs to

Rgd, then so does 1 − ba and, in addition, an explicit formula relating the generalized Drazin inverse

of the two elements is provided.

2. Main results

For the future reference we state two known results.

Lemma 2.1. Let a, b ∈ R. If 1 − ab ∈ Rinv , then 1 − ba ∈ Rinv and (1 − ba)−1 = 1 + b(1 − ab)−1a.

Lemma 2.2 [15, Theorem 4.2]. Let a ∈ R. Then a ∈ Rgd if and only if there exists p2 = p ∈ R such that

p ∈ comm2(a), a + p ∈ Rinv and ap ∈ Rqnil.

In this case, agd = (a + p)−1(1 − p) and p = 1 − aagd, where p is called a spectral idempotent of a and

will be denoted by aπ .

In [3,8], the authors proved that for any elements a, b ∈ R, if 1 − ab ∈ RD then so is 1 − ba,
which generalized Jacobson’s lemma to the Drazin invertibility, and a formula of the Drazin inverse of

1−ba in terms of the Drazin inverse of 1−ab is given in [3]. It is natural to consider whether the same

property can be inherited by the generalized Drazin invertibility. However, the double commutativity

of elements in rings seems more difficult to deal with than the commutativity, and therefore it is not

trivial to pass from the Drazin inverse version of Jacobson’s lemma to its generalized counterpart. Now

we are in the position to state the main result.

Theorem 2.3. Let a, b ∈ R. If α = 1 − ab ∈ Rgd, then β = 1 − ba ∈ Rgd with

βgd = 1 + b(1 − απα)−1(αgd − απ)a = 1 + b[αgd − απ(1 − απα)−1]a,
and

βπ = bαπ(1 − απα)−1a.

Proof. Denote p = απ . Then by Lemma2.2, 1−pα ∈ Rinv. Let q = bp(1−pα)−1a.Note thatβb = bα
and aβ = αa. Then

βq = bαp(1 − pα)−1a = bp(1 − pα)−1αa = qβ.
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In what follows, by Lemma 2.2, it suffices to show that q is the spectral idempotent of β, i.e., the

following conditions hold: (a) β + q ∈ Rinv; (b) βq ∈ Rqnil; (c) q2 = q ∈ comm2(β).

(a) Write c = [p(1 − pα)−1 − 1]a. After a calculation in which we substitute ab = 1 − α, we

obtain

(1 − pα)(1 + cb) = α + p − pα − pα2 = (1 − pα)(α + p),

which proves that 1 + cb is invertible. By Lemma 2.1, 1 + bc is also invertible. Hence

β + q = 1 − ba + bp(1 − pα)−1a = 1 + bc ∈ Rinv.

(b) We let z ∈ R with (βq)z = z(βq). Then

[bαp(1 − pα)−1a]z = z[bαp(1 − pα)−1a].
Multiplying this equation by a on the left and by b on the right yield

abαp(1 − pα)−1azb = azbαp(1 − pα)−1ab.

By substituting abp = pab = p(1 − pα), we can easily obtain

(αp)(azb) = (azb)(αp),

which implies that (1 − pα)−1azb ∈ comm(αp). Since αp ∈ Rqnil, it follows that

1 + [(1 − pα)−1azb](αp) = 1 + [(1 − pα)−1az](bαp) ∈ Rinv.

In view of Lemma 2.1, 1 + (βq)z = 1 + (bαp)[(1 − pα)−1az] ∈ Rinv. Therefore, βq ∈ Rqnil.
(c) To this end we first show that q ∈ R is idempotent. Note that pab = p(1 − pα). Then

q2 = b(1 − pα)−1pab(1 − pα)−1pa = b(1 − pα)−1pa = q.

We next show that q ∈ comm2(β). Let y ∈ R be such that βy = yβ, i.e., (ba)y = y(ba). Then

(ayb)α = a(yβ)b = a(βy)b = α(ayb).

So ayb ∈ comm(α). From p ∈ comm2(α) it follows that ayb ∈ comm(p), which implies ayb ∈
comm(pα). It is clear that ayb ∈ comm(1 − pα). Then

(ayb)p(1 − pα)−1 = p(1 − pα)−1(ayb).

Multiplying the above equation respectively, by b on the left and by a on the right yield

bayq = qyba.

Combining this with the equations bay = yba and βq = qβ, we have

yq(1 − β) = (1 − β)yq = qy(1 − β) = (1 − β)qy.

It follows that

yq(1 − βq) = qyq(1 − βq) and (1 − βq)qy = (1 − βq)qyq.

By (b), 1 − βq ∈ Rinv, one obtains

yq = qyq = qy,

which implies that q ∈ comm2(β).

Therefore, q is the spectral idempotent of β and βgd = (β + q)−1(1 − q).
By virtue of Lemma 2.1, we have

(β + q)−1 = 1 − b(α + p)−1[p(1 − pα)−1 − 1]a,
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where we have used the relations β + q = 1 + bc and α + p = 1 + cb. Then

βgd = (β + q)−1(1 − q)

= [1 − b(α + p)−1(p(1 − pα)−1 − 1)a][1 − bp(1 − pα)−1a]
= 1 − bp(1 − pα)−1a + b(α + p)−1(1 − p)(1 − pα)−1a

= 1 + b(1 − απα)−1(αgd − απ)a

= 1 + b[αgd − απ(1 − απα)−1]a.
The proof is complete. �

If the condition ap ∈ Rqnil is replaced by ap ∈ Rnil, thenwe can obtain themain result on the Drazin

inverse in [3] by applying Theorem 2.3.

Corollary 2.4 [3, Theorem 3.6]. Let a, b ∈ R. If 1 − ab ∈ RD with ind(1 − ab) = k, then 1 − ba ∈ RD

with ind(1 − ba) = k and

(1 − ba)D = 1 + b[(1 − ab)D − (1 − ab)π r]a,
where

r =
k−1∑

i=0

(1 − ab)i and (1 − ab)π = 1 − (1 − ab)(1 − ab)D.

Proof. Write α = 1 − ab, β = 1 − ba and p = απ . In view of Theorem 2.3, β ∈ Rgd and βπ =
bp(1−pα)−1a. Letq = βπ , thenβq = bpα(1−pα)−1a (= qβ).Byusing the relationabp = (1−pα)p
we can easily conclude that

(βq)n = b(1 − α)n−1(pα)n(1 − pα)−na

by induction on n. By hypothesis (pα)k = 0, one has (βq)k = 0 which implies that indβ � k, i.e.,

ind(1 − ba) � ind(1 − ab).

By symmetry, ind(1 − ab) � ind(1 − ba). Hence,

ind(1 − ba) = ind(1 − ab) = k.

Since αD exists, αgd = αD. Moreover,

αgd − απ(1 − απα)−1 = αD − p

k−1∑

i=0

(pα)i = (1 − ab)D − (1 − ab)π r,

where r = k−1∑

i=0

(1 − ab)i. Therefore we obtain the required result by applying Theorem 2.3. �

Letting k = 1 in Corollary 2.4, we get a result for the group inverse.

Corollary 2.5 [3, Theorem 3.5]. Let a, b ∈ R. If 1 − ab ∈ R#, then 1 − ba ∈ R# and

(1 − ba)# = 1 + b[(1 − ab)# − (1 − ab)π ]a,
where (1 − ab)π = 1 − (1 − ab)#(1 − ab).

In [3], Castro-González et al. gave a new characterization of the Drazin index to answer a question

raised in [16] about the equivalence between the conditions ind(a2a− + 1 − aa−) = k and ind(a +
1 − aa−) = k, which implies a2a− + 1 − aa− ∈ RD if and only if a + 1 − aa− ∈ RD. Here we give a

similar result on the generalized Drazin invertibility.
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Corollary 2.6. Let a ∈ R be a regular element with an inner inverse a−. If one of the elements a2a− +
1 − aa−, a−a2 + 1 − a−a, a + 1 − aa− and a + 1 − a−a belongs to Rgd, then they all do.

Proof. Let c = 1 − a, d = aa−, e = a, f = a− − aa− and g = a−a. Then we obtain the following

equations:
a2a− + 1 − aa− = 1 − cd = 1 − ef ; a−a2 + 1 − a−a = 1 − gc;
a + 1 − a−a = 1 − fe = 1 − cg; a + 1 − aa− = 1 − dc.

In view of Theorem 2.3, 1 − xy is generalized Drazin invertible if and only if so is 1 − yx. The proof is

complete. �

Combining Corollary 2.4 with the proof of Corollary 2.6, we obtain the result on the Drazin index

as in [3].

Corollary 2.7. Let a ∈ R be a regular element with an inner inverse a−. Then the indices of the elements

a2a− + 1 − aa−, a−a2 + 1 − a−a, a + 1 − aa− and a + 1 − a−a are equal.
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