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We propose new mechanism for inflation using classical SU(2) Yang–Mills (YM) homogeneous and 
isotropic field non-minimally coupled to gravity via Horndeski prescription. This is the unique generally 
and gauge covariant ghost-free YM theory with the curvature-dependent action leading to second-order 
gravity and Yang–Mills field equations. We show that its solution space contains de Sitter boundary to 
which the trajectories are attracted for some finite time, ensuring the robust inflation with a graceful 
exit. The theory can be generalized to include the Higgs field leading to two-steps inflationary scenario, 
in which the Planck-scale YM-generated inflation naturally prepares the desired initial conditions for the 
GUT-scale Higgs inflation.

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Introduction

The 2015 Planck’s collaboration release [1] confirmed a rela-
tively low upper bound of the observed inflation energy scale, 
1015÷1016 GeV, with almost absent non-Gaussianity, and small 
tensor fluctuations. A variety of phenomenological models with 
a scalar inflaton slowly rolling down in a flat potential describes 
well the data. These include Starobinsky R2 model [2], Higgs in-
flation [3] and some other traditional models demanding tuning of 
parameters at the classical level. The tuning, however, is not pro-
tected from large quantum corrections, so various attempts were 
undertaken to find symmetries underlying the desired flatness of 
the potential making inflation “natural”. One possibility, based on 
scalar fields only, invokes models with hidden conformal or shift 
symmetry [4–7]. The simplest such model [4] contains in the Jor-
dan frame the following combination of the Einstein term and the 
conformally coupled scalar field term

Lconf ∼
(

1 − φ2

6

)
R

2
, (1)

vanishing at the boundary φ2 = 6. The Einstein frame scalar field 
ϕ is related to φ via φ = √

6 tanh(ϕ)/
√

6 producing the flattened 
potential V (ϕ) from the power-low one V ∼ φn and resulting in 
de Sitter solution as ϕ → ∞. Higgs inflation is particularly attrac-
tive since it identifies the inflaton with some known field. Note 
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that this mechanism invokes the non-minimal coupling of Higgs to 
gravity via the curvature scalar.

The GUT-scale conformal inflation, however, raises the prob-
lem of initial conditions, discussed already in the early days of 
inflation scenario [8], and recently reconsidered again in the mod-
ern setting [9,10]. One of its solutions is a stage of preliminary 
inflation starting at Planck scale and driving the inflaton to the 
plateau of the GUT-scale observed inflation. The second inflaton is 
usually taken as another scalar field. Here we suggest to use for 
this purpose the vector YM field which is generically present in 
gauge/supergravity theories, so one does not need to introduce the 
second scalar by hand. To realize such a scenario one has to as-
sume, likewise in the Higgs case, the non-minimal coupling of YM 
to gravity using the Horndeski prescription [11].

Recall that the SU(2) Yang–Mills field has an isotropic and ho-
mogeneous mode and satisfies (in the case of the standard YM la-
grangian) the conformal equational of state p = ε/3, thus mimick-
ing the hot Universe [12]. It was studied in 90-ies both in classical 
and quantum minisuperspace settings [13] and Euclidean quantum 
gravity [14]. Recently this idea was revived in anticipation of the 
future precise measurements of the primordial gravitational waves 
imprint on the cosmic microwave background (CMB) [15]. It was 
found that coupling between the perturbations of YM and tensor 
gravitational perturbations mix together, leading to difference in 
the evolution of right- and left-polarized gravitational waves (par-
ity violation) which can become testable soon.

During past decade various modifications of the standard YM 
action breaking the conformal symmetry in a way consistent with 
the Standard Model and its extensions were introduced. Replacing 
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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the YM lagrangian by the Born–Infeld string motivated lagrangian, 
e.g., leads to an equation of state interpolating between that of the 
string gas and the photon gas −ε/3 < p < ε/3, but this is insuf-
ficient for inflation [16]. Phenomenologically, it was noticed that 
the lagrangian generically depending on two invariants L( f , g), 
f = F a

μν F aμν , g = F̃ a
μν F aμν , F̃ a

μν ≡ 1
2 εμναβ F aαβ leads to desired 

inflationary equation of state if the dependence on g is non-linear, 
i.e. ∂2L/∂ g2 �= 0 [17]. A particular model of this type with the 
quadratic g2-term in the lagrangian was called “gauge-flation” and 
received a lot of attention [18]. But physical origin of such a term, 
which, moreover, must enter with a large coefficient, i.e. somewhat 
obscure.

Conformal symmetry is also broken once interaction of the YM 
field with the scalar fields is introduced. This is what happens in 
the full gauge theories. It was shown that the YM–Higgs model 
with the complex doublet Higgs leads to a kind of hybrid inflation 
scenario, [19] in which dynamics of the Higgs field is modulated by 
the YM component (this model was recently revived in [20]). Other 
typical interactions of YM fields include dilaton [21] and axion. 
The latter option attracted much attention as implementing the 
idea of “naturalness” [22] and became known as “chromo-natural” 
inflation [23].

The next class of models, closer to the present one, consists 
in exploiting the non-minimal coupling of the inflaton to gravity, 
which was applied to Higgs field under the name of Higgs infla-
tion [3,24]. The idea was also applied to the YM field possibly 
together with modifying gravity lagrangian [25–28]. The potential 
danger of curvature-modified gravity is the emergence of higher 
derivative field equations plagued with the Ostrogradski ghosts. 
In attempts to avoid ghosts, new ideas associated with massive 
gravity and/or galileons were invoked [29,30]. General classes of 
couplings of vector fields to gravity involving curvature tensor cou-
plings whose equations of motion does not contain ghosts were 
found by Horndeski [11]. Initially the non-minimal vector coupling 
to gravity was introduced as the extension of the Maxwell the-
ory in curved space which preserves the second order equations 
of motion, admits the energy–momentum and charge conservation 
laws, and reduces to Maxwell theory in the flat space limit. Later it 
was revealed that Lovelock gravity [31], galileon models [29] and 
Horndeski theory [32,11] are strongly interrelated [30]. Using the 
Abelian vector fields in cosmology [33,34] leads either to isotropy 
or gauge invariance problems. So here we consider the unique case 
free from these complications which was not discussed before: the 
Horndeski coupling of the SU(2) YM field to the dual Riemann 
tensor. This model contains only one extra parameter of the di-
mension of mass which turns out to be the Hubble constant of the 
de Sitter stage in this model. We demonstrate that de Sitter solu-
tion is the boundary of the solution space which attracts a large 
set of trajectories, keeps them for some finite time and then relax 
to the hot universe state.

2. Non-minimal coupling of vector field to gravity

General gauge-invariant curvature-dependent action quadratic 
in the vector field strength Fμν and linear in the curvature can 
be written in the form

SRF =
∫

Rαβμν Fαβ Fμν
√−gd4x , (2)

where the susceptibility tensor Rαβμν has the same index permu-
tation symmetries as the Riemann tensor. It can be presented as 
the linear combination

Rαβμν = 4q2 R[α[μgν]β] + q1 Rgα[μgν]β − q3 Rαβμν , (3)

where Rαβμν is the Riemann tensor, Rαμ is the Ricci tensor, R is 
the scalar curvature, and the brackets [ ] mean an alternation over 
indices with the factor 1/2. Such a structure is typical for the one-
loop corrections to the Maxwell action in curved space QED [35], 
where the coefficients q1, q2, q3 have certain particular values. 
Here we consider this action as phenomenological, but subject to 
some theoretical restrictions. The field Fμν in (2) can be either 
Abelian, or non-Abelian, in which case we will use the matrix no-
tation,

Aμ = Aa
μTa , Fμν = F a

μν Ta = 2∇[μ Aν] + [
Aμ, Aν

]
, (4)

assuming the SU(2) gauge group

[Ta, Tb] = ε c
ab Tc , Tr(Ta Tb) = 1

2
δab , (5)

and adding the trace operator Tr before the lagrangian.
For generic coefficients q1, q2, q3 the resulting theory contains 

higher derivatives generating extra degrees of freedom which are 
plagued with Ostrogradski ghosts. The unique curvature-dependent 
coupling leading to the ghost-free theory was found by Horn-
deski [11]. It corresponds to q1 = q2 = q3, in which case the sus-
ceptibility tensor reduces to the double-dual Riemann tensor:

R̃αβγ δ = 1

4
εαβμν Rμνρσ ερσγ δ , (6)

where the Levi-Civita tensors contain suitable 
√−g factors. This 

tensor satisfies the Bianchi identity

∇α R̃αβμν = 0 , (7)

which is crucial for making the theory ghost-free.
Note that the Horndeski action can be written in two equivalent 

forms:

SH = Tr
∫

R̃αβμν Fαβ Fμν
√−g d4x

= Tr
∫

Rαβμν F̃αβ F̃μν
√−g d4x , (8)

using the dual field tensors F̃ αβ ≡ 1
2 εαβμν Fμν . This structure is 

reminiscent of the Gauss–Bonnet lagrangian

LGB = −R̃αβμν Rαβμν = R2 − 4Rαβ Rαβ + Rαβμν Rαβμν , (9)

from which it can be obtained replacing the Riemann tensor by the 
product of two field tensors. This is not accidental: the Horndeski 
action can be derived from the higher-dimensional Gauss–Bonnet 
theory by dimensional reduction [36]. It is worth noting that the 
vector Horndeski lagrangian in four dimensions is much simpler 
than the scalar Horndeski one [32] which was widely used recently 
in attempts to improve the simplest non-minimal Higgs inflation 
model [37].

Using the variation of the Riemann tensor

δRαβμν = Rρ
[βμνδgρα] + 2∇[μ∇[βδgα]ν] (10)

and the Bianchi identity for the YM field

Dμ F̃ μν = 0 , (11)

where the gauge covariant derivative is introduced,

DμFαβ ≡ ∇μFαβ + [Aμ, Fαβ ] , (12)

one can write the variation of the action (8) over the metric in the 
form

δSH√−g δgρσ

= −2Tr

(
−1

4
gρσ R̃αβμν Fαβ Fμν + F (ρ

β R̃σ )βμν Fμν

+ Rαβ F̃ αρ F̃ βσ + Dβ F̃ αρ Dα F̃ βσ + Fαβ

[
F̃ αρ, F̃ βσ

])
, (13)
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in which the absence of higher derivatives is manifest. On the con-
trary, one can notice the presence of the cubic term in F .

We conclude this section with brief review of the earlier pro-
posals to use non-minimally coupled vector fields in cosmology. 
The slow-roll inflation model with (generic) non-minimally cou-
pled Maxwell field was suggested in [38], yet suffering the issue of 
anisotropy. The latter has been evaded in the non-Abelian case [39,
28], however these earlier models either were loosing gauge in-
variance or contained ghosts. The Abelian vector model with Horn-
deski coupling both gauge invariant and without ghosts was inves-
tigated in [33], but this model was unable to provide de Sitter so-
lutions unless the cosmological constant was added by hand [34]. 
The Yang–Mills–Higgs cosmology with general non-minimal cou-
pling (3) was examined in [25], where de Sitter solutions were 
found, but no detailed investigation of inflation was undertaken.

In what follows we will study inflationary solutions in the 
ghost-free SU(2) Horndeski Yang–Mills model showing that robust 
inflation emerges because of general property of the Horndseki 
coupling, which closely resembles the coupling of the scalar field 
used in the models of conformal attractors. It turns out that the 
YM non-linearity is crucial for possibility of this scenario: it is im-
possible in the Maxwell case.

3. HYM cosmology

It is convenient to rescale coordinates and the YM potential as 
follows: xμ → xμ/(gMpl), Aμ → Mpl Aμ , where Mpl = 1/

√
8πG =

2.435 × 1018 GeV is the Planck mass, and g is a gauge coupling 
constant. Then we choose the units gMpl = 1. Actually, in most 
gauge theories the coupling constant is of the order of unity, so in 
what follows we assume gMpl ∼ Mpl.

Adding the Einstein term and the standard YM term to the 
Horndeski action we obtain the total action

SHYM = 1

2g2

∫ (
R − Tr

(
Fμν�μν

))√−g d4x , (14)

where the “induction” tensor is introduced with the coupling μ−2

(dimensionless in the rescaled quantities):

�μν = F μν + 1

2μ2
R̃μνλτ Fλτ . (15)

Even before passing to the Friedmann metrics, one can notice 
the following fundamental property of the HYM action: its mat-
ter part vanishes in de Sitter space with some curvature radius. 
Indeed, adjusting the Hubble parameter of de Sitter to be

H2 = μ2 , (16)

one finds

R̃αβμν = −μ2 (
gαμgβν − gαν gβμ

)
, (17)

in which case �μν = 0. Obviously this has to be the boundary of 
the physical domain, beyond which we would get the phantom YM 
field (such an option is not considered here). We will see that the 
inflationary solutions are attracted to the phantom boundary, but 
do not cross it.

It is worth noting that the existence of the de Sitter boundary 
is encountered in the more general non-minimal theory (2) too 
(see [25]). In this case we get

Rαβμν = −H2[6(q1 − q2) + q3]
(

gαμgβν − gαν gβμ
)

, (18)

so in de Sitter space with the Hubble parameter, satisfying (6(q1 −
q2) + q3)H2 = μ2 instead of (16), the induction tensor also van-
ishes.
The Einstein equations of the HYM theory can be written in the 
usual form

Rμν − 1

2
gμν R = Tμν , (19)

where the effective energy–momentum tensor reads

Tμν = 2Tr

(
F(μβ�

β

ν) − 1

4
gμν Fαβ�αβ

)

+ 1

μ2
Tr

(
Rαβ F̃ α

μ F̃ β
ν + Dβ F̃ α

μDα F̃ β
ν + Fαβ

[
F̃ α

μ, F̃ β
ν

])
.

(20)

The equations of motion for YM field are simply

Dν�μν = 0 . (21)

Now we pass to the homogeneous and isotropic cosmology, re-
stricting for simplicity by the spatially flat metric:

ds2 = −N2dt2 + a2
[
dr2 + r2(dθ2 + sin2 θdϕ2)

]
. (22)

The YM matrix-valued one-form can be written in certain gauge in 
terms of a single function ψ(t) (for more general gauges and any 
spatial curvature see [40,16]):

A = aψ[Trdr + r(Tθdθ + Tϕ sin θdϕ)] , (23)

showing that the direction of A in the color space coincides with 
the space direction. Choosing the proper time gauge N = 1 and 
introducing the ‘electric’ and ‘magnetic’ effective fields: E ≡ ψ̇ +
Hψ , H ≡ ψ2 we can present the standard YM lagrangian in the 
Maxwell form:

−1

4
F a
μν F aμν = 3

2

(
E2 −H2

)
. (24)

The effective one-dimensional lagrangian of the SU(2) HYM model 
(14) then reads:

L = 6H2 + 3Ḣ

(
1 + H2

2μ2

)
+ 3

2

(
1 − H2

μ2

)(
E2 −H2

)
, (25)

where one can notice the factor 1 − H2/μ2 in the gauge sector, 
indicating on the de Sitter boundary described above.

It is easy to check that the stress-energy tensor is diagonal and 
isotropic, with the energy density and pressure

ρg = 3

2

(
ψ̇2 + 2Hψψ̇ + H2ψ2 + ψ4

)

− 3

2μ2

[
H2(3ψ̇2 + 3H2ψ2 + 2ψ4)

+ 2Hψψ̇(3H2 + 2ψ2)
]

, (26)

pg = 1

2

(
ψ̇2 + 2Hψψ̇ + H2ψ2 + ψ4

)

+ 1

2μ2

[
3ψ̇2(3H2 + 4ψ2) + 2Hψψ̇(7H2 + 8ψ2)

+ H2ψ2(5H2 + 2ψ2) + 4ψ̈(Hψ̇ + H2ψ + ψ3)

+ 2Ḣ(ψ̇2 + 4Hψψ̇ + 3H2ψ2)
]
. (27)

In the limit of vanishing coupling, μ → ∞, the system represents 
radiation with the equation of state pg = ρg/3.

The dynamics of the system is governed by Friedmann equa-
tions,

H2 = ρg
, Ḣ + H2 = −1

(ρg + 3pg) , (28)

3 6
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and the gauge field equation,

[
1 − H2

μ2

](
ψ̇ + Hψ

)˙

+ 2

[
1 − Ḣ + H2

μ2

](
Hψ̇ + H2ψ + ψ3

)
= 0 . (29)

An important characteristic of the system (28)–(29) is the determi-
nant of the matrix of coefficients before the derivatives Ḣ , ψ̈ :

D ≡
[

1 − H2

μ2

](
1 + 1

2μ2

[
(ψ̇ + Hψ)2 − 2ψ4

])

+ 2

μ4

(
Hψ̇ + H2ψ + ψ3

)2
. (30)

When this quantity vanishes, the solution meets the singularity. 
One can show that the boundary H2 = μ2 separates the domain 
of non-singular solutions from that of singular ones. Consider a 
solution crossing the boundary at the moment t = t1, so that 
H2(t1) = μ2, Ḣ(t1) �= 0. Then the gauge field equation (29) im-
plies that the expression in the round brackets in the second term 
vanishes: Hψ̇ + H2ψ + ψ3 = 0. This implies vanishing of the de-
terminant D, indicating the singularity. Thus the non-singular tra-
jectories should not cross the boundary H2 = μ2. The physical 
trajectory must be non-singular and reach the flat space asymp-
totic: H = ψ = ψ̇ = 0, which implies D → 1. Therefore, physical 
initial states should reside in the following domain of the phase 
space:

Dphys = {H2 < μ2} ∩ {D > 0} , (31)

to which the flat space asymptotic belongs. Note that with H < μ
the sign of the kinetic term of the lagrangian (25) remains positive. 
Thus the boundary H2 = μ2 also preserves the system from falling 
into the phantom state.

4. HYM-flation temporary attractor

Contrary to earlier negative verdict concerning the Abelian 
Horndeski–Maxwell cosmology [33,41] we would like to show that 
non-linearity of the YM theory makes the proposed HYM model 
much more promising. Our claim is that de Sitter solution H2 = μ2

is an inflationary attractor in non-Abelian Horndeski model; robust in-
flation emerges without fine-tuning of parameters or initial conditions.

To show this we first observe that the YM Eq. (29) is satisfied if 
H2 = μ2, Ḣ = 0. Then one can solve the first Friedmann equation 
in (28) as a quadratic equation in ψ̇ :

ψ̇± = − 1

μ

(
ψ3 + μ2ψ ±

√
ψ6 + (3/2)ψ4μ2 − μ4

)
. (32)

Since only two of the three equations (28), (29) are independent, 
the remaining second Friedmann equation will also be satisfied 
with H = μ and ψ̇ given by (32). Obviously, the square root in (32)
is real only if the YM function is above the critical value ψ > ψcr, 
satisfying ψ6

cr + (3/2)ψ4
crμ

2 − μ4 = 0. This solution is possible 
due to the YM non-linearity, which manifests itself in presence of 
the terms ψ6, ψ4 under the square root. In the Abelian case the 
first Friedmann equation would imply μ2 = −E2 for the ansatz 
H2 = μ2, Ḣ = 0.

The critical value, ψcr, is proportional to μ2/3 for μ 
 1, and 
to μ1/2 for μ � 1. The large field limit, ψ � max(μ, μ2/3), corre-
sponds to the dominance of ψ6 under the square root in (32) and 
always satisfies ψ � ψcr, as well. Then the two branches of the 
solution (32) simplify and can be easily integrated:
ψ̇+ � −2ψ3

μ
⇒ ψ+ �

√
μ

4(t − t0)
, (33)

ψ̇− � −μψ

4
⇒ ψ− � ψ0e−μt/4 . (34)

The first branch corresponds to dominance of the kinetic term, 
E �H, while in second case the YM potential prevails, H � E .

Consider now small deviations (δH, δψ, δψ̇) from these solu-
tions and compute the eigenvalues of the corresponding linearized 
systems. These values can be viewed as local Lyapunov expo-
nents [42] which describe the growth rate of the deviations in a 
given mode (note that the solutions (33) are not the stationary 
point of the system). The result reads:

ψ+: 12ψ2

μ
,

2
√

15ψ2

μ
, −2

√
15ψ2

μ
,

ψ−: − 2μ, −μ

4
, −5μ

4
. (35)

From this we deduce that ψ+ is an unstable singular solution, 
while ψ− describes the mode which is stable for some period of 
time. For this reasons we call the solution ψ− an ‘inflationary at-
tractor’, though strictly speaking it is not an attractor in the sense 
of the theory of dynamical system. The universe filled with the 
supercritical YM condensate at high density, ψ � max(μ, μ2/3), 
experiences inflation with H = μ and ψ ∝ e−μt/4. As expansion is 
going on, the gauge condensate monotonously decays. Eventually, 
when ψ drops below ψcr, the de Sitter stage ends and transition 
takes place to the universe filled with radiation.

4.1. Constant-roll regime

One can use numerics to explore behavior of solutions with dif-
ferent initial data demonstrating explicitly that their choice within 
the substantial region of the physical domain Dphys (31) ensures 
qualitatively similar behavior. Namely, after some time the solu-
tion gets attracted to the de Sitter stage of finite duration. To show 
robustness of this process we choose zero initial value for the YM 
field ψi = 0. Then one can easily see that two parameters defining 
Dphys,

H2
i = μ2 ψ̇2

i

3ψ̇2
i + 2μ2

, Di = 3ψ̇4
i + 3μ2ψ̇2

i + 2μ4

μ2(3ψ̇2
i + 2μ2)

, (36)

satisfy the desired conditions 0 ≤ H2
i < μ2/3, Di ≥ 1 for any ψ̇i .

In the Figs. 1, 2 we present evolution of the YM function 
and the Hubble parameter starting from the initial states ψi =
0, ψ̇i/μ

2 = 0..100. Such initial states correspond to domination 
of the kinetic energy, so the Hubble parameter rapidly decreases. 
Therefore, initially the system resides in the phase space region 
distant from the inflationary attractor and even moves further 
away from it. Nonetheless, soon after, the trajectories starting with 
ψ̇i � μ2 become attracted to the boundary H = μ, signaling the 
onset of inflation. The finite duration of this stage is ensured by a 
subsequent exponential decay of the YM function along with the 
exponential growth of the scale factor. Once the field value eventu-
ally falls below the critical value ψcr , the effect of the non-minimal 
coupling becomes negligible. Then the system undergoes transition 
to the radiation dominated stage H → 1/(2t), corresponding to an 
oscillating YM function.

Despite the fact that dynamical system (28), (29) looks rather 
complicated, the physics behind it resembles much the very first 
model of chaotic inflation [43] with λϕ4 potential, which is just an 
oscillator with the Hubble friction. In our case the self-interaction 
of non-Abelian gauge fields plays crucial role, generating the ψ4

potential. The cosmology in the non-Abelian Horndeski theory can 
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Fig. 1. The solutions for gauge field, ψ . The coupling cut-off scale, μ, separates ex-
ponentially decaying and oscillating modes.

Fig. 2. The solutions for Hubble parameter, H . The trajectories are temporarily at-
tracted to the boundary H2 = μ2. Then transition to radiation dominated universe, 
H = 1/2t , occurs.

be viewed as an oscillator with the Hubble friction amplified by non-
minimal coupling to gravity, provided the initial state belongs to 
physical domain, Dphys. The precise initial conditions are totally 
irrelevant, only the energy of oscillations matters. If this energy 
allows the field to climb high enough above the non-minimal cou-
pling scale, ψ � μ, the system at maximal deviation will be in-
evitably attracted by the solution H = μ, and the amplified Hubble 
friction will impose the subsequent steady downhill motion. There-
fore the domain of inflationary initial states can be presented as

Dinfl = Dphys ∩ {max (ψ4, ψ̇2) � μ4} . (37)

Comparing our model with scalar inflation with a monomial 
potential V (ϕ) ∝ ϕn one observes the following important differ-
ence. In the scalar slow-roll case the Hubble parameter rapidly 
grows with increasing field value, H2 ∼ V (ϕ). In the HYM model, 
the H2 dependence is flattened near the boundary of the phase 
space: qualitatively H2 ∼ f (tanh ψ/μ). This resembles the confor-
mal attractors, in which case the effective potential is flattened 
near the phase space boundary, so that H2 ∼ V (tanhϕ/

√
6). In the 

present model the potential ψ4 is quite steep, while the Hubble 
friction is constant during the inflationary stage. This is why one 
observes the constant-roll motion [44], when ψ̈/Hψ̇ = n = const. 
Fig. 3. The schematic description of the standard slow-roll inflation with the scalar 
inflaton (left panel) and the constant-roll HYM-flation with the non-minimally cou-
pled SU(2) vector field (right panel). The HYM-flation occurs near the phase space 
boundary resulting in the constant Hubble friction and consequently a substantially 
different behavior.

In our case n = −1/4, while the slow-roll motion corresponds to 
n � 0 (and n = −3 is ‘ultra slow-roll’).

The peculiar feature of the constant-roll inflation is the absence 
of eternal inflation. Indeed, quantum fluctuations should be of the 
order δψ ≈ H/2π ≈ μ/6. But according to classical motion, for the 
time interval t = H−1 = μ−1, the YM field decreases by the value 
�ψ ≈ ψ (1 − e−1/4) ≈ ψ/5. During most of the inflation stage, 
one has ψ � μ, therefore quantum fluctuations provide just a mi-
nor correction to the classical motion: �ψ � δψ . Contrary to the 
standard chaotic inflation scenario [45], here the Hubble parame-
ter (and therefore the amplitude of quantum fluctuations) remains 
constant, while the potential ψ4 becomes steeper as the field value 
grows. Hence the field cannot climb up due to quantum fluctua-
tions. Only at the exit from the inflation stage one has ψ ∼ μ, and 
the quantum fluctuations may become comparable with the clas-
sical values. This can probably generate the large scale structure of 
the universe, but it cannot lead to an eternal self-reproduction. It 
is a matter of opinion whether the eternal inflation is objection-
able [46], or not. But anyway, our inflationary scenario seems to 
be free of it.

To summarize the results, in the Fig. 3 we schematically com-
pare the chaotic HYM-flation emerging in the Horndeski vector-
tensor theory with the ψ4 self-coupling potential of the YM field, 
and the chaotic inflation in the minimally coupled scalar field the-
ory with the potential λϕ4.

5. HYM-flation as pre-inflation

During the constant-roll motion ψ exponentially decreases with 
the rate −μ/4, while the scale factor grows with the rate μ. So the 
number of e-folds gained by the scale factor at the moment te is 
just the number of e-folds lost by ψ with a factor of four:

Ne-folds = μ(te − ti) � 4 ln ψi/ψe . (38)

Interpreting HYM-flation as the observed inflation, we will be 
faced with the problem of perturbations, however. If one consid-
ers μ as the scale parameter of the observed inflation, so that 
μ ∼ 10−6Mpl, then ψe , being slightly larger than μ for the infla-
tionary solution, must be of the order 10−6÷10−5 Mpl. Naturally 
choosing the initial conditions at the Planckian scale, ψi ∼ Mpl, 
one has Ne-folds ≈ 46÷55. Though technically this can be regarded 
satisfactory as the minimally required number of e-folds, one can 
barely obtain the observed perturbation spectrum in such a model. 
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An accurate analysis of perturbation spectra in YM cosmology is 
rather involved (see calculations in the context of the “gauge-
flation” [18]), but qualitative estimates do not seem to be in favor 
of the HYM-flation as the model of the observed inflation. In-
deed, the amplitude of fluctuations is inversely proportional to ψ̇ , 
which exponentially decreases with time. Hence, the power spec-
trum should be rather blue-tilted, what contradicts to the Planck’s 
data.

Adopting a view that the observed inflation should occur at 
the GUT scale and be described by the scalar field slow-rolling in 
the plateau potential, we can suggest the Planck scale HYM ac-
celerated expansion as the pre-inflation. It could help to solve the 
issue of initial conditions for the observed inflation. Recall that this 
problem was raised long ago in the context of the so-called new 
inflation [8] scenario. That time it was alleviated with invention of 
the chaotic inflation [43] in which the de Sitter expansion starts 
immediately after Planck era. Nowadays, observational data give 
preference to the low scale inflation with the plateau potential, 
during which the energy density is nearly ρ � V infl ∼ 10−10. Thus 
a pre-inflationary evolution of the universe from some initial state 
with Planck energy ρ ∼ 1 is claimed again.

Note that the problem of an initial excess of kinetic energy, 
K ∼ 1 � V infl ∼ 10−10, is not a critical one. Kinetic energy den-
sity drops as fast as K ∝ a−6, while the value of the inflaton field 
changes not significantly during the pre-inflation epoch [9]. So, af-
ter a period of the post-Planckian expansion, the inflaton can likely 
be found on a plateau, where the potential energy dominates. Of 
course, the closed universe with the Planck-size volume filled with 
non-inflating matter will collapse long before the low scale in-
flation could start. But this objection can be evaded arguing that 
universe was born non-closed.

The problem of inhomogeneities is more thorny [10]. If the uni-
verse in the pre-inflationary epoch was dominated by the kinetic 
energy or radiation, the scale factor would grow as a ∝ t1/3 or 
a ∝ t1/2. The observed slow-roll inflation with the plateau poten-
tial V infl ∼ 10−10 have to start when the kinetic energy density 
decreases by nearly eleven or twelve orders of magnitude, which 
requires the scale factor to gain roughly two orders of magnitude. 
This would take quite a long time, tinfl ∼ 104÷105. But in the de-
celerating universe, a ∝ tn , n < 1, the cosmological horizon grows 
with time:

dhor(t1, t2) = a(t1)

t2∫
t1

dt

a(t)
� n

H(t1)(1 − n)

(
t2

t1

)1−n

. (39)

If the universe was born at Planck time, t1 = tPl = 1, with Planck 
energy density, H(t1) = 1/

√
3, the distance at which the initial in-

homogeneities could spread during till the start of inflation t2 =
tinfl then would be

dhor(tPl, tinfl) ∼ 102÷103. (40)

So, either the Universe was created homogeneous in a domain 
containing millions or billions of the identical Planck volumes (im-
plausible), or some special topology has to be assumed [47,48], or 
the preliminary chaotic-type inflation [49,50] must be introduced 
which started immediately after the Planck era and ended before 
the stage of observed inflation.

HYM-flation as pre-inflation looks as the most economic way 
to solve the problem of initial conditions for the GUT-scale infla-
tion. This does not require the second scalar field, giving job to 
gauge fields already present in the GUT or supergravity models. 
Such a scenario thus may be viewed as an extension of the Higgs 
inflation within the full gauge theory involving vector fields. Let us 
take the natural value of coupling parameter μ = 1 and assume 
that the universe was born with the Planck energy density, ρi � 1. 
According to (36), for vanishing initial field value, ψi = 0, the en-
ergy density ρi = 1 requires ψ̇2

i � 1. Conversely, with ψ̇i 
 1, one 
has ρi → 0, which is unlikely for the quantum creation process. 
Thus the universe with large probability emerges in a state belong-
ing to HYM-flation domain, Dinfl, for which ψ̇i � 1. Of course, this 
is a simplified picture which does not take into account the non-
vanishing initial gauge field value, the contribution of other fields 
into the energy density and so on. But, anyway, in the chaotic-like 
approach with randomly distributed initial conditions there should 
be non-small probability to find the universe (or some part of the 
universe) in a state belonging to HYM-flation domain, Dinfl.

As was argued above, the issue of initial conditions for the low 
scale inflation can be resolved if the scale factor grows by the 
factor of 102÷103 during the pre-inflation. This provides a large 
enough homogeneous patch, the core of which remains homoge-
neous until the time when the low scale inflation can start. In the 
non-Abelian Horndeski theory, according to Eq. (38), it is enough 
to have ψi = 4÷6 in order to get the robust inflation with the 
desired gain of the scale factor. Mention that the initial domi-
nation of the potential term is not required: large kinetic energy 
of oscillating motion in the quartic potential due to the YM self-
action will be transformed into the large potential energy, and then 
inflation starts. This extended HYM–Higgs two-stage inflationary 
model will be considered in more details in a separate publica-
tion.

6. Outlook

Previous attempts to construct models of inflation using YM 
fields were based on some ad hoc assumptions about mechanism of 
the conformal symmetry breaking [18,17], and, as a consequence, 
an introduction into the lagrangian of the new terms whose the-
oretical origin remained obscure. Our present mechanism looks 
more natural, appealing to now very popular non-minimal grav-
ity couplings. Moreover, even within the realm of the Horndeski-
inspired models, the present one is especially attractive by it sim-
plicity and uniqueness. It has an intrinsic de Sitter attractor which 
is manifest already at the level of the lagrangian, the property 
which can hardly be underestimated. Its second crucial feature is 
the presence of the quartic self-interaction term which was absent 
in the previous Abelian non-minimal models, in which case stable 
inflation could not be achieved [25,41]. We have demonstrated that 
in the HYM theory the corresponding homogeneous and isotropic 
cosmology has a robust inflationary stage starting from a large va-
riety of initial data. During inflation, the YM field decays down to 
some limiting value where the exponential expansion stops, en-
suring a natural graceful exit. This HYM-flationary solution shares 
the features of both the plateau inflation and the chaotic inflation 
with quartic potential: the Hubble parameter is nearly constant (as 
for the plateau potential), but the potential remains steep. This re-
sults in a specific constant-roll motion, instead of the slow-roll, 
and leads to absence of eternal inflation.

We propose this model on a role of the Planck-scale pre-
inflation preparing the initial conditions for the GUT-scale ob-
served inflation which can be both incorporated into the Yang–
Mills–Higgs model with Horndeski coupling of the YM field to 
gravity. Such model would combine advantages of the Higgs con-
formal inflation and the preliminary chaotic-like inflation in a 
very natural and economic way. Similar construction seems to 
be possible in the context of the supergravity models where the 
corresponding pair of the YM field and a scalar also can be 
found.
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