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INTRODUCTION

In [34] Tachikawa and the author studied colocalization and localization
for torsion theories in abelian categories and relations between them. In this
paper we consider somewhat concrete cases and prove equivalances between
colocalization and localization in abelian categories which generalize the
Gabriel-Popescu theorem and results of Fuller [7] and Kato [12].

Let R and S be rings with identities and Mod-R and Mod-S the categories
of unitary right R-, S-modules, respectively. Recently the Morita theorem
has been generalized by many authors to equivalences between full
subcategories of Mod-R and Mod-S.

The first result which we would like to mention is that of Fuller. Let € be
a complete additive subcategory of Mod-R, i.e., # is a full subcategory of
Mod-R closed under submodules, factor modules, arbitrary direct sums and
isomorphic images. Then he proved that @ and Mod-R are category
equivalent if and only if there exists a bimodule (U, such that U, is a quasi-
progenerator (i.e., a finitely generated quasi-projective self-generator),
S = End(U,) canonically and Gen(U,) =%, where Gen(U,) means the full
subcategory of Mod-R consisting of all homomorphic images of direct sums
of copies of Uy,.

Before describing other results it should be noted that in Fuller’s result U,
may have a zero trace ideal. In fact if R is a primitive ring, we can take as
Uy a finite direct sum of simple modules which are not isomorphic to right
ideals of R, and then U, is a quasi-progenerator with a zero trace ideal.

The second result is that of Azumaya [2]. Let ,P be a projective module
with § = End(pP). Let J be the trace ideal of P and J, = {N € Mod-S |
NJ = N}. Then he proved that Homg(P, —) and — ®, P induce an equivalence
J ; ~Im Homg(P, -).

169

0021-8693/82/110169-37$02.00/0

Copyright ¢ (982 by Academic Press, Inc.
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82265593?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

170 KOICHIRO OHTAKE

For convenience let P, be a projective right R-module with the trace
ideal I. Then I defines a torsion theory ( J7,.#,) in Mod-R, where 7, =
{M € Mod-R|MI=M} and .#, = {M € Mod-R | MI = 0}. M, is said to be
I-projective if Homg(M, —) is exact on all short exact sequences 0— X} —
Xg— X — 0 with X' € #,. A homomorphism f: C(M)— M is called an I-
colocalization if Ker f, Cok f€.#,, C(M)E 7, and C(M) is I-projective.
Then McMaster [17] proved that the canonical homomorphism ¢,
Hom (P, M) ®¢ P— M is the I-colocalization for all M € Mod-R, where § =
End(Pp).

The third result is that of Kato. He has generalized both results of
Azumaya and McMaster as follows: Let (U, V> be a Morita context
with the trace ideals /< R and J < S. For convenience we assume Ul = U
(so does JU=U). By a manner similar to the above we can define I-
projective modules and [-colocalizations for right R-modules. On the other
hand, since J is an idempotent ideal, it defines a hereditary torsion theory
(#,,%,) in Mod-S, where # ={N&Mod-§S|N/=0} and &, =(NE
Mod-S | Anny(J) = 0}. Then J-injective modules and J-localizations are
defined dually. Let %, = {M € Mod-R | M € 7, and M, is I-projective} and
%, ={N€EMod-S|N€Z, and Ny is J-injective}. Then he proved that if
Ue #, Hom,(U,-) and - ®¢ U induce an equivalence &, ~ #,. Moreover
in this case the canonical homomorphisms ¢,,: Hom (U, M) ®; U— M and
wy: N = Hom,(U, N ®¢ U) are the I-colocalization and the J-localization for
all M € Mod-R and N € Mod-S, respectively.

There is an important difference between the results of Fuller and Kato: In
Kato’s result the condition Ul = U is essential. But it does not hold generally
in Fuller’s result as was pointed before. So Tachikawa suggested that we
obtain a theorem which contains both results of Fuller and Kato as special
cases.

Before stating our results some further comments are necessary. Let .« be
an abelian category and ( Z, %) a torsion theory in = in the sense of
Dickson [5]. An object A € .« is said to be divisible with respect to (J,.#)
if .« (-, A) is exact on all short exact sequences 0+ X' - X —» X" - 0 with
X" € 7. A morphism f: 4 - B is said to be a localization of 4 if Ker f,
Cok f € .7, BE . # and B is divisible. ( F,.#) is called hereditary if 7 is
closed under subobjects and is called strongly hereditary if every object of
</ has its localization. The dual of these definitions are obtained as tran-
slations of the same ones with respect to the torsion theory (#, .7 ) in the
dual category .« *. In [34] we have proved that there is a 1-1 correspon-
dence between strongly hereditary torsion theories and reflective
subcategories of .« such that reflectors preserve kernels. Such a reflective
subcategory is called Giraud (and its dual is called Co-Giraud).

Let U € Mod-R and let I be the trace ideal of U,. For M € Mod-R let us
set t((M)=> {Im f| f € Homy(U, M)}. Then ¢ is an idempotent preradical.



COLOCALIZATION AND LOCALIZATION 171

It is known that U, is trace accessible (i.e., UI = U) if and only if ¢ preserves
epimorphisms. If ¢ is epi-preserving, the corresponding torsion theory is
(F,,#;), which is cohereditary. Conversely every cohereditary torsion
theory in a category of modules is obtained by a trace accessible modules by
the same way of the above. Examples of trace accessible modules are
(1) generators, (2) projective modules, (3)locally projective modules [35],
(4) the module in the result of Kato.

Dually let ¥ € Mod-R and for any M &€ Mod-R put r(M)={) {Ker f|
S € Homg(M, V)}. Then r is a radical. It is well known that r is left exact if
and only if ¥, cogenerates its injective envelope. The name QF-3' modules
has come from this property [3,4]. But in this paper we call V', QF-3
provided that r is left exact. The name of QF-3' modules will be left for
another type of modules (Section 6). So trace accessible modules and QF-3
modules are relatively dual notions. On the other hand, recently Wakamatsu
has made a categorical characterization for QF-3 modules as follows: V; is
QF-3 if and only if for a monomorphism f: My —> M., Hom(f,V)=0
implies Hom,(M’, ¥)=0. It should be noted that the notion of QF-3
modules generalizes both cogenerators and injective modules. So in any
category an object which possesses the property described above we call QF-
3 and its dual CQF-3.

Now let # be a complete additive subcategory of Mod-R and U€ % a
CQF-3 object with S =End(U;) and (Z,#) a torsion theory in %
generated by U. Then from the result of Section 2 we can prove the following
theorem.

THEOREM. The following statements are equivalent.

(i) U is codivisible with respect to (T, F ).

(ii) The canonical homomorphism ¢,: Homy(U, BY®s U— B is the
colocalization with respect to ( I, %) for all BE ..

(iii) U is weakly flat (in the sense of Wakamatsu) and the canonical
homomorphism y,: N> Homy(U, N ®¢ U) is the localization for all N €
Mod-S with respect to the Gabriel topology T = {J; < S| JU = U}, where U
is weakly flat if for a monomorphism f: X' - X, fON=0 implies
X' ®,U=0.

If the above statements hold, Homg(U,—) and —®s U induce an
equivalence # ~ &, where & is the Co-Giraud subcategory of .# associated
with ( 7, .#) and & is the Giraud subcategory of Mod-S associated with T.

In the above theorem if # = # and ¥ = Mod-S, we get the result of
Fuller, and if . % = Mod-R, we get that of Kato in the case of the derived
context ( Uy, gHom,(U, R)).

Fuller’s result seems to be concerned with equivalences between a cocom-
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plete abelian category and a category of modules. So in Section 2 we
consider torsion theories in a cocomplete abelian category and obtain
generalizations of Fuller’s result and the Gabriel-Popescu theorem {26]. As
a result we can prove that a cocomplete abelian category with a small
generator is a Grothendieck category.

A weakly flat object plays an important role. So in Section 1 we consider
the localization with respect to the hereditary torsion theory in Mod-R which
is determined by a weakly flat R-object ;U in a cocomplete additive
category /. It will be shown that in complete additive subcategories of
module categories, every CQF-3 object is weakly flat over its endomorphism
ring.

Again let &7 be an abelian category and .# a full subcategory of =, Then
.# is said to be an exact subcategory if it is abelian and the inclusion functor
is exact. In this paper we call .Z a strongly exact subcategory if it is closed
under subobjects, quotient objects and finite coproducts. As an example of
strongly exact subcategories, we have the following:

ExampLE (Robert [27, Proposition 1]). Let UE€ .« and put .#(U)=
{4 € o | U is A-projective}. Then .#°(U) is a strongly exact subcategory.

In Section 3 we consider the colocalization in strongly exact subcategories
of cocomplete abelian categories. In this section we establish the lattice
isomorphism between the lattice of torsion subobjects of a CQF-3 codivisible
object and the lattice of right ideals of its endomorphism ring such that the
object is faithful to factor modules of the ring factored by those right ideals.

Section 4 is devoted to obtain the dual of results in Section 3. Let W, be a
cogenerator of Mod-R. Then we can prove that every finitely W,-
cogenerated module is W-reflexive, in particular, if W, finitely cogenerates
Ry, W, is balanced. As one more example, let ¥, be a quasi-injective
module and 7 (V)= {M € Mod-R |V, is M-injective}. Then we can
construct the hereditary torsion theory in 7 (V). It can be shown that for
Xe7W,), if X/r(X) is finitely V-cogenerated, the canonical
homomorphism #,: X - Hom(Hom,(X, V), V) gives the localization, where
S =End(V,) and r is the torsion radical in (V) associated with the
torsion theory cogenerated by V.

The above example induces a duality between the category of V-
copresented and finitely V,-cogenerated module and the category of finitely
generated and ¢V-cogenerated left S-modules (cf. Lambek and Rattray [14]).
In Section 5 we give category equivalence and duality as applications of
Section 3 and 4.
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1. WEAKLY FLAT OBJECTS AND LOCALIZATION

Throughout this section .« denotes a cocomplete additive category, i.e., a
preadditive category with coproducts and cokernels. First of all it is
convenient for us to review the existence of a left adjoint of a Hom-functor
(see [19, p. 143, Theorem 3.1] for detail). Let C € &, Then C is called an R-
object if there is a ring homomorphism R — End_(C). Then for any 4 € .+,
£7(C,A) can be considered a right R-module. We can construct the left
adjoint of the functor =/ (C,-): & - Mod-R as follows. Let M € Mod-R and
let ROARMEM 0 be an exact sequence, where u is defined by
#((rn)) =2 r,m, K=Keru and A is defined by i((r,)) =2 r¢k. Then 2
induces a morphism i: C* - C*. So M ®, C is defined by Cok . The
isomorphism #7: Homy(M, &/ (C, 4)) = & (M ®, C,A4) is given as follows:
Let ¢: M, — &7 (C, A); be a homomorphism. For m € M, let C,, be the mth
C in C*™. Then ¢(m): C,,—» A induces 7f(p): C* — 4. It is checked that
fi(p)A = 0. Hence 7(p) induces #(p): M ®; C > A. n is an isomorphism and
is natural in M and A. This shows that — ®, C is a left adjoint of &/ (C, -).
Let ¢: 9 (C,—)®,C—-1, and y:ly,qr—HF(C,—®zC) be natural
transformations induced by #. They are called the right and left adjunctions,
respectively. Suppose .« has images. Then it is easily shown that Img¢, =
U{Im f|f€ A (C,A)}. Let I be a right ideal of R. Put IC =Im(I ®, C—~
R ®, C=C). Then it is also easy to see that IC={) {Imx|x € I}.

Now let us fix an R-object U € & and adjunctions ¢: &/ (U,-) @, U—> 1,
Vi lyoar = & (U, —®y U). For any M € Mod-R, put r(M)=Ker y,,. Then
r is a radical.

Proof. First note that vy, QUM U->FA (U M@, V)@, U is
monomorphism. Since r(M)-> M- (U, M®; U) is a zero sequence,
(rM) ®g U—- M ®, U)=0. Thus by the uniqueness of cokernels, we get an
isomorphism M ®, U= M/r(M)®,; U canonically. Now it follows
r(M/r(M)) =0 from the commutative diagram

0 ——p r (M) = M ————eeeehp M/ (M) —p 0

Lo

(UM ®RU) 2 (U,M/rMe rY

DEFINITION 1.1 (Wakamatsu). U is weakly flat if for a monomorphism
[ X~ X, f®U=0 implies X' ®, U=0.

LEMMA 1.1. The following conditions are equivalent.
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(1) QU is weakly flat.
(2) ris a left exact radical.

Proof. (1)=(2): Let X& Mod-R. Then (r(X) ®, U-> X &, U)=0 by
the above. Hence r(X) ®, U = 0 by the assumption. Thus r is idempotent. It
should be noted that X @, U =0 if and only if »(X) = X. Hence if r(X) =X
and X' <X (X' ®, U= X ®, U)=0 implies r(X') = X’. Therefore r is left
exact.

(2)= (1) Let f: X3 > X, be a monomorphism such that f & U=0.
By the assumption, f: X'/r(X')— X/r(X) is a monomorphism. Thus it
follows X’ = r(X') from the commutative diagram

0 0

v

0 — X'/r(X') ——— X/r(X)

l |

SR U ) S (U (0B U ).

Put I = {M & Mod-R|r(M)=M} and .# = {M € Mod-R | r(M) = 0}.

DEeFINITION 1.2, U is & flat if for a monomorphism f in Mod-R such
that Cok f € 7, f ® U is an isomorphism.

For the rest of this section we assume that ;U is weakly flat. In this case
the Gabriel topology associated with ( Z,.#)is T={I, <R |IU=U}.

LEMMA 1.2. Forany A€ &, (U A), €.7.

Proof. Let X &€ J. Then Hom,(X, «(U,4)) = & (X ®, U,4)=0.

Lemva 1.3. If U is I flat, & (U, A), is divisible for all A € .

Proof. Let 0— X' - X— X" — 0 be exact in Mod-R with X” € 7. Then
by the assumption, X’ ®, U= X ®, U. Hence by the adjoint relation,
Homg(X, o (U, A)) = Homgy (X', «' (U, A)) for all 4 € .«

ProposrTioN 1.4. Suppose U is weakly flat and -flat. For any M €
Mod-R, put LM)={f€ X (U M®,U)|(Imy,:f)ET}. Then 0,
M — L(M) is the localization, where 8,, is the homomorphism induced by y,,.

Proof. This follows clearly from Lemmas 1.2 and 1.3.

COROLLARY 1.5. Suppose U is weakly flat and T -flat. If Cok w,, Q,
U=0, then y,, is the localization (with respect to T).
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Let ¢V, be a bimodule. Then the left adjoint of the covariant functor
Hom g yoayon(Vs—):  (§-Mod)°® - Mod-R is  Homg(-, ¥): Mod-R-
(S-Mod)°?. Hence we get:

ExaMmpLE 1.1. Let (¥, be a bimodule such that V', is QF-3 and divisible
with respect to the hereditary torsion theory cogenerated by V. Let T be the
Gabriel topology corresponding to the torsion theory. For each M € Mod-R,
put L(M)={f &€ Homg(Hom,(M, V), V)| (Imy,,:f)E€T}. Then 86,
M — L(M) is the localization, where y,,: M - Homg¢(Hom,(M, V), V) is the
canonical homomorphism and §,, is canonically induced from y,,.

EXAMPLE 1.2 (Wakamatsu). Let U be a bimodule and let r be the
radical in Mod-R being similar to the one defined at the beginning of this
section. Then the following conditions are equivalent.

(1) RU is weakly flat.

(2) ris a left exact radical.

(3) For any cogenerator W of Mod-S, ¥, = Homy(U, W) is a QF-3
module.

Proof. (1)<« (2): Already proved.

(2) < (3): Let W be a cogenerator and put ¥ = Homg(U, W). For all
M € Mod-R, let us set r'(M)=() {Ker f|fE Hom,(M, V)}. Then it is
enough to show that r=r'. Since W, is a cogenerator, there is a
monomorphism Homg(U,M ®, U)G [ [ V. Thus r'(M)c r(M). Suppose
r(M)& r'(M). Then there exists x € r(M) such that there exists f€
Homg(M, V) with f(x)# 0. We have an isomorphism #: Hom,(M, V)=
Homg(M ®, U, W) defined by n(f)(x ® u)= (f(x))u. On the other hand
x®u=0for all ue€ U in M ®, U. Therefore (f(x))u=0 for all u € U, i.e.,
f(x)=0. This is a contradiction, proving r = r’.

2. EQUIVALENCE BETWEEN COLOCALIZATION AND LOCALIZATION

LEMMA 2.1. Let & be a cocomplete abelian category with exact direct
limits and ( F,.#) a cohereditary torsion theory in s with the idempotent
radical t. Then the following conditions are equivalent.

(1) # is closed under coproducts.

(2) For any AE#% and a direct union A=) A,, we have A =
U t4,)-

(3) For any A€ & and a direct union A=) A
U #(4,).

we have H{A)=

@?
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Proof. (1)=(2): Let A=) A, be the same as the condition of (2).
Then we have a short exact sequence

0- U HA,)—- UAa—ﬂig;A/t(An)% 0.

Since .# is closed under coproducts and quotient objects, lim A/t(4,) € F.
On the other hand 4 € . Hence lim 4/t(4,) = 0. Therefore A = (J #(4,).

(2)=(3): LetA4 =) 4, be the same as the condition of (3). Then by
AB-5 property, t(A4)=U (A,MtA4)). By the assumption, HA4)=
JtAd,Nt(A4)). On the other hand, t(A,NA))ct(A,). Hence #A4)=
U t(Aa:)'

(3)=(1): Let X,&€.# (i€I). Let J be the family of finite subsets
of I. We must show that @ X; € #. By the assumption,

t (@X,.) =t (@ Xj).
Jel jeJ
On the other hand, H®,;c, X;)=0 since .* is always closed under finite
coproducts. This proves that ® X, € .#.

Now for the rest of this section, unless otherwise specified, % means a
cocomplete abelian category. We fix U€ .« with R =End (U) and the
adjunctions ¢: L (U,-)®, U—> 1, w:lyogr— F(U,—®;z U). For any
AE ., let H{A)=1Im ¢,. Then since Img, =) {Im f| fE€ (U, 4)}, t is
an idempotent preradical in &/

DefFINITION 2.1. U is CQF-3 if for an epimorphism f:4 A",
(U, f)=0 implies .« (U, A")=0.

LEMMA 2.2. The following conditions are equivalent.

(1) Uis CQF-3.
(2) t preserves epimorphisms.

Proof. (1)=(2): Let A€.w, Then A—-A/(A)—-0 induces
(Z(U,A)-> (U, A/t(4))) = 0. Hence by the assumption,
o/ (U, A/t(4)) = 0. This implies #(4/1(4)) =0, i.e., t is a radical. Let (J,.#)
be the torsion theory in .o/ associated with ¢. Then to show that ¢ is epi-
preserving, it is sufficient to show that (Z,.#) is cohereditary by [34,
Proposition 2.1]. Let 4 €% and A4’ a subobject of 4. Then since
& (U, A) = 0, the canonical morphism (/' (U, 4)— &/ (U, A/A")) = 0. Hence
by the assumption, =/ (U, A/A’) = 0. This proves that A/4’' € 7.

(2)=(1): Let f:4—> A" be an epimorphism such that .« (U, f)=0.
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By the assumption, #(f): #(4)— #(4") is an epimorphism. Therefore clearly
H(A4")=0, ie., L (U,4")=0.

LEMMA 2.3. Suppose = has exact direct limits and U is CQF-3. Let
(T, ) be the cohereditary torsion theory associated with t. Suppose # is
closed coproducts. Then U is weakly flat.

Proof. Let f:X;— X, be a monomorphism. We can construct the
commutative diagram

'

gKD A L XY E L b0
l‘ﬁ lw lf

A
TS I SO ¢ N SO A

The above diagram induces a commutative diagram

A A
\
uk" » ) s xig u —>0
0 A £eu
A N

\
k) > yX) £ X®,U ——»0.

Put A = Ker /i¢ and B =1Im 4. Let

P ————> t(A)

|

AR

be the pull back diagram. Then we further get the commutative diagram

t(P) »t(A) » yX")
4K .y Y

Let J and E be the families of finite subsets of K and X’ respectively. Then
since .% has exact direct limits,

Ux '(UP)=1P) and U 7't )N UE) = 1(P).

Jel EcE
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Now by Lemma 2.1,

(Py="{ x (V)

-y ( U @) 0 ()0 UE)))

-y ( U e @) a0 UE)))

= U tx " UF)yn (1) N UE)).
(J,EYelxE

For each (J,E), there is an epimorphism @ U-t(x "(U’)MN
7 1(e(A) N UE)). So let n: U — 1(P) be the epimorphism induced by those
morphisms. Then 7 induces a commutative diagram

0 '
s , yx")

u 2
g\

gy N

By the construction of 5, compositions (U— UY - U%?) and (U-
U — U*) factor through finite subcoproducts of U*” and U™ respec-
tively. Hence we get a commutative diagram

g(K") 2 (x'y &

(D

r > Xt > 0
m
l¢ lso lf
A
r{K) s £, ¢ > O.

Since f is a monomorphism, u’'m = 0. Therefore ji'7 = 0. This proves that
t(A) = Ker g2'. Thus £’ induces an epimorphism A4/t(4)— Ker f® U. On the
other hand, .# is closed under quotient objects. Hence Ker f® U &€.#.
Now suppose f® U=0. Then Kerf®@U=X®,U€&#. Hence
(U, X' ®z U)=0. This implies that X’ ®, U = 0. Therefore (U is weakly
flat.

Following Lambek and Rattray [14], we call U weakly small if every
morphism U — @ U factors through a finite subcoproduct of @ U.



COLOCALIZATION AND LOCALIZATION 179

LEMMA 2.4. Suppose U is CQF-3 and weakly small. Then U is weakly
Mat.

Proof. The proof is easier than that of the preceding lemma.
If ¢+ is an idempotent radical, we call the associated torsion theory
generated by U.

THEOREM 2.5. Suppose &/ has exact direct limits and U is CQF-3. Let
(T, F) be the torsion theory generated by U and (', .#7") the hereditary
torsion theory in Mod-R determined by the weakly flatness of RU. Moreover
suppose .# is closed under coproducts. Then the following statements are
equivalent.

(i) U is codivisible with respect to ( T, .#).

(i) ¢, (U, AY®, U—> A is the colocalization of A with respect to
(7, F) forall A€ .

(iil) w,: M- (U M®, U) is the localization of M with respect to
(7', %) for all M € Mod-R.

If the above statements hold, &/ (U, -) and — ®, U induce an equivalence
# ~ ¥, where % is the Co-Giraud subcategory of & associated with
(Z,.%) and & is the Giraud subcategory of Mod-R associated with
(7', F#").

This time we prove the following theorem. The proof of Theorem 2.5 will
be obtained by some minor modifications (using the method of Lemma 2.3)
of the next proof L.

THEOREM 2.6. Suppose U is CQF-3 and weakly small. Let (7,.7 ) be
the torsion theory in o7 generated by U and (T ', F ') the hereditary torsion
theory in Mod-R determined by ,U.

. The following statements are equivalent.

(i) U is codivisible with respect to (T, 7).
(ii) ¢,: (U, A) ®z U— A is the colocalization of A with respect to
(7, F)forall A€ .
(iil) M- (U M®,U) is the localization of M with respect
to (7', F") for all M € Mod-R.

II. Suppose the above statements hold. Let % be the Co-Giraud
subcategory of </ associated with ( 7, .# ) and & the Giraud subcategory of
Mod-R associated with (7', #"). Then

(iv) & (U,-) and —®, U induce an equivalence € ~ .
(v) & (U,-) and — ®y U induce an equivalence ¥ ~ Mod-R if and
only if every epimorphism of the type @ U — U splits.
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Proof. 1. (i)= (ii): First we show that (J,5) is strongly
cohereditary. Let X € « and let f=(f,): U” - t(X) be an epimorphism.
Then f induces a short exact sequence

0 — K/t(K)— U™ /(K) L (x)— 0,

where K=Kerf. Put A4=U"/y(K). Then (4 LA t(X)G X) is the
colocalization of X. Hence (7,.#) is strongly cohereditary. For Y € .«7, we
define the homomorphism &: .2/ (4, Y) > Hom, (s (U, X), » (U, Y)). Let g:
A Y and h: U— X be morphisms. Then Im & < #(X). Hence there exists a
unique morphism a: U - 4 such that the diagram

is commutative. So we define & via (£(g))h = ga. It is easy to check that &
is a group homomorphism. Next we define the homomorphism &:
Hom, (& (U, X), &/ (U, Y))—> &/ (4, Y). Let ¢: (U, X)p = & (U, Y), be a
homomorphism such that ¢(jf,)=x,, where j is the inclusion #X)( X.
First note that there is an epimorphism U’ - #(K). Since U is weakly small
we may put (rg,)= (U3 UY > 1K) G UD) (rse €ER and for each S € J,
rs, =0 for all but a finite number of a € I), where uy’s are the injections.
Then we have a commutative diagram

U(J) —> t (K)

(r,)

Y & U < » t(X),

where 7 is the canonical epimorphism and u,’s are the injections. We show
that x factors through 7. To see this it is enough to show that Ker x > #(KX).
Since Ker f > #(K), > f,r, =0 for each f € J. Hence

(p <Xfarﬂu) =‘\_‘.xarﬂa:0
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for all BEJ. Thus by the property of coproducts, (UY) - #(K)-
UM% Y)=0. On the other hand UY - «(K) is an epimorphism. Hence
Ker x O t(K). So we define 8 via §(p) =X, where X is defined by x = xn.
Then it is also easy to see that & is a group homomorphism. Next we show
0% = 1. Let g: A - Y be given. Put (g,) = gn. Then we get the commutative
diagram

where we put a, = nu,. Hence ga, = g,, i.c., (£(g))f, = g.. Thus by the
definition of 6, &' (g) = g. Therefore 6& = 1.

Next let ¢: o (U, X)z = # (U, Y), be a homomorphism and ¢(jf,)=x,.
Let h: U— X be a morphism. Then # induces A: U — t(X). Let

p —» U

l

U(I)—Pt(x)

be the pull back diagram. Then it induces a commutative diagram

t(P) ———p
K ~ h
h
U(I) L » t(X) —> X .

Note that 7 is an epimorphism by the property of pull backs. Since t(P) € 7,

there is an epimorphism y: U — t(P). Put r,= tyu’), where u}: U— U is

the injection for all y € L. Since U is weakly small we may put xkyu} = (r,,)
(r,o =0 for almost all ¢ € I for each y € L). Then

o(h) yuy = o(h) r,
= ¢(hr,)
= o(htxu})
= o(Jficxuy)
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= gKXll')f,

where g = (x,): U" — Y. Since y runs through all indices, ¢(h)r = gk. Now
we get the diagram

where a: U— A is defined via jfa = & by the codivisibility of U. To see that
&0 =1, it is sufficient to show ga = ¢(h) by the definition of &

jfar=ht
s jf‘K
= jfx.
Since j is the inclusion, far = frx. Hence flar — nx) = 0. Thus (atr — nx):
t(P)— A factors through #(P) — K/¢(K). Hence at = mx. Then
gat = gnk
= gK
= o(h)t.

Since 7 is an epimorphism, ¢(k) = ga. Therefore &8 = 1. The naturality of &
on Y is clear by the definition of itself. Now there exists a natural
isomorphism

ny: o (TH(X), Y) = Homg(H(X), H(Y)) = . (4, Y),

where we have put H = 7/ (U,-) and T =—®, U for convenience. Put 1 =
Nruon(Lraon) and 8 =#7'(1,). Then we get the commutative diagram
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T]-g;
W (TH(X),A) &= = 3 ¥ (AA)
A
Aa/(TH(X),B)Ilu/(TH(X).)\) -1 »/(A,ﬁ)]l(ﬂ/(l\,)\)
"TH(X)
& (TH(X) , TH(X)) & 5. (A, TH(X))
TH(X)
lw’(m(x)@x) lzu/(A@x)
M|
O (TH(X), X) X » 5 (A,X)

AN

HOmR(H(X).H(X)) .
Then A is an isomorphism and we get the commutative diagram

0 —bK/E(K) ——p A —IE ¥

(N

O —» Ker @X — TH(X) _X_’ X .

Therefore ¢, is the colocalization.

(ii)= (iii): It is clear that H and T induce an equivalence Im T ~
Im H. Hence for any M € Mod-R, Cok y,, ®, U=0. So it is sufficient to
show that ,U is J'-flat by Corollary 1.5. Let 0+ X’ -+ X - X" — 0 be exact
in Mod-R with X" € J'. Then since X®, U is codivisible, the exact
sequence 0— K - X' ®, U~ X ®, U— 0 splits, because K €. by |34,
Lemma 3.2]. Hence K =0.

(iii)= (i): Let g:4 > A" be an epimorphism in .«/. Then we have a
commutative diagram

A UA) @Y ——— s (U,A) B U
l b
t(a) - LAY ———0
0 o]

with exact rows and columns, where § = .+ (U, g) ® U. Since 4 is a minimal
epimorphism by |34, Lemma 2.2, 8 is an epimorphism. Let 054’ >4~
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A" — 0 be exact in .« with 4' €. #. Then we have a short exact sequence
0- (U Ad)- & (U A")—> N-0 with N®, U=0 by the above. Then it
splits since &/ (U, 4), is divisible with respect to (J',.#'). Thus N=0.
This proves that U is codivisible.

II. (iv) is obvious.

(v) Suppose every epimorphism of the type @ U— U splits. We
show that U is projective in #. Let f: C— C” be an epimorphism in #. Then
fis an epimorphism in .%/, too. Let g: U — C” be any morphism. Then we get
the commutative diagram in.» "

U(J) —» t(P) —

|

C ————»Ch,

which is induced from the pull back diagram. By the assumption there is a
morphism U — U"” such that (U— UY - ¢(P) - U) = 1,,. Hence by putting
¢ = (U- UY - (P)- C), the diagram

o

C ———— C" —»0

is commutative. Thus U is projective in &. Let M € Mod-R and let ® R~
@ R - M - 0 be exact. Then since U is weakly small and projective in ¥, we
have the commutative diagram

#(U,9U) —» ' (U,8U) —-l;/(U,M@RU) ————p 0

R

®R —» ®R ~— M -0

i

with exact rows. Hence y,, is an isomorphism. Therefore .« (U, -) and
—®p, U induce an equivalence # ~ Mod-R. The converse is obvious.
This completes the proof.

COROLLARY 2.7. A cocomplete abelian category with a weakly small
generator is a Grothendieck category.

Remark. If U is a small generator in ., then with respect to the
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corresponding hereditary torsion theory in Mod-R, every direct sum of
torsion free divisible modules is again divisible.

COROLLARY 2.8 (Gabriel and Popescu [26]). Let .« be a Grothendieck
category with a generator U. Let R=End_(U). Then the following
assertions hold.

(1) The functor o/ (U,-): & = Mod-R is full and faithful.
(2) RUis flat (i.e., — ®, U is an exact functor).

Proof. This is a special case of Theorem 2.5.
If we assume the Gabriel-Popescu theorem, we can give an easier proof of
Theorem 2.5 without assuming Lemma 2.3. We give this proof.

Proof of Theorem 2.5. Assume Corollary 2.8.

(i) = (ii), (iii): Suppose U is codivisible. Then (Z, #) is strongly
cohereditary by the same reason in Theorem 2.6. Let & be the Co-Giraud
subcategory of &/ associated with (.7, #), i: @ — .« the inclusion functor
and a: &7 — & the coreflector. Then & is a cocomplete abelian category with
a generator U. We show that % has exact direct limits. Since 7 is right exact
and a is exact, direct limits are right exact in . Hence it is sufficient to
show that they preserve monomorphisms. Let 0> X - X, be exact in #
and let 0— K, —i(X,)—i(X,) be exact in./. Then K, &€.#. By the
assumption, .# is closed under quotient objects and coproducts. Hence
lim K, €.#. Thus we have a monomorphism a(lim i(X’))— a(lim i(X,)).
On the other hand, a(lim i(-)) = lim(-). Therefore # has exact direct limits.
Since M ®, U € % for all M € Mod-R, we get the commutative diagram

where T(M) =M ®, U for M € Mod-R, T' is the inverse equivalence of H',
b is the kernel preserving reflector and j is the inclusion functor. In particular
o (U,-) and —®, U induce an equivalence ¥ =Im '~ ¥ =Im H. Hence
Ker ¢, € .# for all 4 €.«7. This proves (ii). -

To prove (iii) we first show that U is weakly flat. Let f: Xz — X, be a
monomorphism such that f® U=0. Then since jb =2 (U,—®; U) is left
exact, (&7 (U, X' ®z U)— & (U, X ®; U)) =0 implies &« (U, X' ®, U)=0.
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Hence X' ®, U=0. Therefore U is weakly flat. Then the other part of (iii)
is similar to that of Theorem 2.6.

(ii) = (i): Obvious.
(iii) = (i): Same as that of Theorem 2.6.

Now we are in a position to prove the theorem in the Introduction. To
prove it it is enough to show the following easy lemma.

LEMmA 2.9. Let # be a complete additive subcategory of Mod-R and
(7,.%7) a torsion theory in . #. Then .# is closed under direct sums.

Proof. Let TE€# and F,€.7. Then
Hom, (T, ® F,-) G Hom, (T, [ F,.) =~ Homy(T, F,) = 0.

Therefore Hom, (7, ® F,) = 0. This implies that @ F, €.#.

COROLLARY 2.10. A CQF-3 object of a complete additive subcategory of
Mod-R is weakly flat over its endomorphism ring.

COROLLARY 2.11. Let the situation be the same as either Theorem 2.5
or 2.6. Suppose U is codivisible. Then

(1) U is projective in & if and only if the inclusion functor j. /" —
Mod-R is exact, and
(2) U is flat if and only if the inclusion functor i: % — .« is exact.

Let Gen(U) be the full subcategory of .« consisting of all U-generated
objects and Gen(U) the full subcategory of .» consisting of all subobjects of
objects of Gen(U). An object 4 € & is said to be U-presented if there is an
exact sequence @ U-> P U—-»A4—-0. Now let U, be a Z-quasi-projective
module. Then since .#’(U,) contains arbitrary direct sums of copies of U,
#(Ug) © Gen(Uy). Thus by the theorem of the Introduction, we get:

ExampLE 2.1. Let U, be a 2-quasi-projective module with S = End(Uy).

Let # be the full subcategory of Mod-R consisting of all U,-presented
modules. Then 7 is a Grothendieck category and (U is weakly flat.

3. CQF-3 OBJECTS AND COLOCALIZATION

Throughout this section .« denotes a cocomplete abelian category and . #
a strongly exact subcategory of .«. We fix U€ .# with R = End_(U) and
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the adjunctions ¢: &/ (U, ) ®z U~ 1, and y: 1y gz = .9 (U,—®4 U). For
A€.#, put t(A)=Img,. Then since .# is closed under subobjects,
t:.# — % is an idempotent preradical.

We define CQF-3 objects in .# as in Section 2.

LEMMA 3.1. The following conditions are equivalent.
(1) U is a CQF-3 object.
(2) ¢ preserves epimorphisms.

Proof. The proof is completely similar to that of Lemma 2.2.

THEOREM 3.2. Suppose U is CQF-3 and codivisible with respect to the
cohereditary torsion theory in % generated by U. Then for X € %, if t(X) is
finitely U-generated, ¢y: o/ (U, X) ®, U— X is the colocalization.

Proof. In the proof of (i) = (ii) of Theorem 2.6, that U is weakly small is
necessary only if the set 7 is infinite. Hence if #(X) is finitely U-generated, we
can take I as finite. Therefore ¢, is the colocalization.

DeFINITION 3.1. Let M &€ Mod-R. Then U is said to be M-faithful if y,,
is a monomorphism, and is said to be completely faithful if U is M-faithful
for all M € Mod-R.

LeEmMmA 3.3. The following statements hold.
(1) If Uis M-faithful, U is M'-faithful for all submodules M' of M.
(2) If Uis M faithful, then U is IIM faithful.

Proof. (1) is clear.

(2) Let n:IIM,—> M, be projections. Consider the commutative
diagram

¥
M,
o (U, ® )
L
l i - 1 (U7, ®V)

i
M, ———2 . (UM @)

Let (m;) € Ker wp,,,. Then n,(m;) =m,; € Ker y,, . Hence m; = 0. Therefore
Wnu, is @ monomorphism.

Now put L(U)={XcU|t(X)=X} and L(R)={I,<R|U is R/I-
faithful}. In this case we have identified X < U as a class of all subobjects of
U equivalent to X. Then note that L(U) is a set.

481/79/1-13
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LeEMMA 3.4. L(U) and L(R) are complete lattices by the usual order
relations.

Proof. Let {X;} c L(U). Then it is clear that )} X, € L(U). Hence L(U)
is a complete lattice. Next let {/;} < L(R). Then by the preceding lemma.
() 1; € L(R). Thus L(R) is also a complete lattice.

PROPOSITION 3.5. Let the situation be the same as Theorem 3.2. Then
L(U) and L(R) are lattice isomorphic by the assignment F: L(U)- L(R) via
FX)=o(UX)={r€R|Imrc X} and by the inverse assignment G:
L(R) - L(U) via G(I)=IU.

Proof. Let X € L(U). Then we have the exact sequence 0 - &/ (U, X)—
R- &/ (U, U/X). Put Y=Im(R- (U, U/X)). Then since U/X is
codivisible, U is Y-faithful by Lemma 3.3. This implies & (U, X) = F(X) €
L(R). Next consider the commutative diagram

.\/(U,X)®RU — RQ U

X ————————> U.

Then & (U, X)U = F(X)U = GF(X) = Im ¢, = X since Im ¢, = ¢(X) = X.
Conversely let 7 € L(R). Consider the commutative diagram

o} » I —-» » R/I — 0

BEEN

W(U,I1® U )= (U,R®p U+ (U,R/I® U)

l =

0 —» ¥ (U, IU) —w(U,U) =R ,

Then by the definition of IU, 0 — &/ (U, IU)— R - o/ (U, R/I ® U) is exact.
Hence by five lemmas, (I »% o/ (U, I ®, U)- (U, IU) is an isomorphism.
On the other hand, (R~ & (U,R®,U)= o (U U))= 1. Hence I=
(U, IU) = FG().

LeEmMAa 3.6. Suppose U is projective in .#¥. Then L(R) contains all
finitely generated right ideals.

Proof. Let I be a finitely generated right ideal of R. Then R/ is fiitely
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presented. Hence by five lemma, v, , is an isomorphism. In particular U is
R/I-faithful.

CororLLaRY 3.7 (cf. Harada |9, Proposition 2.7]). Suppose U is
projective in #. Then L(U) is noetherian if and only if R is right noetherian.

The proof of next corollary is essentially due to [9, Proposition 2.3].

CoroLLARY 3.8 (Harada). Suppose U is projective in #. Then if L(U)
is artinian, R is semiprimary.

Proof. Since L(U) is artinian and contains all principal right ideals, R is
left perfect by |1, Theorem 24.8]. Hence it is sufficient to show that Rad R is
nilpotent. By the assumption, there exists a positive integer n such that
(Rad R)" U = (Rad R)*" U. Put I = (Rad R)". Suppose I # 0. Then there is a
minimal subobject (xR)U with respect to the condition such that x € I and
xI# 0. Then xI# 0 implies xI* # 0 (because xI’U = xIU # 0). Thus there
also exists y €I such that xy/# 0. Since 0=+ (xyR)U < (xR)U, we get
(xRYU = (xyR)U by the minimality of (xR)U. This implies xR = xyR by
Proposition 3.5. Therefore x=xyr for some r&R. Since 1-— yr by
Proposition 3.5. Therefore x = xyr for some r € R. Since 1 — yr is invertible,
x =0. This is a contradiction. Therefore Rad R is nilpotent.

LemMA 3.9. Let U, be a quasi-projective module with S = End(Uy).
Suppose U is a CQF-3 object of some complete additive subcategory of
Mod-R. Then (U is completely faithful if and only if U, is finitely generated.

Proof. If U, is finitely generated, U, is ) -quasi-projective. Hence by
Theorem 2.6, 11(2), (U is completely faithful.

Conversely suppose (U is completely faithful. Let U, =3 X, be a direct
union. Then § =V Hom,(U, X} in L(S). Since (U is completely faithful,
L(S) coincides with the lattice of all right ideals. Hence S = Y Hom,(U, X,).
Therefore there exists X, such that § = Hom,(U, X,). Thus U= X_,. This
proves that U, is finitely generated.

COROLLARY 3.10. Let U, be a quasi-projective artinian module with
S=End(Ug). Let 1=¢,+ -+ + e, be a decomposition of primitive idem-
potents and U= U, + --- + U, the corresponding decomposition. Then:

(1) If each U, is CQF-3 in some complete additive subcategory of

{

Mod-R, U, is finitely generated.

(2) In addition to (1), if Uy is trace accessible, Uy is a finite direct
sum of cyclic projective modules.

Proof. Let N=RadS. To prove (1), we may assume that U, is
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indecomposable. Let ¢ be the idempotent radical in Gen(U,) associated with
the torsion theory generated by U in Gen(U,). Let U, =Y X, be a direct
union. Then U=} #(X,). Hence S=V Homy(U, t(X,)). Since N is
nilpotent, N € L(S). N is a unique maximal submodule of S. Hence there
exists X, such that § = Homp(U, #(X,)). Thus U = 1(X ) < X. Therefore U,
is finitely generated. This proves (1).

Suppose U, is trace accessible. Let J be the trace ideal in .S of the derived
context ( Uy,  Hom,(U, R)s). Then since (U is completely faithful, J = S.
Thus by the dual basis lemma, U, is finitely generated projective. It only
remains to show that each U, is cyclic. Let U;=x,R + --- + x, R. Then U, =
Xy I+ -+ +x,1, where [ is the trace ideal of U, . Then there exists x; such
that Homg(U;, x;1) = End(U; ). Hence U, = x;R. This completes the proof.

ProposSITION 3.11. Let .# be a strongly exact subcategory of Mod-R
and Ue .# a CQF-3 object with S = End(Uy). Let (¥,.7) be the torsion
theory generated by U in .# with the idempotent radical t. Then the following
conditions are equivalent.

(1) (Z,.#) is hereditary.
(2) Uy generates each of its submodules.

(3) U is flat and the canonical homomorphism ¢5: Homg(U, B) ®4
U — B is an isomorphism for all B € . #.

Proof. (1)=(2): Obvious.

(2)=>(3): It is a general result that .7 is closed under group
extensions in .#. Hence it is an easy consequence that Gen(Uy) = Gen(U,).
Thus Gen(U,) is a Grothendieck category. On the other hand, Gen(U,) is an
exact subcategory. Therefore (3) holds.

(3)=(1): For any B €.%, we have a commutative diagram

HomR(U,t(B))®sU —_— HOmR(U.B) ®sU

T

0 —» t(B) + B,

Hence r = Hom,(U, ~) ®¢ U, which is left exact by the assumption.

COROLLARY 3.12 (Fuller [7)). Let U, be a quasi-projective module and
generate each of its submodules. Then Gen(U,) = Gen(Uy).
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4. QF-3 OBJECTS AND LOCALIZATION

Throughout this section unless otherwise specified, %/ denotes a complete
abelian category and .# denotes a strongly exact subcategory of .»7. We fix
V€ .# and R = End_ (V). The contravariant functor .+ (-, V): .« - R-Mod
has a colimit reversing contravariant adjoint T: R-Mod — &/, Let ¢: 1,
T(/ (-, V) and y: 1z yoa— & (T( ), ¥) be the natural transformations
associated with the adjoint relation. Then ¢ has following properties:

(1) (& (4,V)—> .7 (Kerg,, V))=0, and
(2) Coim ¢, is cogenerated by V.

Hence by putting r(B)= Coim ¢,, r is an idempotent coradical in .# in
the sense of [34].

DEFINITION 4.1. V is a QF-3 object in .# if for a monomorphism f:
B'> B in %, S~ (f, V)=0 implies .«/ (B’, V) =0.

LeEMMA 4.1 (cf. [34]). The following conditions are equivalent.
(1) Vis QF-3.

(2) r preserves monomorphisms.

THEOREM 4.2. Suppose V is QF-3 and divisible with respect to the
hereditary torsion theory in ‘% associated with r. Then for X € %, if r(X) is
finitely V-cogenerated, ¢,: X — T( (X, V) is the localization.

Let ¢Q, be a bimodule. Then the adjoint of Homg(—, Q) is Homg(—, Q).
Hence we get:

ExAMPLE 4.1. Let W, be a cogenerator with S = End(W,). Then every
finitely W,-cogenerated module is (W,-reflexive, hence in particular if W,
finitely cogenerates R, W, is balanced.

In Theorem 4.2, that r(X) is finitely V-cogenerated cannot be replaced by
infinitely V-cogenerated, for if R is a Morita ring such that (W, defines a
Morita duality, then no infinite direct sum of W-reflexive right R-modules is
reflexive (Camillo).

LemMa 4.3. The following statements hold.

(1) If y,, is a monomorphism, then v,, is a monomorphism for all
submodules M’ of M.

(2) If wy, is a monomorphism for each M;, then yy,, is also a
monomorphism.
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Now put L(V) = {Y| Y is a quotient object of V' such that r(Y)= Y} and
L(R) = {g = Ry, is a monomorphism}.

LemMMA 4.4. L(V) and L(R) are complete lattices.

Remark. It should be noted that the order relation in L(V) is defined as
follows: For ¥, Y € L(V), YL Y' if and only if Y Y’ in./*,

PROPOSITION 4.5. Let the situation be the same as Theorem 4.2. Then
L(V) and L(R) are lattice isomorphic by the assignment F: L(V)— L(R) via
F(Y)={r€R|Coimr< Y} and by the inverse assignment G: L(R)— L(V)
via G(I)= [T()|, where |T(I)| = Coim(V = T(R) — T(I)).

Now we set L(V)={Xc V|r(V/X)=V/X}. Then by the usual order
relation, L(V) is a complete lattice. Moreover it is clear that L(V) and L(})
are lattice anti-isomorphic by X o V/X. Let F:L(V)— L(R) be the
composition L(¥)— L(V) - L(R). Let X € L.(V) and consider the diagram:

o] » X -» Vv +» V/X > 0

Q = Ker r ————b V —p Coim 1 =————p (O,

Hence r € F(X) if and only if X < Ker r. Thus F(X)= {rER |Kerro X} =
' (V/X, V). Furthermore the composition G:L(R)—>L(V)-L(V) is a
lattice anti-isomorphism. Let /€ L(R) and r,r" €I and let X=
Ker(V— T(I)). Then it follows G(/)=(){Kerr|re€lI} from the
commutative diagram

0 0

\ /

Ker r! Coim r

IN

0 ——= x —> Vv —> [H(1)] —»0

1/ N\

Ker r Coim p!

/ N

0 0.

Thus:
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PROPOSITION 4.5'. Let the situation be the sameq as Theorem 4.2. Then
L(V) and L(R) are lattice anti-isomorphic by the assignment F: L(V) - L(R)
(F(X) = (V/X, V)) and by the inverse assignment G:L(R)-L(M) (G =
N {(Kerr|reli).

COROLLARY 4.6 (Harada and Ishii [10]). Suppose V is injective in .%.
Then L(V) is artinian if and only if R is left noetherian.

COROLLARY 4.7 (Harada and Ishii [10]). Suppose V is injective in .#.
Then if L(V) is noetherian, R is semiprimary.

5. EQUIVALENCE AND DUALITY

Throughout this section let .%/" be a cocomplete abelian category and U a
quasi-projective object with R = End (V).

DEFINITION 5.1. An object A € %/ is said to be U-presented if there
exists an exact sequence @ U—~ @ U— A — 0 (some authors call 4 to be U-
codominant dimension at least 2). In the above, if we can take @ U’s as
finite coproducts, A4 is said to be finitely U-presented.

We set #(U)= {4 € &/ |A is U-presented and finitely U-generated} and
Z(U)= {M € Mod-R | M, is finitely generated and U is M-faithful}.

. ProposiTION 5.1. & (U,-) and —®, U induce an equivalence % (U) ~
2(U).

Proof. U generates a cohereditary trosion theory (.7,.# ) in .7(U). Let
o: (U, )®, U-> 1, and y: 1y 4x = (U, —®, U) be adjunctions. Let
A€ #U). Then A €.7(U) and A is codivisible with respect to (.7,.7).
Hence ¢, is an isomorphism. Thus v, is also an isomorphism. Therefore
(U, A) € 2(U). Conversely let M € & (U). Then it is easy to see that y,,
is an isomorphism. On the other hand, ¢, is an isomorphism and
M®, U .#(U) imply that M®, Ue #(U). Therefore .« (U,-) and
—®g U induce an equivalence ¢’ (U) ~ 2 (U).

We give another proof of this proposition using the method originally
introduced by Lambek and Rattray.

Let A € .o/, Consider classes 7 of subobjects of A satisfying the following
conditions:

(1) 0ec~.
2) fX,,X,€7, then X, UX, €7,
(3) IfX&® and Y X, then YE Z.
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We call such a class ¢ a cofilter of 4.

No we construct the new category .# whose objects are the pairs (4, /7)
and whose morphisms are the morphisms in =" and map each member of the
cofilter into another one.

LEMMA 5.2, % is a cocomplete additive category.

Proof. Let f:(4,°)—> (A’,/”') be a morphism in .#. Let n: 4’ - Cok f
be a canonical morphism in .«. Then Cok f = (Cok f, "), where " =
{r(X)| X€7'})., Next let (4,7)e# Put ~F={Xev|Xc
X, @ ®X; ,X; €} Then clearly  is a cofilter of ® 4;. We show that
o) (A,,./’”) = (@ A,, ). Let (A4,7)e.# and f:(4,,)—>(A4,7') be
morphisms in .%. Then there exists a unique morphism g: ® A, > 4 such that
the diagram

is commutative, where u,’s are injections. Note that ;s are morphisms in .%.
Let X€& 7. Then there exist X, € & (j=1.,n) such that Xc
X, ®---®X; . Then g(X)cf (X, )U uf(X JE since f;’s are
morphisms in . '%#. Therefore gisa morphlsm in .%. Fmally we show that .2
is additive. Let f, g: (4,7)—> (4',/7') be morphisms in .#. Then f + g can
be expressed by the composition
)

A, A@A“g’A’

Hence it is enough to show that ({) is a morphism in .%. Let X € /7. We
show that ({)(X) < f(X)@® X. We get the commutative diagram

f{X) & X

7

£(X)* X >
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This implies that ({)(X) < f(X) @ X. Therefore (/) is a morphism in .%.
We get the diagram of functors

‘m
G||F Mod-R
H(FU),-)
‘M
#
where F(A) = (4, &,), , is a class of all subobjects of 4 and G is a forgetful

functor. Then F is full and faithful and is a right adjoint of G. Note that
F(F(U),-)  F=o/(U,-) and G(- ®z F(U)) = (- ®, U).

LEMMA 5.3. F(A) is weakly small in # for all A € o7

Proof. Let F(4)—> @ F(A) be a morphism in #. Since 4 € &,, f(A4) lies
in the cofilter of @ F(4). Thus f factors through a finite subcoproduct of
@ F(A).

DEFmNITION 5.2 (Lambek and Rattray [14]). P € % is weakly projective
if for every set I, every cokernel /: P” » B and every morphism g: P— B,
there exists #: P— PY) such that fh = g.

LEMMA 5.4, Suppose U is quasi-projective in =7, Then F(U) is weakly
projective in . #.

Proof. Let ®F(U)=(@U,7) and Ac®U. Let f: FU)- (® U, )/
(4,7")=(® U/A,2") be a morphism. Since U lies in the cofilter of F(U),
ImfcX, @ - ®X,UA4/4 (X, U). Hence there exists g: F(U)— F(U)"
such that the diagram

F(u)

n

AN

(Un U A/A,ﬁ"“)

N

(eu, 7) '—1———’ (®U/A, 0",

F(U)

H

where 7 is a canonical morphism. Therefore F(U) is weakly projective.
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Now let U be quasi-projective in .. Then by [14, Theorem 4|,
H(F(U),—) and —®, F(U) induce an equivalence &' ~Im .Z(F(U),~-).
where . %’ is a full subcategory consisting of all F(U)-presented objects. So in
particular, we get Proposition 5.1.

The dual of the above is easy by using the notion of filters. We leave it to
the reader for detail.

PROPOSITION 5.5. Let the situation be the same as Proposition 5.1. Then
the following statements are equivalent.
(1) #(U) is abelian.
(2) #(U) consists of all finitely U-presented objects.
(3) Z(U) consists of all finitely presented right R-modules.

Hence if #(U) is abelian, R is right coherent.

Proof. (2)< (3) is easily verified. Before showing (1)= (3), we show
that % (U) is closed under cokernels. Let f* M - M" be a morphism in & (U)
and Cok f the cokernel of f in Mod-R. Then by five lemma, Cok f € & (V).

(1)=>(3): Letf: M’ - M be a morphism in & (U) and g: K - M’ the
kernel of fin % (U). Consider the diagram in Mod-R

0 +» Ker » M »M,

where Ker fis the kernel of fin Mod-R. It is obvious that Im g < Ker f and
Im g € & (U), where Im g is the image of g in Mod-R. Hence there exists a
unique homomorphism 4: Im g — K such that the diagram

17

is commutative. Therefore g: K -+ M’ induces an isomorphism K = Im g. On
the other hand, every finitely generated submodule of Ker fis in & (U). This
implies Im g = Ker f. Thus & (U) is closed under kernels. Let N € & (U) and
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let R" - N — 0 be exact. Then Ker(R" - N) € & (U). Therefore N, is finitely
presented.

(3)=(1): Suppose £ (U) consists of all finitely presented right R-
modules. Since every finitely generated right ideal of R is finitely presented,
R is right coherent. Hence & (U) coincides with the category of coherent
right R-modules, which is abelian.

In the preceding corollary, if R is right noetherian, clearly (3) holds. But it
is not a necessary condition in order to (3) hold.

ExXAMPLE 5.1. Let R be a semisimple ring and V, an infinitely generated
cogenerator with §=End(V,). Then €*(V,)={M & Mod-R| M, is V-
copresented and finitely V-cogenerated} is abelian. But S is not left
noetherian since L(V;) coincides with the lattice of all submodules of V', and
L(V,) is not artinian.

Also that R is right coherent is not a sufficient condition in order to (2)
hold, for let R be right coherent but not right noetherian. Then clearly
#(R)=%(R)={M & Mod-R | M, is finitely generated}. Hence

% (R) is abelian < every finitely generated right R-module
is finitely presented

< R is right noetherian.

Hence #(R) is not abelian.

EXAMPLE 5.2. Let R be any ring, I an infinite set such that card / >
card R. Let P, = R"”. Then #(P;) is abelian.

Proof. First we show that cardP=cardl. Put F,={(r,)EP|
card{(r;, i) | r; = 0} < n}. Then it is clear that P= () F,. We define the map
g R"X]"—»F via O((r s 1)y ({1sees 1)) =D U, (r;), where u;:R— P are
injections. Then clearly # is surjective. Hence card F,< card R"X1I"
card I*" = card I. Thus card I < card P < card / X N = card I. Now let X be
finitely P-generated. Let /: P" — X be an epimorphism. Then since card P" =
card I, Ker fcan be generated by I elements. So put Ker /= 3",., x;R. Then
there is an epimorphism ¢: P — Ker f such that ¢(r;) =3 x;r;. This implies
that X, is finitely P-presented. Hence #(P,) is abelian.

Finally we consider coherent objects. Again let U€E o be a quasi-
projective object with R = End (U). Let U be a category of all finitely U-
generated projective objects in .#°(U). Let X € .7°(U). Then X is said to be U-
coherent if X is finitely U-presented and every finitely U-generated subobject
of X is finitely U-presented. If every object of U is U-coherent, U is said to
be coherent. It is easily shown that U is coherent if and only if U is U-
coherent.
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PropoOSITION 5.6. If U is U-coherent, R is right coherent.

Proof. Let f: R" > R be a homomorphism in Mod-R. Then since U is U-
coherent, we have the exact sequence U™ - U" /9g U. Thus we have an
exact sequence R™ — R" > R since U is projective in .#°(U). Therefore R is
right coherent.

Now let R be any ring and P an additive category of all y-generated
projective right R-modules. Let P, = R and S = End(P;), where [ is a set
such that card I=y. R is said to be right y-coherent if every y-generated
right ideal of R is y-related. It is known that R is right y-coherent if and only
if P is coherent (hence P, is P-coherent).

ExaMPLE 5.3. Under the same situation of the above, the following
conditions are equivalent.

(1) R is night y-coherent.
(2) P, is P-coherent.
(3) S is right coherent.

In Example 5.2, R is right card I-coherent.

6. SUPPLEMENTS

In this section we give a couple of applications. Let R be a ring and E,
the injective envelope of R,. Then Sato called R right QF-3 if every finitely
generated submodule of Ej is torsionless, and he showed that if R is left and
right noetherian, R is left QF-3 if and only if R is right QF-3. In this section
we generalize his result. But we call R right QF-3’ if R is right QF-3 in the
sense of Sato. First we introduce QF-3’ modules.

Let ¥ € Mod-R and cog(V,) the full subcategory of Mod-R consisting of
all submodules of homomorphic images of finite direct sums of copies of V.
In other words cog(V,) is the smallest strongly exact subcategory
containing V.

PROPOSITION 6.1. Let E, be the injective envelope of V.. Then the
Jfollowing conditions are equivalent.
(1) Vis QF-3 in cog(Vy).
(2) Every finitely V4-generated submodule of Ey is Vg-torsionless.

(3) Every finitely V-generated torsion free module with respect to the
torsion theory cogenerated by E, in Mod-R is V g-torsionless.



COLOCALIZATION AND LOCALIZATION 199

Proof. (1)= (3): Let X, be a submodule of [ [ E; and V' —» X, — 0 be
exact. Let r(X)=) {Ker f| f € Homg(X, V)}. We must show r(X)=0.
Suppose r(X)# 0. Then there exists 0 # f: X, —» E, such that f(r(X))+ 0.
Then since Im £ <] | V, there exists 0 # g: X, —» V', such that g(r(X))# 0.
This is a contradiction.

(3)=(2): Trivial.

(2)=> (1): Let f: X, > X, be a monomorphism in cog(V,) such that
Hom(f, V) =0. We may assume that X, is finitely V-generated. Supposec
Hom,(X’, ¥)+# 0. Then there exists 0 # g: X; - E,. Since E, is injective, g
can be extended to h:X,— Ep. Put N=Imh. Then N, is finitely V-
generated. Hence N, is V-torsionless by the assumption. Then there exist
XE€ X' and u: N, > V, such that ug(x)+# 0. But ug is the image of uh by
Hom(f, V). This is a contradiction. Therefore ¥ is QF-3 in cog(V).

DEFINITION 6.1. ¥V, is a QF-3’ module if ¥ is QF-3 in cog(V,).

PROPOSITION 6.2. Let V, be a QF-3' module and E, the injective
envelope of V. Then the following statements are equivalent.

(1) Visdivisible with respect o the torsion theory cogenerated by V in
coa(V).

(2) For every finitely V,-generated submodule X of E, such that
XDV, X/V is V-torsionless.

Moreover if R € cog(Vy), these are equivalent fo:

(3) Vg is divisible with respect to the torsion theory cogenerated by E,
in Mod-R.

We omit the proof, because there is no new idea for the proof other than
in categories of modules.

What we are most interested in is a QF-3’ ring. A famous example of QF-
3’ rings is 7, the ring of integers. Thus we get an example which states that
in abelian categories “hereditary torsion theory™ does not necessarily mean
“strongly hereditary.”

PROPOSITION 6.3. Let R be right QF-3'. Suppose R is either left
noetherian or right linearly compact with essential socle. Then R is left QF-
3.

Proof. (cf. Lemma 2.3). Let f: ;M’' - .M be a monomorphism such that
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&M is finitely generated and Hom(f, R) = 0. Let N be an arbitrary finitely

generated submodule of M’ and f': N— M the restriction of /. Then we get
the commutative diagram

gD -+ g —»

Thus we further get the commutative diagram of right R-modules
0 ————— Hom, (M, R)——-—-—-——» R ———»R

CE

0 ———— Homg (N,R) LN R"

If R is left noetherian, J can be taken as a finite set. So suppose R is right
linearly compact with essential right socle. Put K = Ker g*. Then note that
HomR(M R) c K. Let F be the family of all finite subsets of J. Let us denote
F as the complement of FE€F. Then since (),.gR" =0, Homy(M, R) =
Nree @' *~'(RF). By the assumption it is clear that K, is a finitely
completely meet irreducible submodule of R™. Hence by Miiller [23], there
exists F € F such that ¢'* "'(RF) c K. Let R’ — R" be the projection. Then
¢'* induces a monomorphism R™ /¢’ * ~'(R")— R*. Now let r be the idem-
potent coradical (in the sense of [34]) associated with the hereditary torsion
theory cogenerated by R, in cog(R,). Then we know that r preserves
monomorphisms. Let

Rm/ «—1(H )————PR

K ———————Q

be the push out diagram. Then Q € mod-R, where mod-R = cog(R,). Hence
r(Q) is defined and R" - r(Q) is a monomorphism. Let r(Q)— R" be a
monomorphism. Then we get the commutative diagram
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0 ——— Hom (M,R) + R" > T\
0 —— Hom (N,R) - g" — gt rF
r(Q)
RY,
Thus it induces the further one.
(L)
(D) >R — Ne———30
l l 3
RU) g™ > M »0

Thus we conclude Homg(N,R)=0. Since N is an arbitrary finitely
generated submodule of M’, Hom,(M', R) = 0. Therefore R is left QF-3'.

LEMMA 6.4. Let .# be a strongly exact subcategory of Mod-R and
Ve # a QF3 object with S=End(Vy). Let fi1Xg—-Vp be a
monomorphism. Then Homg(Cok Hom(f, V), V)= 0.

Proof. Let m;: V">V (i=l,.,n) be the projections and put f;=m,f.
Then we have an exact sequence

$" 25 Homg (X, V) — N — 0,

where (s, ..., 5,)& =8, fi + - +5,/, for all 5, € §. Let 8: (Hom(X, V) (V
be a homomorphism such that &0 = 0. Then we have to show €=0. It is
easy to see that £ =0 if and only if fi0= .- = f,0=0. Suppose there
exists g € Homg(X, V) such that gf + 0. Let

X—————>

S

vV ———mmm»Q
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be the push out diagram (in.%#). Let r be the idempotent coradical associated
with the hereditary torsion theory cogenerated by V in .#. Since r preserves
monomorphisms, (V- Q - r(Q)) is a monomorphism. Let »(Q)— IV be a
monomorphism with V,_ =V. Let j: V- V" (i=1,.,n) be the injections
and 7,: [TV, — V the projections. Put k= (V-r(Q)-=V), s, =nk, h,=
(V" ->"r(Q@)— 1V, —" V) and s, = h, j;. Then for each x € X,
h, f(x)=h,(f %X [,,X)

=ho Ji(1X) + o+ hy fu( S X)

=84, (/1%) + -+ 45, (/%)

= (snlf] +oeeet+ Sa,,fn)x'
Hence h,f =s, fi + -+ + 5, f,. Then for all a, since § is S-linear,

k(g0) =s.(8)
= (s, 8)0
= (ho /)0
= (So, /14 +38,, /)0
= (a0, /D)0 + -+ + (s4,/)0
=S5, (/1) + -+ +5, (/,0)
=0.

Therefore k(gf)=0. But k is a monomorphism, hence gf=0. This is a
contradiction. Thus = 0.

THEOREM 6.5. Let R be left noetherian, right QF-3' and contain all
simple right modules. Then R is QF.

Proof. The proof is immediate from the preceding lemmas.
Next corollary is well known (e.g. [11}]).

COROLLARY 6.6. Let R be either left noetherian or right artinian, and a
cogenerator in Mod-R. Then R is QF.

For the rest of this section our intention is set upon to characterize right
hereditary rings. A module M, is said to be semi-injective if Hom,(-, M) is
exact on all short exact sequences 0— 71— R-— R/[-0 with finitely
generated right ideal 1 of R, and is said to be a self-cogenerator if M is a
cogenerator in cog(M,). Let Q, be an injective self-cogenerator with § =
End(Qg). Then Miiller and Turnidge [14] proved that S is semihereditary if
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and only if every finitely Q-cogenerated factor of Q. is injective. We
generalize a little bit this result.

Let ./ be a cocomplete abelian category and U € .o a quasi-projective
object with R = End (V).

DEFINITION 6.2, U is semiflat if the canonical morphism 0 -1 ®, U—
R ®, U is exact for all finitely generated right ideals / of R.

The next lemma is essential for the later discussion.

LEMMA 6.7. The following conditions are equivalent.

(1) R is right semihereditary and RU is semiflat.
(2) Every finitely U-generated subobject of U is progective in .7 (U).
Proof. (1)=(2): Let Xc U and U"> X— 0 be exact. Then U/X is

codivisible with respect to the torsion theory generated by U in .#*(U). Hence
we have a commutative diagram

0 —»¥(U,X} @ U — R®,U —»(U,U/X)®, U —» 0

T

0O — 93X ——op ———p U/X ——»0

with exact rows because .« (U, X) is a finitely generated right ideal of R and
U is semiflat. Hence &/ (U, X)®, U=X. On the other hand, by the
assumption, R"= o/ (U, X)® Y for some Y,. Thus U"=X® (Y ®; U).
This proves that X is projective in .7°(U).

(2)=(1): Let I, be a finitely generated right ideal of R. Then note
that .o/ (U, I ®, U) = 1. We have an exact sequence 0 - N - [ ®, U— U. Put
L =Im(I ®, U—- U). Then by the assumption, L is projective in .7°(U). Thus
I®; U~ L @ N. On the other hand the commutative diagram

0 — . (U,N) ——— +(U,I® U) — (U,R® U)

T X

0 » I + R

implies % (U, N) = 0. Hence N =0. This implies that U is semiflat. Since
I1®, U is finitely generated by U and projective in .7°(U), we conclude that
I, is projective. Therefore R is right semihereditary.

AK1°7971 14
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COROLLARY 6.8. Let Uy be a projective module with S = End(U,). Then
the following conditions are equivalent.

(1) S is right semihereditary and (U is flat.
(2) Every finitely U-generated submodule of U, is projective.

COROLLARY 6.9. Let V, be an injective module with S = End(V). Then
the following conditions are equivalent.

(1) S is left semihereditary and (V is semi-injective.
(2) Every finitely V-cogenerated factor of V, is injective.

THEOREM 6.10. The following statements are equivalent.

(1) R is right hereditary.

(2) An endomorphism ring of any injective right R-module is left
semihereditary.

(3) An endomorphism ring of any projective right R-module is right
semihereditary.

Proof. (1)=(2): This has been proved in Corollary 6.9.

(2)=(1): Let V, be an injective module and X a submodule of V.
Take an injective cogenerator W, such that V' W and V/X ( W. Since V,
is isomorphic to a direct summand of W,, V/X is isomorphic to a factor
module of W,. By the assumption, End(W}) is left semihereditary. Since
W, is an injective cogenerator, W is semi-injective over End(W,.) (by
Lemma 6.4 or [28, Theorem 3.3]). Therefore by Corollary 6.9, V/X, is
injective. Hence R is right hereditary.

(1)= (3)=> (1): This is the dual of (1) = (2)= (1).
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