
Available online at www.sciencedirect.com
ScienceDirect

Nuclear Physics B 904 (2016) 253–281

www.elsevier.com/locate/nuclphysb

Analogies between random matrix ensembles and the 

one-component plasma in two-dimensions

Peter J. Forrester

Department of Mathematics and Statistics, ARC Centre of Excellence for Mathematical and Statistical Frontiers, 
The University of Melbourne, Victoria 3010, Australia

Received 24 November 2015; accepted 11 January 2016

Available online 14 January 2016

Editor: Hubert Saleur

Abstract

The eigenvalue PDF for some well known classes of non-Hermitian random matrices — the complex 
Ginibre ensemble for example — can be interpreted as the Boltzmann factor for one-component plasma 
systems in two-dimensional domains. We address this theme in a systematic fashion, identifying the plasma 
system for the Ginibre ensemble of non-Hermitian Gaussian random matrices G, the spherical ensemble 
of the product of an inverse Ginibre matrix and a Ginibre matrix G−1

1 G2, and the ensemble formed by 
truncating unitary matrices, as well as for products of such matrices. We do this when each has either 
real, complex or real quaternion elements. One consequence of this analogy is that the leading form of the 
eigenvalue density follows as a corollary. Another is that the eigenvalue correlations must obey sum rules 
known to characterise the plasma system, and this leads us to an exhibit of an integral identity satisfied 
by the two-particle correlation for real quaternion matrices in the neighbourhood of the real axis. Further 
random matrix ensembles investigated from this viewpoint are self dual non-Hermitian matrices, in which a 
previous study has related to the one-component plasma system in a disk at inverse temperature β = 4, and 
the ensemble formed by the single row and column of quaternion elements from a member of the circular 
symplectic ensemble.
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1. Introduction

In random matrix theory there are a number of distinguished ensembles — the classical cases 
— for which the eigenvalue probability density function (PDF) can be calculated explicitly. 
For example, the classical Gaussian orthogonal ensemble consisting of real symmetric matri-
ces 1

2 (X + XT ), where X is an N × N standard real Gaussian matrix, has its joint eigenvalue 
PDF proportional to

N∏
l=1

e− 1
2 λ2

l

∏
1≤j<k≤N

|λk − λj |. (1.1)

This explicit expression was known to Wigner (see [63] and references therein).
Wigner [72] (reprinted in [63]) also observed that (1.1), upon being written in the form e−βU , 

is identical to the Boltzmann factor for the classical gas in one-dimension with total potential 
energy

U = 1

2

N∑
l=1

λ2
l −

∑
1≤j<k≤N

log |λk − λj |, λl ∈ R, (1.2)

interacting at inverse temperature β = 1. The first term in (1.2) represents an harmonic attraction 
towards the origin, and the second is a pairwise logarithmic repulsion between the particles in 
the gas. The pair potential

− log |z − w|, (1.3)

with z, w ∈ C, is well known as the solution of the two-dimensional Poisson equation with 
free boundary conditions, and thus the pair interaction in (1.2) is that experienced by N two-
dimensional unit charges confined to a line. To understand the origin of the one-body term 1

2λ2

from this perspective, suppose there is a smeared out neutralising background charge density 
−σ(λ), supported on the interval [−L, L]. The one-body term must be the electrostatic energy 
created by this background charge, and thus we must have

1

2
λ2 + C =

L∫
−L

σ(y) log |λ − y|dy, λ ∈ [−L,L], (1.4)

for some constant C independent of λ. The solution of this integral equation, with the requirement 
that σ(y) vanishes at y = ±L is (see e.g. [25, Prop. 1.4.3])

σ(y) = L

π

√
1 − (y/L)2. (1.5)

Charge neutrality requires 
∫ L

−L
σ(y) dy = N , which in turn implies

L = √
2N. (1.6)

In random matrix theory we recognise (1.5) and (1.6) as the Wigner semi-circle law for the 
eigenvalue density of large random real symmetric matrices; see e.g. [60]. This in fact is one of 
the derivations of the law given by Wigner himself [72].

Our interest in this paper is in analogies between eigenvalue PDFs with two-dimensional 
support in the complex plane, and the Boltzmann factor for one-component log-potential classical 
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gases (plasmas) in two-dimensional domains. The meaning of the term one-component is that all 
charges are of the same sign and same strength, +1 say. The specific form of the logarithmic 
potential will depend on the surface defining the two-dimensional domain, e.g. a plane, sphere 
etc., and the particular boundary condition, which will be either free or Neumann. As already 
mentioned, (1.3) applies to planar geometry with free boundary conditions. Since the analogy 
holds at the level of the PDF, the corresponding correlations conserve this analogy, and so inherit 
properties characteristic of the plasma correlations.

The best known example of applicability of the analogy on the random matrix side is the 
ensemble of N × N standard complex Gaussian matrices, also referred to as complex Ginibre 
matrices [36]. Indeed it was Ginibre who first computed the joint eigenvalue PDF for this ensem-
ble, showing it to be proportional to

N∏
l=1

e−|zl |2 ∏
1≤j<k≤N

|zk − zj |2, zl ∈ C. (1.7)

Writing this in the Boltzmann factor form e−βU shows

U = 1

2

N∑
l=1

|zl |2 −
∑

1≤j<k≤N

log |zk − zj | (1.8)

with β = 2. The classical plasma system corresponding to (1.8) thus consists of N unit charges 
interacting via the pair potential (1.3), and a one-body two-dimensional harmonic potential to-
wards the origin. The inverse temperature is β = 2. The one-body potential corresponds to the 
electrostatic potential created by a disk of uniform charge density −1/π centred on the origin 
and of radius 

√
N . To experience this potential the particles must be inside the disk; outside the 

disk the charge density is seen as a point charge of strength −N at the origin, and the potential 
therefore becomes logarithmic. The analogy then breaks down, although according to the well 
known circle law (see e.g. [67]), to leading order all eigenvalues are in the disk of radius 

√
N

with uniform density 1/π . Conversely, as a point to be emphasised in Section 2, the fact that 
a plasma system will to leading order be charge neutral (if it wasn’t, there would be a nonzero 
electric field and the system would not be in equilibrium) predicts the circle law for the complex 
Ginibre matrices.

In Section 2 we review and extend other examples of the analogy and consequences for the 
global eigenvalue distribution. This involves three distinct geometries for the plasma — the plane, 
the sphere and the pseudosphere — and for each of these geometries three distinct random matrix 
ensembles depending on the entries being real, complex or real quaternion. Products of matrices 
from these ensembles are also considered from this viewpoint. In Section 3 we discuss conse-
quences of the analogies with respect to general properties of the correlations known as sum 
rules. Sum rules considered relate to the moments of the truncated two-particle correlation, the 
decay of the correlations at the spectrum edge, and the vanishing of the complex moments of the 
screening cloud in the cases of fast decay of the two-particle correlation. The consideration of 
the latter leads us to exhibit an integral identity satisfied by the limiting two-particle correlation 
for real quaternion Ginibre matrices. Section 4 is devoted to providing further evidence to the 
proposal, due to Hastings [40], that with

Z2N := IN ⊗
[

0 −1
1 0

]
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and A2N a complex anti-symmetric matrix with each independent element a standard complex 
Gaussian, the eigenvalues of the ensemble of random matrices of the form Z2NA2N are well 
described in the large distance regime by a joint PDF proportional to the form

N∏
l=1

e−|zl |2 ∏
1≤j<k≤N

|zk − zj |4, zl ∈ C. (1.9)

In the plasma analogy, the total potential is again given by (1.8) but with the pre-factor of the 
one-body term 1

4 instead of 1
2 , while the inverse temperature is now β = 4. In Section 5, the 

eigenvalue PDF for single (quaternion) row and column deletion of circular symplectic ensemble 
matrices, recently computed explicitly in [49], is shown to have a plasma analogue. The latter 
is known in turn to be an example of a Pfaffian point process, and this enables the correlation 
functions for the eigenvalues to be computed, which in the N → ∞ limit are identified as the 
eigenvalue correlations for random polynomials with standard complex Gaussian coefficients.

2. 2d plasma analogies for some random matrix ensembles and consequences for the 
spectral density

Characteristic of the eigenvalue PDF for random matrix ensembles is the product of differ-
ences as seen in (1.1) and (1.7). Writing the PDF as the exponential of a potential energy, it is 
immediate that the corresponding pair potential represents a logarithmic repulsion between the 
eigenvalues, as seen from the viewpoint of a classical gas in equilibrium. A more sophisticated 
point, already known from the separate works [28,50], is that the eigenvalue PDF for particular 
random matrix ensembles with support in the complex plane naturally projects to certain ho-
mogeneous manifolds — the sphere and the pseudosphere — where the eigenvalue density is 
uniform. Here we collect all these results together, give some extensions, and we make explicit 
the plasma prediction for the eigenvalue density. We remark that the theory of random poly-
nomials, in which the coefficients are complex Gaussians with certain variances, also permits 
examples which have uniform density in the plane, on the sphere and on the pseudosphere [18,
39,51].

The non-Hermitian random matrix ensembles in [28,50] have complex entries. In these cases, 
as well as for the complex Ginibre ensemble, there is also an analogy with the absolute value 
squared of the wave function for N spinless fermions subject to a strong perpendicular magnetic 
field and in the lowest Landau level. This is discussed in e.g. [25, §15.2, §15.6, Ex. 15.7 q. 2]. 
If we consider non-Hermitian random matrix ensemble with real or real quaternion elements the 
quantum mechanical analogy breaks down, whereas the plasma analogy persists, now with image 
charges due to Neumann boundary conditions. Again this point is known in scattered places in 
the literature, e.g. [25, §15.9.1] and [30] in the particular case of the Ginibre ensemble, but has 
not until now been the subject of a systematic investigation.

2.1. Ginibre ensembles

In keeping with Dyson’s three fold way [16], there are three classes of Ginibre matrices, 
i.e. N × N Gaussian matrices with all elements independent and thus non-Hermitian. These 
classes are distinguished by the number field to which the elements belong — real, complex 
or real quaternion. In the latter case a 2 × 2 complex valued matrix representation is used; see 
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e.g. [25, §1.3.2] and the eigenvalues occur in complex conjugate pairs. It has already been re-
marked that the joint eigenvalue PDF in the complex case is given by (1.1), and the analogy 
with a one-component plasma with neutralising background in a uniform disk of radius 

√
N has 

been noted. Here we want to emphasise the reasoning which enables the leading order particle 
density of the plasma system, and thus the leading order eigenvalue density of the random matrix 
ensemble, to be determined.

The first step is to introduce a so-called global scaling of (1.7) by replacing zl �→ √
Nzl . 

A crucial feature of the product of differences in (1.7) is its scale invariance, changing by a 
multiplicative factor only. Introducing too the empirical density σ̂ (z) := ∑N

p=1 δ(zp − z) shows 
that (1.7) is then proportional to

exp
(

2
{
−N

∫
C

σ̂ (z)|z|2 d2z + 1

2

∫
C×C\{z=w}

d2z d2w σ̂(z)σ̂ (w) log |z − w|
})

. (2.1)

We remark that the excluded set z = w in the double integral in (2.1) corresponds, in physical 
terms, to the self energy of the charge density σ̂ (z).

The essential physical idea, made rigorous using the theory of large deviations [7,62] (see the 
discussion in the introduction to [65]) is that for large N the empirical density can be replaced 
by Nρg(z), where ρg(z) is the limiting global particle density normalised to have total integral 
equal to unity. Doing this, (2.1) reads

exp
(
−2N2E[ρ(z)]

)
,

E[ρ(z)] := −1

2

∫
C

ρg(z)|z|2 d2z + 1

2

∫
C×C

d2z d2w ρg(z)ρg(w) log |z − w|. (2.2)

Note that in this double integral there is no need to exclude the self energy term, as in contrast 
to (2.1) where it diverges, it makes a vanishingly small contribution. The final ingredient, which 
in idea is classical going back to at least Gauss (see e.g. [64]), is that the global density in (2.2) is 
such that the energy functional E[ρ(z)] is minimised. From the calculus of variations, this occurs 
when

0 = −1

2
|z|2 +

∫
C

d2w ρg(w) log |z − w|. (2.3)

But fundamentally − log |z − w| is the solution of the two-dimensional Poisson equation 
∇2

z φ(z, w) = −2πδ(2)(z − w) in free boundary condition, so acting on (2.3) with ∇2 tells us 
that ∇2|z|2 = 2πρg(z), for z ∈ D. The region D is referred to as the droplet (see e.g. [73]), and 
hence inside this region we have ρg(z) = 1

π
, while ρg(z) vanishes outside D. The last point to 

note is that to minimise E[ρ(z)], inspection of the functional form requires D to be a disk about 
the origin, and the requirement that the integral of ρg(z) over D equals unity tells us that in fact 
D is the unit disk. The unit disk is precisely the scaled limit of the uniform background charge 
density which gave rise to the Boltzmann factor (1.7) in the plasma interpretation.

Let’s consider next the case of real quaternion elements. The eigenvalue PDF for the eigen-
values in the upper half complex plane is then proportional to [36,57]

N∏
e−2|zj |2 |zj − z̄j |2

∏
|zk − zj |2|zk − z̄j |2. (2.4)
j=1 1≤j<k≤N
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A plasma analogy has previously been identified in [25, Prop. 15.9.1]. To review this result, 
the first point to note is that the solution of the two-dimensional Poisson equation ∇2


r φ(
r, 
r ′) =
−2πδ(
r − 
r ′) with the Neumann boundary condition along the x-axis

∂

∂y
φ(
r, 
r ′)

∣∣∣
y→0+ = 0, (2.5)

is, using complex coordinates, given by

φ(
r, 
r ′) = − log
(
|z − z′| |z − z̄′|

)
. (2.6)

As discussed in [25, §15.9], this formally occurs when the region y < 0 has zero dielectric con-
stant, which effectively gives rise to an image particle of identical charge at the reflection point 
z̄′ of z′ about the real axis. We say formally, since physically a dielectric constant cannot be 
less than its vacuum value of unity. On the other hand, this circumstance is mimicked when the 
dielectric constant of the region y > 0 is much greater than the dielectric constant for y < 0.

Following [25, Prop. 15.9.1], consider now a one-component system — all particles of unit 
charge — confined to the semi-disk |z| < √

N , y > 0, with a neutralising background of uniform 
density ρ = 2/π filling the semi-disk. With the system interacting at the inverse temperature β , 
a short computation shows that the corresponding Boltzmann factor is proportional to

N∏
j=1

e−β|zj |2 |zj − z̄j |β/2
∏

1≤j<k≤N

|zk − zj |β |zk − z̄j |β. (2.7)

In this expression, the origin of the term 
∏N

j=1 |zj − z̄j |β/2 requires further explanation. The 
required theory is that the self-energy term in the total potential is computed according to the 
formula

1

2

N∑
j=1

lim
z′→zj

(
φ(zj , z

′) − log |zj − z|
)

= −1

2

N∑
j=1

|zj − z̄j |. (2.8)

Note in particular the factor of 1
2 , which can be interpreted as saying the self energy is equally 

distributed between the actual and image system.
Comparing the eigenvalue PDF (2.4) and the Boltzmann factor (2.7) shows that for β = 2 they 

are identical, provided that in the Boltzmann factor an additional self-energy factor is included. 
Such a self-energy term is not expected to effect the large distance behaviours of the plasma, 
which instead are determined by the pair potential. Specific consequences by way of sum rules 
will be discussed in the next section. In this section the consequence of the plasma analogy that 
we emphasise is the implied eigenvalue density. By construction of the Boltzmann factor, the 
background charge density minimises the energy functional. Thus to leading order the eigen-
value density will be given by the background density, and so will be uniform in the semi-disk 
|z| < √

N , y > 0.
The case of real Ginibre matrices is more complicated than for the complex or real quaternion 

Ginibre matrices. This is because in the real case there is a non-zero probability of some eigen-
values being real. Consequently the joint eigenvalue PDF consists of disjoint sectors depending 
of the number of real eigenvalues, k say (k must be of the same parity as N ). In the upper half 
plane — note that all entries being real implies all the complex eigenvalues occur in complex 
conjugate pairs — the joint eigenvalue PDF, conditioned to have precisely k real eigenvalues 
{λl}l=1,...,k , is proportional to [17]
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1

2N(N+1)/4
∏N

l=1 
(l/2)

2(N−k)/2

k!((N − k)/2)!
∣∣∣�({λl}l=1,...,k ∪ {xj ± iyj }j=1,...,(N−k)/2)

∣∣∣

× e
− ∑k

j=1 λ2
j /2

e
∑(N−k)/2

j=1 (y2
j −x2

j )
(N−k)/2∏

j=1

erfc(
√

2yj ), (2.9)

where �({zp}p=1,...,m) := ∏m
j<l(zl − zj ). Here λl ∈ (−∞, ∞) while (xj , yj ) ∈ R ×R+, R2+ :=

{(x, y) ∈ R
2 : y > 0}.

We can write∣∣∣�({λl}l=1,...,k ∪ {xj ± iyj }j=1,...,(N−k)/2)

∣∣∣
= exp

(
−

∑
1≤j<p≤k

log |λp − λj | −
k∑

j=1

(N+k)/2∑
s=k+1

log |zs − λj ||z̄s − λj |

−
(N+k)/2∑
a,b=k+1

log |za − z̄b|
)

× exp
(

−
∑

k+1≤a<b≤(N+k)/2

log |zb − za||z̄b − z̄a|
)
. (2.10)

A plasma interpretation of (2.10) has been discussed previously [30] in an analogous case (real 
spherical ensemble; see the next subsection). There the interpretation given was entirely in terms 
of the pair potential (1.3), with image charges imposed as a constraint. An alternative viewpoint 
is to consider instead the pair potential (2.6), with the charges on the real axis of strength 1/2, 
at inverse temperature β = 2. Turning now to the one body term in (2.9), we first make the 
manipulation

e
− ∑k

j=1 λ2
j /2

e
∑(N−k)/2

j=1 (y2
j −x2

j )
(N−k)/2∏

j=1

erfc(
√

2yj )

= e
− ∑k

j=1 λ2
j /2

e
− ∑(N−k)/2

j=1 (x2
j +y2

j )
(N−k)/2∏

j=1

e
2y2

j erfc(
√

2yj ). (2.11)

We see that the first two exponential terms on the RHS result from a coupling between the charges 
confined to the semi-disk |z| < √

N , y > 0, and with a neutralising background of uniform den-
sity ρ = 1/π filling the semi-disk (this is half the value of the corresponding background density 
in the real quaternion case due to there being of order N/2 rather than of order N eigenvalues 
in the semi-disk). The final term can be interpreted as the coupling to some external short range 
potential — note that to leading order it tends to unity as yj → ∞.

Analogous to the circumstance already mentioned in the case of the complex Ginibre ensem-
ble, the neutralising background being the semi-disk |z| < √

N , y > 0, implies that to leading 
order the particle density will also be uniform in this region. For the real Ginibre ensemble, the 
eigenvalues not on the real axis occur in complex conjugate pairs, so the corresponding eigen-
value density is to leading order anticipated to be uniform in the disk |z| < √

N in keeping with 
the circle law. Note in particular that the real eigenvalues play no role in this leading order state-
ment, as their proportion is on average 1/

√
N [17], and is thus vanishingly small as N → ∞.
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Let G be from a Ginibre ensemble (real, complex or real quaternion entries), and construct 
the matrix [66]

Y = 1 + √
c

2
G + 1 − √

c

2
G†, c = 1 − τ

1 + τ
(0 ≤ τ < 1). (2.12)

The eigenvalue PDF of this deformation of the Ginibre ensemble was analysed in [52] in the real 
case, in [34] in the complex case, and in [47] in the real quaternion case. In each case, the only 
modification to the eigenvalue PDF relative to that for the case c = 1, i.e. the original Ginibre 
ensemble, occurs in the one-body factors. Specifically, in the complex and real quaternion cases, 
replace

e
− ∑N

j=1 |zj |2 �→ exp
(
− 1

1 − τ 2

N∑
j=1

(
|zj |2 − τ

2
(z2

j + z̄2
j )

))
, (2.13)

while in the real case (2.10), replace

(N−k)/2∏
j=1

erfc(
√

2yj ) �→
(N−k)/2∏

j=1

erfc
( √

2

1 − τ
yj

)
,

up to the normalisation. In the real case, substituting in (2.10) and replacing the complimentary 
error function by its leading asymptotic form reclaims the RHS of (2.13) for the functional form 
of the one-body factor for the complex eigenvalues.

Thus, from the viewpoint of the present theme, our task is to interpret the RHS of (2.13) as 
a coupling of a background charge density to the mobile charges of the plasma. Actually, the 
answer to this is already known [27,33]; see also [25, Ex. 15.2 q. 4]. We have that the RHS 
of (2.13) results from a uniformly charged ellipse, charge density −1/π(1 − τ 2), with semi-axes 
A = √

N(1 + τ), B = √
N(1 − τ). Note that this is consistent with the elliptic law in random 

matrix theory (see e.g. [58]) as a generalisation of the circular law.

2.2. Spherical ensembles

Following [50], as motivation for the study of the spherical ensembles as a natural next step 
from the study of the Ginibre ensembles, take two Ginibre matrices G1 and G2, both with entries 
from the same number field and consider the generalised eigenvalue problem G1
v = λG2
v. The 
generalised eigenvalues λ are the eigenvalues of the random matrix product G−1

2 G1, and it is 
eigenvalues of this type of matrix that make up the spherical ensemble.

The naming can be justified by relating the eigenvalue distribution of G−1
2 G1 to the geometry 

of the sphere. Further following [50], for this purpose we specialise to the complex case, and 
introduce the transformed pair of matrices (C, D) according to

C := −β̄G2 + ᾱG1, D = αG2 + βG1,

with α, β ∈C and such that

|α|2 + |β|2 = 1. (2.14)

One can check that (G1, G2) has the same distribution as (C, D). From this latter fact one can 
check that the distribution of the generalised eigenvalues is unchanged by the fractional linear 
transformation

λ �→ λα − β̄
. (2.15)
λβ − ᾱ
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This combined with (2.14) implies that upon a stereographic projection from the complex plane 
to the Riemann sphere the eigenvalue distribution of G−1

2 G1 is invariant under rotation of the 
sphere, and thus the name of the ensemble.

The plasma analogy is very direct in the complex case. Thus in this case the joint eigenvalue 
PDF is proportional to [50]

N∏
l=1

1

(1 + |zl |2)N+1

∏
1≤j<k≤N

|zk − zj |2, zl ∈C. (2.16)

As noted in e.g. [25, §15.6.4], a stereographic projection from the Riemann sphere of radius 1
2 to 

the complex plane, located tangent to the north pole, is specified by the equation

z = eiφ tan
θ

2
. (2.17)

Making this change of variables transforms (2.16) to the PDF on the sphere proportional to∏
1≤j<k≤N

|
rk − 
rj |2, (2.18)

where 
rj is the vector in R3 corresponding to the point (θj , φj ) on the sphere.
To compare (2.18) to the Boltzmann factor for a one-component plasma on a sphere, the first 

point to note is that in this geometry the solution of the charge neutral Poisson equation

∇2
θ,φφ((θ,φ), (θ ′, φ′)) = −2πδS((θ,φ), (θ ′, φ′)) + 1

2R2
(2.19)

(charge neutrality is a necessary condition for the existence of a solution, due to the sphere being 
a compact surface), where δS((θ, φ), (θ ′, φ′)) is the Dirac delta function on the sphere and R is 
the radius, is given by

− log |
r − 
r ′|, (2.20)

where 
r , 
r ′ are the points in R3 corresponding to (θ, φ), (θ ′, φ′) on the sphere. Hence for N
unit charges on the sphere, in the presence of a uniform background, and at inverse temperature 
β = 2, the Boltzmann factor is precisely (2.18) [11]. The uniform background of the plasma is 
consistent with the uniform eigenvalue density when projected on the sphere, as follows from the 
invariance (2.15).

In the case of the real quaternion spherical ensemble, the joint eigenvalue PDF in the complex 
plane is proportional to [56]

N∏
j=1

|λj − λ̄j |2
(1 + |λj |2)2(N+1)

∏
1≤j<k≤N

|λk − λj |2|λk − λ̄j |2, λj ∈ C+. (2.21)

Upon stereographic projection, this maps to the PDF on the half sphere S2+, the latter defined by 
the restriction on the azimuthal angle 0 ≤ φ ≤ π , proportional to

N∏
j=1

|
rj − 
r∗
j |2

∏
1≤j<k≤N

|
rk − 
rj |2|
rk − 
r∗
j |2, 
rj ∈ S

2+, (2.22)

where 
r∗
j is the vector in R3 corresponding to the point on the sphere (θj , −φj ). The plasma 

interpretation is the sphere analogue of that for the real quaternion Ginibre eigenvalue PDF (2.4). 



262 P.J. Forrester / Nuclear Physics B 904 (2016) 253–281
Thus one considers N unit charges confined to the half sphere S2+, with Neumann boundary 
conditions at the boundary, for which the potential at 
rb due to a charge at 
ra is

− log
(
|
rb − 
ra||
rb − 
r∗

a |
)
, (2.23)

and in the presence of a neutralising background. At the coupling β = 2 the corresponding Boltz-
mann factor is (2.22), except that in (2.22) there is an additional one-body factor 

∏N
j=1 |
rj − 
r∗

j |. 
The background being uniform is the plasma mechanism for the eigenvalue density also being 
uniform to leading order as N → ∞ [55].

The real spherical ensemble shares with the real Ginibre ensemble the property of having 
real eigenvalues, in addition to eigenvalues occurring in complex conjugate pairs, and the joint 
eigenvalue PDF correspondingly breaks up into sectors analogous to (2.9). The functional form 
of the one-body terms are at first complicated [30, Eqns. (21) and (22)], but simplify upon a 
fractional linear transformation mapping the upper half plane to the unit disk [30, Eqns. (6) 
and (7)]. Then mapping the unit disk to the upper half of the Riemann sphere 0 < θ < π/2 via 
a stereographic projection with the complex plane passing through the sphere at the equator, 
we see that the effective pair potential for the complex eigenvalues is again (2.23), but now with 

r∗ obtained from 
r by mapping the polar angle θ �→ π − θ . The real eigenvalues are their own 
images, and to account for this it is necessary that they be chosen to have charge 1/2 rather than 
unity as for the complex eigenvalues. Some one-body terms remain, but they are independent 
of N , and so are not expected to alter and large distance properties of the plasma. In particular 
there being a uniform neutralising background tells us that to leading order in N the eigenvalue 
density will be uniform when projected on the sphere, which is indeed the case [11,30]. As for 
the real Ginibre ensemble, the fact that there are real eigenvalues does not effect this property.

2.3. Truncated unitary ensembles

The eigenvalue distribution in the complex plane for sub-matrices of unitary matrices was 
first considered by Życzkowski and Sommers [74]. The setting is to choose a matrix from the 
set of (N + n) × (N + n) unitary matrices U(N + n) under the assumption of Haar measure, 
then to delete n rows and n columns to form an N × N sub-matrix. The point of interest is the 
corresponding eigenvalue PDF, which was shown in [74] to be proportional to

N∏
l=1

(1 − |zl |2)n−1χ|zl |<1

∏
1≤j<k≤N

|zk − zj |2, (2.24)

where χA = 1 for A true and χA = 0 otherwise. The plasma analogy was identified in [28], 
and now relates not to the sphere but to the pseudosphere, which is a two-dimensional hyper-
bolic space with constant negative Gaussian curvature κ = −1/a2. It is naturally embedded in 
three-dimensional Minkowski space, with co-ordinates (y0, y1, y2) and line element such that 
(ds)2 = −(dy0)

2 + (dy1)
2 + (dy2)

2. Specifically, the pseudosphere is the branch of the solution 
of the equation −y2

0 + y2
1 + y2

2 = −a2 which includes the point (a, 0, 0). This branch can be 
parameterised by

y0 = a cos τ, y1 = a sinh τ cosφ, y2 = a sinh τ sinφ. (2.25)

With z = x + iy, the pseudosphere is projected onto the Poincaré disk via the stereographic 
projection (as interpreted in Euclidean space)
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z = 2a tanh
τ

2
eiφ, |z| < 2a, (2.26)

(we will take a = 1/2) or equivalently by the polar form z = reiφ with r = 2a tanh τ
2 . Note that 

this is identical to (2.17), if we set τ = iθ , a = iR, where R is the radius of the sphere (in (2.17), 
R = 1/2), thus justifying the name pseudosphere. It turns out that this same prescription applies 
to deducing the solution of the Poisson equation on the pseudosphere from knowledge of the 
solution of (2.19), giving the pair potential (see e.g. [44])

− log
( |zj − zk|
(1 − r2

j )1/2(1 − r2
k )1/2

)
. (2.27)

A significant difference between the pseudosphere and the sphere is that the former is not 
compact, and so does not require charge neutrality on the RHS of the Poisson equation for a so-
lution. This is just as well, since setting R = ia in (2.19) implies that the smeared out background 
is of the same sign as the mobile charges, with charge density 1/4πa2. With N particles, the total 
charge density is N/4πa2, so to get a net background charge density −η we must cancel this 
and impose a smeared out charge density −η − N/4πa2. A short computation [44] gives that 
for β = 2 and a = 1/2, and using the variables (2.26), the corresponding Boltzmann factor is 
proportional to

N∏
j=1

(
1 − |zj |2

)πη+1
χ|zj |<1

∏
1≤j<k≤N

|zk − zj |2, (2.28)

and hence is the same functional form as the PDF (2.24) with

n = πη + 2. (2.29)

We can use the plasma analogy to predict the leading order large N form of the eigenvalue 
density, in the case that n/N → c > 0. On the pseudosphere the neutralising background has 
constant charge density −η, and we have η ≈ n/π for n large. We know too (see e.g. [25, 
Eq. (15.161)]) that the pseudosphere surface element dS projects to the Poincaré disk accord-
ing to

dS = dxdy

(1 − |z|2)2
. (2.30)

The total number of particles in a disk of radius R within the Poincaré disk is thus πηR2/

(1 − R2). Substituting for η and equating this to N allows us to specify R, and we conclude that 
the leading order eigenvalue density will be given by

n + N

π(1 − |z|2)2
χ|z|<R, R =

( 1

1 + n/N

)1/2
, (2.31)

in agreement with the result of an explicit analysis of the one-point density [35].
We now turn our attention to the case of truncations of unitary matrices with real quaternion 

elements. Such matrices are equivalent to unitary symplectic matrices, and so make up one of the 
classical groups, denoted Sp(2m) for matrices of size m ×m (the 2m in Sp(2m) refers to the row 
or column size of the corresponding complex matrix — recall each real quaternion is represented 
as a 2 × 2 matrix). We suppose that the original matrices are of size (N + n) × (N + n), and 
consider sub-blocks of size N × N . The corresponding eigenvalue PDF has been reported in 
the recent work [42], although no details as to its derivation were given. As a possible strategy, 
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we begin by noting from [24, N �→ N + n, n1 = n2 = N, β = 4] that the distribution of an 
N × N sub-block A say is proportional to

det(IN − A†A)2(n−N+1/2). (2.32)

Note that this requires n ≥ N to be well defined; if not some eigenvalues of A†A are unity, and 
the distribution of A is singular.

Next we note that the distribution (2.32) is analogous to the distribution

det(IN + A†A)−2(n+N) (2.33)

for matrices A = (B†B)−1/2X, with B , X given by n × n (n × N ) real quaternion matrices 
respectively, for which Mays [55,56] has computed the joint eigenvalue PDF as proportional 
to (2.21) but with the replacement

1/(1 + |λj |2)2(N+1) �→ 1/(1 + |λj |2)2(n+1). (2.34)

The significance of this is that, as first demonstrated in the complex case, and used subsequently 
in the real case [55], the working required to deduce the joint eigenvalue PDF starting with a 
spherical ensemble density such as (2.33) is structurally identical to that required for the same 
task as starting with the PDF (2.32). The final results must be the same except that the parameter 
n is to be replaced by −(n + 1/2) as is consistent in going from (2.33) to (2.32), and the factors 
(1 + |λj |2) must be replaced by (1 − |λj |2) for the same reason. Hence, from knowledge of 
the eigenvalue PDF corresponding to (2.33) being given by (2.21) with the replacement (2.34), 
it must be that the eigenvalue PDF corresponding to the distribution (2.32) on random matrices 
with real quaternion entries is proportional to

N∏
l=1

(1 − |zl |2)2n−1|zl − z̄l |2
∏

1≤j<k≤N

|zk − zj |2|zk − z̄j |2, |zl | < 1, (2.35)

in agreement with the functional form reported in [42]. As in the complex case [28], even though 
our derivation of (2.35) has required n ≥ N due to it being based on (2.32), the final expression 
is well defined for all n ≥ 1 and is expected to be generally true (in the complex case this can be 
checked by an alternative derivation [74]).

For the plasma analogy, we consider a half pseudosphere, specified by (2.25) with 0 ≤ φ ≤ π

and impose Neumann boundary conditions at φ = 0, π . The corresponding pair potential is then

− log
( |zj − zk||zj − z̄k|

(1 − r2
j )(1 − r2

k )

)
(2.36)

(cf. (2.27)). Recalling that the solution (2.36) corresponds to setting R = ia in (2.19), and thus 
each charge effectively contributes uniform smeared out background of charge density 1/4πa2, 
we see that we must impose a smeared out background charge density −2(η + N/4πa2) on the 
half pseudosphere. As noted in [44], a one-body potential V (r) satisfying

∇2V = 4π(η + N/4πa2)

is then created, where ∇2 is the appropriate Laplacian operator on the pseudosphere. This has 
solution

V (r) = −(4πηa2 + N) log
(

1 − r2 )
,

4a2
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and the total potential energy due to the coupling between the background and the particles is 
then 

∑N
j=1 V (rj ). Adding to this the potential energy due to the particle-particle interaction as 

calculated from the pair potential (2.36), and the self energy terms as calculated using the LHS 
of (2.8), we see that the Boltzmann factor is proportional to

N∏
j=1

(1 − |zj |2)2πη+1|zj − z̄j |χ|zj |<1

∏
1≤j<k≤N

|zk − zj |2|zk − z̄j |2. (2.37)

As in common with (2.4) and (2.22), the eigenvalue PDF (2.35) contains an extra factor of the 
term in (2.37) corresponding to the self-image. Also, the identification (2.29) must now be mod-
ified to read

n = πη + 1. (2.38)

With these points noted, we thus have an analogy between the eigenvalue PDF for truncations of 
random unitary matrices with real quaternion elements, and the Boltzmann factor of the one-
component plasma on the half pseudosphere with Neumann boundary conditions. As in the 
complex case, an immediate consequence, due to the background being uniform, is the for-
mula (2.31) for the predicted leading order eigenvalue density in the case that n, N → ∞ with 
n/N fixed.

The final case to consider relating to truncations is when the elements of the unitary matrix 
are real, and so the matrices a real orthogonal, which like Sp(2m) make up one the classical 
groups, the orthogonal group denoted O(m) for matrices of size m × m. It is shown in [48]
that the joint eigenvalue PDF, which due to there being real eigenvalues breaks up into sectors 
depending on the number of real eigenvalues, is structurally identical to (2.9) but with the one 
body factors (2.11) replaced by 

∏k
l=1 wr(λl) 

∏(N−k)/2
s=1 wc(xs, ys), where with z = x + iy,

wr(λ) ∝ (1 − λ2)n/2−1,

wc(x, y) ∝ |1 − z2|n−2
(
|1 − z2|n/2−1

1∫

2y/|1−z2|
(1 − t2)(n−3)/2 dt

)2
. (2.39)

We have discussed the plasma interpretation of the two body factors in (2.9), which are thus the 
same in the present setting. For the one-body terms, we note that the factor in wc(x, y) in large 
brackets is of order unity as |z| → 1 and so can be considered as a coupling to a short range 
potential, as with the final term in (2.11), whereas the first factor in wc(x, y) and the expression 
for wr(λ) each result from a coupling between a neutralising background −(η + N/4πa2) on 
the half pseudosphere, and the pair potential (2.36) for a unit and half unit charge respectively. 
A precise relation between η and n as in (2.29) and (2.38) cannot be made due to the arbitrariness 
of the factorisation of wc(x, y). But for large n we must have n ≈ πη and this implies the validity 
of the plasma analogy prediction of the spectral density again being given by (2.31), in the 
appropriate limit.

2.4. Induced ensembles

Let G be an N × N random matrix with real, complex or real quaternion elements, and let U
be a unitary matrix with elements from the same number field. With

A = (G†G)1/2U, (2.40)
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it follows that A†A and G†G have the same matrix distribution, and in particular that A†A and 
G†G have the same distribution of singular values. Suppose that in addition the distribution of 
G is unchanged by left or right multiplication by a unitary matrix. Since by the singular value 
decomposition, for some unitary matrices U1, U2 we have G = U1�U2, where � is a diagonal 
matrix of the singular values, by this last assumption G has the same distribution as U�, where 
U is chosen with Haar measure. Substituting this in the definition of A tells us that A has the 
same distribution as �U , but this is also distributed as G, so we come to the conclusion that 
A and G are equal is distribution, and so have the same distribution of eigenvalues. Note in 
particular that the Ginibre, spherical and truncated unitary ensembles all have their elements G
unchanged in distribution by left or right multiplication by a unitary matrix, and so this statement 
applies to those cases.

The construction (2.40) is well defined for G rectangular of size n × N say. Given that G
is from a random matrix ensemble, a relevant question to ask is how the volume element of G, 
(dG), is related to (dA). Following [20], to answer this question we begin by considering C :=
G†G. With n ≥ N , it is a standard result (see e.g. [25, Eq. (3.30)]) that

(dG) ∝ (detC)(β/2)(n−N−1+2/β)(dC), (2.41)

where β = 1, 2, 4 according to the entries of G being real, complex or quaternion real. Suppose 
also that the distribution of G is unchanged by multiplication by a unitary matrix on the right. 
We then have

A†A = U†G†GU
d=G†G = C,

where the equality in distribution follows by the assumption of the appropriate invariance of the 
distribution of G. From this, and noting A is of size N × N , the analogue of (2.41) reads

(dA) ∝ (detC)(β/2)(−1+2/β)(dC). (2.42)

Comparing (2.41) and (2.42) we conclude

(dG) ∝ (detA†A)(β/2)(n−N)(dA). (2.43)

As noted in [22], a corollary is that if the distribution of G is

g(G†G), (2.44)

with G unitary invariant, then A has distribution proportional to

(detA†A)(β/2)(n−N)g(A†A). (2.45)

And it follows from this that if the eigenvalue PDF for matrices G distributed as g(G†G) is given 
by f (λ1, . . . , λN), then in the rectangular case with the construction (2.40), the eigenvalue PDF 
is proportional to

N∏
l=1

|zl |β(n−N)f (z1, . . . , zN). (2.46)

The assumptions on G leading to (2.45), specifically the form (2.44) and its unitary invariance, 
hold for rectangular analogues of each of the Ginibre, spherical and truncated unitary ensembles. 
Each has three sub-cases, depending on the elements being real (β = 1), complex (β = 2) or real 
quaternion (β = 4). In the Ginibre case, we take G in (2.40) to be an n × N standard Gaussian 
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matrix. The distribution on G is then proportional to e−(β/2)Tr G†G. In the spherical case we take 
G = G−1

1 G2 where G1 (G2) is an n × n (n × N) standard Gaussian matrix. The joint density of 
G is then proportional to [25, Ex. 3.6 q. 3]

det(IN + G†G)−(β/2)(n+N). (2.47)

In the case of truncated unitary matrices we begin with a unitary matrix of size M × M and then 
select a sub-block of size n × N which we call G. For M − (n + N) ≥ 0 we know [24] that the 
joint distribution of G is proportional to

det(IN − G†G)(β/2)(M−(n+N)+1−2/β). (2.48)

Note that (2.47) and (2.48) reduce to (2.32) and (2.33) with β = 4, after allowing for differences 
in notation.

In all these cases the eigenvalue PDF will have the structure (2.46). Consider for definiteness 
the rectangular Ginibre ensembles. The factor

N∏
l=1

|zl |β(n−N) =
N∏

l=1

eβ(n−N) log |zl | (2.49)

has the immediate plasma interpretation of a repulsion from the origin by a charge of strength 
(n − N). However this interpretation is not informative from a random matrix viewpoint as is 
does not allow us to read off the eigenvalue density. Another interpretation is therefore called for. 
We make use of Newton’s theorem, which tells us that the potential created by a point charge is 
the same as that created by a spherically symmetric continuous smeared out charge density when 
viewed from the outside of the latter.

Newton’s theorem permits the interpretation of (2.49) as due to a smeared out uniform charge 
density 1/π confined to a radius 

√
n − N about the origin, with the plasma particles confined 

to lie outside this region. On the other hand, we know that the factor e−β|zl |2/2 results from a 
smeared out charge density −1/π when viewed from inside the plasma. These charge densities 
therefore cancel in the region |z| < √

n − N . For charge neutrality the outer radius must now 
extend to 

√
n, so the total background charge density is equal to −1/π in the annulus

√
n − N < |z| < √

n (2.50)

and is zero elsewhere. This particular plasma interpretation gives an immediate prediction for the 
eigenvalue density: to leading order it will be uniform in the annulus (2.50) with density 1/π . 
This is in keeping with the result from asymptotic analysis of the analytic form for the eigenvalue 
density [22], and provides an explicit example of the so-called single ring theorem [19].

The factor (2.49) can be similarly interpreted in the spherical and truncated unitary ensem-
bles, although there is an added complication of f in (2.46) now also depending on n. For ease 
of presentation we will restrict attention to the case of complex elements. Actually the plasma 
analogy for the complex spherical ensemble has been discussed previously [21].

The first point to note is that substitution of (2.47) in (2.29) shows that for the spherical 
ensemble the matrices A as specified by (2.40) have distribution proportional to

(detA†A)(β/2)(n−N) det(IN + A†A)−(β/2)(n+N).

In the case β = 2 (complex elements) this implies the joint eigenvalue PDF [21, N �→ n, M �→
N, n �→ N ] proportional to
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N∏
j=1

|zj |2(n−N)

(1 + |zj |2)n+1

∏
1≤j<k≤N

|zk − zj |2 (2.51)

(note that this reduces to (2.16) in the case n = N ). Upon stereographic projection (2.17) this 
takes on the form

N∏
l=1

|
rl |2(n−N)
∏

1≤j<k≤N

|
rk − 
rj |2, (2.52)

where as in (2.18) 
rj is the vector in R3 corresponding to the point (θj , φj ) on the sphere, with 
the origin at the north pole.

We seek a one-component plasma system on the sphere with a uniform background charge that 
has Boltzmann factor (2.52). An important point is that on the sphere each charge is accompanied 
by a neutralising smeared out uniform charge density (recall (2.19)). This means that if we con-
sider a spherical cap about the north pole specified by 0 < θ < θ∗, of area Aθ∗ = π

2 (1 − cos θ∗), 
then the uniform charge density in that region is −NAθ∗/π . We want to impose an external uni-
form charge density Aθ∗/π in θ∗ < θ < π , which furthermore will be the region occupied by the 
mobile charges. Doing this, and choosing

Aθ∗

π
= n/N − 1

n/N
, (2.53)

it is shown in [21] that (2.52) is, up to a multiplicative constant, the Boltzmann factor for 
the plasma system. Note that this predicts that the eigenvalue density will to leading order 
be supported on the portion of the sphere specified by the azimuthal angle being in the range 
θ∗ < θ < π , and will be uniform. We remark too that in the complex plane, the formula (2.53)
and the stereographic projection formula (2.17) tell us that the inner boundary of support r∗ say 
satisfies (r∗)2 = n

N
− 1 [21], while the density profile in this support is

n

π(1 + |z|2) . (2.54)

It remains to identify the plasma system for rectangular truncated unitary matrices subject to 
the construction (2.40). Here, from the discussion in the paragraph below (2.46), and (2.29), the 
matrices A as specified by (2.40) have distribution proportional to

(detA†A)(β/2)(n−N) det(IN − A†A)(β/2)(M−(n+N)+1−2/β).

The corresponding joint eigenvalue PDF is known to be proportional to [22]

N∏
j=1

( |zj |2
1 − |zj |2

)n−N

(1 − |zj |2)M−N−1
∏

1≤j<k≤N

|zk − zj |2 (2.55)

(note that this gives (2.24) in the case n = N and M �→ N + n). To relate this to the Boltzmann 
factor for a plasma system, we proceed as for the task of similarly interpreting (2.24).

First, a smeared out neutralising charge density −(η + N/4πa2) is to be imposed on the 
pseudosphere, and we set a = 1/2. We know that for the corresponding one-component plasma 
system (2.28) is proportional to the Boltzmann factor. Next, for τ > τ− the potential, by Newton’s 
theorem, will be that of a charge at the origin of strength

Q = Aτ−(η + N/4πa2), (2.56)
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where Aτ− = 2πa2(cosh τ− − 1) is the area of the region 0 < τ < τ−. According to (2.36), this 
potential is therefore equal to −Q log(|z|/(1 − |z|2)1/2, and so with the particles confined to the 
region τ > τ− the Boltzmann factor is given by (2.28) multiplied by 

∏N
j=1(|zj |2/(1 − |zj |2))Q, 

giving us in total the functional form (2.55) with

Q = n − N (2.57)

and πη+1 = M −N −1. Let us suppose R− is related to τ− by stereographic projection. Noting 
from (2.30) that the area on the pseudosphere with a = 1/2, corresponding to a disk of radius R−
in the complex plane centred on the origin, is equal to πR2−/(1 − R2−), then we have from (2.56)
that Q = (M − 2)R2−/(1 − R2−), and this equated with (2.57) tells us that for large n, M , N ,

R2− = (n − N)/M

1 + (n − N)/M
. (2.58)

The outer radius R+ of the support of the eigenvalue density can similarly be computed. 
Since the background charge in |z| < R− is −Q = −(n − N) and this has been neutralised, 
we require that the total charge for |z| < R+ be equal to N +Q = n so has to have total charge in 
R− < |z| < R+ equal to N . Recalling too from below (2.57) that for large M − N , πη ≈ M − n

we obtain

R2+ = 1

1 + (M − N)/n
. (2.59)

Note that this is consistent with (2.31) once we make the identification noted below (2.55). These 
formulas are in agreement with the exact results reported in [22].

2.5. Products of random matrices

Consider the product of m independent Ginibre matrices. Considerations from free probability 
[9,38,59] tell us that

lim
N→∞

1

N
Nmρ(1)(N

m/2w) = |w|(2/m)−2

mπ
χ(|w| < 1). (2.60)

Let us suppose the Ginibre matrices have complex elements. A recent advance in random matrix 
theory has been the exact determination of the joint eigenvalue PDF [2], which has been shown 
to be proportional to

N∏
l=1

w(2)
m (|zl |)

∏
1≤j<k≤N

|zk − zj |2, w(2)
m (|z|) = G

m,0
0,m

(
0, . . . ,0

∣∣∣|z|2). (2.61)

Here Gm,0
0,m is an example of the Meijer G-function; see e.g. [53]. From a plasma viewpoint, 

we can replace w(2)(|z|) by its large |z| form,

w(2)
m (|z|) ∼|z|→∞ e−m|z|2/m+O(log |z|) (2.62)

obtained from known asymptotics of the Meijer G-function [53]. Substituting this in (2.61), 
and going through the argument below (2.2), we see that the plasma viewpoint correctly pre-
dicts (2.60).
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Note that changing variables |w| = rm in (2.60) reclaims the circle law. An understanding of 
this observation has been given in [10], as a corollary of the fact that the limiting global spectral 
density of a product of m Ginibre matrices is equal to that for a single Ginibre matrix raised to 
the m-th power. The mechanism for this — that Ginibre matrices are unchanged in distribution 
by multiplication on the left or right by unitary matrices in the same number field — also holds 
true for the spherical ensemble and truncations of unitary matrices.

Thus for a product of m independent N × N matrices from the spherical ensemble, changing 
variables |z| = |w|1/m in the stereographic projection of the uniform density on the sphere of 
radius 1/2,

1

π(1 + |z|2)2

(cf. (2.54)) gives the asymptotic density [37]

N |w|2/m−2

πm(1 + |w|2/m)2
. (2.63)

Similarly, the same change of variables in (2.31) gives, for the product of m independent trunca-
tions of U(n + N) matrices of size N × N , the asymptotic density [10]

(n + N)w2/m−2

πm(1 − |w|2/m)2
χ|w|<Rm, (2.64)

where R is given in (2.31).
To understand (2.63) and (2.64) from a plasma viewpoint, we first note from [1] and [3] (see 

also the review [4]) that in the case of complex entries the eigenvalue PDF for products of m
spherical ensemble matrices, or m truncated unitary matrices, is again of the form (2.61), but 
with wm(|z|) replaced by

Gm,m
m,m

(−N, . . . ,−N

0, . . . ,0

∣∣∣|z|2), Gm,0
m,m

(n, . . . , n

0, . . . ,0

∣∣∣|z|2). (2.65)

From the differential equation satisfied by the Meijer G-function [53], we have that for large N , 
n and with |z|2 = x these functions satisfy the differential equations

(
(−1)mx

m∏
j=1

(x
d

dx
+ N) −

m∏
j=1

(x
d

dx
)
)
G = 0,

(
x

m∏
j=1

(x
d

dx
− n) −

m∏
j=1

(x
d

dx
)
)
G = 0, (2.66)

respectively. Being of order m, each admits m linearly independent solutions. Of interest to us 
are the particular large n, N asymptotic solutions

G = 1

(1 + mx1/m)N
, G = (1 − mx1/m)n. (2.67)

We remark that asymptotic properties of the Meijer G-function differential equation is also a 
feature of the recent studies [29,32] relating to the singular values of certain products of random 
matrices. We now use (2.67) in place of the Meijer G-functions in (2.65), and thus in place of 
wm in (2.61). A plasma derivation of (2.63) and (2.64) can now be given by going through the 
argument below (2.2).
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The above discussion applies when the matrices in the products have complex entries. Prod-
ucts from the same ensembles but with real quaternion entries allows for a similar analysis. This 
is because the eigenvalue PDF maintains the same structure as for the m = 1 cases, but with a 
different one-body weight [4,41],

N∏
l=1

w(4)
m (|zl |)|zl − z̄l |2

∏
1≤j<k≤N

|zk − zj |2|zk − z̄j |2.

Moreover, the weight w(4)
m is simply related to w(2)

m appearing in (2.61) [4, Eq. (2.46)], allowing 
for its replacement by the asymptotic forms in (2.62) and (2.67) as appropriate. In particular, this 
tells us that the asymptotic densities will be those known for the m = 1 case, but with the change 
of variables |z| = |w|1/m.

In the case of products of random matrices from the Ginibre, spherical or truncated unitary 
matrices with real entries, the structure of the joint eigenvalue PDF (which we recall breaks up 
into sectors due to the real eigenvalues) again is the same as for the m = 1 cases but with different 
weights [42]. However now the weight for the complex conjugate pairs does not have a closed 
form beyond the cases m = 1 and m = 2 [5,17], so the task of obtaining its asymptotic form 
remains open.

3. Sum rules

Coulomb systems in general, and the two-dimensional one-component plasma in particular, 
exhibit a number features characteristic of the long range nature of the pair potential. Many of 
these features show themselves by way of sum rules for the corresponding correlation func-
tions. By way of example, let ρ(2)(
r, 
0) denote the two-particle correlation function in the bulk 
of the two-dimensional one-component plasma, and let ρT

(2)(
r, 
0) := ρ(2)(
r, 
0) − ρ2 denote the 
truncated (or connected) two-particle correlation. For the plasma at inverse temperature β , these 
satisfy the sequence of sum rules for the moments [46,54]

1

ρ

∫

R2

ρT
(2)(
r, 
0) d
r = −1 (3.1)

∫

R2

r2ρT
(2)(
r, 
0) d
r = − 2

πβ
(3.2)

ρ

∫

R2

r4ρT
(2)(
r, 
0) d
r = − 16

(πβ)2

(
1 − β

4

)
(3.3)

ρ2
∫

R2

r6ρT
(2)(
r, 
0) d
r = − 18

(πβ)3

(
β − 6

)(
β − 8

3

)
. (3.4)

The first of these has the interpretation that upon a charge being fixed at the origin, the system 
responds by creating an image charge of equal and opposite total charge; thus rewrite this to read

∫
2

(
ρT

(2)(
r, 
0) + ρδ(
r)
)

d
r = 0.
R
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The second is known as the Stillinger–Lovett sum rule, and can be derived as a consequence of 
the physical requirement that the plasma perfectly screens an external charge density in the long 
wavelength limit (see e.g. [25, §15.4.1]). The third is known as the compressibility sum rule, and 
can be viewed as a refinement of the linear response derivation of (3.2) (see e.g. [25, §14.1.1]). 
The sixth moment sum rule (3.4), first derived in [46] has recently been shown to result as a 
consequence of the response to variations in spatial geometry [14,15].

The bulk truncated two-point correlation function for the complex Ginibre ensemble (which 
is also shared by all the other ensembles considered in Section 2, in an appropriate scaling and 
for regions that the density is constant) has the explicit form

ρT
(2)(
r, 
0) = −ρ2e−πρ|
r|2 , (3.5)

with ρ = 1/π (see e.g. [25, §15.3.2]). The sum rules (3.1)–(3.4) with β = 2 are readily verified.
There are also sum rules which contrast the behaviour of the plasma at the boundary to its 

bulk behaviour. Consider for example the asymptotic form of the charge–charge correlation in 
the vicinity of the boundary, taken to be y = 0 in the scaled limit for definiteness. This quantity 
is predicted [43] to have a slow decay in the direction of the boundary according to an explicit 
one on distance squared decay, which in the case of the one-component plasma implies the sum 
rule for the truncated correlation

ρT
(2)((x1, y1), (x2, y2)) ∼|x1−x2|→∞− f (y1, y2)

2βπ2(x1 − x2)2
,

with

∞∫
−∞

∞∫
−∞

f (y1, y2) dy1dy2 = 1. (3.6)

For the complex Ginibre ensemble, the scaled edge correlations ρedge
(k) are defined by

ρ
edge
(k) ((x1, y1), . . . , (xk, yk)) = lim

N→∞ρ(k)((x1,−
√

N + y1), . . . , (xk,−
√

N + yk)),

and explicit computation of this limit gives [26], [25, Prop. 15.3.5]

ρ
edge
(2) ((x1, y1), (x2, y2))

=
(
H(y1)H(y2) − e−(x1−x2)

2−(y1−y2)
2
∣∣∣H(1

2
(y1 + y2 + i(x1 − x2))

)∣∣∣2)
, (3.7)

where

H(z) = 1

2π

(
1 + erf(

√
2z)

)
. (3.8)

One calculates from this the large |x2 − x1| asymptotic form

ρ
T edge
(2) ((x1, y1), (x2, y2)) ∼|x1−x2|→∞− H ′(y1)H

′(y2)

4π2(x1 − x2)2
, (3.9)

which indeed complies with (3.6) in the case β = 2, as noted in [26].
The physical origin of the slow decay is the nonzero dipole moment of the screening cloud, 

due to the presence of the spectral boundary [43]. This can be quantified from the viewpoint 
of the density profile. With R denoting the boundary of the neutralising background of charge 
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density −ρb, define the boundary density profile ρedge
(1) (r) = limN,R→∞ ρ(1)(R − r). Results in 

[68,71] give the dipole moment sum rule

∞∫
−∞

r(ρ
edge
(1) (r) − χr>0ρb) dr = − 1

2πβ
(1 − β/4). (3.10)

Note that the β = 2 density profile (3.8) complies with this sum rule.
With the moments of the screening cloud near a boundary in mind, let us consider the limiting 

truncated two-point correlation in the neighbourhood of the x-axis for the real quaternion Ginibre 
ensemble. This has been calculated in [47], [25, Ex. 15.9 q. 2] to be given by

ρ
T rqG
(2) ((x1, y1), (x2, y2))

= −4y1y2e
−(x2

1+y2
1 )−(x2

2+y2
2 )

(
f (z1, z̄2)f (z2, z̄1) + f (z1, z2)f (z̄1, z̄2)

)
, (3.11)

where z1 = x1 + iy1, z2 = x2 + iy2 and

f (w, z) = i√
2π

e(w2+z2)/2erf
(z − w√

2

)
. (3.12)

In contrast to the algebraic decay (3.7) of the correlations along the boundary in the complex 
Ginibre ensemble, the correlation (3.11) decays as a Gaussian in the direction of the x-axis, 
which for the real quaternion Ginibre ensemble is the boundary between the eigenvalues in the 
upper half plane, and their complex conjugate pairs.

Converse to the slow decay (3.7) implying a non-zero dipole moment of the screening cloud, 
a fast decay implies that all complex (multi-pole) moments of the screening cloud much vanish 
(see e.g. [54]). As already noted, the complex conjugate eigenvalues behave like image charges, 
and we know from [23,43] that in this circumstance we must interpret the screening cloud as the 
function of (x2, y2) ∈ R

2 specified by

ρT
(2)((x1, y1), (x2, y2)) + δ(x1 − x2)δ(y1 − y2)ρ(1)((x2, y2)). (3.13)

Here ρT
(2)((x1, y1), (x2, y2)) is given by (3.11), which we note is even in y2. The quantity 

ρ(1)((x2, y2)) is the limiting eigenvalue density for the real quaternion ensemble, which we know 
from [47], [25, Ex. 15.9 q. 2] to be given by

ρ
rqG
(1) ((x, y)) = 2ye−(x2+y2)f (z, z̄), (3.14)

and is also even in y2.
By translation invariance of the system along the x-axis we can set z = iy1. Due to (3.13)

being even in y2 the odd complex moments vanish by symmetry, while the vanishing of the even 
complex moments requires

∫
R×R+

w2pρT
(2)(z,w)d2w = −z2pρ(1)(z), p = 0,1, . . . (3.15)

If we multiply both sides by αp/p! and sum over p = 0, 1, . . . , then substitute (3.13) and (3.14), 
we obtain the equivalent form
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∫

R2

yeαw2
e−|w|2(f (iy1, w̄)f (w,−iy1) + f (iy1,w)f (−iy1, w̄)

)
d2w

= e−αy2
1 f (iy1,−iy1), (3.16)

where w = x + iy. To verify this, we substitute (3.12) on the LHS, change variables x �→ x − iy, 
write ye−2y2 = − 1

4
d
dy

e−2y2
, and integrate by parts with respect to y. The integrand then consists 

of two terms. Integrating over y in the first of these gives πδ(x + iy1), and integrating over y in 
the second gives piδ(x − iy1). Thus in both cases the integrations over x are immediate, and the 
RHS results.

The correlations in the neighbourhood of the real axis for the real Ginibre ensemble [8,31]
can be analysed from an analogous viewpoint. Thus they decay at the rate of a Gaussian, and so 
Coulomb gas theory predicts that the screening cloud, extended to include image charges, must 
have the property that all complex moments vanish. Due to the presence of a finite density of real 
eigenvalues, the screening cloud will involve both the correlation between two eigenvalues in the 
upper half plane, and an eigenvalue on the real axis (see [30, Eq. (71)]. The verification of this 
sum rule from the explicit functional form is known from [30, Prop. 4.8].

The plasma analogy valid for the products of random matrices considered in Section 2.5
tells us that it must also be that the complex moments of the screening cloud for the limiting 
correlation functions in the neighbourhood of the real axis vanishes, although we don’t undertake 
a verification here.

4. Random self-dual non-Hermitian matrices

Dyson’s three fold way relates Hermitian matrices 1
2(G + G†) corresponding to square Gini-

bre matrices G to global time reversal symmetries [16]. There are similarly three classes of 
chiral ensembles corresponding to the global time reversal symmetry of the Dirac Hamiltonian; 
see e.g. [70]. This viewpoint was extended by Atland and Zirnbauer [6], who introduced a further 
four random matrix ensembles motivated by the theoretical description of conductance through a 
normal metal–superconductor junction in terms of a matrix Bogoliubov–de Gennes Hamiltonian

H =
[

h �

−�̄ −hT

]
, � = −�T .

With each block in this matrix of size N × N , N even, the appropriate time reversal symmetry 
operator T is such that T 2 = −1 and has the special structure

T = I2 ⊗
[
ON/2 IN/2
−IN/2 ON/2

]
K,

where K denotes complex conjugation. The requirement that H commute with T shows, after 
rearrangement of rows and columns in the former, that H has the block form

H =
[

A B

−B̄ −Ā

]

with A = A† and B = −BT , and furthermore the elements of A and B real quaternions. 
As shown in e.g. [25, Ex. 3.3 q. 1], the eigenvalue problem for this structure is equivalent to 
the eigenvalue problem for[

ON W

W †
O

]
, (4.1)
N
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where W is an N × N antisymmetric matrix with complex elements, which in turn is equivalent 
to the eigenvalue problem for

[
ON D

D†
ON

]
, (4.2)

where D is an N × N self-dual matrix — meaning that D = ZNDT Z−1
N , where ZN = IN/2 ⊗[

0 −1
1 0

]
— with complex elements. On this last point, one can check that if W is antisymmet-

ric, then ZNW is self dual. A feature of self dual matrices is that their eigenvalues are doubly 
degenerate.

The structures (4.1) and (4.2) motivated Hastings [40] to investigate the eigenvalue distribu-
tion on the non-Hermitian self dual matrix D, constructed according to D = ZNW , where W is 
an anti-symmetric matrix with all independent entries complex Gaussians with zero mean and 
fixed standard deviation σ say for both the real and imaginary parts. In contrast to the ensem-
bles of non-Hermitian matrices discussed in Section 2, the eigenvalue PDF for the ensemble of 
self-dual non-Hermitian complex Gaussian matrices is not known explicitly. Nonetheless, some 
analysis has been possible under the assumption that the eigenvalues are at large separation, 
suggesting that in this limit the eigenvalue PDF is well approximated by [40]

N∏
l=1

e
− 1

2σ2 |zl |2 ∏
1≤j<k≤N

|zk − zj |4, (4.3)

up to proportionality. Writing this in the Boltzmann factor form e−βU gives that U is given 
by (1.8), except that the coefficient of the first term is 1

8σ 2 , and in distinction to (1.7) the inverse 
temperature is now β = 4.

Continuing the investigations already initiated in [40], one would like to show that the prop-
erties of the functional form (4.3) are consistent with observed properties of the eigenvalues. The 
most immediate, already noted in [40], is that in the plasma picture the neutralising background 
charge density −ρb say responsible for the harmonic term in (4.3) must satisfy the Poisson equa-
tion ∇2( 1

8σ 2 |z|2) = 2πρb, and so ρb = 1
4πσ 2 . With N eigenvalues the leading spectral radius is 

thus predicted to be 2σ
√

N and the density to be uniform inside this region — these features are 
clearly evidenced by a plot of computer generated eigenvalues for matrices from the ensemble 
(see e.g. [40, Fig. 1. Here σ = 1/

√
2]).

The main focus of attention in [40] is the one-point density profile and the two-point corre-
lation function. Regarding the latter, in the plasma system one sees from the explicit functional 
form (3.6) that for β = 2 the truncated correlation function is always negative and furthermore 
is monotonically increasing from its value −ρ2 at |
r| = 0 to its value zero as |
r| → ∞. This 
is consistent with all the moments (3.1)–(3.4) being negative when β = 2. In contrast, at β = 4
we see from (3.3) the fourth moment vanishes while (3.4) gives that the 6th moment is positive. 
Hence, for β = 4 in the plasma system the truncated two-point correlation function must become 
positive and in particular is not monotonic. This behaviour is clearly seen in computer gener-
ated plots for finite size systems — see e.g. [69, Fig. 2] — which exhibit a peak in ρT

(2)(
r, 
0)

at |
r| ≈ 1.7/(πρb)
1/2. On the random matrix side, the data presented in [40] was inconclusive 

due to statistical errors. However, this latter restriction is readily overcome with minimal effort 
due to the advances in desktop computing (we used Matlab_R2014b). The results, displayed in 
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Fig. 1. Plot of ρT
(2)

(
r, 
0)/ρ2
b

, ρb = 1/2π , as calculated from the simulation of 106 non-Hermitian self dual matrix with 
independent entries standard complex Gaussian entries of size 140 × 140, and smoothed using a cubic spline.

Fig. 1 in the case ρb = 1/(2π), provide conclusive evidence for a peak in the truncated two-point 
correlation function at |
r| ≈ 3, in agreement with the above quoted peak for the plasma system, 
although the exact profiles are different. Most evident is that ρT

(2)(
r, 
0) is proportional to |
r|4 for 

small 
r in the plasma system, whereas it appears to vanish in proportion to |
r|2 for the random 
matrix ensemble. Note that this latter point does not contradict (4.3), which is only predicted to 
be accurate for large separations. Although our simulations are accurate at a graphical level, they 
do not provide reliable estimates of the moments, so the question as to whether the sum rules 
(3.1)–(3.4) with β = 4 are valid for the random matrix ensemble remains open.

Next we turn our attention to the radial density. Results from our simulation are displayed in 
Fig. 2. As already noticed in [40], this profile is dramatically different to the scaled edge density 
H(r) as given by (3.8) for complex Ginibre matrices, or equivalently the plasma system with 
β = 2, which does not display any overshoot phenomenon, i.e. a peak in the spectral density 
near the spectral edge. In the work [12] the overshoot effect observed for the density profile 
in the non-Hermitian self dual matrix is predicted to be a feature of the two-dimensional one-
component plasma system density profile for all β ≥ 2, and the validity of this prediction was 
given analytic confirmation by a perturbation expansion about β = 2 in [13]. Note that an over-
shoot must happen for all β ≥ 4 at least to be consistent with the sum rule (3.10). Comparison of 
Fig. 2 with Fig. 1, label ‘2’ in [12], shows quantitative agreement, although there are differences 
at a qualitative level, for example in Fig. 2 the density profile does not dip below the asymptotic 
value in the direction of the bulk, but does in Fig. 1, label ‘2’ in [12].

In summary, our investigation adds to the evidence first presented in [40] that eigenval-
ues from the ensemble of non-Hermitian self dual matrices have global behaviours consistent 
with those of the plasma system (4.3), although the precise functional forms of the correla-
tions are different. Due to this latter fact, it is not known if the sum rules (3.10) and (3.1), (3.2)
with β = 4, characteristic of the plasma system, remain valid for the random matrix ensem-
ble.
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Fig. 2. Plot of ρ(1)(
r)/ρb , ρb = 1/2π , as calculated from the simulation of 106 non-Hermitian self dual matrix with 
independent entries standard complex Gaussian entries of size 140 × 140, and smoothed using a cubic spline. The origin 
has been shifted to 

√
2N , which with σ = 1/

√
2 is the predicted spectral radius, and as a visual aid a step function density 

profile inside the spectral radius has been superimposed.

5. Plasma analogy for eigenvalues of a single row and column truncation of CSE matrices

In Section 2.3 truncated unitary matrices were discussed from the viewpoint of plasma analo-
gies for the corresponding eigenvalue PDFs. The unitary matrices considered were from the three 
classical groups U(n + N), Sp(2(n + N)) and O(n + N) with the uniform (Haar) measure. Very 
recently [49] the explicit eigenvalue PDF for a single row and column truncation of Dyson’s 
three circular ensembles, the COE (β = 1), CUE (β = 2) and CSE (β = 4) has been calculated 
as

βN

(2π)N

N∏
j,k=1

(1 − zj z̄k)
β/2−1

∏
1≤j<k≤N

|zk − zj |2. (5.1)

This PDF is supported on |zl| < 1, (l = 1, . . . , N).
One recalls (see e.g. [25, Ch. 2]) that the CUE is made up of matrices from U(N) with Haar 

measure which thus explains why (5.1) with β = 2 coincides with (2.24) with n = 1. On the other 
hand matrices from the COE and CSE are not the same as matrices from O(N) and Sp(2N). Ma-
trices from the COE are constructed from matrices from U ∈ U(N) by forming UUT , while 
matrices from the CSE are constructed from U ∈ U(2N) by forming the self dual quaternion ma-
trices Z−1

2NUT Z2NU , where Z2N is defined below (4.3). For the truncations considered in [49], 
N is replaced by N + 1, and in the case of the CSE a truncation refers to a row and column of 
real quaternion elements. As with the original CSE matrices, the resulting matrices again have 
doubly degenerate eigenvalues.

As discussed in [49, §8], both the cases β = 1 and 4 of (5.1) have plasma interpretations. 
It runs out that the case β = 4, which can be written
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( 2

π

)N
N∏

l=1

(1 − |zl |2)χ|zl |<1

∏
1≤j<k≤N

|zk − zj |2|1 − zj z̄k|2, (5.2)

is also exactly solvable. Restricting attention to this case, we consider a one-component plasma 
formed by placing N unit charges in the unit disk with Neumann boundary conditions. We know 
(see e.g. [25, §15.9]) that in this setting a charge at point z′ effectively creates an image particle 
of identical charge at the point 1/z̄′, and thus the pair potential at point z is

− log(|z − z′||1 − zz′|). (5.3)

Consider now a one component plasma system consisting of N particles of unit charge in-
teracting via the pair potential (5.3), and coupled to a background charge density −η. Due to 
the particles being restricted to a finite volume (the disk), the background charge density does 
not have to be neutralising for the particles to remain confined. A short calculation, the result of 
which is reported in [25, Eq. (15.189)], gives that the total energy of the system, up to an additive 
constant, is equal to

U = 1

2

N∑
j=1

(
πη|zj |2 − log(1 − |zj |2) −

∑
1≤j<k≤N

log
(
|zk − zj ||1 − zj z̄k|

)
.

Thus we see that the eigenvalue PDF (5.2) result as the Boltzmann factor e−βU of this system 
with β = 2, provided we set η = 0, and thus there is no background charge.

In [25, §15.9] the correlation functions for this same plasma system, except that η was chosen 
so that the background is neutralising, was computed explicitly. The working therein requires 
only minor modification to allow for η = 0. The eigenvalues form a Pfaffian point process 
[25, Ch. 6]. The one-point function is given by

ρ(1)(z) = 1

π

(
h(|z|2) − |z|4N−2h(|z|−2)

)
, h(s) = d

ds

1 − sN+1

1 − s
. (5.4)

In the limit N → ∞ with no scaling of the eigenvalues, the Pfaffian reduces to the determinant

ρ(k)(z1, . . . , zk) = π−n det
[ 1

(1 − zj z̄l)2

]
j,l=1,...,k

. (5.5)

This is well known [61] as the correlation function, in the N → ∞ limit, of the zeros inside 
the unit disk the random complex polynomials 

∑N
n=0 αnz

n, where each αn is an independent 
standard complex Gaussian, and has the property of being invariant with respect to Möbius trans-
formations which map the unit disk to itself. The correlations (5.5) are the same as those known 
for (5.1) in the case β = 2 [50], [25, Ex. 15.7 q. 2(iv)], which corresponds to the one-component 
plasma system in a disk with no background charge.

A further point of interest is to enquire if an explicit functional form analogous to (5.1) for 
the ensemble obtained by truncating n real quaternion rows and columns of (N + n) × (N + n)

CSE, and so being left with an N × N real quaternion sub-block, can be obtained for general n, 
N? To answer this question, we note that CSE matrices can be characterised as self-dual matrices 
further constrained to be unitary. Furthermore the fact that the unitary matrices are to be chosen 
with Haar measure tells us that the underlying matrices are Gaussian — Haar measure results 
from orthogonalising a basis of Gaussian vectors. For n large and N fixed we thus expect that an 
N × N self-dual sub-block can be well approximated to have Gaussian entries. Such an effect 
is well known for truncations of unitary or orthogonal matrices [45], as can be seen by scaling 
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G �→ 1√
n
G in (2.48) with n = N , M �→ n + N , β = 1 or 2 and taking n → ∞. But we know 

from the discussion of Section 4 that the ensemble of Gaussian self-dual matrices does not allows 
for explicit determination of its eigenvalue PDF, so we conclude that the sought generalisation 
of (5.1) is not possible.
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