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the theory of toric varieties. Considering the case where the
acting torus T has codimension one, we describe T-invariant Weil
and Cartier divisors and provide formulae for calculating global
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1. Introduction

An important class of linear codes is the class of algebraic geometry Codes, introduced by Goppa
(1981). These codes arise by evaluating global sections of a line bundle on a curve over [F; at a number
of Fy-rational points; good estimates on the dimension and minimum distance of such codes can be
obtained by using the theorem of Riemann and Roch. Such codes have been generalized to higher-
dimensional varieties. It is however often difficult to obtain non-trivial estimates on the parameters of
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such codes. One class of varieties where non-trivial estimates have been made is that of toric varieties,
which one can describe combinatorially.

Toric varieties have been generalized in Altmann and Hausen (2006) and Altmann et al. (2008) to
so-called T-varieties, which are normal varieties X admitting an effective m-dimensional torus action.
For m = dim X we are in the case of toric varieties, but in general m is supposed to be smaller than the
dimension of X. T-varieties can then be described by a variety Y of dimension dim X — m along with
combinatorial data called a divisorial fan. If the acting torus has codimension one, Y is then a curve.
The aim of this paper is to analyze certain evaluation codes on such varieties; we shall call these codes
T-codes.

In short, a T-code over F is constructed from:

e acurve Y over Fg;

e aso-called divisorial polytope (cf. Definition 15), essentially a concave function h* : Oy — Divg Y
where 0y, is a polytope with vertices in some lattice M = Z™ and h* satisfies some additional
conditions;

e and aset P = {Py, ..., P;} of F;-rational pointson Y.

Assuming that the support of h*(u) is disjoint from & for each u € 0Oy N M, we can define the T-code
C(Y, h*, #) as the sum of a number of product codes:

CY. N, P) = Y  C®CY, W), P)

uepNM

where ¢, is the [(g — 1)™, 1, (g — 1)™] code generated by (tu)te(]F:f)m and C(Y, h*(u), ») is the AG
code corresponding to the curve Y, divisor h*(u), and point set #. By interpreting C(Y, h*, &) as the
image under a linear map of the Riemann-Roch space of a divisor on a T-variety, we are able to give
non-trivial estimates for the dimension k and minimum distance d of this code.

We begin in Section 2 by recalling the basic theory of T-varieties. We then proceed to describe
divisors and intersection theory on T-varieties in Section 3. In particular, we describe all T-invariant
Cartier and Weil divisors combinatorially, calculate the global sections of a T-invariant Cartier divisor,
and determine exactly when a T-Cartier divisor is (semi-)ample. Furthermore, we provide formulae
for calculating intersection numbers and for the Euler characteristic of a line bundle. The theory of this
section is analogous to that of divisors on toric varieties and is essential for estimating the parameters
of the evaluation codes we construct.

In Section 4, we define T-codes and show how to estimate the dimension and minimum distance,
providing upper and lower bounds for both parameters. We give special attention to the case of two-
dimensional T-varieties, where we provide a better lower bound for the minimum distance.

Finally, we provide a number of examples in Section 5. We first consider T-codes coming from those
ruled surfaces corresponding to a rank-two decomposable vector bundle. In particular, we show that
some of these codes have better parameters than those estimated for the product of a Reed-Solomon
code and a one-point Goppa code. In a second example, we show how one can use the Hasse-Weil
bound to improve the lower bound on the minimum distance. This example also shows that there are
better T-codes than those coming from ruled surfaces. In a final example, we describe a T-code over
F; whose parameters are as good as any known linear code.

2. The theory of T-varieties

First we recall some facts and notations from convex geometry. Here, N always is a lattice and
M := Hom(N, Z) its dual. The associated Q-vector spaces N ® Q and M ® Q are denoted by Ny and
Mg respectively. Let o C Ng be a pointed convex polyhedral cone. A polyhedron A which can be
written as a Minkowski sum A = 7w 4+ o of o and a compact polyhedron 7 is said to have o as its tail
cone.

With respect to Minkowski addition the polyhedra with tail cone o form a semigroup which we
denote by Pol! (N). Note that o € Pol} (N) is the neutral element of this semigroup and that @ is by
definition also an element of Polj(N ).
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A polyhedral divisor with tail cone o on a normal variety Y is a formal finite sum

D=3 Ar®D,
D

where D runs over all prime divisors on Y and Ap € Pol}. Here, finite means that only finitely many
coefficients differ from the tail cone.
We may evaluate a polyhedral divisor for every element u € o N M via

D) := Z miAn(u, v)D
D vedp

in order to obtain an ordinary divisor on Loc . Here, LocD = Y \ (UAD:V, D) denotes the locus
of D.

Definition 1. A polyhedral divisor D is called Cartier if every evaluation D (u), u € ¥ N M, is Cartier.

To a Cartier polyhedral divisor we associate an M-graded k-algebra sheaf and consequently an
affine scheme over Loc © admitting a T -action:

X :=X(D) := Speciocp P O(DW)).
ueoVNM

From Altmann and Hausen (2006), we know that this construction gives a normal variety of
dimension dim N + dim Y admitting a torus action of TN with Loc D as its good quotient.

Moreover, for every affine normal variety X there exists a polyhedral divisor D such that X =
SpecI” ()~((;D), Oxpy)- X and X coincide if Loc D is affine. In this case Loc D equals the categorical

quotient of X = X.

Definition 2. Let D = )" Ap ® D, D' = ), A ® D be two polyhedral divisors on Y.

(1) We write &’ C D if A;) C Ap holds for every prime divisor D.
(2) We define the intersection of polyhedral divisors

DND =) (AN Ap) ®D.
D

(3) We define the degree of a polyhedral divisor
deg D = Z Ap.
D
(4) For a (not necessarily closed) pointy € Y we define the fibre polyhedron A, := D, := ZyeD Ap.
(5) We call D’ a face of © and write D" < D if D is a face of D, foreveryy € Y.

Assume that D' C D. This implies that

P o@w) < P o@w))

ueaVNM ueosVNM
and we get a dominant morphism )~((3_)/) — X(D).

Proposition 3 (Altmann et al. (2008), Proposition 3.4, Remark 3.5). This morphism defines an open em-
bedding if and only if D’ < D holds.

Now we define the global analogue of a polyhedral divisor. The step from the affine to the complete
case is reflected by the replacement of the polyhedra by complete polyhedral subdivisions. For every
polyhedron in such a subdivision we get a corresponding tail cone. We will refer to the set of all tail
cones as the tail fan of the subdivision.
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Fig. 1. The fansy divisor of a surface.
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Fig. 2. The fansy divisor of a threefold.

Definition 4. Consider a smooth projective curve Y. A fansy divisor is a formal finite sum
E=) 5Qz
Pey
such that:

(1) Ep are polyhedral subdivisions covering Ny and sharing a common tail fan;
(2) Finite means here that for all but finitely many points, Zp equals the tail fan.

Consider a finite set of polyhedral divisors 4, such that D > D'ND < D’ forevery pair D, D’ € 4.
Assume furthermore that their polyhedral coefficients £p form the subdivisions Zp of a fansy divisor.

From such a set we may construct a scheme )~((E) by gluing X(D)s via
X(D) < X(DND) — X(D).

Note that we had to check the cocycle condition; this is done in Altmann et al. (2008, Theorem 5.3).
From Theorem 7.5 ibid. we know that we get a complete variety this way.
This variety is uniquely determined by the underlying fansy divisor. Different sets § correspond to

different open coverings. Therefore, we may denote the resulting variety by X(E).
Theorem 5.6 in Altmann et al. (2008) tell us that for every normal T-variety X with dimX =

dim T 4 1 we may find a fansy divisor & and a proper birational map X(&) — X. If X has categorical
quotient of the expected dimension this morphism turns out to be the identity.

Remark 5. For a fansy divisor £ and an open covering {U;};c; of Y we can find a set § as above, such
that for every D € 4§ thereisai € I such that Loc D = U;.

Example 6. Let Y be a smooth projective curve and Q;, Q; € Y two points. We consider the fansy
divisor & given by the coefficients in Fig. 1. X(&) is a complete surface with one-dimensional torus
action.

Example 7. We consider the fansy divisor on P! given by the coefficients in Fig. 2. X(Z) is a complete
(singular) threefold with two-dimensional torus action.

3. Divisors and intersection theory on T-varieties

From now on we shall only consider torus actions of codimension one; we will study them via
fansy divisors.
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3.1. Cartier divisors

Let ¥ C Ng be a complete polyhedral subdivision of N consisting of tailed polyhedra. We consider
continuous functions h : |¥| — Q which are affine on every polyhedron in X. Let A € X
be a polyhedron with tail cone 8. Then h induces a linear function hé‘ on § = tail A by defining
h§ (v) := h(P 4 v) — h(P) for some P € A. We call h@ the linear part of h| 4.

Definition 8. An (integral) support function on a polyhedral subdivision X is a piecewise affine
function as above with integer slope and integer translation. To be precise: forv € |X¥|and k € N
such that kv is a lattice point we have kh(v) € Z. The group of support functions on X' is denoted by
SFy.

Let & be a fansy divisor on Y. We consider SF(Z), the group of formal sums ) ., hpP with the
following conditions.

(1) hp € SFg, a support function of the P-slice of Z.
(2) all hp have the same linear part hy.
(3) hp differs from hg for only finitely many points P € Y.
We refer to this fact by calling this sum finite and we omit those summands which equal h.

Definition 9. A support function h € SF(Z) is called principal if h(v) = (u, v) + D, withu € M and D
is a principal divisor on Y. By h(v) = (u, v) +D we mean that hp(v) = (u, v) +ap, whereD = >, apP.

Ifh =) hpP € SF(Z) we consider a covering {Y;} of Y such that P is a principal divisor on the Y;
for every P € Y with hp # hy, and such that every Y; contains at most one of these points.

We may find a set 4 as above which is compatible with this covering and induces Z. Now we
choose a D € 4§ with LocD = Y; and hp # hy. hp is an affine function on every polyhedron in Zp
so we get —hp|g, (v) = (v, u) + afor some u € M and a € Z. Assume that div(f) = aP onY;; then
f-x"e K()Z(i)))T defines a T-invariant principal divisor Hp on )~((i)). These principal divisors fit
together to a Cartier divisor D, on )~((EJ). Here K()Z(:D))T =B K@) - x* D F()Z(:D)) denotes the
ring of invariant rational functions on )~((:D). In this way the group of integral support functions on =
corresponds to that of invariant Cartier divisors on )~((E).

3.2. Weil divisors

In general there are two types of T-invariant prime divisors, namely

(1) those which consist of orbit closures of dimension dim T; and
(2) those which consist of orbit closures of dimension dim T — 1.

Proposition 10. If © is a polyhedral divisor on a curve with tail cone o, there are one-to-one
correspondences

(1) between prime divisors of type 1 and pairs (P, v) with P a point on Y and v a vertex of Ap; and
(2) between prime divisors of type 2 and rays p of o withdeg D N p = @.

Proof. Consider the quotient map 7 : X — Loc . In Altmann and Hausen (2006) the orbit structure
of the fibres of  is described. Thus, we know that faces F < £, correspond to T-invariant subvarieties
of codimension dim(F) in 7, := 7~ 1(y). The correspondences follow by using this for closed points
and the generic point, respectively. O

Remark 11. We may also describe the ideals of prime divisors in terms of polyhedral divisors:

(1) For prime divisors of type 1 corresponding to a vertex (P, v), the ideal is given by

Iy = @D (Y, 0@w)) N{f | ordp(f) > (v, u)}.

ueaV
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(2) For prime divisors of type 2, the corresponding ideal is generated by all multidegrees which are
not orthogonal to p:

I, = @ r'(Y,0(D®))).

ueoV\pt

Proposition 12. Let h = )", hp correspond to the Cartier divisor Dy, on X(D). The corresponding Weil
divisor is given by

— Y hop)p — Y n(@hp(0)(P, v),
P

(P,v)

where w(v) is the smallest integer k > 1 such that k - v is a lattice point. This lattice point is a multiple of
the primitive lattice vector n,: u(v)v = g(v)n,.

Proof. This is a local statement, so we will pass to a sufficiently small invariant open affine set which
meets a particular prime divisor. If we translate this to our combinatorial language and we consider a
prime divisor corresponding to (P, v) or p then we have to choose a polyhedral divisor &’ < D € §
such that v is also a vertex of £y, or p is a ray in tail ©’, respectively.

So we restrict ourselves to the following two (affine) cases:

(1) D is a polyhedral divisor with tail cone 0 = 0 and a single point Ap = {v} C N as the only
nontrivial coefficient. Moreover, Y is affine and factorial. In particular, P is a prime divisor with
(local) parameter tp.

(2) D is the trivial polyhedral divisor with one-dimensional tail cone p over an affine locus Y.

In the first case we may choose Z-basis e1, ..., e, of N with e; = n,. Consider the dual basis
e}, ..., ey.Bydefinition e(v) and . (v) are coprime so we will find a, b € Z such that au(v) +be(v) =

1. In this situation y := tgxbeT is irreducible in

=+ * £3 *
[(Ox) = T(Oy)ly, t5°" xFH0e y2ea | yFem)

and defines the prime divisor (P, v). We consider an element tf x* withu = ), A;e{. The y-order of
Xt is

e()A + p(a = pn@)(u, v) + a),

because thu — ys(v)kl+ﬂ(v)a (tP—E(U)X/L(v)e’I‘)A]a—O—ba, and (tp—s(v)X/L(v)eT) is a unit.

In the second case we choose a Z-basis ey, ..., ey of N with e; = n,. We once again consider the
dual basis e7, .. ., ey, In this situation

r(Ox) = FO[x4, x*%2, ..., x*n).

Now (XET) defines the prime divisor p on X. For a principal divisor f - x*, the Xe’f—order equals the
ej-component of u; i.e,, (u,n,). O

Example 13. For our threefold example we consider Dy where hg, h, h; are given by the tropical
polynomials

ho = 00x" "0 000x "V goex*Veoox M Y e10x " P H10x "
he = (=2)0x" 0 (=2)0x Ve (- ox*Pa(-1ox" Ve (-2)ox" Ve (—-2)ox
h = 10x" "2 10x " P eoox* P eoox Y eoox" "V eoex®

where we are using the tropical semi-ring with operations @& = min, ® = +. These support functions
are pictured in Fig. 3. The Weil divisor corresponding to Dy is 3, Dy + 2D(00,0) + 2D(o0,(~1,~1))- This

is the anti-canonical divisor of X := )~((E) (Petersen and Siif, 2008).
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(c) hy.
Fig. 3. Support functions for a T-threefold.

3.3. Global sections

For a support function h on X we may consider the M-graded vector space of global sections of Dj,

L(Dy) = @D LDy := I'(X, O(Dy)).
ueM
The weight set of L(Dy) is defined as the set {u € M | L(D), # O0}. For a Cartier divisor given by
h € T-CaDiv(Z") we will bound its weight set by a polyhedron as well as describe the graded module
structure of L(D).
Consider a support function h = ), hpP with linear part hy. We define its associated polytope

Op = Opy := {u € Mg | (u, v) > ho(v) Vyen}

and associate a dual function h* : O, — Divg Y via
W*(u) := Y "hp)P := Y minyer(u — hp)P,
P P

where minye;: (U — hp) denotes the minimal value of u — hp on the vertices of =Zp.

Remark 14. Let h be a concave support function. Every affine piece of hp corresponds to a pair
(u, —ay) C M x Z. h} is defined to be the coarsest concave piecewise affine function with hj (u) = a,.
We can reformulate this in terms of the tropical semi-ring with operation & = min, ® = +.
We might think of the hp as given by tropical polynomials €, ,(—a,)©x"; then O, = conv(l) and
hp(w) = ay, ie, Iy is the reflected lower Newton boundary of the tropical polynomial for hp.

Definition 15. A divisorial polytope h* is a pair consisting of an ordinary polytope 0, C Mg and a
concave piecewise affine function h* : Oy — Divg Y such that

(1) degh*(u) > 0 for all vertices u of O, and
(2) some multiple of h*(u) is principal in the case of deg h*(u) = 0 for a vertex u.
(3) Oy is a lattice polytope as is conv(Fh;;) foreachP €Y.
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Fig. 4. h* for a T-threefold.
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Fig. 5. A refined polyhedral divisor.

Let Og, O, € Mg be polytopes. For any concave piecewise affine functions g* : O; — Divg Y and
h* : O, — Divg Y we define their sum g* 4 h* to be the piecewise affine concave function on Og + Oy
given by

(g5 + hp) () = max{h(w) +gr(w)) | u=w + w').
Remark 16. For g, h € SF(Z), one easily checks that

Og + Op C Ogyh
and that

& W) +hp(w) < (g +h)pw
forall P € Y and all u € Og + O. Furthermore, if hp and gp are convex, they correspond to tropical
polynomials f, f’. It follows then that (g + h)p corresponds to f © f’. Its reflected lower Newton
boundary is exactly the graph of (g 4 h)}; thus the equality

E+hp=g +h
holds.

To a divisorial polytope h* we might associate a fansy divisor £ and support function h on =
such that h* corresponds to h in the way given above. Indeed, to every h} we can associate a tropical
polynomial f := @mﬁu)(—au)@x“, where (u, a,) runs over the vertices of I (). This polynomial
induces via evaluation a piecewise affine function and a polyhedral subdivision Zp of N.

Remark 17. If we remove condition 3 from the definition of a divisorial polytope (Definition 15), the
association in the above paragraph gives us a Q-Cartier divisor.

For every fansy divisor there exists a smooth refinement, i.e. a fansy divisor &’ such that every &},

is arefinement of Zp and )N((E’) is smooth (Siif3, 2008). Every support function h on & is obviously also
a support function on Z’. Thus, for a given divisorial polytope h* we might always consider a smooth
fansy divisor & and a support function h on it such that the associated dual function equals h*.

Example 18. We now revisit our threefold example. Fig. 4 shows a sketch of h*. We show a refinement
of the fansy divisor in Fig. 5 which gives a smooth threefold.

Proposition 19. Let h € SF(Z) be a Cartier divisor with linear part hg. Then

(1) the weight set of L(Dy,) is a subset of Oy; and
(2) foru € Oy we have

L(Dp)y = I'(Y, O(h* (u))).
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Proof. By the definition of @ (D) we have

rX, 00" =3 x"f 1 div(x"f) = > ho(ny)p = Y n()hp(v)(P, v) > 0 .
o

(Pv)

But div(x'f) = Zp(u, ne)p + Z(p,v) n()({(u, v) 4+ ordp(f))(P, v), so for x“f € L(h) we get the
following bounds:

(1) {u, np) = ho(ny) v,
(2) ordp(f) + (u, v) = hp(v) Y(p v).

The first implies that u € O, N M, and the second that ordp(f) + (u — hp)(v) > 0V (P, v). O

Foraconeo € Eé") of maximal dimension in the tailfanand aP € Y we get exactly one polyhedron

A§ € Ep having tail 0. For a given concave support function h = ) hpP, we have
hplA = (-, u"(0)) + aj (o).

The constant part gives rise to a divisor on Y:

hl;(0) ==Y " a}(o)P.
P

Proposition 20. A T-Cartier divisor h = ) hpP € T-CaDiv(&) is (semi-)ample if and only if all hp
are strictly concave (concave) and —h|, (0) is (semi-)ample for all tail cones o, i.e., deg —h|,(0) =
> a,’i(a) > 0 (or a multiple of —h| (0) is principal).

Proof. We first prove that semi-ampleness follows from the above criteria. Because h is (strictly)
concave the same is true for hg. This implies that the u"(o) are exactly the vertices of O, and
h* (" (o)) = hl (0).
The semi-ampleness for h*(u), u € Oy N M follows from the semi-ampleness at the vertices.
Indeed if D, D’ are semi-ample divisors on Y this is also true for D + A(D' — D) with0 < A < 1.
Every vertex (u, a,) of F,fPs corresponds to an affine piece of hp of the form (u, -) — a,. If we let f be

such that div(f) = a,P on Loc D for some D € 4, we then have Dilg(py = div(f '} %) (see 3.1). A
point (u, a,) € M x Zis a vertex of h* exactly if (ku, ka,) is a vertex of (k- h)*. Hence, after passing to a
suitable multiple of h we may assume, that h*(u) is base-point free with f being a global section which
generates @ (h*(u)) on Loc ©. Thus f x" is a global section of @ (D) which generates @ (Dp,) %)

To show the other direction, i.e. that semi-ampleness implies the above criteria, assume that hp is
not concave. Then this is true also for every multiple of £-hp and hence there is an affine piece (u, -)—a,
of £hp such that a, > (£hp)*(u). This means there is no global section f x* such that div(f) = a,P. But
this contradicts the base-point freeness of Dy, and hence the semi-ampleness of Dy,

To get the statement for ampleness note that a support function h on a polyhedral subdivision
is strictly concave if and only if for every support function h’ there is a k > 0 such that h’ + kh is
concave. O

Corollary 21. X(E) is projective if and only if all Ep are regular subdivisions, i.e. admit a strictly convex
support function.

Remark 22. We see from Proposition 20 that for h € SF(&), if the T-invariant divisor Dy is semi-
ample, the corresponding dual function h* is in fact a divisorial polytope. Conversely, if hi* is a divisorial
polytope, the associated divisor on the associated T-variety is semi-ample.

3.4. Intersection numbers

Definition 23. For a divisorial polytope h* we define its volume to be

vol h* := Z/ hy voly, .
P YOn
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For divisorial polytopes hj, ..., h; we define their mixed volume by
k

VR, B =) (=D Y vol(r 4 B,

i=1 1<j1 <-+ji<k
Proposition 24. Assume that on X Kodaira’s vanishing Theorem holds.
(1) If Dy, is semi-ample, for the self-intersection number we get
(Dp) ™ = (m + 1)! vol h*.
(2) Lethy, ..., hpyq define semi-ample divisors D; on X(&). Then
(D1 Dyy1) = m+DW (T, ... hy ).
Proof. If we apply (1) to every sum of divisors from Dy, ..., Dp+1 we get (2) by the multi-linearity

and symmetry of intersection numbers.
To prove (1) we first recall that

1)!
ot = tim DY 0wy,
v—oo pm+l
but for projective X := X(&) and nef divisors the ranks of higher cohomology groups are
asymptotically irrelevant Demailly (2001, Theorem 6.7) so we get
1)!
O™ = tim ™D o owpy).
v—>oo pm+l
Note that (vh)*(u) = v - h*(<u). Now we can bound h° by
> (deglvh® (1u)] —g(¥) +1) <h°O®D)) < Y deglvh® (u)] +1. (1)
uevOpNM uevdyNM

On the one hand we have

_ (m+ 1) i , 1 .
Jim == > deglvh* (1u)] = lim —— > = deg|vh*(u)

uevONM ueDhﬂ%M

(m+ 1)!
m T )

(m+ 1)!/ h* volyy .
Uh

On the other hand, for any constant ¢, we have

. 1 R #v-Op,NM)
lim Z C—C'vllzlgoi—o

v>oo pm+1 m+1
v uevdyNM v

Thus, if we pass to the limit in (1), the term in the middle has to converge to vol h*. O

Remark 25. The theorem allows us to compute intersection numbers in characteristic 0 as well as
on T-surfaces in positive characteristic because Kodaira’s vanishing theorem holds in these cases. We
believe that the theorem holds as well for positive characteristic in higher dimensions; work is being
done to show that the vanishing theorem holds there.

Corollary 26. Let h € SF(Z) and let C be any one-cycle rationally equivalent to the intersection of Cartier
divisors, each of which can be expressed as an integer linear combination of semi-ample Cartier divisors.
Then Dy, - C is equal to Dpyp_q - C for all points P, Q € Y.

Proof. We have
Dpyp—q - C=@Dy—D_p+D_qg)-C=Dy-C—D_p-C+D_q-C
so it is sufficient to show that D_p - C = D_q - C. Now, D_p and D_ are semi-ample, so we can apply

Proposition 24. Using the fact that vol((—P)* + H*) = vol((—Q)* + F*) forallh e SF(Z) gives the
desired equality. O

Example 27. We know by Proposition 20 that Dy in our threefold is ample. We have vol h* = 21.
Hence, X is Fano of degree 21.
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3.5. Genus of curves on surfaces

Let X = )?(E) be a two-dimensional T-variety and let h € SF(&) be a support function on =
For any curve C € |Dp|, we show how to calculate the arithmetic genus g(C). As a corollary, we can
calculate the Euler characteristic x (X, @(Dy)) if X is smooth.

Definition 28. For any h € SF(Z), let

inthy := Y #{a€Z=|a<|H@l} —L
uedynM |hP(u)|

for each point P € Y, where O is the interior of Oy. Furthermore, let
inth* := Z int .
Pey
Definition 29. For any h € SF(Z), let
#hy = Y @)

uebOpNM

for any point P € Y and let

> deglh*(w)] =) #hj.

ued,NM YeP

Remark 30. Note that int hj is the number of “interior” lattice points between the graph of h} and 0
counted with their signs, where lattice points in height 0 are counted as long as they are not on the
boundary of O. Similarly, if #hj (h) > 0 for all u € Oy, #h; is the sum of the number of lattice points
between the graph of #hy and 0, where we count no lattice points in height 0 but all lattice points
lying on the graph of hj.

We will use the following lemma.
Lemma 31. With notation as above, 2 - vol hj; = int hy 4 #hj}, for all P € Y. It follows in particular that
2 -volh* = inth* 4 #h*.
Proof. Fix some P € Y. Suppose now that hy(u) > 0 for all u € O, and set

A = conv {{(u, hyw)} U {(u, 0)}},
where u € 0. This is a convex polytope in M/, where M’ = M x Z. Pick’s theorem tells us that
2-volA+2 = #(ANM) + #(A° N M'). Now vol A = vol hf, #(A N M) = #hj + #(O, N M),
and #(A° N M) = inthy — #(O, N M) + 2, so the desired equahty follows. For general h%, choose j

such that h*(u) = hj(u) +j>Oforallu € O,. Then 2 - vol it = int h* + #h* and for jj (u) := j we
have 2 -volj} = intj} +#j;. Since vol, int, and # are additive at least for 1nteger valued functions, the

desired equality follows for hj = hy —j5. O
We are now able to prove the following proposition:

Proposition 32. Let h € SF(&) be any support function such that Dy, is semi-ample. Then for C € |Dy|,
the arithmetic genus of C is given by

g(C) = inth* + 14 volOy - (g(Y) — 1),
where g(Y) is the genus of Y.

Proof. Without loss of generality, we can take the curve C to equal Dy. Indeed, the arithmetic genus
is invariant under rational equivalence and since |Dy| is not empty, it must contain some T-invariant
effective divisor. We compare the genus of C with that of a comparable curve Cy on Xp := Y x P! and
then compute the genus of Cy directly. To begin with, note that we can find monoidal transformations
i X; > Xi—1 1 <i < ksuch that
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(1) X;is a T-variety;

(2) m; is T-equivariant; and

(3) there is a birational T-equivariant morphism ¢ : X, — X.

This is done as follows. Let X be the fan {Qs0, Q<o, {0}} and let EIE’ := X for all points P € Y. Then
Xo = )N((EO). Each morphism 7; corresponds to an additional subdivision in the fan 5! at exactly
one point. Thus, we keep on refining until we get a £ which is a smooth common refinement of &
and £°; this gives us our morphism ¢. Finally, we let 7 : X, — X, be the composition of the 7;.

We now pull back C to G, := ¢*(C). Thus we now have C, = Dy, where h is now considered as a
support function on Z¥, Furthermore, this does not change the arithmetic genus; thatis, g(C) = g(Cp).
Befine now inductively G;_; = m;,(G) for 1 < i < k. One easily chscks that o6 = Ds;, where
h e SF(&E°) is the support function given by the divisorial polytope hy := maxyen, hp(h) with
Oy := Op. Note that since C is semi-ample, each G is semi-ample as well. We will now calculate
the difference between g(C;) and g(Cp).

We first consider a special case; namely, suppose that hj is trivial everywhere except for at two
points Q; # Q.. If Y = P!, all the varieties X; and X are toric. In this case, the divisor D, can be
understood in toric terms as the polytope

Api=conv [y U T _px
Q Q

and Dy, corresponds to Aj, which is defined in a similar manner. Then
8(G) —g(Co) = I(An) — 1(Ap),

where I(A) is the number of interior lattice points of A; see for example Little and Schenck (2006),
prop. 5.1. But we have I(Ay) = int h31 +int hZ‘b —#(0O; NM) and a similar equation for h, which leads
to

2(Cy) — g(Co) = inth* — inth*. 2)
Now, Eq. (2) actually holds in general, not just in the toric case. To see this, note that for each

1<i<k G=m(C-1)+ri-E;, where E is the exceptional divisor of ;. Then similar to Hartshorne
(1977),V.3.7 we have g(G;) = g(Gi—1) — 37i(ri + 1). Thus,

k
1
G —8(C) = —=ri(r; + 1).
£(G) —g(Co) ; Sri+ 1)
However, for each 1 < i < k, the integer r; can be determined combinatorially by comparing the
polyhedral subdivisions &, and E-J,‘,’1 for the single point P € Y where these fansy divisors differ.
Thus, the integers r; can be calculated exactly as if we were in the toric case, so we get

k
1 ~
Y —oni(ri+ 1) = inth* — inth*.
¢ 2
i=1
Eq. (2) follows.
We now calculate g(Cp). From the adjunction formula, we have

D2 + Dy - Ko
g8(G) = —"——

for Ko a canonical divisor on Xy; see Hartshorne (1977, V.1.5). The theorem of Riemann-Roch for
surfaces (Hartshorne, 1977, V.1.6) gives us
2

DZ — Dy
X Xo, O(Dp)) =

Ko
+ x (X0, Ox,)-
Thus,

2(Co) = D2+ 14 x (X0, Ox)) — x (X0, O(Dp)).
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Now, x (Xo, Ox,) = 1 —g(Y) (see Hartshorne (1977), V.2.5). Likewise, if p : Xo — Y is the projection,
we have

x (X0, 0(Dp) = x (Y, p+O(Dy))
= > x(v, 00 w))

ue,NM
=#h+(1—g)  (volO, + 1),

where the last equation follows from the Riemann-Roch theorem for curves. We also have D% =
2 - vol h. Making these substitutions results in

g(Co) =2 -volh+ 1+ volOy - (g(Y) — 1) — #h
=inth+1+vold, - (g(Y) — 1),
the second equality coming from Lemma 31. Combining this with Eq. (2) completes the proof. O

Corollary 33. For any semi-ample T-invariant Cartier divisor Dy on a smooth T-variety X, we have

XX, 0(Dyp)) = #h" — @) = 1) - #(O, N M) = Z x (Y, O(h* u))).

uepNM

Proof. Using the adjunction formula and the Riemann-Roch theorem for surfaces as in the above
theorem gives us the formula

X (X, 0(Dy)) = Dy + 1+ x (X, 0x) — g(C)
for some C € |Dy|. We can use the above proposition to calculate g(C). Combining this with the facts

that Dﬁ = 2-volhand x (X, Ox) = 1 — g(Y) along with Lemma 31 completes the proof of the first
equality. The second equality follows directly from the theorem of Riemann-Roch for curves. O

At the end of this section we revisit our surface example and use it to illustrate the concepts we
have introduced.

Example 34. We look at the Cartier divisor D, on our surface example where hg, and hg, are given by
the tropical polynomials 08(—2)Ox* and 0B (—2)OxX*B(—1)Ox>*®10x*, respectively. One easily
sees that Oy = [0, 4], and that hy, and hy, respectively correspond to the tropical polynomials x1/2
and x®40x~'@70x2. In other words, h*Ql (u) =u/2 and

u ifu<?2
haz(u): 4—u if2<u<3
7 —2u ifu>3.
In Fig. 6 we sketch h and the corresponding divisorial polytope h*.

We can use Proposition 12 to compute the corresponding Weil divisor: 4Dg_, +4D(q,,2) +7D(q,,1)-
Dy, is semi-ample, so by Proposition 24 we get (D,)?> = 15. Finally, from Proposition 32 we know that
a section of Dy, has genus 5 + 4 - g(Y).

We may also start with h* and take the dual h to construct a fansy divisor as described above. We
recover = this way. X := X(Z) is not smooth, but a refinement of the polyhedral subdivisions (see
Fig. 7) gives a smooth surface X’ (this is will not be proved here; see Siif8 (2008)). Using Corollary 33,
we can calculate that x (X', 9(Dp)) = 12 — 5 - g(Y).

4. T-codes and their parameters

4.1. Construction

Let Y be a curve over Fy and let h* be a divisorial polytope. Let » = {P, ..., P;} be some subset
of the F,-rational points of Y such thatfori =1, ..., h;;i is affine and h,’;i (u) € Zforu € O, N M.
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Fig. 6. h and h* for a T-surface.
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Fig. 7. A refined fansy divisor.

Let & be the fansy divisor associated to h* and let =’ be some minimal refinement such that X :=
X(Z") is smooth. Note that for each point P; € », E/,i = v(P;) + X, for a unique lattice point v(P;) and

tail fan X. Set m = dim M. For each point P;, let P!, .. ., Pi(qq)m be the (q — 1)™ Fy-rational points on
X of the open T-orbit contracting to P;.

The support function h associated to h* corresponds to a semi-ample T-invariant Fy-rational Cartier
divisor D;, on X. We denote the corresponding line bundle by @ (D) and let L(D,) = I'(X, ©(Dy)). For

each point P}, fix some isomorphism O (Dj) p = Fq. Consider the Fg-linear map

ev: L(Dy) — FLo- V"
[ (fp;,fplz, . ,fP’(q—l)m),

where fP{' is the image of f in F, following the identification with O (Dj,) pi- In other words, the above

map evaluates the rational function f at the (g — 1)™ points P{ 1<i<l1<j<(q—1)™The
image of ev is a linear subspace of IF‘lq(q_l)m and thus a linear code of length n = I(g — 1)™; we denote
it by C(Y, h*, ). If # is maximal, we simply denote it by C(Y, h*). Note that although C(Y, h*, )
indeed depends on the way we identify @ (Dp),; with Fg, its length n, dimension k, and its minimum
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distance d do not. Thus, we will always assume that some such isomorphisms are given, but will not
concern ourselves further with them.

Remark 35. If h;ﬁi =0fori=1,...,l,then C(Y, h*, #) is equivalent as code to the image of the map
ev: @ r (ot w)) x" — ]Fg(q‘”m
uebpNM

gx" = (gP)X"(Q), g(P)X"(Q), - ., gP) X" (Qq-1ym))

where Qy, ..., Qg—1ym are the Fy-rational points of the m-dimensional torus. Thus, in this case the
isomorphisms O(Dy),; = Fq are not only irrelevant but also unnecessary. Now let €, be the [(q —

D™ 1,(@— 1™ code generated by (tu)re(wg)’" and let C(Y, h*(u), #) be the AG code corresponding
to the curve Y, divisor h*(u), and point set &. Then as mentioned in the introduction, we can also
define C(Y, h*, ) simply as

e, N, P)= Y C®CY,h®u),P).

ueOpNM

4.2. Estimate on dimension

Assume that the map ev is injective. This is always the case if the bound given below for the
minimum distance is larger than zero. We then have
k = dimg, L(Dy).

Using Proposition 19, we thus get

k= Z dim I" (Y, O (h*(w))).

ueyNM
We can approximate k using only the combinatorics of h*. Let
deg|h*(uw)] +1—g(Y) ifdeglh*(w)] +1—g(Y)>0

yu) =11 ifdeglh*(u)] +1—g(Y) <0and h*(u) >0
0 if otherwise.
Proposition 36. If the evaluation map ev is injective, then
#H#O M1 =) < Y yW) <k < #0° +#0h N M). (3)
ueyNM
Furthermore,
k=#h*+#0O, N M)(1—g)) (4)

ifdegh*(u) > 2g(Y) — 2 forallu € 0, N M.

Proof. The leftmost inequality in (3) follows from the definition of y (u). We now consider the second
inequality in (3). Fix some degree u € O, N M. Then we always have dim I" (Y, @(h*(u))) > 0, and
if h*(u) is effective, then dim I"(Y, @ (h*(u))) > 1. Using the theorem of Riemann and Roch (see for
example Hartshorne (1977)), we also have dim I" (Y, @ (h*(u))) > deg h*(u)+1—g, and the inequality
follows. If deg h*(u) > 2g(Y) — 2, then equality holds, so (4) follows. Finally, the right inequality in
(3) follows from dim I" (Y, @ (h*(u))) < degh*(u) +1. O

4.3. General lower bound on minimum distance

One strategy to produce an estimate for d is to use techniques of intersection theory, as first
presented in Hansen (2001). These techniques have been applied to toric varieties; see for example
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Hansen (2002) and Ruano (2007). We first consider the general case and then specialize to surfaces.?
Lete], ..., ey beabasisforM.ForP € £ and n1, ..., im—1 € F}, define I(q — 1)™1 curves

Compom s = o v@) OV ((xF = )75,

Each point PI’ lies on exactly one of these curves. Furthermore, each curve Cp ;, is rationally

equivalent to
Cp =P, v(P)NV ({Xef}?;l) =Do-p - (D-e;) g+ Doez )

where the second equality follows from Proposition 12, e is considered as an element of SF(Z), and
(D_e?)>0 is the effective part of D_e?.

Fix some section s € L(Dp); this corresponds to an effective divisor (s)o = Dp + (). By Z(s)
we denote the number of points PI’ such that s,; = 0. Equivalently, Z(s) is the number of points Pf

seellm—1

>0

contained in the support of (s)g. Thus, one has tﬁe following lower bound for the minimum distance:

d>1I(g—1)™— max Z(s).
seL(Dp)
Let (s)o vanish on exactly A of the curves {Cp ,, .. ,}. Following (Hansen, 2001) and setting
C = Cp for some P € & we then have

Z(s) <A(@q— 1)+ UA—-A)Dy-C (5)

since (s)o ~ Dy and it follows from Corollary 26 that Dy, -C = Dy-Cp, = Dy-Cp, ;... fOralll <i <.
Assuming that Kodaira’s vanishing theorem holds on X, we can use Proposition 24 to calculate Dy, - C.

We now bound A in a method similar to Ruano (2007). For the divisorial polytope h* : O, — Divg Y
let pr(0j) be the projection of Oy, to M /Ze};, and define pr(h*) : pr(d,) — Divgy(Y) by

pr(h)p(u) = max  hp((u, up)).
(u,um)etyNM

One easily checks that pr(h*) is a divisorial polytope. Assume that 0, C U+ {u € M|0 < u; < q — 2}
for some U = (U, ..., Uy,) € M. This also then holds for pr(d;). We can write

s = x'mem - (50 + s+ squx("_z)e'”)

where s; € K(Y)(x", ..., x"m=1). In fact, one easily checks that's; € L(Dpr()), where Dy is the
T-invariant Cartier divisor on the m-dimensional T-variety Xp(s+) over Y both determined by pr(h*).
If we restrict s- x ~"m¢h to some curve Cp )., _, We geta polynomials = 55451 xm +5,_,x =2 €
Fqlx°m] of degree less than orequal toq—2.1fGp ), .., isa curve where s vanishes, thenshasq—1
zeros,s0s = 0and 5; = 0 for 0 < i < q — 2. Thus the section s; € L(Dym)) vanishes on the point of
Xpr(ny corresponding to the tuple (P, 01, ..., nm—1). It follows that

A< max Z(t).
IEL(Dpr<h))

Thus, we can recursively bound A until dim(X) = 2.

4.4. Lower bound on minimum distance for dim(X) = 2

We can provide a much better bound for Z(s) when X is a surface. Consider a global section s of
O (Dy,) as before such that (s)o vanishes on exactly A of the curves {Cp,}, say Cy,, . . . , Co, Where the Q;

2 A more recent strategy to estimate d for toric surface codes involves bounding the number of irreducible components of
a section and then applying the Hasse-Weil bound, see for example Little and Schenck (2006) and Soprunov and Soprunova
(2008). The first author is currently working on applying this strategy to T-codes, (Ilten, in preparation).
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are distinct points in &. Thus, s € L(Dy;), where h=h+ Z;le Q;. Since h and Z?:l (—Q;) are concave,
it follows that h* = h* + (Z?Zl (—Q))*. In particular, we have that

deg h*(u) = deg h*(u) — A.

Thus, s can only have support in the weights u € O, ), where
Oy = {u € Op N M| deglh*(u)] > A}.

It follows immediately that

A < max deg|h*(u)| := Ao.
uebd,NM

Having found a good bound for A, we now try to improve on the upper bound for Z(s) in equation
Eq. (5). By choosing a generator we can identify the lattice N with Z. Then o_ := Q<¢ and o4 := Q5
are the two rays in X. Each of these rays corresponds to a T-invariant divisor. Let ©_ and p
respectively be the coefficients of the prime divisors o_ and o in (s)o. We want to find a lower bound
for the sum p_ + . This is easy if s has support only in a single weight u, say s = f - x". In this
case, (s) is T-invariant corresponding to the support function —u — div(f) and thus u_ + u. =
—ho(—1) — hg(1) using Proposition 12.

Let umin and umax be respectively the smallest and the largest weights in which s has non-trivial
support and let v = Uy — Umin. Note that we can bound v by

v < v(A) := max Owmay — min O, -

Let § be some set of polyhedral divisors corresponding to some open covering of X and consider

some polyhedral divisor & € 4§. Now, the divisor o_ or o is contained in )N((i)) if and only if O
has respectively o_ or o as tail cone. If the tail cone of D is o, we can write

s=x"mnf (o s+ A sx”)

with f, sg,...,s, € O(LocD) and so (s) is the sum of some effective divisor and the T-invariant
principal divisor (f~! - y“min). Thus, using Proposition 12, we have p; > —hg(1) + tpi,. On the other
hand, if the tail cone of D is o_, we can write

s= X" (sox VA six T A+ sy)
with f, sg, ..., s, € O@(Loc D). Thus, using Proposition 12 again, we have u_ > —ho(—1) — tUmax-
Combining these two inequalities gives us
U— + py = volOdp, — v > volOdy — v(A),
where we use the easily checked fact that —hg(—1) — ho(1) = vol 0.
Now, each curve Cp intersects with o in one point; similarly, Cp and o_ intersect in some other

point. Neither of these points is one of the points P,’ at which we are evaluating our section s. This
means that for each of the [—A curves where we calculate the number of zeros of (s) using intersection
numbers, we have counted at least ;1 + 14 too many points. Furthermore, we can use Proposition 24
to calculate that Dy, - C = vol Oy. Thus, we can improve Eq. (5) to

Z(s) =Mg— D+ I=21vR).
Summing up the results obtained here leads to the following.

Proposition 37. Let C(Y, h*, #) be a code on a two-dimensional T-variety. Then the minimum distance
of this code is bounded from below by

d= Ogisqol(l —M(@—-1-v@)].

Remark 38. In the literature concerning toric surface codes, the estimate for the minimum distance
often contains a term involving the self-intersection number of one of the curves Cp. In our case,
this term does not help since C; = 0, which can be easily seen using Proposition 24. However, the
correction we make using ¢ and u_ has a similar effect.
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4.5. Upper bound on minimum distance

A simple upper bound on the minimum distance of a toric code is given in Ruano (2007). We adapt
this to the case of T-varieties. This then gives us a way of testing if the lower bound on minimum
distance attained above is sharp.

Proposition 39. Letf € K(Y) be such thatf - x* € L(Dy) for allu € BN M, where B s lattice isomorphic
to a lattice hyper-rectangle with side lengths r1, . .., m, 1; < q — 1. Furthermore, suppose that f vanishes
at ro of the points P; € $. Then

d<(I—ro)- q—l)’"+Z< VDR ACES Vsl B (6)

i< <ij
In particular, form = 1we haved < I(q — 1) — ril — ro(q — 1) + ror1.

Proof. Choose a basis e}, ..., e of the lattice M such that B = u + [[,[0,ri]. Let Fy =
{n1, ..., ng—1}. Now consider the rational function

L= A" l_“_[(Xl — ).

i=1 j=

One easily checks that f’ € L(Dp). On the other hand, using inclusion-exclusion one sees that for each
point P; € Y, f’ vanishes on

Z( AR SRR G i

l] <- <l]

rational points of the open T-orbit contracting to P;. The function f’ vanishes entirely on ry of these
orbits, each of which has (g — 1)™ relevant points. Using inclusion-exclusion again and subtracting
the total number of points on which f’ vanishes from the length n = I(q — 1)™ yields the desired
result. O

As a consequence of the above proposition we get the following corollary.

Corollary 40. Let B C O be lattice isomorphic to a lattice hyper-rectangle with side lengths ry, ..., I'n,
r; < q — 1. Furthermore, for each Q; € Y (FF,) let ¢; € Z be such that hzj (w) > ¢ forallu e Oy N M. If

> ¢ > g(Y), inequality (6) then holds for ro := (}_ ¢;) — g(Y).

Proof. Using the above proposition, we just need to find f € K(Y) such that f - x* € L(Dp) for
allu € B N M and such that f vanishes at ry of the points P; € &. Now, for any ry points
Py, ..., Py € Y(Fy), the divisor D := ) ¢;Q; on Y has a global section f which vanishes on all rg
points. Indeed, by the Riemann-Roch theorem,

dimL(D— ip,») = (Zc,) —To+1-g¥) =1
i=1

Now, since h’éj (u) > ¢forallu e O, "M, L(D) C L(h*(u)) for allu € BN M and we have found f as
desired. O

Remark 41. In the case of a toric code, the above corollary gives exactly the upper bound of Ruano
(2007).

5. Examples

5.1. Ruled surfaces from decomposable vector bundles

Codes on ruled surfaces, or equivalently P!-bundles over a curve Y, were first considered in Hansen
(2001), where formulae for n and k and a lower bound for d are given; global sections of some line
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Fig. 8. h and h* for a simple ruled surface.

bundle on X are evaluated at all F¢-rational points. This was then applied in Lomont (2003) to surfaces
of the form X = Proj(Oy & Oy (—e)). Assuming that the lower bound attained for d there is sharp, the
resulting codes are never better than a product code coming from a Reed-Solomon code and a Goppa
code. However, by restricting the points at which we evaluate to a smaller set, better codes can be
found. Indeed, consider the case Y = P!, e > 0, where the resulting surface is the Hirzebruch surface
Jt., a toric variety. Codes obtained by evaluation on the points of the torus were considered in Hansen
(2002), with parameters considerably better than those of product codes. We wish to generalize this
to bundles over curves of higher genus.
Consider the rank-two locally free sheaf

g=0y@0| Y aQ

Q;€Fq(Y)

for ; € Z and set X = Proj(&). Any ruled surface coming from a decomposable vector bundle is
isomorphic to such a X. Furthermore, X can easily be described as a T-variety. Let ¥ C Q be the fan
consisting of the cones Q<o, Qxo, and {0}, and let = be the fansy divisor with Zy, = «; + X. Then one
can easily confirm that X = X(&). We seta = ) _ «;.

Consider now any semi-ample T-invariant Cartier divisor Dy on X. Then hy is of the form

_ Jumax v ifv <0
hO(U)_{umm-v ifv>0

for some Upin, Umax € Z With @ := Upax — Umin > 0. It follows that O, = [Umin, Umax]- Furthermore, for
each Q; € Fy(Y), hq, is of the form hq,(v) = ho(v — o;) — b; for some b; € Z. Thus ha(u) =q;-U-+b;.
It follows that deg h*(u) = « - u + b.

As an example, by setting umin = 0, Umax = 3, @9 = 1, by = 2, and all other possible parameters to
0, we get the ruled surface with h and h* as pictured in Fig. 8.

We now consider the code C(Y, h*, #) for any set » of Fy-rational points on Y; note that hj is
affine and integer-valued on lattice points for any point P € # as required. Set | = #4. For the sake
of simplicity we shall assume that u,;, = 0, « > 0 and «;, b; > 0. This ensures that h is in fact
semi-ample, i.e. that h* is a divisorial polytope. One easily confirms that Ag = b + a - « and that

a ifA<b
"(“:{La—%‘q if > b.

Using Proposition 37 we then have that
d>min{(l-b—a-a)(g—1),(-b(q—-1-a)}.
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We can then use Corollary 40 to bound d from above. Indeed, fort € Z,0 < t < a we have that
h*éj (u) > bj + ot forall t < u < a. Using the particular cases t = 0 and ¢ = a results in the bound

d<min{(l-b—-a-a+g(¥)(g—1),(-b+g(¥)@—1-0a)}.

Thus, we have upper and lower bounds for d differing by at most g(Y) - (g — 1).
We now use Proposition 36 to find a lower bound for k. We always have

k>@+1)Mb+1+a-a/2—g())

where equality holds if b > g(Y) — 2. Suppose now that b < g(Y); setc = [(g(Y) — b)/a]. Now
h*(u) is effective for every u € 0, N M, so we can improve the bound on k to

kZ(a+l—c)(b+1+%(c+a)—g(Y))+c. 7)

Note that equality holds if g(Y) < 1.

Remark 42. In the case Y = P! and «;, b; = 0 for all points Q; with the exception of some point Qg, X
is the Hirzebruch surface #,. If we set # = ]Fj; we recover the results of Hansen (2002). Note that the
curves we use to cover the points of the torus are perpendicular to those used by Hansen. In our case,
these curves have self-intersection zero, but the adjustment we make with p_ and ;. compensates
for this.

We now compare these codes to product codes coming from a length g— 1 Reed-Solomon code and
a Goppa code. A Reed-Solomon code has parameters [q — 1, kq, d{] withd; = q—k;and k; < q— 1.
Assume 7 € Nwith r > g(Y) — 1. Then the Goppa code on Y gotten by evaluating a divisor D of
degree t at I rational points has parameters [I, k;, d;] withk, > 7 — g(Y) + 1andd, > | — 7; see
for example Pless et al. (1998, Vol. I, Chapter 10). The resulting product code Cp,q has parameters
[I(q — 1), k1ko, d1d;]. For the product code we thus have the estimates

kprod > kest :=ki(t —g(¥Y) + 1),
dprod > dest :=(q — k)l — 7).

We can then show the following.

Proposition 43. Fix some curve Y and assume that | > q + g(Y) — 1. Using notation as above, we can
find h* and & as above such that the estimated parameters for C(Y, h*, 2) are better than those for Cpoq.
Specifically, we show that

ket < (@+ Db+ 1+a-a/2—g(Y)), (8)
det <min{(l—b—a-a)(@—1),(=b)(g—1-a)}. (9)

Proof. First, suppose that 7 > (k; — 1). We then set a = k; — 1 and choose some « € N such that
a(ky — 1) < 27 and a(k; — 1) is divisible by two. Choose b; > 0 such thatb = 7 — a(k; — 1)/2.
Choose any set & consisting of [ points. Equality in (8) follows immediately, and a quick calculation
shows that (9) holds as well. N

Suppose instead that T < (ky — 1). Setky = 7 — (g(¥) — 1) and T = ky + (g(Y) — 1). Consider
then the product code Cpoq Obtained as a product of the k;-dimensional Reed-Solomon code and the
Goppa code corresponding to the divisor TQo. Then one easily confirms that the estimated minimum
distance and dimension for Cpoq are greater than or equal to those of Cpog and that T > (k; — 1).
Thus, we reduce to the first case above. O

5.2. A code on an elliptic curve

The following example illustrates techniques that can be used to refine our estimate for minimum
distance. It also demonstrates that there are T-codes with better parameters than the those estimated
in the previous example. Before we begin, we first note the following lemma.



754 N.O. Ilten, H. Stif3 / Journal of Symbolic Computation 45 (2010) 734-756

Lemma 44. Let Dy, be a T-invariant divisor on)~((EJ), and let s be a section such that (s)g is not irreducible.
Then we can find functions hy, hy € SF(&) and s; € L(Dy,), s1 € L(Dy,) such that

(1) Dy = Dy, + Dy,;
(2) (s) = (s1) + (s2); and
(3) Dy, is not rationally equivalent to 0 fori = 1, 2.

Proof. Since (s)q is not irreducible, we can write it as the sum of two nontrivial effective divisors
(8)o = C1+C.. Since the Picard group is generated by T-invariant divisors, we can find h/, i, € SF(&)
such that G; = Dy + (s;) for some s; € L(Dhl(), i =1, 2. We thus have

Dy + () = Dy + () + Dy, + (53).

Now set s; := s}, hy := h}, and s, := s/sq, and let h; be the support function corresponding to the
T-invariant divisor Dh/2 + (s}) — (s2). These support functions and sections clearly fulfill the desired
conditions. O

We now return to the divisor on the T-surface considered in Example 34. For Y either P! or elliptic,
we have already noted that Dy, is semi-ample; this is the same as saying that h* is a divisorial polytope.
Now, if Y = P! and Q; = 0, Q, = oo, the T-variety associated to h* is in fact toric, and h* corresponds
to the polytope in Z? given by conv{(0, 0), (2, —2), (3, =1), (4, 1), (4, 2)}. Let # = Y \ {Q1, Q,}; the
example of G (P!, h*, #) is considered in Soprunov and Soprunova (2008), where it is shown using
the Hasse-Weil bound that d > (q — 1)2 — 3(q — 1) — 2+/2 + 1 for all ¢ > 19. We now calculate the
parameters d and k for C(Y, h*, #) in the case that Y is an elliptic curve.

In calculating k, note that degh*(u) > O for u > 0. Thus, in these degrees we have that
dim L(Dy), = degh*(u). On the other hand, h*(0) = 0, which is effective, so dim L(Dp)o = 1. Adding
everything up, we get that k = 8.

Proposition 39 gives us an easy upper bound for d. If we set f := 1, we have that f - x* € L(Dy) for
u € 0,1,2,3.Indeed, h*(u) is effective in these degrees. Thus, it follows thatd < I(qg — 1) — 3L

We now bound d from below. One easily checks that Ag = 3. Likewise, one can easily calculate
that v(0) = 4, v(1) = 3,v(2) = 1,and v(3) = 0. Now consider some section s such that A = 1.
We claim that we actually must have that v < 2. The section s cannot have support in weight 0 since
deg h*(0) — 1 = —1. Furthermore, s cannot have support in weight 1. Indeed, I" (Y, ©(Q; — P)) =0
for any point P # Q,, since Y # P!. It follows that for any section s with A # 0 or with A = 0 and
v < 4wehaveZ(s) < A(q— 1) + (3 — A); if we assume that | > q — 1, it follows that Z(s) < 3L

Now consider some section s such that A = 0 and v = 4; we will show that under certain
assumptions we also have Z(s) < 3l. First, suppose that (s)g is irreducible. Then using the Hasse-Weil
bound for singular curves as stated in Aubry and Perret (1996), we see that the number #(s)o(F,) of
IFq-rational points on (s)o is bounded above by

#(5)o(Fy) <q+ 14284

where g := g((s)o) is the arithmetic genus of (s)g. Note that this only depends on the divisor D, and
not on s. Now, if we require that

2
. <g+\/g2+8>
=5

it follows that

Z(s) <q+1+2g/q<(g— 13.

In our case, it follows from Proposition 32 that g = 9 so the required bound on q is ¢ > 89.

Suppose on the other hand that (s)g is not irreducible. Let hq, h, € SF(Z) be support functions and
si € L(Dy) i = 1, 2 sections as in Lemma 44, ordered such that vol O, < volOy,. It easily follows that
v(s) = v(s1) + v(s) and by Remark 16 we have h* > h} + hj. Now if s; only has support in a single
degree, (s1)o is T-invariant. Thus we have Z(s;) = 0 and Z(s) = Z(s,). Indeed, since A = 0, (s1)o
cannot contain one of the curves Cp covering the points of evaluation, and all other T-invariant prime
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divisors do not contain any points of evaluation. Now note that h5 < h* 4 (f) for some f € K(Y).
Thus, g ((s2)0) < g ((s)o) and if (sy)q is irreducible, the above argument with the Hasse-Weil bound
gives the desired bound. If not, we replace h and s by h, and s, and repeat the process until we have
an irreducible section and thus the desired bound, or have sections s} and s, both with support in
multiple weights.

We have now reduced to the situation where ' € SF(Z) withs' € L(Dy), i"* < h* + (f), for this
s’ we have v = 4, and h’ and s’ admit a decomposition into h’, h} and s/, s; such as in Lemma 44 such
that both sections have support in multiple weights. We show that this is impossible. We first note
that since v = 4, s must have support in the largest and smallest weights of O which we call uf"**
and u{“i", respectively. Furthermore, by adjusting with T-invariant principal divisors we can assume
that (f) =0, u?““ =0, and h{"(0) = 0. We then have (h/f)?h ™) < 2fori = 1, 2. Indeed, we must
have

(W'D, () + ()5, (u2) <2

foru;, € O, and u; € O, \ {u'**}. The claim follows for i = 1 by setting u, = 0; for i = 2 we just

switch the indices. Now, for at least one i € 1,2 we must also have (h’i)az(u}“ax) < 0. Indeed, this
follows from

(W' 1), ™) + (h2)5, Wy™) < —1.
For this i,
LDy = T (Y, OB ™)) C I' (Y, 0(Q1 — Q))) = 0.

This is however impossible, since we had already concluded that s; has support in weight u"**.

We have thus shown that a section s € L(Dy) with A = 0 is either irreducible, in which case we
can bound the number of rational points on it using the Hasse-Weil bound, or it can be decomposed
into T-invariant components and some remaining section, which either is irreducible or which has
support in weights differing by at most 3. Thus, if we require that g > 89 and | > q — 1, we see that
for any section s € L(Dy), Z(s) < 3l Since our upper bound already states thatd < I(q — 1) — 3I, we
find that in fact

d=1I(g—1) - 3L

This marks an improvement over the estimates for any of the T-codes considered in the previous
example. Indeed, to get the desired estimated minimum distance we would have to require b = 0 and
a < 3. Using Eq. (7), one easily checks that the dimension of the resulting code is smaller than 8.

5.3. A computational example

We are able to provide a T-code over F; with parameters [66, 19, 30], which is as good as the best
known code (see Grassl (2007)). We set Y = V(zy* + 6x> + 4z%) C P}, and consider the divisorial
polytope given in Fig. 9. Fixing two Fy-ration points Q; and Q, we can compute a generator matrix of
C = C(Y, h*) using Macaulay 2 (Grayson and Stillman, 2008) and the toriccodes package (Ilten,
2008). We can then compute the minimal distance using Magma (Bosma et al., 1997).

It is easy to see that the length and dimension of C are always respectively 66 and 19. However, the
minimum distance can be either 29 or 30, depending on the choice of Q; and Q,. For example, setting
Qi =(1:2:1),Q = (1:5:1)resultsina minimum distance of 30, whereas Q; = (1:2 : 1),
Q; = (0 : 1: 1) results in a minimum distance of 29. In fact, the automorphism group of Y divides the
set of all pairs of rational points on Y into two equally large subsets; using pairs in one subset results
in a minimum distance of 30, whereas pairs from the other subset result in a minimum distance of 29.

We can also use Proposition 39 to easily show that d < 30.Indeed, it is not difficult to find a section
f e '(Y, ©(3Q; + 3Qy)) vanishing at 6 distinct points of Y (Fg) \ {Qi, Q2}. Thus, f € L(Dy)3 and we
getd < 66 — 6 - 6 = 30. On the other hand, Proposition 37 guarantees only a minimum distance
of 11, which is a rather bad estimate. However, consider instead the divisorial polytope h* acquired
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Fig. 9. A divisorial polytope defining a [66, 19, 30]; code.

by restricting h* to the weight polytope [0, 3], and the corresponding code C = C(Y, h*). In this
case, L(Dp)3 = L(Dj)3, so we once again have d(C) < 30 by Proposition 39. Proposition 37 now also

guarantees a minimum distance of 30. Thus, we have found a subcode C C C which has minimum
distance 30. The computer calculation mentioned above means that this code can be expanded to C
without lowering the minimum distance.
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