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1. Introduction

Quantitative measurements of thousands of genes’ expressions are obtained through DNA microarrays. Since these
observations on the genes are on the same subject, they are not independently distributed. Thus, if there are measurements
on p genes, it has a p x p covariance matrix X'. The number of subjects on which these measurements are obtained, say N,
are often very few, that is N <« p. The analysis of such data sets requires new developments of multivariate theory, many of
which have recently been obtained in the literature. The analysis is, however, simplified considerably if the p x p covariance
matrix X satisfies either of the following three hypotheses:

Hy: ¥ =i, A>0,

Hy: ¥ =1,
H3 X =D= diag(d1, . ..,dp),
where D is a p x p diagonal matrix with diagonal elements d, .. ., d,. For example, if either the hypothesis H; or H, holds,

then most of the univariate results can be used to analyze the data. If the hypothesis H3 holds, then a standardized version of
the univariate test statistics can be used. In microarray data analysis of genes, it is invariably assumed, implicitly or explicitly,
that the genes are independently distributed to carry out the analysis; that is, the analysis is carried out under the hypothesis
Hs. The frequently applied false discovery rate (FDR) of the Benjamini and Hochberg [1] procedure can be controlled at the
specified level only if the hypothesis Hs is true, or if the covariance matrix X is of the intraclass correlation structure with
positive correlation provided that the data are normally distributed; but so far no satisfactory test is available for testing

* Corresponding author.
E-mail addresses: srivasta@utstat.toronto.edu (M.S. Srivastava), Tonu.Kollo@ut.ee (T. Kollo), Dietrich.von.Rosen@bt.slu.se, dietrich.von.rosen@slu.se
(D. von Rosen).

0047-259X/$ - see front matter © 2011 Published by Elsevier Inc.
doi:10.1016/j,jmva.2011.03.003


http://dx.doi.org/10.1016/j.jmva.2011.03.003
http://www.elsevier.com/locate/jmva
http://www.elsevier.com/locate/jmva
mailto:srivasta@utstat.toronto.edu
mailto:Tonu.Kollo@ut.ee
mailto:Dietrich.von.Rosen@bt.slu.se
mailto:dietrich.von.rosen@slu.se
http://dx.doi.org/10.1016/j.jmva.2011.03.003

M.S. Srivastava et al. / Journal of Multivariate Analysis 102 (2011) 1090-1103 1091

the intraclass correlation structure when N < p. Since N < p, it is not known how to ascertain the multivariate normality
of the data. Thus, it would be desirable to have tests for which the significance levels can be controlled with or without the
assumption of normality of the data; that is, to have robust tests.

When p is finite and N is large, it may not be important or necessary to obtain robust tests as the level of significance can
be maintained at the specified level by using the bootstrap methods of Beran and Srivastava [2], Nagao and Srivastava [12] for
the covariance matrix. For this reason, most studies considered selecting a test that has better power among the available
tests. For example, Chan and Srivastava [4], and Nagao and Srivastava [12] compared the power of the LRT with that of
LBIT defined in Section 4 for testing sphericity. Further details and references concerning the tests H;-H3 are given in
Sections 4-6. It may be noted that when N/p — constant, the testing problems H; and H, have been considered by Ledoit
and Wolf [8] and the problem H3 by Schott [ 14]. Robustness of these tests has yet to be considered.

For N < p and both N and p going to infinity, bootstrap theory is not yet available. Thus, it is desirable to obtain robust
tests for this situation. Our objective in this paper is to show that the tests proposed by Srivastava [16] are robust for the
model described below.

It is assumed that the p-dimensional observation vectors Xi,...,Xy on N subjects are independently identically
distributed (i.i.d.) with mean vector g and covariance matrix ¥ = CC’, where C is a p x p non-singular matrix, that is
X is a positive definite (p.d.) matrix. Moreover, we shall assume that the N i.i.d. observation vectors x; of dimension p can
be written as

Xi = pu + Cz,, (1.1)
E(z;)) = 0, Cov(z;)) =1I,, i=1,...,N.
For testing the hypothesis H3 of diagonality of the covariance matrix X, we shall, however, assume that under H3, C =
diag(d)”, ..., dy*) = D',

Instead of normality of z; = (zi1, ..., zp),i =1, ..., N, we shall assume that not only that z; are i.i.d., but that z; are i.i.d.
for all i and j with
E(zi;-):yr, r=3,...,8, withy,; = y. (1.2)

Under normality, y3 = s = y7 = 0, ¥ = 3, 5 = 15, and y3 = 105. Unbiased estimators of u and X are respectively given
by
N

N
i} 1 i} i}
x:N_]E x; and 5:,2 X —X)(x;—X)’, n=N-—1. (1.3)
" n“
i=1 i=1

When N < p, the sample covariance matrix S is singular and no likelihood ratio test (LRT) is available for any of the three
hypotheses. Thus, we consider the following tests proposed by Srivastava [16] for the hypotheses Hy, H,, Hs. Let

81 =trS/p, 8 = cultrS? — n~ ' (trS)?]/p, (1.4)
)4 p

b=y si/p, and S =) si/p. S=(sy). (15)
i=1 i=1

where
n2
ch=———-—. 1.6
T -1 +2) (16)

Then for testing the hypothesis H;, known in the literature as the ‘Sphericity’ hypothesis, we consider the test statistic given
by

8
Ti=-——1 (1.7)
81
for the hypothesis H,, the test statistic is given by
T, =38, — 28, +1; (1.8)

and for the hypothesis Hs, the test statistic is given by

Ty = (82/320)_1 ) (1.9)

PO 1/2
(1~ (i)

1 1< 1<
§i=-—-trx', i=1,...,4, 620:720""2’ S40 = *ZO}?- (1.10)
p P = P =

Let

We make the following assumption for the consistency of the statistics Ty, T,, and Ts.
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Assumption A. Asp — 00, §, — 8§,p*184 — 0,andy =340(p~¢),€ > 0.

Under Assumption A, it is shown that 31 and 32 are consistent estimators of §; and §, as (N, p) — 0.

Next, we state the approximative distributions of the test statistics Ty, T, and T3 under the null hypotheses when (N, p)
is large. Moreover, we suppose that all presented matrix manipulations are valid when p (n) goes to co. The theorems will
be proved in the subsequent sections. Let @ (-) denote the cdf of a standard normal random variable, N(0, 1), and P, denote
the distribution under the null hypotheses Hy, H,, Hs, respectively, for the three test statistics.

Theorem 1.1. Under the model (1.1)-(1.2) and Assumption A, for large (N, p),
Po((n/2)Th < ty) = D (ty),

where @ (-) denotes the cdf of a standard normal random variable, N(0, 1), and Py denotes the distribution under the hypothesis
H;.
Theorem 1.2. Under the model (1.1)-(1.2) and Assumption A, for large (N, p),

Po((n/2)Tz < tr) = @ (ta),

where Py denotes the distribution under the hypothesis H,.

Theorem 1.3. Under the model (1.1)-(1.2) and Assumption A, for large (N, p),
Po((n/2)T3 < t3) ~ P(t3),
where Py denotes the distribution under the hypothesis Hs.

The approximative distributions for T; — T3 which are presented in Theorems 1.1-1.3 are the same as those obtained
under normality assumption in [16]. Thus, the tests based on Ty, T, or T; are robust tests.
To obtain the distribution of the test statistic T; and T,, we need to obtain the joint distribution of §; and &, under the

model (1.1)-(1.2). To prove robustness, we need only obtain the joint distribution of 81 and 8, under the null hypotheses H;
and H,. Since the statistic T; is invariant under the scalar transformation X; — cX;, ¢ # 0, we shall assume without loss of
generality that A = 1. Thus, the results of the following theorem are applicable to both the statistics T; and T,.

Theorem 1.4. Let (1.1), (1.2), and X' = I, hold. Then, the joint distribution of 31 and 32 displayed in (1.4), for (N, p) large, is
approximatively given by

(np) 2212 (? - 1) ~ N, ((8) ,12) i
L —

where

y —1 2(v = 1)
= p| =022 (1.11)
2(y = 1) 40,_1)+4E ’

and I, is the identity matrix of size 2 x 2.

Note that
y — 1 2y = 1)
1 np np
n 2 = s
(p) 2y —1) 4y—1) 4
T2
np np n

is the asymptotic covariance matrix of (’8\1,/8\2) which exists for all values of n and p without any condition on n and p, i.e.
it goes to zero as (n, p) — oo, proving the consistency of §; and §,. It may also be noted that all the above three tests are
robust wheny =34 0(p™ ), € > 0.

The organization of the paper is as follows. In Section 2, we give some preliminary results needed to prove Theorem 1.4,
which is proven in Section 3. The proofs of Theorems 1.1-1.3 are given in Sections 4-6, respectively. In particular, in Section 6
some of the notion and ideas of Section 2 will be repeated but now it is focused on T5 instead of T; and T.

2. Some preliminary results
In this section, we present some preliminary results. We first comment on the constant ¢, = n?/(n—1)(n+2) multiplied

to the random variable 1/p(trS? — n~'(trS)?) in (1.4) and to 1/p ), s in (1.5). Under normality assumption, we get from
[16, p. 261]



M.S. Srivastava et al. / Journal of Multivariate Analysis 102 (2011) 1090-1103 1093

(- D@+,

= 8 = (n"' —2n7%)s,.

E |::)(tr52 —n '(trS)?) — 52] =
Thus,
nE [;(trsz —n 1 (trS)?) — 52} =8 +0n"

which goes to §;, a constant, as (N, p) becomes large. That is, the bias does not go to zero and asymptotic normality cannot
hold. On the other hand,

nE |:C;(tr52 — 1 (wrS)?) — 52} —0,
i.e., the bias is zero, and asymptotic normality has been shown in [16].
Now, we consider the model given in (1.1) and (1.2) under ¥ = I. Let
G:m—lnﬁ
N
where 1 = (1, ..., 1)’ is an N-vector of ones. Then, since ¥ = I, under H;, we may write S as

1
S=-ZGZ', 7' =W1,...,wp):N X p,
n

where w; are i.i.d. Ny(0,Iy), i = 1,..., p. Note that for G = (g;), g = n/N,G = G?>,t1G = N — 1 = n. Thus, using
Theorem 2.1(a) given in the next section, we get

1 2 1 2 1 / ’ 1 1 7\2
E|-trS*— —(trS)" | = —ZE tr(ZGZ'ZGZ") — —(trGZ'Z)
p np pn n

1 p )4
= WE |:(1 —1/n) Xj(wg(}w,')2 + Z(w;ijw}Gw,» - n_]w,wai\Al]fGV\rj):|
i=1 i

1 ((a—1p = 2 AR )2
= —|—— (-3 g +206 + @6)?* | + ) (G —n"(tG)*)
pn n i=1 i
_ "n_g Ly = 3NN £ 20 + n?)

_n—1/(y—=3)n’ _n—1/(y—3)n
= — (T+n(n+2)>— o <7N —|—(n+2)>.

Hence, under Assumption A,

(J/ - 3)“ 1. —

— =14+ 0(N ‘), €>0.
NITT2) (N"'p™)

Thus, the bias goes to zero at the rate of O(N~'p~¢). We may note that for showing its consistency, the factor c,,, or whether
we use S with divisor n or N do not make any difference. Similarly, for obtaining the variances of §; and §,. It is, however,
notationally more convenient to consider

3 Cn —
E[8] = ;E[(trsz —n ' tS)H] =1+

1 d
St =5 2= W& — ) (21)
i=1
as an estimator of X' and work with the estimators
A* 1 *
8] = —tuS*, (2.2)
p
and
. C
5 = (s — N7(trs*)?), (2.3)
p
where
NZ
CN

TaN+2)
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in place ofgl and 52. It may be noted that
e — oy =0(n"?),
and hence, we may use ¢, in place of cy.
Then, from Theorem 2.9 given later at the end of this section, $1and$,, glven in(1. 4) can be approximated in probability

by (2.2) and (2.3), respectively. Moreover, in order to prove the consistency of 8* and 8;‘, we need some results on quadratic
forms, stated in the following subsection.

2.1. Moments of quadratic forms

Theorem 2.1. Let u = (uy, ..., up)’ where u; are i.i.d. with mean 0, variance 1, fourth moment y, sixth moment ys and eighth
moment ys. Then for any A = (a;) and B = (b;;) symmetric matrices of size p X p,

(a)

)4
E[WAuP = (y —3) ) @ + 2tr A’ + (trA)’,
i=1

p
Var[u'Au] = (y —3) ) _ @} + 2tr A%,
i=1

p
E[(WAu)(W'Bu)] = (y — 3) Z a;ibii + 2tr(AB) + (tr A)(tr B),

i=1

)4
Cov[(uw'Au), (WBW)] = (y — 3) ) _ ayb; + 2tr(AB),
i=1

Var[(u'w)’] = p(ys — ¥ +4p(0 — D(ys — ) +40 — D@ —2)(p = 3)(y — 1),
(f)
E[u'ul® = pys +3p(p — Dy +p(p — D(p — 2).

Theorem 2.2. Let u; and v; be independently and identically distributed with mean 0, variance 1 and fourth moment y,i,j =
1,...,p. Thenforu= (uy, ..., up), andv = (vq, ..., v,), and any p x p symmetric matrix B = (by),

2
p_ b p p
Var[uBv]> = (y —3)* ) ) bi+6(y —3)) (Z b?j) +6tr BY + 2(tr B%).
i=1 \j=1

i=1 j=1

2.2. Consistency of 5 I

For the sake of convenience of presentation, we shall not distinguish between §; and 67 = lim,_, 6;,i =1, ..., 4. From
(1.1),S* = N1V Czz/C'.Let B= C'C = (by). Then
E5] = ~ElzBa] = 2 =5,
NP p
- N , b2 _trB?
Varlb]] = 75 Varlzibzi] = ((y - 3) Z + 2)

Thus, under Assumption A, Var[S;‘] = O((Np)~1), and 6;‘ is a consistent estimator of §;. Furthermore,
E[(51)%) = 62 + Var[5!] = 82 + O((Np) ™). (2.4)

Now

1 X
S=n"'CzGZ'C’ = n"(l —1/N)CZzZ'C’ — N E Czizj’-C’.
nN <
i#j
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Hence,
- - 1 &
* /
1=6]— —— Z;Bz;,

E[81] = E[5}], Var(8;) = O((Np)™"),
and

E[57] = 87 + O((Np) ™). (2.5)
and the next theorem has been established.
Theorem 2.3.

E[(39)*] = 87 + O((Np)™") = E[57].

2.3. Variance of 3’2“ under the hypotheses H; and H,

The proposed statistic Ty is invariant under the scalar transformations x; — cx;, ¢ # 0. Thus, we may assume without
any loss of generality that X = I under the hypothesis Hy, the same as for the hypothesis H,. Hence, all the results in this
subsection are obtained under the assumption that ¥ = I,. When X = I, the observation matrix can be expressed in two

ways:
Z=(z5) = @1, ...,2Zy) = (Wy, ..., Wp) = (wy). (2.6)
Under H; and H, all the elements z; or wy; are i.i.d. with mean 0 and variance 1. Thus,
E[w;] =0, Cov[w;] = Iy,

since w; is an N-dimensional random vector. We shall now express §5 in terms of w; as B = I under H; and H,. Thus under
H; or H,,

1 1
S* = NZZ’ = N(wl’ ce W) (W, L W), (2.7)
To evaluate the variance of 33‘, we rewrite 3; in terms of the random vectorsw;, i = 1, ..., p. That s,
8 =aqi+a, (2.8)
where
NN . 2 /
a1 = Np Z Vi, Vi = WWj, (2.9)
i=1
2en N, 1
qQx = Nizp Z Uij — Nv,-,-vjj , Ui = VV:W] (210)
i<j
Let w be a random vector having the same distribution as w;, and v = w'w. Then, from Theorem 2.1(a), (b)
ney 5 ncy y —3 e
E = —E =—(N+2 —3)=1+——=1+0N , 2.11
] = {5 L) = T3 (N 24y =3) =1 s = 14 0V 'p7) (2.11)
n’ct & 1
Var = N Var[v}] = ————Var[v;
0] = S ; i) = Ry 2y YY)
= N2(N+2)2p "(N(ys — y?) 4+ 4Nn(ys — y) + 4n(N — 2)(N — 3)(y — 1)). (2.12)

Theorem 2.4. Let q; be given in (2.9). Then, under the hypothesis Hy(H,), and Assumption A
E[qi]=1+0N""p"), €>0,
and

Var[g;] = 4(y — D(Np) " '(1+O(N""p™").
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Let
y — 2 1 " ey — / A / . ] / . / .
Ujj = vjj — NUI,UH = (wiijjw,) — N(Wiw,)(ijj).

Then (2.10) equals

2CN P
q2 = Nizp Z Uij,

i<j

and E[g»] = 0. Hence, under the Assumption A,
ok Yy — 3 —1,.—¢
E[85]=E E =14+4-——=1+0(N , €>0.
[63]1 = Elg1] + Elq2] +N+2 +O(N"'p™) >

To calculate the variance of q,, we first evaluate

Covluy, uy] = E [(Wjw;)* — N™"(ww;) (Wjw))) (Ww;)* — N~ (Wiwy) (W,wy)) |, i #j# k.

Since,

E[(ww;w/w;) (W,w,w,w;)] = E [(ww;)?],

1
— ELOW W) (wiw) (Wiowi)] = —E[(Ww))’],

1 /.
_NE[(WI{WI‘)(W}/‘ij)(W;WkW;<Wi)] = —E[(wjw))],
1
ﬁE [(w]w;) (Wiw;) (Wiw;) (W, wi)] = E[(W[w;)’],
it follows that
Covluj, ug] =0, i#j#k
Hence,

72p(p _ DC’%’ Var[u

4t &
Varlgz] = s > Varluy] = N2 il

i<j

(2.13)

(2.14)

(2.15)

Thus, we need to evaluate Var[u;] = E[uizj], since E[u;] = 0. Let A; = (ai(j)) = w;w}, w; = (wj1, ..., win)". Then, for

i#],
ugzvi‘]*

4 2 2
i and v = (Wwww;)* = (WAwW,)*.

1
2,2
i VitVii + 17 ViV

_ NU"Z
Hence, fori # j

E[vj] = E[E(WAW;)|A]]* = 3N* + N(y* — 3).
Next, we evaluate

E[vjviv;] = E[WAWww;trA]] = N(N 4+ y — 1),
Finally,

E[vjv;] = E[wWw,PE[wjw;]* = N*(N + y — 1)°.
Hence,

Var[uz] = (N — D((y — 1)* 4 2N),

and we get the following theorem.

Theorem 2.5. Let Wy, ..., W), be i.i.d. with mean 0 and covariance Iy, and fourth moment y. Then, the mean and variance of q;

in (2.14) is given by

E[q2] =0,
p(p — )¢}

Var =
[q2] Nip? 5

4 —1)?
(N—l)((y—l)z—i-ZN)%m(l—i-%).

We may also prove
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Theorem 2.6. Let q, and q; be given by (2.9) and (2.14), respectively. Then, Cov[qy, g2] = 0.

Theorem 2.7. Let 3;‘ and q, be given by (2.2) and (2.14), respectively. Then, Cov[Si‘, q2] =0

Using the results obtained above, we get the following theorem.

Theorem 2.8. The variance of &7 is given by

Var[é3] = Var([q1] + Var[qa].

Theorem 2.9. As (N, p) — o0o;
1
(@) = (tr(s*)? — trS?) = 0,(N"?),
p

(b) 85 — 8% = 0,(N~2).

— Cx
SinceS =S Hékxjxk,

2
1. 2 &
B(tr(S )2 —trS?) = % X, S*X; tr (Z x]xk> .

7k j#k
Note that x/S*x,< is alinear combination of the terms Sj;, where as (N, p) — oo, S}, — oy in probability. Thus, the first term

N . o . . . 8 4 . 1 4 oy s
on the right-hand side is equal to —=- Z#k x]’Exk in probability, with variance given by mtrz . Since ?trz — 0,itis

an
of order o,(N™~ 2). The second term is of even lower order. Thus (a) is proved. The proof of (b) follows from Theorem 2.3.

3. Proof of Theorem 1.4

To establish the joint asymptotic normality of k statistics

(n) (n) i —
tip qu, =1,...,k

we consider an arbitrary linear combination

ey e =Y e = 3

j=1 i=1

where without any loss of generality ¢ + --- + ¢ = 1, and y}”) =y, cixfj”). Here, xfj") is a sequence of random
variables which may depend on n. From the definition of multivariate normality, see [19], the joint normality for all
1, - .., cx will follow if the normality of t, (") is established. Let Fl(") be the o-algebra generated by the random variables
(x<”), e ,;)), j=1,...,L1=1,...,p. Then Fo c F™ c --- C F C F,where (A, F, ) is the probability space and
= {0, A}; ¥ being the null set, and A the whole set.

Theorem 3.1. Let x(") be a sequence of random variables, and y(") S o (") Lji=1,...,pIf

(i) Ely"IF"1 =0,

(ii) hmw poo ELY™)?] < 00,
(iii) [(y(”)) |F(”1] SN o, as (n,p) — 00,

(iv) L= z JELO™21(y" | > ©)IE"] —> 0,as (n, p) — oo,

then t\” = — 1yj(") — N(0, 63), as (n, p) — o<.

The proof of this theorem follows from Theorem 4 of Shiryayev [15, p. 511], since the first two conditions imply that

{x(“) F (")} forms a sequence of integrable martingale differences. The condition (iv) is known as Lindeberg’s condition. To
venfy thls condition, we note that from Markov’s and Cauchy-Schwarz inequalities

p
PIL> 81 < ) E[0;")*1/8¢".

j=0
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Thus,
k k
EL0™)" < 12 ) clELg™) 1 < 1) ELG™)*.
i=1 i=1
Hence, if
p
> E) - 0,
j=1

foralli=1,...,k, the Lindeberg condition is satisfied.
Because of the invariance of the statistic T; under a scalar transformation, we shall assume as before that X~ = I and
thus B = I in both the hypotheses H; and H,. We first consider the joint distribution of 7 and q; defined in (2.2) and (2.9)

respectively, under X = I,. Let & = (£y;, &) where &; = N~2 (Ww; — N), & = N2 [(Ww)? — N> — N(y — 1)], i =
1,...,pand w; is as in Section 2. Then the vectors &, ..., Ep are i.i.d. with mean 0 and covariance matrix §2; given by

o _(r-1 200-1
T2y -1 4y -1)-
Hence,from the multivariate central limit theorem (1/.,/p) Zf:l & —> Ny(0, £2,), irrespective of whether N goes to infinity
and then p goes to infinity or p goes to infinity and then N goes to infinity. Since

. 1 < 1 < y—1
Si=—=) &i+1, and g1=—) &Hi+1+——,
b PR
we get the following theorem.
Theorem 3.2. The asymptotic distribution of ST and q, is bivariate normal given by
N
VNp2 2 (51 - 1) —5 N3(0. 1)
qp— 1
as (N, p) — oo in any manner.

It remains to find the distribution of g,, to obtain the joint distribution ofS;‘ and 3;‘. Note that from (2.14),

j=2 j=2 i=1
Let Fj be the o -algebra generated by the random vectors wy, ..., w;. Lettingwy = 0,and Fp = (¥, A) = F_, where @ is
the empty set and A is the whole space, we find that Fp C F; C --- C F, C F. Also,
E[nj|Fi—1] = 0.

Then

4 j—1 j—1
E[n}IFi1] = N (Z E}|F1) +2 ) E(wguy|Fi_1)
i=1

k<l
R j=1
= N2p? ZbiN+22CklN
i=1 k<l
and
LA
Elnj] = szz((,— Dby + G — 1) — 2hy), j<p,
where
-1 2
by = E[bi] = E[u}] = N(N — 1) (2 N ¥> ’
and

hy = E[ciun] = E[uguy] = Covluy, uj] =0, k<Il<j,
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giving
AN(N—-1) . (y —1? ,
E[’]l=—2(G-1(2 + — ) < 00, <p.
[n;] N2 i—=1 < N j=<p

From the definition, it follows that (1, Fy) is a sequence of integrable martingale differences. To prove the asymptotic
normality of Ng,, we apply Theorem 3.1. We note that

P 2NN —1)2
E[Zs[nfm 1} ZE[ 2] = ( L _1)< %)
j=2

Thus

[ p
lim E E[n?|F_1] | = 4,
Wlim B D EDn]IF 1]}

Lj=2

and in Theorem 3.](iii) o = 4. We will show that v? = Var [ Y7, E[n}|Fj_1]] — 0,as (N, p) — oo, and find that

v? = Var N2p2 Z (Z bin +2 Z CI<1N>:|

k<l

where
by = E[U |Fi1], i<j

2 1
=E [(V%Aiwj)z - N(V%Aiwj)vjjvii + {2 vi Vi (Ww;)|F 1]

with A; = w;w;] = (ay(i)) : N x N. Using Theorem 2.1, yields

by = (y —3) Za () + 3wWw)* — = ((y -3) Zan(l) + 2wjw; + Nw, w,> (Wjw;)

r=1 1=1

+ m((y — 3)N + 2N + N?)(wiw;)?

N
= d(W;Wi)2 +(y —3) (Z w;}<> , d= (2 _ Q) .
k=1 N

Thus, to show that the variance of 4(N?p?)~! ( 2 S biN) goes to zero, it will be sufficient to show that the variance of

4d(N?p?) =1 Y°P, Y71 (wiwy)?, as well as the variance of 4(y — 3)(N?p?) ' Y0, >0 (ZL w{k) go to zero. Clearly,

4d I 162 il
Var N2 Z ww; | = N Var Z(p — D (ww))
. =
1642
<
= Np
Similarly, in order to show that v> — 0, we need to show that

p—1
Var |:N2 ZZZ kIN:| :T ar|:Z(p—l—])ck1N] — 0.

=2 k<l 1<k<l

((y =3)N+N?) — 0 as(N,p) — oco.

For this, we calculate ¢y which after some manipulations can be shown to equal

N
y —1 .
cuv = ElugulFi—1] = (y = 3) Z wi (kw () + 2 <vf, - Tvkkvll> , k<l<j.

r=1
Thus,

IA

|: Z p—-1- 1)CklN:|

1<k<l

E CkIN
1<k<l

p—1

64 N -1
= NszVar |: Z [(V -3 Z wp (wy () +2 (Uﬁz - yTvkkUu> }:| .

1<k<l r=1
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We need to show that the variance of each of the terms goes to zero. Clearly, the first term is of the order O(N3). Similarly,
from the results of Section 2, the second term is of the order O(N~2) and the third term is of the order O(N~3). Hence, we

have shown that condition (iii) is satisfied.
Next, we show that

p
> Eln{1— 0 as(N.p) — oc.
k=0

For this, we note that n; = 2(Np)~! Z, 1 Ujj, and hence,
Nt ZE[nf] 16E Z [Z uf +6 Z uk]u,]:|

=0 k<l
16E |:
J

/ 2 / 1 2
ut = ((ijAin)z — N(V\IinWj)UjjUﬁ + NUQ(VV]{W]‘)Z)

M-e

j—1 -
E[uj|F_1] + 6 ZE[uiju,zjml]} :

i=1 k<l

Il
]

Now

ij 2 Vi

2,22

4 1
= (WAW)* + 1 S (WAW;) UJJU"+N4 v (wiwy)* — (WJ/-AjVVj)3Ujle‘i

+ e (w]/-A,wj)2 (wwj)*vj — N (W]/»Ain) (W/w))*v; vj.
It can be shown that the leading term in u‘f is (w(AiV\rj)4, and
vi] = O(N?).

E[w/AW)*] < E[(wW/w)* (wjw))*] < E[viv?

Hence, E[ujj] = O(N*).

Let
g = E[ujlFi]. i<,
and
ha = E[ugui|F_1], k<.
Then,

1<k<l

116
<o (Z Elg] +6 Z E[hk,]) =0(p~*) + 07,

4
N 1<k<l

P 16
Z;E[n;‘] = ;4p4 (Z(p — DElg]+6 Z (p—1- 1)th)
]:

from Theorem 2.1. Thus, the Lindeberg condition is also satisfied. Hence, as (N, p) — o0,
Ngz — N(0, 4),

or equivalently, q, is approximately normally distributed as normal with mean 0 and variance 4/N2.
We shall now apply Theorem 3.1 again to obtain the joint normality of 67, g1, and g». In the notation of Theorem 3.1, let

p P
0 §ui m &ai £
B2 (G) w-y(F) w-pe
2 (F) w-x(F) w2
It is easy to check that

$e[(5)] me zf[m]

go to zero as (N, p) — oo while we have already shown that Z E [;7 ] — 0as (N, p) — oo.Similarly, the convergence
can be satisfied. Hence, we have

S

N, o\ (%]

(( p)o ! 4/N2) g1 — 1) ~ N30, 1I5).
a2
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Hence

VNp~1/? b -1 ~ Ny(0, I
D 5 _ 2(0, 1),
2

1

where §2 is defined in (1.11). This proves Theorem 1.4. The corresponding results for’8\1 and?S\Z are obtained by replacing N
by n.

4. Robustness of the sphericity test: proof of Theorem 1.1

In this section, we first discuss various tests available for testing the hypothesis of ‘sphericity’ H;. When N > p, the
likelihood ratio test (LRT) is based on the ratio of the arithmetic mean to the geometric mean of the eigenvalues of the
sample covariance matrix S. The power of the LRT is a monotonically increasing function of the ratio of the eigenvalues of
X, see [3]. Another test, known in the literature as the locally best invariant test (LBIT) was originally proposed by Nagao [10]
but it was John [6] and Sugiura [20] who showed that it is the LBIT. It is based on the statistic

trs?
U=|—|—-1
P}

It may be noted that (%) is a consistent estimator of (%) if () — 0.Thus, when £ — ¢ # 0, Ledoit and Wolf 8]
considered the statistic U — % and using the asymptotic result of Jonsson [7] gave its (N, p) asymptotic null-distribution
under the Assumption A and the assumption that % — cas (N,p) — oo.The (N, p) asymptotic non-null distribution of
U — p/n can be obtained from Corollary 2.1 of Srivastava [16].

It may be noted that the statistic U exists irrespective of whether N < por N > p. Next, we define a measure of sphericity.
From Cauchy-Schwarz inequality, we have for a p x p positive definite matrix X,

b tr(x?
S _ (iZ)/p) )/’j) > 1. (4.16)
81 (trX/p)
The equality holds if and only if (iff) all the eigenvalues of X' are equal to some unknown constant, say A. That is, iff ¥ = AI,.
Thus, as in [16], a measure of sphericity may be defined by

(tr(Z*)/p) .
mg=|——— —1|;
(trX/p)?
the larger the value of mg, the larger the deviation from the sphericity as m; = 0 under sphericity. The statistic T; defined

in Section 1 is a consistent estimator of m;. It may be noted that the statistic T; is invariant under the scalar transformation
X; — ax;, a # 0. Thus, without any loss of generality, we may assume that A = 1 in obtaining the distribution of T;.

We use Theorem 1.4 to obtain the distribution of T; under the hypothesis H; as (N, p) — oo. Under Hy, 31 and 32 are
consistent estimators of §; and &,, respectively. Now

(4.17)

o _ &b ah _ 1

05, 8 9, 5

Thus (np)~1(=2, 1)2(=2, 1)/ = 4n2.

d . . .
Hence, under H;, n™'T; — N(0, 4) as (N, p) — oo, proving Theorem 1.1, as well as showing that the test statistic T;
for testing sphericity is robust.

5. Arobust test for testing that X' is an identity matrix: Proof of Theorem 1.2
Despite the monotonicity property of the power function of the LRT for this problem established by Nagao [9] and Das
and Gupta [5], it cannot be considered since N < p. Thus, we consider a test based on a consistent estimator of the distance
function that measures the departure of the hypothesis from the alternative, namely,
1
m=—tr(X —1)? =8, —28; + 1.
p

Thus, Rao [13], and independently Nagao [11] proposed a test statistic

1 5 s
RN = —trS% — 28, + 1,
p
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for testing the hypothesis that ¥ = I,. Ledoit and Wolf [8] modified it to
w =RrN — 232,
n
and obtained its null distribution as normal, under the condition that

lim P =c>0.
(N.p)—oo N

Using consistent estimators of §; and &, Srivastava [16] proposed a test based on the statistic
T, =8 — 28, + 1,

and obtained its null as well as non-null distribution as (N, p) — oc. In this article, we show that T is a robust test under
the non-normality model (1.1)-(1.2). To obtain the distribution T,, we use Theorem 1.4. Since

0T, _ T, _1q
381 T8,
we have

(np)~1(=2,1)R2(=2,1) =4n"2.

d . . .
Thus as (N, p) — oo, N~!T, — N(0, 4), and hence proving Theorem 1.2 and the robustness of the test statistic T, as it
does not depend on y, y3, 5 — ¥s, it is the same distribution as given by Srivastava [ 16] under the assumption of normality.

6. Robustness of the diagonality test Ts: proof of Theorem 1.3

When the observations are normally distributed, the LRT is based on the determinant of the sample correlation matrix:

R=(y), ri=1, r; = _ i
ij/)s i s Tij (s,-,-sﬂ)l/z s
provided that N > p. When N < p, the determinant of R does not exist. By defining the distance function as the sum of
2
squared correlations ,05 = :’jj , ij p,? which s zeroiiff p; = 0, Srivastava [16,17] proposed a test based on the normalized
ii9jj

version of its consistent estimator. Schott [ 14] also gave its distribution under the condition that % — c.However, since the
convergence to normality is slow, Srivastava[16,17] proposed a test based on Fisher’s transformation, and obtained its (N, p)
asymptotic distribution. Srivastava [16] defined another distance function to measure the departure from the hypothesis
Hs. It is given by

trx?

m,; =
d .
>0
i=1

which is zero if and only if p; = 0. Under normality, a test based on its consistent estimator is given by the test statistic
T3 defined in Section 1. The (N, p) asymptotic distribution is given in [16] and its power compared in [17] with the test
based on Fisher’s transformation and shown to be at least as good as based on the Fisher’s transformation. In this section,
we show that this test T3 defined in Section 1 is robust under the model (1.1)-(1.2). As in Section 2, we can for the asymptotic

distribution purposes, consider 3; based on S* instead of S, and N in place of N — 1 and may show that

p
o n 1
85 A &3 + 2en Z (S;;Z - stsj}) ,

i<j

-1, XY= (0'1']')7

p *2

Qx _ a—1
where 85 =p~ oy ) i Sk

Under the hypothesis H;, ¥ = D with C = D'/2. Hence, if w; are i.i.d. with mean 0, covariance I,,, with fourth moment y
and the existence of eight moments, we can write

sj = didjwiw; foralli,j=1,...,p.
Let
2, 1 2 <
=72 (55 - ﬁs??SZ) = Nz 2 .
i<j i<j

with E[u;] = 0, and Cov[uy, ui] = 0, i # j # k. Hence, following as in Theorem 2.4,

4 4 _ _
var(qs) = N2 > did?Varluy] = m(550 —p '840) + O(N7?).

i<j
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We now show that 8%, and 8%, are consistent estimators of 80 = p~' 3> 62 and 84 = p~' 37, 0

i’

respectively
1 1
under the hypothesis H; when C = D'/? = diag (df vy dy ); see Eq. (1.4) for the definition of their estimators. In terms

of the i.i.d. random vector w;,
5 R & (Ww;)?
= — E “(Ww;)“,

20 pN2 — i Wi

and its variance is given by

2 1 /N2 9 d? —1.-1
Var(&zo):WVar(wiwi) ;— =O0NN"'p )

from Assumption A and Theorem 2.1(e). Since E(Szo) = 83%[1 4+ O(N"H], 320 is a consistent estimator of §,q. Similarly, it
can be shown that §4¢ is a consistent estimator of §49. Let

k—1

2
p=—d E diuik.
Mk Np k L itik

Then following the steps of Section 3, it can be shown that {n}, Fi} is a sequence of integrable martingale difference
satisfying the convergence condition and Lindeberg’s condition, i.e. Theorem 3.1(iii), (iv). Thus, Theorem 1.3 follows and
thus the test statistic T3 is shown to be robust.

Tests based on correlations and Fisher’s z-transformation are given by Schott [14] and Srivastava [16,17]. While their
robustness may be studied later, numerical comparison given in [17,18] show that the test T3 performs better than the test
based on correlation, specially for small n.
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