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ABSTRACT

The parametrization of a strongly regular block Hankel matrix in terms of certain
block entries of an appropriately chosen sequence of block inverses is established.
This leads to a new recipe for solving the generalized spectral problem for Jacobi
matrices. A generalized spectral function is introduced and, together with the param-
etrization referred to above, is used to investigate the root location of certain
orthogonal matrix polynomials. The matrix analogues of two classical stability tests are
discussed.

1. INTRODUCTION

In the present article we shall discuss some connections between block
Hankel and block Jacobi matrices which give, in particular, a new recipe for
solving the generalized inverse spectral problem (GISP) for Jacobi matrices.
In this problem one is given a sequence of p X p matrices

ho=1,,

hy,... (1.1)
such that for every k = 0,1, ... the block Hankel matrix
Hy = [hy],  i,j=0,1,...k, (1.2)
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is invertible, and the objective is to find a block Jacobi matrix of the form

B, A, 0
L= B4 (1.3)
I, B, . :

which has the sequence (1.1) as moments in the sense that
(L)oo =k,  k=0,1,.... (14)

In the scalar case p = 1, formulas for the entries in a symmetric Jacobi
matrix in terms of its moments are well known; see, e.g., [1]. These formulas
will also be derived below as a special case of the method developed herein;
see (3.29). For the symmetric block Jacobi matrices the inverse spectral
problem was extensively studied in [3]. An explicit solution for the (nonsym-
metric) block matrix case was presented recently in [11]; see Procedure 2 in
our paper. We propose a new set of formulas (3.20) and (3.21) for a solution
of the GISP which seem to be a more natural generalization of the classical
scalar case and, at the same time, require significantly less computational
effort. The latter is important, since the solution of the GISP is a key step in
the integration of matrix Toda-like nonlinear equations by the inverse spectral
problem method; see, e.g., [4, 11].

Three-term recursions (i.e., Jacobi matrices) corresponding to strongly
regular Hankel matrices appear in the theory of systems, continued fractions,
Padé approximation, and many other fields (see, e.g., [10], [13], and [5D. We
remark that the coefficients of these recursions can be computed within a
general framework of solving the appropriate GISP.

The paper is organized as follows. In Section 2 we shall introduce in full
generality the notation of the generalized spectral function (GSF) and then
review some facts about orthogonal matrix polynomials. This machinery will
be used in Section 3 to establish a three-term recursion for the block Hankel
case and to solve the GISP for block Jacobi matrices. In this section we shall
also establish a useful parametrization of a strongly regular block Hankel
matrix in terms of certain block entries of an appropriately chosen sequence
of block inverses. Then we shall discuss the connections between our results
and the classical theory of symmetric Jacobi matrices, and conclude the
section with other algorithms which provide a solution of the GISP. In
Section 4 we shall turn to the Hermitian case and apply the theory developed
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earlier, to stability problems for matrix polynomials. By completely elemen-
tary means, we shall investigate the root location of matrix polynomials which
satisfy a three-term recursion; see Theorem 4.3 below. This theorem will
allow us to obtain some sufficient conditions for a matrix polynomial to be
stable. In the scalar case they reduce to the well-known Routh-Hurwitz and
Liénard-Chipart stability tests. Related results can be found in [6], [8], and
[15-19].

Some words on notation: The symbols C, C?*?, and R will denote the
complex numbers, the space of complex p X p matrices, and the real
numbers, respectively, whereas C? is short for C?*!; C, [C_] denotes the
open upper [lower] half plane, whereas C + [C_] denotes the closed upper
[lower] half plane. The symbol I, designates the n X n identity matrix. If A
is a matrix, then A* denotes its adjoint with respect to the standard inner
product, and

For a matrix B with p X p block entries the symbol (B);, or {B},, stands
for the st block entry. If S = [s, s, ‘- s,]is a block row vector, then it is
convenient to denote the ith block entry s, by (§),; and its block transpose
by S b je.,

The diagonal and block diagonal matrices will be denoted as
diag( X,, X;,..., X,).

def
If A(A) is a matrix-valued function, then A*(A) = A(A*)*.

2. PRELIMINARIES

In this section we review some basic facts about matrix polynomials which
are orthogonal with respect to a generalized spectral function and then recall
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some formulas for block triangular factorization. In the next section this will
be used to reparametrize a sufficiently regular block Hankel matrix, in terms
of the “corner” and “next to corner” block entries of an appropriately chosen
sequence of block inverses.

A doubly indexed sequence

95 i,j=0,1,...,

of elements from C?*? is said to be strongly regular if the block matrix

oo Gor " Yok
O = 9w qdu 77 Gk (2.1)
ko 91 " Gkk

is invertible for k = 0,1,....
We shall denote Q; ' by I, and the ij block entry of I by yl.(jk). Thus

Lo=[vP]. #i=01..k

where vy € CP*?.
If Q, is invertible for k = 0,1,...,n, the matrix Q, will be called
nondegenerate.

LEMMA 2.1.  Let Q, be a nondegenerate block matrix. Then v is an
invertible p X p matrix for every k = 0,1,..., n.

Proof. See, e.g., Lemma 3.1 of [6]. [ ]

Let # denote the set of polynomials in A with p X p matrix coefficients.
With any strongly regular sequence g;; we shall associate two sets of
polynomials

k
Ry(X) = X yiW (2.22)
j=0
and

k
Ci(A) = XL viW (2.2b)
j=0
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based on the last block row and the last block column of the corresponding

inverses I, = Q;' respectively, with invertible top coefficients y0 k=

0,1,.... Consider also the mapping

o:PXP —> CPXP,

which is described by the following rule:

U{ YN, Y BjAj} =X X Bj*qjiai’ (2-3)
i=0j=0

i=0 j=0

where n,m =0,1,...; « and B; in Cr*P, i=0,...,n; j=0,...,m. We
shall refer to this mapping as the generalized spectral function (GSF)
corresponding to the sequence g;;.

Note that from (2.3) the basic properties of the GSF are immediate:

o(N'L,, \"L} =q,,, n,m=0,1,..; (24)

2 2
o lei()\)Ti, Tyns = X Lsro{X(2). 5N} T, (25)
i= j=1 i=1j

i=1j=1

where T}, S; are in C?*?, and X,(A),Y,(A) are in &, i = 1,2.
We proceed with the following elementary

LEMMA 2.2. Let o be a GSF associated with a strongly regular sequence
qyj» and let Cy(A), Ri(X) be the polynomials (2.2). Then

k =
o{ N1, R*} = 8,1, (2.6)
a{C.(N). XL} = 8,1, (2.7)
forn=0,1,....,k=0,1,...,n, and
o{C,(N). RE(N} = 8,-v. i.j=01,..., (2.8)

where 8, stands for the Kronecker delta.
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Proof. The orthogonality relations (2.6) and (2.7) are just another form
of the identity

Qnrn = FﬂQﬂ = I(n+1)p’ n= 0’1""’

while the biorthogonality relations (2.8) drop out easily from (2.6) and (2.7).
]

Note that the relations (2.8) can be written in matrix form as follows:

0

v 0
1 1

'Y{o) 'Yh)

(n) (n)

Yo, WP P
0 1
90 o1 " Qon v vy - Yon
) (n)
Yn Y1
x q.lo q.n an % ln
9q0 qn1 o Qan O ’Y,f,',')

= ding(v, Y., %),

Hence for any strongly regular sequence q;; the following factorization
formula holds:

vy Sy
YS) 7{:) . oy — ! -1 -1
r = | x diag({v) L (@) ) )
0 YD
Q) 0

W o 29

%' Y(m)a AR
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The well-known formula (2.9) exhibits the fact that the sequence of the
last columns and the last rows of all successive inverses I'y,I'j,..., T,
uniquely determines the whole matrix T’,, and hence also the initial block

matrix Q,.

3. BLOCK HANKEL MATRICES AND GENERALIZED SPECTRAL
PROBLEMS

In this section we shall restrict ourselves to the particular case when all
the matrices Q, are block Hankel, i.e.,

9y = h,

for any pair of indices i,j > 0 such that i +j=m, m =0,1.... Accord-
ingly, a sequence of p X p matrices hgy, h),... for which all the block
Hankel matrices

Hy = [hy],  4j=0,....k (3.1)

are invertible will be referred to as a strongly regular sequence. If, in
addition, h, = I, it will sometimes be called a moment sequence.
For this special choice of g,; the corresponding GSF has an important

extra property
a{AX(A),Y(N)} = o{X(A),AY(A)}, X, YinL  (32)

The polynomials R;(A) and C,(A) associated with this GSF satisfy the
well-known three-term recursion (see, e.g., [13] for the scalar case, [10] for
the block version).

THEOREM 3.1. Let hy, hy,... be a strongly regular sequence of p X
p matrices, and let R (A), C,(A) be the polynomials based on the last row
and the last column of H;' respectively, k = 0,1,... . Then the following
identities hold.:

AR (A) = Ry_1(A) + B Ri(A) + Ap Ry, 1(A), (33)

ACL(A) = Cis(A) + C(X) By + Gy i) Ay, (3.4)
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def - =
where C_, = R_, =0 and Ay, By, Ay, B, are specified by the formulas

— s | _ =1 -1 -1

Ay = Tp " Texrs B, = "k(Tk o — Tk+15k+1)7k > (3.5)

A — -1 o -1 —1 -1

A = Tee1 " Tes B, = 7, (ngk - 3k+17k+1)7k’ (36)
in which

_ k) B _ )
Te = Yrk » O = Yik-1» €r = Yr-1,k

fork =0,1,..., subject to the convention that 6, = g, = 0.

Proof. Since the top coefficient of Rj(/\) is invertible for every
j=0/1,... the matrix polynomial AR, (A) clearly admits a unique
representation as

k+1
k
AR (A) = Z‘,O EOR,(N), (3.7)
j=
where F}(k) are constant p X p matrices. For k = 0 we have

M = EO -7 + FO(vfh + 70+ 3),

hence upon matching the coefficients of A' and A° we obtain
Ay =FP = yQ-{y®) ", Bo=FP = —v@[®) vR0Hr@)
For k > 1 the three-term recursion (3.3) is easily justified by the usual
orthogonality arguments based on the relations (3.2) and (2.6). Then the
formulas (3.5) drop out upon matching the coefficients of A* and A**! in
the identity
AR (X) = F®\ Ry (M) + EOR(A) + FO R (D),

while the equality F{Y, = 1, is obvious from the following chain of equalities:

I

E®, = (M1, (B2 Ry 0)*} = o (X1, (AR(N)")

a{N1,, Rf(V)} = I,

li

where we take advantage of (3.2) and (2.6) once again.
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Similar arguments work for the proof of the formulas (3.4) and (3.6). =

Now we pass on to the problem of reparametrization of the 2n + 1
independent block entries of the nondegenerate block Hankel matrix H, in
terms of inverses I, = Hy', k = 0,1,..., n. By (2.9), the (n + 1)® block
entries g, i,j=0,1,...,n, of any nondegenerate matrix Q, can be
parametnzed by the (n " 1)2 block entries

0), (1) (1) (1), e (n) . (n) (n) (n) o, (n) (n) o, (n)

Yoo's Yor> Y1i1» Y10's Yon> Yino e Ya-1,n> Yan'>s Yan=1>+++> Yal'> Yoo
1+ 3 4o 2n + 1
of the corresponding inverses I'),T',,...,T,. The matrix expression of the

recursions (3.3) and (3.4) gives us the following set of identities:

= (k-1 (k) -1 —1,,(k)
Y1 = Tr+1Tk (Yk, 7 1] )= & Tk 'ij + TiTii 10417k Ykj )

(3.8a)

k+1) [ ) k-1 (k) (k) -1 -1 -1
Vi) = (‘Yj-l,k Sl 7 Sl A PR 6‘k+17k+17k)7'k Tht1s

(3.8b)

k=0,1,..., j=0,1,...,k — 1, with the understanding that ‘y(l) =0
if elther s or t falls out51de the perm1tted set of values {0,1,...,1}, and
=70 g = y® 1 o S =y Apparently, these 1dent1t1es were first
obtained in [5] during the study of the matrix Padé problem.

It is easily seen from (3.8) that the sequence of invertible “corners”

T, Ths-rv» Ty (3.9)
together with the two sequences of their closest neighbors
6,,8,,...,8, and &, ¢&,,...,¢, (3.10)

allow us to compute the last column and the last row of each matrix T},
k=0,1,...,n, and after that to recover the nondegenerate block Hankel
matrix H,. In fact, to parametrize 2n + 1 independent block entries of block
Hankel matrix H, we need only 2n + 1 properly chosen entries of the
indicated inverses I, since one of the sequences in (3.10) turns out to be
superfluous.
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THEOREM 3.2. Let 74, 7,...,T, be invertible p X p matrices, and let
8., 8,,...,8, be arbitrary p X p matrices. Then there exists a unique se-
quence of p X p matrices

such that

(1) the Hankel matrix H, [h,ﬂ] ,j =0,..., nis nondegenerate, i.e.,
H, is invertible for every k = 0, ..., h;

(2) (Hk )kk = T, k= 0,.

(3) (Hk_l)kk—l = Sk, k = 1,2,..., n.

Proof. Given 74, we put hy = 75*. If 7, 7, and 8, are known, we have
to find only h, and h, in addition to h, = 7,'. From the well-known
formula (see, e.g., (0.8) in [7]) it follows that

1

[ho hl]_1= hy' + by hy(hE) kgt —hg'hy(RE)” .11

~ (k") hhs! (h)™
provided both h, and the Schur complement

R Eh, — hhoh,

are invertible. Let us write down the system of two equations with two
unknown variables h; and h,

(hy = hhg k) =1, —(hy— mhg'hy) Rt =8, (3.12)

where hy, = 73! is already found, 8, and invertible 7, are given. This system
has a unique solution

- _.—1ls -1
hy = —778,715°,
-1 1
hy = 771 + 77%8,77%8,75".

Thus, for n = 1 the assertion holds.
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We proceed by induction. Assume that 7,,...,%, 7., and §,,...,
8y, 84, are given and the sequence h,, ..., hy; with required properties is
known. We have to find hy; ., and h,, , ,. To this end we consider the block
Hankel matrix H,,, in the form

4 H T
kel S h2k+2

where H, is a known invertible block Hankel matrix, and

S=[hk+l hk+2 h2k+1] (3-13)

and

T=[hk+1 hk+2 hzk+1]bT (3-14)

are block vectors with unknown last p X p block hy;, ,; the p X p matrix
hgi+s is to be found as well. By the same formula for the inverse of block
matrix we can write

Hy'+ HO'T(HS) 'sHyY  —HP'T(HP)

S
Hiy = —(H,f’)_ISHk‘l (H,P)'l , (8.15)

where H,” dEefhzk +2 — SH{ 'T is assumed to be invertible.

It is easy to verify that the system
howyo— SH'T = 71, (3.16a)
{-(ne ) sHiY L = 8, (3.16b)
or, equivalently,

Boryo = Teiy + SHY'T, (3.17a)
(SHk_l)ok = _71:41-18k+1 (3.17b)

has a unique solution for hy,,, and hy; . ,. Indeed, from the equation



102 MICHAEL SHMOISH

(3.17b), bearing in mind (3.13), we obtain the following equation with
unknown variable hgy; ., :

hk+1(Hk—1)ok + hk+2(Hk—l)1k + o +h2k+17k = _7;i18k+1’ (3~18)

where 7, = (H; ')y by the inductive assumption. In virtue of the invertibil-
ity of 7, there exists only one hy;, , which satisfies (3.18), namely

k

hokir = = |Tii 18 + Z hk+j{Hl:l}j—-l,k T
j=1

Accordingly, the block vectors S and T are uniquely determined, and (3.17a)
gives a unique possible value for hy; , 5. The rest is plain. ]

THEOREM 3.3. Let 7,,..., 7, beinvertiblep X p matricesand ¢, ..., ¢,
be arbitrary p X p matrices. Then there exists a unique sequence of p X p
matrices

ho,hy, ... hy

n

such that

(1) the block Hankel matrix H, = [hi-f»j]’ i,j =0,...,n, is nondegen-
erate; ’

Q@ H)Yy=7,k=0,...,h

@ (H' v =&.k=1,....h

Proof. The proof is carried out in much the same way as the proof of the
preceding theorem, but with the equation

{“HEIT(HkD)—l}kO = &k

instead of (3.16b). [ ]

Our next objective is to find the relationship between the invertible block



GENERALIZED SPECTRAL FUNCTIONS 103

Hankel matrices and the semiinfinite block Jacobi matrices of the form

B, A, 0
I, B, A
L= L B . | (3.19)

where A, is invertible and B, is arbitrary for k = 0,1,... .
Theorem 3.1 shows that any strongly regular sequence hy, by, ... gener-
ates the block Jacobi matrix (3.19) by the following recipe.

PROCEDURE 1.

1. From initial data h, b, ... construct invertible block Hankel matrices
He=1[h;;1ij=01...kk=01....
2. Find all the last block row vectors

(k) (k) (k)
Yoo Yer Ut Yik

of matrices [, = H{ !, k =0,1,....
3. Take the invertible “corners” 7, = y{y’ and “next-to-the-corner” block
entries 8, = y{t, of the matrix [, k = 0,1,...; 8, = 0.

4. Compute A; and B; via the formulas
Ay = TiTiy (3.20)
B, =87 — mmi b 8T s k=0,1,.... (3.21)
If hy= L, then Procedure 1 gives a solution of the GISP, as the

following theorem shows.

THEOREM 34. Let hy, h,... be a strongly regular sequence of p X p
matrices, and let L be a block Jacobi matrix of the form (3.19) where the
entries Aj and Bj, j=0,1,..., are specified by Procedure 1. Then all the
matrices A, are invertible, and the initial sequence may be reconstructed by
the formulas

hy=ho (LNw, k=0,1,..., (3.22)

with the understanding that (L%)y, = I.,.
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REMARK 3.1.  All the powers of the semiinfinite block Jacobi matrix L
are well defined, since after any number of multiplications of L with itself in
every row and column there are only a finite number of nonzero p X p block
entries.

REMARK 3.2. To calculate Ay, A,,..., A, and By, B,,...,B, by
Procedure 1 we need only hy, Ay, ..., hy,,,. And vice versa, the moments
ho, hy, ..., hy,, when computed by the formula (3.22), depend only on
Ag,Ay..., A, and By, By,...,B,_,n=12,....

Proof. The invertibility of all the matrices A, is obvious from (3.20) and
Lemma 2.1. Let

R(A) = [Ry(A) Ry(X) - Ry(d) -]” (3.23)

denote the infinite block column vector, where the matrix polynomials R;(A)
are defined to have the coefficients from the last block row of T, = H; ! as
in (2.2a), k = 0,1,... . Then it readily follows from (3.3) and (3.19) that

LR(A) = AR(A) (3.24)

in the natural sense of block matrix multiplication, where we identify objects
block by block. There are no difficulties of convergence, because there are
finitely many nonzero terms involved in computing the entries in each p X p

block on the left-hand side of (3.24).
Clearly (3.24) implies that

L¥R(X) = MR(A), k=1,2,3,..., (3.25)
and hence by comparing the upper p X p blocks we have
(L0 Ro(A) + (LYo Ry(A) + =+ + (L5 )ox By (A) = N'Ro(2). (3.26)

The basic properties of the GSF associated with the initial strongly
regular sequence hg, hy, ..., and the relations (2.6) imply that

)

k k
&{I,,,( 2 (L*)o;R;(A) X (L)oo(L,, RF (L)}
j=0 j=o

k
Z (Lk)ojSOj : Ip
j=0

(L)oo
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and
o-{Ip, (/\"RO(/\))#} = o{L,, *1,yD)
= vQo{L,, A1)
= YOhy = gy
Thus from (3.26) we obtain
(L)oo = hg'hy,

as required. [ ]

At first glance it would seem that the entries in the Jacobi matrix which
are generated by a strongly regular sequence hg, h,, ... must be very special.
In fact, the matrices A, and B, are completely arbitrary except that A, must
be invertible.

THEOREM 3.5. Let L be any block Jacobi matrix of the form (3.19) with
invertible block entries on the upper diagonal. Then the sequence

g0=IP’ gl=(L1)00=BO’ gzz(Lz)Oo,..., gk=(Lk)00,...
is strongly regular (i.e., it is a moment sequence). Moreover, the Jacobi
matrix which is built from g, g,,... by Procedure 1 coincides with the

initial matrix L.

Proof. Starting from the given matrix L let us construct a sequence of
matrix polynomials Wy, k = 0,1,... by the recurrence relations

AW, () = Wi_1(A) + BW,(A) + AW, (A)

with the initial values W_, = 0, W, = L. Clearly, every polynomial W, (1) is
of degree k with invertible leading coefficient ¢;, where

to=1, and t, =A;l A, - AFY, k=1,2,.... (3.27)

Let s; be the coefficient of A*~! in the polynomial W,(A), k = 1,2, ... . Itis
easily seen that

Sl = A (s~ Bity), k=1,2,..5 sy = —A;'Byt,. (3.28)
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Theorem 3.2 shows that the two sequences t; and s;, k=0,1,...,
generate a strongly regular sequence of p X p matrices hy = t;' = I, hy,
hy,... such that t, = (H; '), and s, = (H{ ') ;_,- Let L be a Jacobi
matrix of the form (3.19) which is obtained from hg, h),... by Procedure 1,
ie.,

A — -1

Ap =1t iy,

N -1 -1 —1 — -
Bk_tk(tk Sk—tk+lsk+l)tk N k—O,l,...,SO-—O.

From (3.27) and (3.28) it is clear now that A, = A, and B, = B,, or
equivalently

L="L.
By taking advantage of Theorem 3.4 we can write

g = (L)oo = (£¥)o0 = ko *hy = L hy=h,

ie., gx is a strongly regular sequence, since the sequence h; has this
property. n
Now we are going to show how the formulas (3.5) can be specialized for
the solution of the inverse problem appearing in the classical spectral theory
of scalar symmetric Jacobi matrices (see, e.g., [1], [3], [9].
Let us consider the Jacobi matrix of the form (1.3) with scalar entries:

b, at 0
L= 1 pa .
1 b, a;

where b, €R, a, >0, k=0,1,.... Let h, = (L¥)gp, k=0,1,..., as
before. The first observation is that for the matrix L and for the symmetric
Jacobi matrix

by, a, 0
| % b, a
/= a, b, ay
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the moment sequences are the same, i.e., (I})y, = ( ] *)oo- Indeed, it is easy
to verify that

L=AJA™,

where A = diag(1, Aj, A\, Ag,...), A =aga; - a;, and A~ = diag
(L, A A7 L. 0). Since ATIA = diag(1,1,1,...) we have

Lk — A]kA*l’

and hence h; = (L¥)g, = [1,0,0,...1L¥[1,0,0,... 1" = (J*)y,. Note that all
the operations are well defined (see the first remark following Theorem 3.4).
The formulas (3.5) imply that

a; =TT,
bn = Tn_lan - Tn—ﬁ}16n+l’
where
T = (Hk_l)kk’
8 = (Hk_l)kk—l’
and

Hy = [h;]. i.j=0,... k.
In our scalar symmetric case obviously we have

, = det Hk—l Dk—l
k det Hk Dk ’

A
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where D; = det H; > 0 and

hy Ry by M

h h seo hy_ h
Ak‘1=det 1 .2 .k 1 .k+1 ,

hk—l hk hzk—s h2k—1

Thus,
2 Dn—an+l
a, = D2 R
b An An—l
" Dn Dn—l |

and we obtain the classical formulas

VDn—an+1

(3.29)

(see, e.g., [1].
We conclude the section with a discussion of other algorithms which give
a solution of the GISP.

Let hy = L,, hy, hy, ... be any strongly regular sequence of p X p matri-
ces.

PROCEDURE 2 (M. Gekhtman [11]). For any fixed n = 0, 1,... set

0y __ 0) ..
KO =h,,  B® =h,,...

> h(203+2 =hgpig-
Forevery k=0,1,...,n — L

1. Find the entries

Bo=h®, A, =h® — (k). (3.30)
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2. Compute the p X p matrices 2, ¥, .., 9;8_“1) by the formulas
k m+ 1y (k) (k k
9}( )= Zi1+i2+ ~+im=j(_1) " h(il)h(iz) hgm)’
j=23,....2n—k+1).

3. Recalculate the sequence h{**V, D | h$r 1, via the formulas
ok .
D = (280) 2%, j=1.2,...,2(n — k).
4. Take
A R (' ST

Let us explain that the summation in step 2 is carried over all 2/7!
possible nonzero “partitions with repetitions” of the number Ji e.g., since
2=2=1+1, we have 2 = — (W) = A, (which turns out to
be invertible), 3=1+1+1=1+2=2+1=23, and hence 95")=
(BPY — hPRE — REORP + AP, and so forth.

It follows from Theorem 3.5 that for any moment sequence (1.1) the
GISP has a unique solution. Thus, Procedures 1 and 2 give the same block
Jacobi matrix. Note that the computational complexity of Procedure 2 is at
least O(22"), while the following algorithm adapted from [13] (see also [10])
reduces the complexity of Procedure 1 to O(n?) operations.

THEOREM 3.6.  The block entries A, B, of the block Jacobi matrix given

def
by Procedure 1, as well as the coefficients R, ; = ‘y,ff) of the matrix polynomi-

as Ry(M), k=0,1,....,n =1, j=0,...,.k, may be computed recursively
from the nondegenerate block Hankel matrix

H,=[h,], ij=01...n,

as follows: Set U_, =0, V_, =0, Ry = hy', and then for every k =
0,1,....,n—1:

1. Compute

k k

U = 2 Rkjhj+k+1’ Vi = Z Rkjhj+k+2' (3.31)
j=0 j=0
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2 Take
Bk = Uk has Uk—l’ Ak = Vk - Vk—l - BkUk' (3.32)

3 SetRk‘__1=O, Rk—l,k=0’ Bk—l,k+l=0'
4 Foreveryj=0,1,...,k + 1 recalculate

Ryv1 ;= A (Be o1 — Ry — B, Ry,)- (3.33)

Proof. Fix any strongly regular sequence whose first terms coincide with
given hg, hy, ..., hy,. Such a sequence exists, since H, is nondegenerate. Let
o be the corresponding GSF.

Using the properties (2.3), (2.5), (2.6), and (3.2) of o, and the three-term
recursion (3.3) in the form

ARE(X) = RE_\(X) + RE(A)BY + RE, () AF,

it is easily seen that for every k = 0,1,...,n — 1

U, - z":ak] e = (AL RE(D) = oA, RE(N))

oW1, RE_(X) + RE(A) B + BE, (1) A1)
= Uk'—l + Bk,

and similarly that

Vi = Rkjhj+k+2 = a-{)\k+21p, le(’\)} = U{’\HIIP’ AR"#()‘)}

it

o{A1L,, RE(A) + RE(X) B + RE. (1) At}

=Vk—1 + BkUk +Ak’

def
where U_; = V_; = R_,(A) = 0. Notice that all the matrices A, are invert-
ible by Theorem 3.4. The rest is immediate from (3.8a). [ |
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4. THE HERMITIAN CASE AND SOME ROOT LOCATION
PROBLEMS

Let us assume that the p X p matrices h; are subject to the constraint
We=h,, k=01,..., (4.1)
which forces all the block Hankel matrices

Hy = [h;],  &.j=0,....k, (4.2)

to be Hermitian. Such a sequence hy, hy,... will be called a Hermitian
sequence. As before, all the block matrices (4.2) are assumed to be invertible.
Therefore the parameters

def
o= (H ) &= (Hi D)o, k=0.1,...,  8§,=0, (43)

are well defined, and moreover, by Lemma 2.1 all the p X p matrices 7, are
invertible. Notice that now the corresponding GSF enjoys the following

property:
a{X(A),Y(M)}* = a{Y(A), X(N)}, X,Y in 2. (4.4)
Theorem 3.2 shows that in the non-Hermitian case the parameters (4.3)

can be completely arbitrary up to the invertibility of the 7,. Under the
additional condition (4.1), they must possess a certain symmetry.

THEOREM 4.1. Let hy, hy, ... be a strongly regular sequence. Then it is
Hermitian if and only if the following two conditions hold:

(1) The invertible matrices 7, are Hermitian, i.e.,
T = T7. (4.5)
(2) One has
(8k — Tt 18k41)* = & — Tt 18ks s (4.6)

def
wherek=0,1,...,60—=6iO.
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Proof. Let the p X p matrices 7, and §; satisfy assumptions (1) and (2)
of the theorem. Obviously, h, = 7;! is a Hermitian matrix. Fix any n =
1,2,... . We are going to prove that h, h,..., h,, are all Hermitian too.
Let us take the p X p matrices A, and B; which are specified by (3.5):

— R | __ -1 _ 1 -1
A =T Teis B, = “'k(Tk O ”k+15k+1)”'k >

and consider the finite block Jacobi matrix

0 AO O
I, B, A
L= I, B,
. . An__l
0 I, B, |

The block diagonal matrix
T = diag(7y, 7y, ..., T,)
is clearly invertible and Hermitian. Assumption (2) implies that
(Bi1i)* = By

It is readily checked now that

(LT)* = LT,
L* = TILT,
and
L** = T7lFT.

By matching the upper left-hand-side blocks we obtain

(L*k)oo = TEI(Lk)oo'ro-

Since h§ = h,, we get

{ho( Lk)oo}* = ho( Lk)oo

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)
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from (4.12). Then the formula (3.22) and the second remark following
Theorem 3.4 yield

which proves the sufficiency.

Assume now that hg, h,... is a Hermitian strongly regular sequence.
Then T} = (H;') is a Hermitian matrix, and hence (4.5) holds. To prove
(4.6), let us consider the identity (3.3) in the form

ARE(X) = RE\(X) + RE(A)Bf + RE (WAL, (413)

def
where k = 0,1,..., and R_, = (. Since the assumption (4.1) implies that

Ci(A) = RE(M), (4.14)
it follows from (2.5), (2.8), and (4.13) that
o{Rf(A), AR (1)} = By, (4.15)

The properties (3.2) and (4.4) of the GSF show that the left-hand side of
(4.15) is Hermitian, and therefore so is the right-hand side. The rest is plain.
|

COROLLARY. A block Jacobi matrix L of the form (3.19) generates a
Hermitian moment sequence hy = (L*)o, = h¥, k = 0,1,..., if and only if

(1) (Ag A - AD* = AgA, - A

(2) Bf =B,, (AgA, -+ A;B,,\)* = AgA, - AB,,,, j=01,....

Proof. The conditions (1') and (2') are actually a rewritten form of (1)
and (2) of Theorem 4.1, where the formulas (4.7) and h, = I, are taken into
account. n

The Hermitian sequence h, hy, ... is called positive definite if
H >0, k=01,.... (4.16)

This case can be characterized as follows (compare with [10, p- 98D:
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THEOREM 4.2. A sequence hg, h,, ... is positive definite if and only if
7> 0, (4.17)

(5k - TkTI:}-ISk+1)* =& — T 1841 (4.18)

Proof. The statement of this theorem is an immediate consequence of
Theorem 4.1 and the relations (2.8), (2.9), and (4.14). (]

Our next objective is to study the root location of some special linear
combinations of the orthogonal matrix polynomials C,(A). Let us recall that
a complex number w is defined to be a root of p X p matrix “polynomial
X if

det X(w) = 0.

THEOREM 4.3. Let hg, hy,... be a positive definite strongly regular
sequence. Let

Wk‘:S\(P*TkQ), k=1,2,...,

where P and Q are p X p constant matrices such that Q is invertible, J
stands for the imaginary part of the indicated matrix, and 7, is given by
4.3).

Then all the roots of the p X p matrix polynomial
X, (A) = C_( M) P + C(H)Q (4.19)

belong to:

M C,I[C,] if W,>0[wW,>0]
@ C_I[C_] if W,<0[wW, <0},
@ R if W,=0.

Proof. Let w be a root of the matrix polynomial X;{2A). Then for some
nonzero v € C?

X;(w)v = 0.
Consider the matrix polynomial

4O ~X(@) Aoy, (4.20)
A j=0

Y(A) =

- w
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which is of degree at most k — 1 (in A). Then
WY(A) = AY(A) — X, (A) + Z, (4.21)
where Z = X;(w). Therefore
w* - a{Y(1), YN} = o{Y(A), AY(W)

- o{Y(A), (M} + o{Y(A),Z}. (4.22)

By passing to adjoints and bearing (4.4) in mind, we find
w- o {Y(A), Y(X) = o{AY(A). Y(X)} - o{X( 1), Y( 1))
+ o{Z,Y(A)}. (4.23)

It is readily seen from (3.2), (4.22), and (4.23) that

(0= ) a{Y(2),Y()} = o{Y (1), Xi( W)} = o{X(2).Y (1)}
+o{Z,Y(. } a{Y(r),Z}. (4.24)

Let us multiply both sides of (4.24) by v* on the left and by v on the right.
Then the last two terms containing Z vanish by (2.3), since Zv = 0, and we
are left with

(o — 0*)o*Yv = 0*Xv — v*X >0, (4.25)
where X = o{Y(A), X;(M)} and Y = o{Y(A), Y(A)}.

Let us figure out the right-hand side of (4.25). Using the orthogonality
relation (2.6) and the basic properties of the GSF, we find

X = "{Y()‘), Xk()‘)} = U{Y()‘)7Ck—l()‘)P + Ck()‘)Q}

= P*a{Y(1),C,_ (N} + 0*a{Y(A). C (M)}
= P*U{Yk_l)tk_l + kizyj)‘j7ck—l( A)
j=0
= P*a{Y,_ AL, C_ (M)}
—P*Y,_,.
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It follows from (4.21) that Y¥;_ v = 7,Qv, ie.,
v*Xv = v*P*1, Qv.

Let us rewrite (4.25) in the form

0 - w* o*Yo = o* P*1,Q — (P*1,.Q)*

57 Y v =v*J(P*1,Q)v

= 0*W,0. (4.26)
By the very definition of the GSF we get
v*Yo = n*H;_m, (4.27)
where
n* =0 Yy YF o Y]
The vector 7 is nonzero; otherwise we would have
X(Mov=(A-w)Y(A)v=0  forevery AE€C,

which contradicts the assumed invertibility of the top coefficient 7,Q of
X, (A). Under the conditions of the theorem, all the block Hankel matrices H;
are positive. Therefore the number v*Yv = n*H;_,7 is positive too:

v*Yv > 0. (4.28)

Finally, (4.26) and (4.28) give us the following equality:

w—o* W 4.99
2 o*Yo (4.29)

The rest is plain. L

REMARK 4.1. For the scalar case with a Toeplitz matrix in place of a
block Hankel, similar arguments were presented in [14, p. 52].
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COROLLARY. Let hy, hy,... be a positive definite strongly regular
sequence. Then for every k = 1,2, ...,

(a) all the roots of the matrix polynomial C,(A) are real;
(b) for a € C all the roots of the linear combination

Xy o(A) = C(A) + aCy_ (M)

are located on the real axis, in C,, orin C_ accordingas « € R, a € C,,
orae C_;
(c) all the roots of the matrix polynomial

E.(A) = AC,(A) — C,_(A) +iC,(A) (4.30)
belong to C_, while all the roots of

F,(A) = AC,(A) — C,_(A) —iC,(A) (4.31)
belongto C,, n=1,2,....

Proof. (b): It is enough to take Q =1I,, P = al, and to invoke the
equality (4.29), where now

V*Wio = 0*I(P*1,Q)v = v*J(a) Lo = I(a)v*o,

and v*Yv is still positive. To obtain item (a) just set a = 0.
(c): Using the three-term recursion (3.4) and relation (4.14), let us
represent (4.30) in the form (4.19):

En( /\) = Cn( A)P + Cn+lQ7
where

P=Bf+il,, Q=A%

and A, B, are given by (4.7). A simple calculation based on (4.7) and (4.10)
shows that in this case

Wn+1 = S(P*Tn+lQ) =TT (4'32)
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where 7, is positive definite by Theorem 4.2. Assertion (2) of Theorem 4.3
gives the desired result for the polynomial E,(A). Similar arguments work for
F.(A) too.

REMARK 4.2. In [15] the effect of perturbing a self-adjoint matrix
polynomial by the addition of a matrix polynomial of lower degree was
studied. In this context one can interpret the results (a), (b) as follows: the
admissible perturbations aC; _,(A) for nonreal a have the effect of shifting
all the real roots of C;(A) off the real axis. Notice that in general the matrix
polynomials C;(A) are not self-adjoint.

REMARK 4.3. The matrix polynomials E,(A) and F,(A) were introduced
and extensively studied in [6]. In particular, that paper contains a much more
general result on the root distribution of these polynomials under essentially
weaker assumptions: the Hermitian block Hankel matrix H, is not restricted
to be positive definite, or strongly regular.

In the rest of the section we indicate some applications of Theorem 4.3 to
stability problems for matrix polynomials; see Chapter 13 of [17] for a nice
exposition of the related scalar results. Recall that a matrix polynomial is
called stable if all its roots belong to the open left half plane.

THEOREM 4.4. Let A, B, C, and D be p X p matrices such that

def
A>0, HR(B)>0, F=C-DB'A>0, DB 'F>0.
(4.33)

Then the matrix polynomial
M,(A) = AX® + BA* + CA + D, (4.34)
is stable.

Proof. Let us consider the block Hankel matrix H, which is generated
by the parameters

T, > 0, T, > 0, Ty > 0, Ty > 0, 0, =08,=06;=0,

as in Theorem 3.2. It follows from Theorem 4.2 that H; > 0. The three-term
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recursion (3.4) has now the following form:

AC(A) = G (M) + G V)T, €y =0,
which allows us to compute the corresponding polynomials:
Co(A) = 70, Ci(A) = 74, Cy(A) = o A% — 77717,
and
Ca(A) = 75A° = (701775 + 7))75 15,
Let us apply now Theorem 4.3 with
T3=1,, T,=A, 1,=C-DB'A, 7,=DB7'(C-DBA),
and
Q=r71;'1, = A, P =ir;'B =iA"!B. (4.35)
Since
W, = S(P*r,Q) = I(—iB*) = —R(B) <0, (4.36)
all the roots of the matrix polynomial
X3(A) = Co(A)P + C3(A)Q
=AM +iBA* — CA —iD
belong to C_. To complete the proof it is enough to observe that
M,(A) = iX,(iA). m (4.37)

In much the same way one can find the sufficient stability conditions for
the matrix polynomials of higher degree.

ExaMPLE. Let p X p matrices A, B, C, D, and E be such that

A>0, R(B)>0, C-A>E>0, D=B. (4.38)
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Then the matrix polynomial
M,(A) = AX + BA> + CA* + DA + E (4.39)

is stable.
To check the stability it is enough to set

T4=Ip, T, =A, 7, =C — A, 77.=C—-—A—-E,
1,=E—-E(C—-A)'E,

to take 8§, = 0, k = 1,2, 3,4, and to proceed as in the proof of Theorem 4.4
with P =iA"'B and Q = A. Notice that 7, > 0, since the assumption
C —A>Eyields ET' > (C — A)~".

One can obtain the famous Routh-Hurwitz stability test for scalar polyno-
mials by using the technique developed above. We shall not pursue this
direction here.

Our next objective is to give an independent characterization of the matrix
polynomials appearing in Theorem 4.3. This will help to establish some other
sufficient conditions for a matrix polynomial to be stable. First, let us consider
any nondegenerate Hermitian block Hankel matrix H;. The corresponding
p X p matrix polynomials C;_ (A) and C;(A) have the following properties:

(1) The top coefficient 7, is an invertible Hermitian matrix.

(2) The polynomials are left coprime, i.e., if for some x € C?, A, € C
we have x*C(A,) = 0 and x*C,_,(A,) = 0 simultaneously, then x = 0.

(3) They meet the identity

Cu(MTICEA(A) = G ()7 'CE(D), AeC,  (440)

i.e., a rational matrix function W(A) = 7,C; (ADC,_ (A is self-adjoint on
the real axis:

(W(A)* =W(A), AeR. (4.41)

Item (1) is plain from Theorem 4.2, whereas (2) is readily checked
by invoking the three-term recursion (3.4), and (3) can be extracted from
Theorem 3.1 in [6].

The identity (4.40) shows that the matrix-valued function

dgef C(2) 77 CE\(y) — Co(2) 7' CE(y)
A(z,y) = p—
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is a polynomial in the scalar variables z and y. Let us write

k-1
Az, y) = X z'byy, b, €CPP. (4.42)
i,j=0
The kp X kp matrix
B=1"Ip1 i i=01 EL—1
o Luijl, i, ] U, 1, , "~ i,

which consists of p X p block entries b,;, will be referred to as the
(generalized) Bézoutian associated with the quadruple

{Ce) 7L, (), (G ) (D ).

This definition of the Bézoutian B was introduced by Anderson and Jury,
who also proved the congruence of B to a block Hankel matrix which is
based on the initial rational function W(A); see Lemma 2.3 in [2]. However,
there is yet a closer connection between Bézoutians and Hankel matrices.
Namely, if a generalized Bézoutian is invertible, then its inverse itself turns
out to be a block Hankel matrix; see, e.g., [21], and [12] for more details. We

w31 thi +H i der + i
explore this connection in order to prove the following

THEOREM 4.5. Let U(XA) and V(M) be any pair of left coprime p X p
matrix polynomials of degrees

deg V(A) < degU(A) =k, (4.43)

such that the top coefficient U, of U(A) is an invertible Hermitian matrix,
and

UADUTVE(A) = V()UTU*(A),  aecC. (4.44)

Then there exists a sequence hy, h,, ..., hy, of p X p Hermitian matrices
such that:

(1) The block Hankel matrices H,_, = [th], i,j=0,1,....,k = 1, and
H, = [kiﬂ.], i,j=0,1,..., k, are both invertible.

(2) The matrix polynomials C,_ (A) and Ci(X) based on the last block
column of Hi'} and H; ' coincide with V(A) and U(A) respectively.



122 MICHAEL SHMOISH

Proof. Set

ROV - v,  syEuvmu. (445
Since (4.44) and (4.45) imply that
R(A)S*(A) = S(A)R*( ),
the Bézoutian of the quadruple {R(A), S(A), R*(A), S*(A)} is well defined:
k
Mz, y) = X z'b,y!, b,eCP7, (4.46)
i,j=0

where

Az, 4) & R(Z)S#(yz : ;(Z)R#(y) .

(4.47)

Obviously, the matrix polynomial R(A) is of degree k + 1, its top coefficient
U, is invertible, and the pair (R(A), S(A)) is left coprime. Therefore by
Theorem 1.2 of [21], the (k + Dp X (k + 1)p Bézoutian matrix

B, = B{R, S; R*, §*¥) (4.48)

is invertible, and moreover, its inverse is a block Hankel matrix with p X p
block entries. We denote this block Hankel matrix by H,.
It follows from (4.47) that

(A(z*, y*))* = Ay, 2).

Consequently, bj; = by, i.e., both B and H; are Hermitian matrices.
Using (4.45) let us rewrite (4.46) and (4.47) in the following form:

U(=)Uc'V*(y) — V(2)U U (y) _ » z'b,y.

U(z)U7'U*(y) + p—
4,j=0

(4.49)
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Since U, is assumed to be Hermitian, it is easy to see now that the last block
column of the block matrix B, = (H,)~! is built from the coefficients of the
matrix polynomial U(A), and hence
U(A) = Cr(A).

It follows from (4.49) that

by =by(b) 'y +c; for i,j=01,..., k=1, (4:50)
where by = Uy, and ¢,; € CP*? come from the self-evident identity

U(z)U 'V (y) = V(2)U7'U*(y) _ Rt die gl (451)
2Ty i,j=0 Y

Therefore, Lemma 3.1 in [6] serves to justify the following identification:
(He) ' =leyl,  ij=0,1,...,k—1, (4.52)

where H;_, is a kp X kp submatrix of the block Hankel matrix H, = B .
To complete the proof it remains only to verify that V(A) coincides with
Ci_1(A). But this is plain from (4.51) and (4.52). |

REMARK 4.4. The general results of [6] show that the block Hankel
matrix H; appearing in Theorem 4.5 is unique. Therefore the formula (4.49)
can be used to determine the inverse of a Hermitian block Hankel matrix in
terms of the solutions of two block equations; see [20], wherein similar
problems are discussed. For the precise formulation of the statement along
with an independent proof we refer to [12].

COROLLARY. Two p X p matrix polynomials V(A) and U(A) can be
represented as C,_,(A) and Ci(X) for some positive definite (k + 1)p X
(k + 1)p block Hankel matrix H, if and only if:

(1) deg V(A) =k — 1 and deg U(A) = k.
(2) The top coefficient U, is positive definite.
(3) The identity (4.44) holds:

UAN)UTIVE(A) = V() UTU#(A).
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(4) The Bézoutian

B,_, = B(S,V; S* V#)
def
is positive definite, where S(A) = U(AD)U; .

Proof. Let assumptions (1)-(4) hold. Since the Bézoutian B,_, is
invertible, the pair of matrix polynomials U(A) and V(A) is left coprime. They
generate two invertible Hermitian block Hankel matrices

Hk~1=[h'+j]’ i,j=0,1,....,k—1, and Hk=[hi+].],

1

i,j=0,1,....k,

as in Theorem 4.5. Under assumption (4), it follows from (4.51) and (4.52)
that H,_, is positive definite. Therefore, in view of Theorem 4.2, assumption
(2) forces H, to be positive definite too.

The “only if” part is plain. ]

We have characterized the matrix polynomials to which Theorem 4.3 is
applicable. This will help to derive the theorem which to some extent can be
regarded as the matrix generalization of the well-known Liénard-Chipart
stability test; see [16] for close results.

With this in mind, let us consider a p X p matrix polynomial

k
A(X) = L AN,  det A, # 0. (4.53)
=0
We define
l : l .
H(A) = Z Asz], G(A) = Z A2j+lA]’
j=0 j=0
where
- k/2 if k is even,
T\ (k=1)/2 if k is odd.

The obvious representation

A(X) = H(A%) + AG(A?) (4.54)
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will be referred to as the LC splitting of A(X); see, e.g., [17, p. 470]. Next, we
introduce

Y . .
UOA) = H(-A*) ifk Ts even, (4.55)
AG(—A%)  if k is odd,
AG(—A%*) ifkiseven,
A) = 4.56
vy { —H(—A*) ifkisodd, (4.56)
and notice that
A(iAd) = c(U(A) +iV(A)), (4.57)

where ¢ is a scalar constant. Now, we are ready to prove the following
stability result.

THEOREM 4.6. Let the representation (4.54) be the LC splitting of
a monic matrix polynomial (4.53). Let U(A) and V(X), which are defined
as in (4.55) and (4.56), meet the condition (4.44). Assume further that the
Bézoutian of the quadruple {U(X), V(A), U¥(A), V¥(A)} is positive definite.
Then the matrix polynomial A()) is stable.

Proof. Since A(A) is monic, we have U, = I, and

sS() Zuayur! = u(a).

By the corollary following Theorem 4.5, the matrix polynomials U(A) and
V(A) can be regarded as C;(A) and C,_,(A) respectively, for some choice of
a positive definite block Hankel matrix H,.
Upon letting
Q=1I, and P=il,

p

we find that

W, = J(P*r,Q) = 3(—il,) = -1, <O0. (4.58)
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By Theorem 4.3, all the roots of the matrix polynomial
Xi(A) =iV(A) + U(A)

belong to C_. Therefore, the formula (4.57) exhibits A(A) as a stable matrix
polynomial. n

We conclude the paper with a generalization of Theorem 4.3 to the case
when the Hermitian block Hankel matrix H, is no longer presumed to be
positive definite:

THEOREM 4.7. Let

be a Hermitian block Hankel matrix with p X p block entries (n > 1), such
that both H, and

H, ) =[hy]. .j=01..80-1,
are invertible. Let
W, = 3(P*1,Q), (4.59)

.where P and Q are p X p constant matrices and 1, = (H; '), . Consider the
p X p matrix polynomial

X,(A) =C,_ (M P+ C (MO, (4.60)

and suppose that W, is a definite matrix.
Then X,{(A) has no real roots, and

wi(H, ) i W,>0,

4.61
we(H,_) i W,<0, (461)

5¢(Xn) =

where 8_(X,) denotes the number of roots of X, (counting algebraic
multiplicities) in C |, and u,(H, ) [n_(H,_,)] stands for the number of
positive [negative] eigenvalues of the Hermitian matrix H, _,.
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Proof. The desired result can be obtained from Theorem 1.1 in [8],
using the identification of the inverse (H,_,)™" as the generalized Bézoutian
associated with

{C. (M7, Co (W) GV 7 ) (€ W)}

[compare with (4.51) and (4.52)], and taking into account Lemma 3.2 in [6].
n

A detailed proof of Theorem 4.7 and its application to improving the
stability results discussed earlier will be presented elsewhere.

I wish to thank my thesis advisor Professor Harry Dym for extremely
helpful discussions and valuable comments on the manuscript.

I am also grateful to the referees for calling my attention to References [5]
and [13], and for their careful reading of the original manuscript.
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