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Abstract-The notions of motif and arrangement symmetries within composite geometric figures 
are defined. The relationships between these types of symmetry and the symmetry of the whole figure 
are clarified by making use of the crystallographic concepts of site symmetry and direction symmetry. 
From this, it has been deduced that a figure with arbitrary symmetry can be assembled from motifs 
of likewise arbitrary symmetries. If a motif with symmetry GM is placed on a site having the site 
symmetry Gs C GM, its contribution to the figure symmetry G is only a subgroup GLO of its 
direction symmetry GMO where Gs = G* MO c GMO C GM. Supernumerary symmetry elements 
of the motif give rise to intermediate or latent symmetries of the figure. A consequent decomposition 
of a geometric figure into its constituent points reveals that a large part of the O(n) symmetry of 
every single point is lost when assembling these points to build up the figure. All “lost” symmetries 
can, however, be detected as intermediate symmetries of this figure. They can be displayed as fuzzy 
symmetry landscapes and symmetry profiles for a given figure showing all crisp and intermediate 
symmetries of interest. 

1. INTRODUCTION 

Symmetry of a geometric figure manifests itself most obviously in a regular repetition of certain 

motifs which are reproduced by reflections, rotations, translations and/or other symmetry op- 

erations of this figure (see, e.g., [1,2]). A n example is given in Figure la. There are, however, 

instances where symmetries which lead to the repetition of a motif will afterwards not (within a 

fuzzy symmetry concept: only partly) appear in the symmetry of the resulting geometric figure. 

In Figure lb, the mirror lines 2 to 5 are not part of the symmetry of the whole figure, they are 

only local symmetry elements: lines 4 and 5 are symmetry elements for two “I” motifs each, 

whereas lines 2 and 3 are only symmetry elements of the motifs they intersect. On the other 

hand, symmetry lines 0 and 1 coincide with the mirror lines of the whole figure, they are global 

symmetry elements. Shubnikov and Koptsik [3] describe a nice method of preparing figures with 

local symmetry lines by cutting out figures from irregularly folded paper. 

(4 (b) 
Figure 1. Endless repetition of an “L” motif by reflections and translations which are 
symmetry operations of the resulting infinite geometric pattern (a), and a geometric 
figure assembled from three “I” motifs (b). The mirror lines 2 to 5 and the Cz 
axes (0) on them are not crisp symmetry elements of the whole figure, whereas the 
mirror lines 0 and 1 and the C2 axis on them are. 
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From the viewpoint of fuzzy symmetries [4,5], a symmetry line which is a symmetry element 

of the whole figure is fully preserved in this figure. On the other hand, a symmetry line that 

is only a local symmetry element and is relevant for only a part of the figure is preserved only 

partially (to a degree below 100 per cent) during the composition of this figure, thus giving rise 

to an intermediate symmetry. 

The fuzzy symmetry concept forms a sound basis for the qualitative and quantitative descrip- 

tion of intermediate (approximate or latent) symmetries of a figure [4,5]. Such a description has 

been done in two ways: by using a Fourier series expansion of the form function [4] and by an 

approach involving fuzzy symmetry requirements [5]. Both methods give a degree of symmetry S, 

which has been interpreted as degree of preservation of the respective symmetry element(s). Up 

to now, this fuzzy symmetry concept has been applied to simple geometric figures [4,5]. In this 

paper, it is used for the description and evaluation of fuzzy symmetries in composite geometric 

figures. The concept is applied to arbitrary geometric figures (not only figures that are regularly 

composed of repeated motifs). To this end, definitions of a degree of symmetry S are developed 

which are especially suitable for discrete and continuous geometric figures. Then, S will be dis- 

played as symmetry profile or symmetry landscape for a given figure. This will reveal that there 

are fuzzy symmetries even in motifs which are conventionally termed asymmetrical. Before exam- 

ining fuzzy symmetries in composite figures, however, the crisp symmetry relationships between 

motifs and the whole figure for regularly composed geometric figures have to be clarified. 

2. MOTIF SYMMETRIES AND ARRANGEMENT 
SYMMETRIES IN FIGURES 

2.1. Definition of Motif and Arrangement Symmetries 

Parts of a geometric figure which are congruent, similar, or at least related to one another and 

by repetition build up the figure are termed “motifs” of this figure. Wolf [1,2] claims that a motif 

should be asymmetrical. A simple way to obtain an asymmetrical motif out of a symmetrical part 

of the figure is to cut this part along its symmetry elements-a method which R. B. Fuller used 

to produce the asymmetrical elementary motifs of symmetrical polyhedra [6]. Unfortunately, this 

method is in pruzi not generally applicable: it fails, for example, in the case of a circle, a ring, or 

segments of them which cannot be cut along symmetry lines to give asymmetrical motifs. On the 

other hand, cutting a circle, ring, etc., at will results in pieces which do not by repetition form the 

whole figure, and therefore, could not be regarded as motifs. Since arbitrary geometric figures are 

to be considered in this paper, the condition of asymmetry of a motif has to be abandoned. This 

means, in turn, that the claim for repeatedness of a motif also has to be given up: a symmetrical 

motif does not need to be regarded as being built up by repetition of an asymmetrical element, 

and such a motif does not need to occur more than once in a figure’. Therefore, I shall define a 

motif M simply as a distinct part (a logical unit) or a subset of points of a geometric figure 3: 

M G J=‘, (1) 

regardless of its own symmetry or its repeatedness. With this definition, of course, the decompo- 

sition of a figure into motifs is not unique and can be adapted to the aims of the investigation, 

but this does not in any way restrict the general validity of the approach. 

Figures that are composed of repeated motifs display two kinds of symmetries which I shall call 

motif symmetry and arrangement symmetry, respectively. A motif symmetry corresponds to all 
symmetry elements of a certain motif. They necessarily run through the centre of gravity of this 

‘We will see that in a special position within a symmetrical geometric figure (namely, in the origin), a motif located 
there has to be unique and cannot be repeated. Generally, the number of repetitions of a motif will depend on its 
position within the figure (vide infra). 
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motif’. The motif symmetries will normally be different for distinct sets of motifs within a figure; 

they often constitute only local symmetries. An arrangement symmetry, in turn, corresponds to 

all symmetry elements running through the centre of gravity of an n-tuple of motifs (n > 2, i.e., 

a pair, triple, quadruple, etc., up to the whole figure). It may in case of coincidence of local 

and global symmetry elements be equal to one or several motif symmetries. If a geometric figure 

can be reduced to mere asymmetrical motifs, then we have to deal exclusively with arrangement 

symmetries. 

The relationships between motif symmetry and figure symmetry have been dealt with by Shub- 

nikov and Koptsik [3]. They note that for a figure composed of geometrically different motifs 

(which cannot be converted into one another by motions or similarity transformations, e.g., a 

superposition of a square and a pentagonal sawtoothed star) with symmetries G1 and Gz (where 

none of these groups is a subgroup of the other), the symmetry G of the resulting figure is given 

by the intersection G = GlnG2. During the formation of such a composite figure, a dissymmetri- 

sation. (symmetry reduction) of the system occurs. If, however, equivalent motifs are assembled 

in a regular manner, this results in a symmetrisation, i.e., the symmetry of the resulting figure is 

higher than the motif symmetry [3]. This is, however, not generally true. It is easy to convince 

oneself that it is impossible to assemble a finite number of icosahedra having the motif symmetry 

Yh (2m35) 3, to give a figure with a symmetry higher than Yh, or for cubes with symmetry 

Oh (m&n) to construct a figure with G > Oh. In other words, the above statement is true only 

for motifs with sufficiently low symmetries. In the following, I shall present a different approach 

to the description of the relationship between figure and motif symmetries by using the concepts 

of site symmetry [7,10-12) and direction symmetry 1131 which are well-known in crystallography 

and solid state physics. Since a broader audience outside crystallographers may not be familiar 

with these notions, I shall describe them with examples in the following section. 

2.2. The Concepts of Site Symmetry and Direction Symmetry 

When using the site symmetry concept, the way of looking at the problem is from the finished 

figure backwards to the motifs which constitute it and not from the motifs towards the mode of 

assembling them. Therefore, the symmetry G of the whole figure has to be pre-set. The notion of 

site symmetry, then, describes the symmetry properties of the motifs as local entities in relation 

to the global symmetry G. 

The main idea of the concept of site symmetry is as follows: if in a Euclidean space lE”, a 

singular point (the origin of the coordinate system) is chosen in which the symmetry elements of 

a certain group G are “installed,” then the points of JE” group into disjoint classes corresponding 

to their position relative to the symmetry elements of G [lo]. For symmetry Czh(2/m), as an 

example, it is easy to see that we have four classes (Figure 2): 

(i) the origin (lying on the rotation axis and in the mirror plane), 

(ii) the points of the zy plane except the origin (lying only in the mirror plane), 

(iii) the points on the z axis except the origin (lying only on the rotation axis), and 

(iv) all other points (lying on no symmetry element). 

A point in a mirror plane, then, has mirror-symmetrical surroundings, whereas a point on a 

rotation axis has rotationally symmetrical environs, and so on. To every point or position P, 

‘This is only a necessary condition, since arrangement symmetry elements may also run through the centre of 
gravity of a motif, see Figure lb. 
3The first symbol is the Schoenflies symbol, followed by the abbreviated International (Hermann-Mauguin) symbol 
in parentheses (see, for instance, [7,8]). S c h oenflies symbols for two-dimensional point groups will be marked with 
an asterisk; the corresponding Hermann-Mauguin symbols are: n for Cz, m for D;, mm for D3, nm (nmm) 
for DA with n > 2 and n odd (even) [9]. For symmetry operations, also both types of nomenclature will be used 
in several cases (without discriminating between three- and two-dimensional operations); the correspondence is as 
follows: rotation: C,,&, rotation-reflection: S,%, rotation-inversion: A,%& reflection: (T + m. The orientation 
of rotation axes is denoted by an index; mirror planes will be characterised by their normal direction following 
[lo] (i.e., m5 lies in the yz plane). 
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(4 (b) Cc) (4 (4 
Figure 2. Symmetry elements of the group Cah(Z/m) in perspective (a), and the 
four different sites within this symmetry: general position (b), and positions on the 
rotation axis (c), in the mirror plane (d), and on both symmetry elements, i.e., in 
the origin (e). In each case, a point (0) and its images (0) under the symmetry 
operations of Csh, i.e., the symmetrically equivalent points forming an orbit (vide 
in&a) are shown. 

there will be ascribed a site symmetry group Gs(P) which is the symmetry of the lEn seen from 
this very position. Thus, Gs(P) characterises the local symmetry at this place. To be precise, 
the site symmetry of a point is given by the set of all transformations of G that leave this point 
invariant4 [7]. In the above example, the site symmetries range from the full symmetry Czh (for 
the origin) down to symmetry Ci (1) for the points of Class (iv). 

(4 (b) Cc) 

(4 (e) (f) k) (h) (9 
Figure 3. Symmetry elements of the group Dad (a2m) in perspective (a), and in a 
stereogram5(b). Symmetry operations resulting in the different points of orbit 01 
are given in (c), Orbit Rr of a point of general position (d) and the orbits 02 
and n; (both correspond to e), Rs (f), 0; (g), f24 (h), and 0s (i) are shown. In 
the stereograms of the orbits, the symbols of the symmetry operations have been 
omitted for the sake of clarity. 

The main task is, then, to find for a prescribed figure symmetry G, the different classes of 
points and their respective site symmetries. To this end, it is advantageous to introduce the 
point group matti G [lo]. This is a (g x 3)- matrix (g: order of the point group G) with each row 
consisting of the coordinates of a point of general position (i.e., lying on no symmetry element) 
after transformation by one of the symmetry operations of G. For G = Dzd (42m), as an 
example, we get6 

4These transformations are not necessarily identical with the transformations corresponding to the symmetry 
elements on which this point is located. For points outside the origin, only rotations and reflections, but not 
rotation-reflections or rotation-inversions may occur in Gs(P) [14]. 
5As a convention in stereograms, the paper plane will be drawn as a dashed circle if it does not represent a mirror 
plane; rotation axes lying in the paper plane are drawn as dashed lines, mirror planes oriented perpendicularly 
to the paper plane as solid lines, The contour square (0) d enotes an S4 (4) axis, filled lenses denote normal Cz 
rotation axes. The symbols x, o, and l mean points above/below/in the paper plane, respectively. 
6As usual in crystallography, a minus sign is put above the corresponding variable (e.g., 1 E -z). 
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Point gn 3 matrix e Corresponding symmetry operations 
’ XYZ 

E (1) 
YZZ 

% (4,) 
XYZ c2z (2,) 

YXZ s4z (a:) 

2g2 c2, (2,) 

YXZ 4 Cm581 
- - 
XYZ C2Y c4l) 

gmz 4 Cm=,) 

(2) 

The points resulting from the different symmetry operations have been depicted in Figure 3c. 

Since the result of the transformation of the point coordinates (~2) by a certain symmetry 
operation unambigously characterises this operation, the point group matrix is a characteristic of 
the point group and, simultaneously, a shorthand for the transformation matrices of the individual 
symmetry operations7 [lo]. The lines of the G matrix correspond to the coordinate triples of 
all points which are symmetrically equivalent to a point of general position [lo]. Such a set of 
symmetrically equivalent points is called an orbit ([7], cf., also [3,10]), the notion being taken 
over from permutation-group theory. Points of general position are said to belong to a general 
orbit, a point of special position belongs to a special orbit [7]. The different orbits for Dzd are 

depicted in Figure 3d-i. 
Summarising, the action of a group G onto the points of lEn defines an equivalence relation (w)‘: 

P’ N P~~GEG:P’=&P, (3) 

due to which these points subdivide into equivalence classes, the 

Cl(P) := {P’ = &. P ] G E G} . 

The site symmetry group Gs(P) of a site or point P is then 

Gs(P):={G~G@P=P}. 

The special point positions (sites) within a given point group can 

orbits R(P): 

(4) 

(5) 

be found by specifically testing 
invariance properties of point positions under the symmetry operations of the group G and 
combinations of them. To use Dad (a2m) once more as an example, one may ask for a point 
position which is invariant under C’s, (2,) operation. From 

8’ (xyz) = (2yz) L (qjz) = &, . (zyz), (6) 

follows 

x=%=0 and y=g=O, (7) 

so that (00~) is the point position which is invariant under C’s,. It is located, of course, on 
the Cst axis. Positions on the other symmetry elements and on combinations of them can be 
found analogously. Taking these positions as headline in the point group matrix G gives the 

‘The original transformation matrices can easily be reconstructed from the lines of the point group matrix, 
and these lines may also be symbolically multiplied in a one-to-one correspondence to the multiplication of the 
corresponding matrices [lo]. 

sThe operator or matrix corresponding to a symmetry operation G will be marked by a hat (6). 
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Table 1. Point group matrices for general and special orbits Ri under symmetry 
Dzd (42m). 

Operations 

E 

5432 

c2z 

s4z 

c2, 

a:, 

%I 
us 

Locations 

Operations 

E 

Sk 

c2z 

5.4, 

c2z 

oL 

C2Y 

u; 

Locations 

1 

a, 

2, 

a3 z 

2, 

mxg 

2, 

m,Y 

1 

k 

2, 

43 2 

2, 

my 

2, 

mxY 

fil a 0; 

XYZ x00 oyo 

YXX 030 YOO 

zyz 200 ogo 

YXZ 0x0 go0 

X&f x00 ogo 

YXZ 0x0 YOO 

XYZ 300 OYO 

gzz 020 yoo 

General On 2 axis On y axis 
position on 2, on 2, 

03 0; R4 05 

xxz Xl2 002 000 \ 

-__ 
2x2 xxz ooz 000 

xx.2 ZXZ 00.2 000 

12t 2x2 ooz 000 

xx2 XXZ ooz 000 

2x2 2x2 ooz 000 

2x2 
-__ 
xxz ooz 000 

xxt Xl.2 00.2 / 000 

Diagonal 1 Diagonal 2 On 2 axis Origin on 

on rnso on mxy on &, mxg, mxy all elements 

respective sets of symmetrically equivalent points in special positions (special orbits; see Table 1 
and Figure 3). 

All relevant information about a certain position can be found by inserting the coordinates for 
this position into the point group matrix G:. Generally, one has: 

(9 

(ii) 

(iii) 

The point group matrix itself contains the positions of all general points which are sym- 
metrically equivalent (the points of the general orbit). 
In special positions, the point group matrix contains n-tuples of points having the same 
coordinates. In orbit 02, for instance, there are only four different positions in contrast to 
eight in the general orbit: 522 = {(ZOO), (ZOO), (OzO), (OIZO)} (cf. Table 1). The order go 
of an orbit (number of symmetrically equivalent points) is given by go = g/gs (g,gs: 
orders of the point groups G and Gs). The multiplicity m of the orbit positions (number 
of points of the general orbit which merge into one point within the special orbit) is given 
by the order gs of Gs (m = gs) [lo]. F or every orbit, the product of its order and its 
multiplicity equals the order g of the figure symmetry G [lo]. Data for the orbits of D2d 
are given in Table 2. 
A point of general position always has a site symmetry of Ci (l), an orbit order of g, and a 
multiplicity of 1. In turn, a point at the origin has site symmetry Gs = G, multiplicity g, 
and its orbit has order 1. Other points have site symmetries which are subgroups Gs c G 
with order gs a-id multiplicity g/gs (gs is a factor of g). 
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In special positions, different transformations result in the same point coordinates: in 

orbit fls, (~00) is found with the identity 1 and also with 2,; (ZOO) is connected with 2, 

and 2,, and so on. This means that n-tuples of transformations become equivalent in so far 

as they transform the starting position into the same end-point. This defines a subdivision 

of the elements of G into equivalence classes. These equivalence classes are identical with 

the left cosetsg G.Gs of G with respect to the site group Gs. This is because all elements 

of Gs leave a point P invariant, so that all products G. Gs with fixed G E G and variable 

Gs E Gsl” must become equivalent. Taking group Dzd (42m) as an example, we see that 

subgroups Ci, CzV, and Dad are invariant. For the noninvariant subgroup Cs = {1,2,}, 

the left and right coset decompositions are 

G~H={1,2,},{~,,~,,~,{2,,2,},{~~,m,~}, (8) 

H.G={1,2,},{4,,m,g),{2=,2,},{~~,m,,}, (9) 

where G-H (in contrast to H.G) corresponds exactly to the equivalence classes for orbit 02 

which are evident from the point group matrix (Table 1). 

Site-symmetry groups are always subgroups of the corresponding figure symmetry [lo]. 

The site-symmetry groups of different points of the same orbit are conjugate subgroupsi’ 

of G [Y’]. Therefore, the site symmetry is taken to be the class of these conjugate sub- 

groups [lo]. In th e example, Dsd, the orbits 02 and 0; belong to the conjugate subgroups 

(L2,) and (1, &}, and fis and 0; to (1, m,~} and (1, mzy}, respectively. 

Outside the origin, only the groups C, (n) including Ci (1) and C,, (mm2, nmm, nm) 

including Ci, = Cih E C, (m) can appear as site-symmetry groups [14]; in lE2, the corre- 

sponding groups are CT (1) and DT (m). This is because a rotation-reflection (rotation- 

inversion) cannot be realized locally for points outside the origin, therefore, only rotations 

and simple reflections have to be considered when deriving site symmetries. In D2d, the 

site symmetry for orbit fld is &, (2m), though the axis is an Sd (4) axis, and C2 (2) 

is only a subset of the corresponding transformations. The site symmetries which are 

possible under different point group symmetries are compiled in Table 3. Note that sub- 

groups of the principal axis symmetry cannot appear as site symmetries. Therefore, Cs 

for example, is a site symmetry only in dihedral and cubic groups, but not in C&h, CdV, 

etc. 

The number of independent variables in the coordinates of the points of an orbit is termed 

its degree of freedom. The general orbit always has three degrees of freedom [lo]. The 

degrees of freedom correspond to the geometric dimension of the symmetry element (the 

subspace of lEn) on which the position can be moved without changing its local symmetry 

properties. 

gFor any subgroup H of a group G, there exists a system of left and right cosets: 

G.H={G.H]VHEH}andH.G={H.G]VHEH} 

(G E G), respectively [3,15,16]. These cosets constitute eqzlivalence classes. Since cosets are always either identical 
or disjunct, the group G is thus decomposed into k = g/h classes with h equivalent elements in each (g, h: orders of 
G and H, respectively): using the left or right cosets, one gets a (left or right) decomposition of G with respect to 
the subgroup H. Left and right cosets are identical only for special subgroups (called normal divisors or invariant 
subgrozLps). If H is an invariant subgroup (i.e., if it is conjugate to itself), then the set of cosets forms itself a 
group, the factor grozlp denoted by the symbol G/H having the subgroup H as identity element. (cf.[3,15,16]). 
loNote that products of operations have to be executed from the right to the left according to a standard convention 
in group theory. 
“Two subgroups H and H’ of G are termed conjugate if they are related to one another by the transformation 

H’ = G-’ . H G (t/G E G) 

(see reference [16]). In D2d @2m), {1,2=} is conjugate to { 1,2,}, and { 1, mxg} is conjugate to { 1, mzr,}, so that 
the corresponding site symmetries are taken to be Cs (2) and C, (m), respectively. 
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Table 2. Site-symmetry groups and their elements, their orders and the multiplicities 
of the positions for the orbits of symmetry group D3d (a2m). 

Orbit Site-symmetry group / Elements Order Multiplicity 

fil Cl (1) (11 8 1 

R2 c2 (2) iL2,) 4 2 

“4 (32 (2) {L%) 4 2 

03 C, (m) {I, mzg) 4 2 

“5 C, (m) (1, mzy) 4 2 

R4 c2v (mm) {L2z,msy,mzgi) 2 4 

n5 D2d (a2m) (lr22,~zr~~r2s,2vrmzy,mzy} 1 8 

Table 3. Possible site symmetries under the different point groups G. The positions 
given in the head are: the origin; the z axis (except the origin; analogously for the 
other positions); n axial positions in the ey plane; n axial positions in the zy plane 
which are located between the foregoing ones; the zy plane, n vertical planes along 
the A; positions; n vertical planes along the AT positions. Mirror lines have been 
denoted by Cl,, or Cl, depending on their orientation. Symbols in parentheses 
denote that the symmetry given is not the proper symmetry of this axis, but the 
symmetry of the plane containing this axis. 

G Origin .a n.Ai, n.A; ry n u: n IT:’ Others General 

G CTI 
C nh C nh 
C nu C nv 

S,12 ST% 

D, DTl 

D nh D nh 
D nd D nd 

T T 

Th Th 

Td Td 

0 0 

Oh Oh 

Y Y 

Yh Yh 

G 

C?l 

C 7lzI 

C n/2 

CTI 

C nl) 

C nv 

C2 

C2v 

c2u 

c4 

c4v 

c5 

c5v 

Cl 

(Cs) 
(nG) 
Cl 

nC2 

nC2v 

nC2 

2c2 

2c2u 

2c2u 

2c4 

=4, 

SC2 

5Gv 

Cl 

(G) 
Cl 

Cl 

Cl 

(Cs) 
(nG) 
Cl 

(C.3) 
(2C.9) 
2c2 

2c2tJ 

Cl 

(5Cs) 

Cl Cl 

c.9 Cl 

Cl nc, 
Cl Cl 

Cl Cl 

C, nC, 

Cl Cl 

Cl Cl 

cs 2cs 

Cl Cl 

Cl Cl 

cs 33.9 

Cl Cl 

Cl Cl 

Cl 

Cl 

Cl 

Cl 

Cl 

Cl 

nCs 

Cl 

Cl 

2cs 

Cl 

2cs 

Cl 

5C.3 

Cl 

Cl 

Cl 

Cl 

Cl 

Cl 

Cl 

4C3 Cl 

4C3 Cl 

4c3,,4cs Cl 

4C3, Kh Cl 

4C3v ,4Czv1 4C, Cl 

5c5, lOC3, lOC2 Cl 

5c51J, IOC3,, IOCZV, IOC.9 Cl 

A concept which is closely related to the notion of site symmetry is the concept of direction 

symmetry [13]. The direction-symmetry group Gd 13for a direction d = [UWW] within a sym- 

metry G contains all symmetry operations which leave this direction invariant [13]. These are 

all elements of G which are invariant under a similarity transformation involving an arbitrary 

translation along d (cf. [lo]) 

where d^ is the translation matrix14 corresponding to vector d. Since the symmetry operations 

of Gd transform d into itself, they also leave all points P of d fixed, hence, they are identical to 

12n even; for odd, one has S,, = Cnh. 

131 will discriminate between the direction-symmetry group for a motif GMO where d = dM0 is the direction $0 
from the centre of gravity of the motif (M) to the centre of gravity of the figure, the origin (0), and the direction- 

symmetry group for the figure symmetry GOM with d = doM = OM pointing from 0 to M (the index M may 
be replaced by i or ji to denote the ith motif in the jth orbit, if necessary). 
14The notion of a translation matrix deserves some comment. For the combination of a translation t and 
an orthogonal transformation R, it is advantageous to replace the normal additive transformation equation 
P’ = k. P + t by a multiplicative one: P’ = t^. k. P. This is possible when an additional (dummy) coordi- 
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the transformations leaving the P’s invariant: 

Gd = Gs(P) VP Ed. (11) 

The difference between both notions lies in the point of view: Gs (P) denotes the symmetry of lEn 

in G, seen from point P, and, likewise, the local symmetry of the surroundings of P, whereas Gd 

describes the symmetry of lEn, seen from the origin in direction d. Both symmetries must, 
however, be identical. Note that the two direction symmetries GOM and GMO have different 

groups (G and GM, respectively) to which they are related: 

G OM= GEGI&P=P (VPE 0%) 

G MO= &GM[&P=P (VPE ii%) 

(12) 

(13) 

There are only two types of groups which can appear as direction symmetries in lE3: C, 

and C,, [13]. 

2.3. Relationships between Motif and Figure Symmetries 

Having clarified the symmetry properties of the different positions within a figure, in the 

next step, the relationships between the symmetry of motifs located on such positions and the 

symmetry of the whole figure have to be considered. Since it seems that a figure of arbitrary 

symmetry can consist of motifs of likewise arbitrary symmetry (cf. Figure 4), there will be no 

restriction made concerning the symmetry of the motifs used, and the symmetry of the figure 

will be pre-set. 

(4 (b) Cc) 
Figure 4. A planar hexagonal figure with symmetry Deb (6/mmm) made from “1” 
motifs (a; motif symmetry C,), from hexagons (b; motif symmetry Dsh), and from 
spheres (c; motif symmetry I-&) indicating that there is no restriction regarding the 
motif symmetry when the figure symmetry is preset. 

If the figure is built up from geometrically different motifs, then each type of motif must belong 

to at least one separate orbit of the figure. Congruent motifs may or may not belong to the same 

orbit. Here, the notion of an orbit has been enlarged compared with its meaning in Section 2.2. 

If a motif is transformed by all symmetry operations of the figure symmetry G, then one gets a 

set of symmetrically equivalent motifs which is equivalent to an orbit of positions. Therefore, I 

shall call this set an orbit of motifs. 
The most important relationship between motif and figure symmetries is then: the direction 

symmetry GMO of a motif in the direction dMo = Mb from its centre of gravity to the origin 

nate is introduced, so that the augmented matrices for P, 8, and t^ read: 

where [R] is the usual 3 x 3 orthogonal matrix, and t = (ZT, V-J-, ZT) T is the translation vector [7] 
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(the centre of gravity of the figure) must be a supergroup15 of the direction symmetry GOM of 

the figure in the reverse direction dOM = 0-M: 

G MO 2 GOM. (14) 

Otherwise, the motif would destroy the figure symmetry. From the explanations in Section 2.2, it 
follows that in this formulation, the direction symmetry of the figure can be replaced by the site 
symmetry of the location of the motif. Then, the condition reads GMO > Gs. This is illustrated 
by Figure 4 where the direction symmetries of the different motifs (C, on C, sites in Figure 4a, 
and Cav or C,, on CsV sites in Figures 4b,c) are equal to or higher than the necessary site 
symmetry. If the direction symmetry of the motif is a proper supergroup of Gs (GMO > Gs), 
then the supernumerary symmetry elements which do not belong to the site symmetry (i.e., 
the difference GMO\GS) are only local ones, they form intermediate or latent symmetries of 
the figurem. Therefore, especially for later use in the following sections, I define an eflective 
direction symmetry group G,*io G Gjio of motif Mji which contains all elements of Gjio which 
are simultaneously global symmetry elements of the figure, i.e., which transform all motifs Mkl 
of the figure 3 into one another17 

G;io={Gj,tGjio~t^-1~~~~~t^~M~~=M;1~~~~3}. (15) 

Thus, Gh,, corresponds to the remaining (crisp) symmetry of the motif in the finished figure. 
Now the relationship between motif and figure symmetries can be written as 

Gs = GLO C GMO C GM. (16) 

In any figure symmetry G, there are positions (namely, the general positions) which have a site 
symmetry Ci (1). On the other hand, every possible motif symmetry has at least this group as one 
direction group. Therefore, the proposition made above is true: a figure of arbitrary symmetry G 
can be composed of motifs of likewise arbitrary symmetry GM, at least by positioning g motifs 
with direction symmetries Gio = Ci (i = 1,. . . ,g) in a set of symmetrically equivalent general 
positions (a general orbit). 

Since rotation-reflection and rotation-inversion axes are not components of site symmetries, 
their respective symmetry requirements have to be fulfilled by the arrangement of the motifs. 
The simplest way to do so is to transform a motif on a chosen position by all symmetry operations 
of the figure symmetry group G. This will, without any constraint, produce the proper orbit of 
symmetrically equivalent motifs. 

Since points (circles, spheres) display the highest possible symmetry in En (E”, lE”), they are 
especially well suited for being used as motifs. Since their symmetry is O(n) (vide infra), their 
direction symmetry in arbitrary directions is O(n - 1). This is a supergroup of all possible 
direction-symmetry groups within E”, so that they fit to arbitrary sites within a figure of given 
symmetry. 

The freedom of creative work in producing ornaments and other geometric figures lies in the 
indeterminacy of the number of different motifs to be arranged, their forms and symmetries and 
the choice of suitable sites for arranging them. As we saw, the constraints are very mild, thus 
leaving plenty of room for the creative phantasy. 

15Note that a certain group is considered both its own supergroup and its own subgroup. 

16The problem of detecting these symmetry elements in an arbitrary figure will be addressed in Sections 3.1 to 3.3. 
17The definition in equation (15) is more general than 

GLO = {G E GMO n GoM), 

since it is also valid if a change in the arrangements of the motifs forces a change of the figure symmetry G so 
that GOM is altered. 
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2.4. Changing Figure Symmetries by Varying Motif Orientations 

The symmetry of a given figure may be changed in two ways: either the local symmetries of the 
motifs (strictly speaking, the direction symmetries Gjio of the motifs or at least their effective 
parts Gjio) are varied, or the figure will be deformed, thus altering the arrangement symmetry 
of the motifs. In both cases, the number of motifs is left fixed. In this section, the first possibility 
will be examined. 

Considering the subdivision of the direction-symmetry elements of a motif into an effective and 
a “latent” part, the question arises how these parts respond to variations in the orientation of 
motifs. Here, only “collective” reorientations will be considered: a certain motif of an orbit will 
be reoriented, and afterwards it will be transformed by symmetry operations of the group G, so 

as to construct a new orbit. In any case, the centres of gravity of the motifs will be left fixed. 
A reorientation of a motif (especially by a rotation around some arbitrary axis) will normally 

change its direction symmetryis. The question is, then, which symmetry elements of GM~ will 
be able to form global symmetry elements and thus constitute Gh,,. If the effective direction 
symmetry of the motif is changed by the new orientation, then the site symmetry Gs and, hence, 
the figure symmetry G will change in the appropriate manner. If the new effective direction 
symmetry is lower than the actual site symmetry, then the symmetry of the whole figure will be 
lowered. If it is higher, then the figure symmetry G will be enhanced, if the new local symmetry 
operations become global ones. The condition for this to occur has been given in equation (15). 
Generally, the direction symmetry of a motif will be utilised m&ma&, i.e., all local symmetry 
elements of a motif which are compatible with elements of other motifs will become elements 
of G. 

An example is given in Figure 5. Here, it becomes clear that the resulting figure symmetry 
depends also on the symmetry element that is chosen for the transformation of the reoriented 
motif. In Figure 5, the starting point is a figure with Dqh symmetry and four motifs with CsV 
direction symmetries on CsV sites (Figure 5a). Since this is the highest possible symmetry for such 
a figure, only descents in symmetry will be observed. A slight rotation of the upper motif around 
the y axis does not change its direction symmetry. However, both mirror planes become tilted 
against the xy plane, so that they can no longer form global symmetry elements. Consequently, 
the eflectiwe direction symmetry lowers to CZ. If this motif is duplicated by Cd or the diagonal Cg 
rotations, then a D4 configuration results (Figure 5b). On the other hand, after transforming 
the motif by Sd or diagonal ct reflections, the resulting figure has Dad symmetry (Figure 5~). 
A slight rotation of the upper motif around a local z axis changes its direction symmetry to 
GMO = Gbo = C,; a transformation by Cd or S4 gives C& symmetry (Figure 5d), but a 
transformation by 0:: or C[ results in C& (Figure 5e). A slight rotation of the upper motif 
around a local z axis will give GMO = Gho = C,, so that C4 or a: lead to CdV, whereas 
S4 or Cy lead to another D2d figure (neither shown). Lastly, a double rotation of the upper 
motif around both y and local z axes lowers its direction symmetry to GMO = Gh, = Ci, 
and application of the above operations leads to four different figure symmetries: C4 leads to C4 
(Figure 5f), S4 to Sq (Figure 5g), 0:: to CaV (Figure 5h), and Cg to Ds (Figure 5i). Taking other 
symmetry elements for the transformation of the reoriented upper motif, there will normally be 
only two or even one motif in the resulting orbit. This means that the orbit decomposes into 
2 or 4 new orbits, and two (or all four) motifs may be reoriented independently. This way, the 
other subgroups of D4h may be generated also. 

The symmetry transitions shown in Figure 5 may be displayed in a correlation table for the 
site symmetries in the different groups (Table 4). It shows that, starting from some subgroup 

IsThis depends on the degrees of freedom at the positions within direction d: if there are at least two degrees 
of freedom at positions in d, then a differential rotation does not change the direction symmetry if it leaves the 
symmetry element containing d fixed. If there exists only one degree of freedom, then it is in the direction d itself, 
and every displacement perpendicularly to d will change the direction symmetry. 
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Figure 5: Variation of the figure symmetry by changing the orientation of the motifs 
leaving their centres of gravity fixed. The starting figure with symmetry Ddh (a), 
two figures with the upper motif rotated around the Y axis having symmetries D4 (b) 
and Dsd (c), two figures with the upper motif rotated around a local z axis having 
symmetries CQ~ (d) and Csh (e), and a series of figures with the upper motif rotated 
around both axes having symmetries C4 (f), S4 (g), Cs,, (h), and Ds (i) are shown. 
Edges of the motifs lying above the paper plane are drawn with bold lines. 

of Ddh, both a descent and an ascent in symmetry is possible. For the latter, the motif must 
have a sufficient direction symmetry (at least C zv in our case, since the motifs are located on the 
z, y axes, cf. Table 4). Since the maximum direction symmetry of the motif used is Cdv (4mm), 
a figure with cubic symmetry (at most Oh) may be assembled, but only if two more motifs are 
placed on the &z axis. Otherwise, the C4 symmetry will remain a local symmetry only. 

Table 4. Correlation table for site symmetries of D4h (I/mmm) and its subgroups 
(S4 to Csv are not maximal subgroups). 

Location Point D4h D4 D2h D2d C4h c4v S4 (34 D2 C2h c27J 

origin (000) D4h Ds D2h D2d C4h c4v s4 ‘34 D2 C2h ‘32~ 

2 axis @Or) c4u c4 c2lJ c2v c4 c4u c2 c4 c2 c2 c2v 

xv!/ axes boo) c2v c2 c2v c2 Clh Cl, Cl Cl (32 Clh Cl, 

diagonals (xx@ c2v c2 Clh Cl, Clh cl Cl Cl Cl Clh cl 

xy plane (ZYO) Clh cl cl, cl Clh cl Cl Cl Cl Clh cl 

xr,y.z planes (XOZ) Cl, Cl Cl, Cl Cl Clv Cl Cl Cl Cl Cl, 

diagonal planes (21%) Cl, Cl Cl Cl, Cl Cl, Cl Cl Cl Cl Cl 

general (XYZ) Cl Cl Cl Cl Cl Cl Cl Cl Cl Cl Cl 

2.5. Changing Figure Symmetries by Deformation of the Figures 

As stated above, changes of the arrangement symmetries in a given geometric figure by a 
displacement of the centres of gravity of the motifs without changing their local orientations 

relative to d = 6% can be described as deformations of this figure. Taking over the ideas 
from [17] to this problem, the deformation of a given figure may be described by attaching 
N local Cartesian tripods in the centres of gravity of the N motifs and seeking the normal 
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deformations for this figure. They will vary the global symmetry of the figure without changing 

the orientations (and hence the direction symmetries) of the motifs. Every figure generated by 

deformation will then correspond to a point in a 3N-dimensional figure space IF = IR3N lg. The 

points of this space, in turn, will cluster into disjoint isosymmetric manifolds consisting of points 

which correspond to figures of equal symmetry [17]. The coordinates of the form space may be 

chosen to be the Cartesian coordinates, but a simpler picture will arise when using the normal 

deformation coordinates mentioned above. 

Such deformations will change the arrangement symmetry of the figure and, thus, the figure 

symmetry G. On the other hand, they may also change the effective motif symmetry GhMO when 

a coincidence between local and global symmetry elements occurs. As an example, consider two 

dumbbell motifs rotating independently around the 5 axis (Figure 6). The deformation normal 

coordinate (cf. [17]) h s own in Figure 6a belongs to symmetry species A (totally symmetrical) 

under Dz symmetry (Figure 6b). This means that a deformation of the arrangement in Figure 6b 

along this normal coordinate will normally change the aspect of the figure, but not its symmetry. 

But as stated in [17], totally symmetrical deformations are under special conditions capable of 

transferring the figure to a supergroup symmetry. Here, the deformations A+ and A- (clockwise 

and counterclockwise relative rotation of the two motifs, respectively) lead to two diflewnt sym- 

metries (they terminate the D2 isosymmetric manifold, cf. [17], as can be seen from Figure 6d) 

to D2h (Figure 6a) and to D2d (Figure 6c), respectively. In both cases, the ascent in symmetry 

is due to a mutual alignment, of the mirror planes of the motifs’ C zV direction symmetries which 

in the D2 configuration are latent symmetries, whereas the Cz subsymmetry of C&, is a crisp 

symmetry for any rotation angle. If, however, both motifs are replaced by paragraph-shaped 

motifs having only C2 direction symmetry (Figure se), there will be no symmetry transition 

to D2h or Dsd along the angle coordinate since GJ.JO is too low. 

(4 ’ (b) Cc) n (4 (4 
Figure 6. Ascent in symmetry from a Dz figure (b) to Dzh (a) and Dzd (c), re- 
spectively. Symmetry variations along the rotation angle (Y are shown in (d). A 
paragraph-shaped motif displaying no symmetry transition is sketched in (e), see 
text. 

Generally one finds: 

- A descent in symmetry by deformation of the figure is always possible if G > Cl. It gives 

a group -+ subgroup transition in the figure symmetry and likewise in its site symmetries. 

- An ascent in symmetry by deformation may enhance only the arrangement symmetry with- 

out changing the site symmetry of the motif’s position (for example, during a C2 -+ Cd 

transition in a figure with its motifs arranged only equatorially). However, in general both 

the arrangement and site symmetries will change. Then, the transition to a supergroup 

symmetry will be possible if the motif exhibits symmetry elements in proper orientation. A 

necessary condition for this to occur is that the direction symmetry GMO is a supergroup 

of the site symmetry for the starting (lower-symmetry) figure. 

lgIn [17], F has been termed form space since the aspect of the forms was given priority. There is equally a 
one-to-one correspondence between the points of F and all possible figures that may be generated by deformations 
of a starting figure. 



80 A. E. K~HLER 

3. FUZZY MOTIF AND ARRANGEMENT SYMMETRIES 

3.1. Arbitrary Decompositions of Figures and Fuzzy Symmetries 

As stated above, the decomposition of a geometric figure into pieces is, in principle, arbitrary. 

It can be done by any section of the motifs of this figure. The resulting pieces may have a 

higher symmetry than the figure or its motifs. In Figure 7a,b, a two-dimensional “b”-shaped 

figure belonging to symmetry group CT (1) has been cut into pieces displaying Da (mm) and 

D; (m) symmetries, respectively. As a second example, a rectangle with a side lengths ratio 

a/b = 2 may be cut into two squares with symmetries Dz = 4mm (Figure 7~). Just as well, this 

rectangle may be decomposed into rectangular slices with Dz (mm) symmetries (Figure 7d). 

In all such cases, the resulting pieces may have symmetry elements which are not present in 

the whole figure, namely, if they are assembled in a way where their symmetry elements do not 

coincide and, therefore, are in a crisp sense not preserved in the whole figure. The same is true 

for arrangement symmetries as has been shown in Figure lb: there two mirror lines between two 

motifs each are not preserved in the resulting figure. Nevertheless, these symmetry elements are 

valid for two motifs and, thus, must constitute a fuzzy symmetry of the figure. The same is true 

for all symmetry elements shown in Figure 7. 

(4 (b) (cl (4 
Figure 7. A “b”-shaped figure with symmetry CT = 1 (a) has been cut into pieces 
with symmetries DG (mm) and D; (m), respectively (b). A special rectangle has 
been cut into two squares (c) and rectangular slices (d), the mirror lines and rotation 
points of which are shown, see text. 

Generally, if by decomposition of a geometric figure 3, we find a particular symmetry element g 

which is valid for at least a piece of this figure, it must be a fuzzy symmetry element of 7. The 

extent to which g is preserved can be quantitatively described by a degree of symmetry (degree 

of preservation) 6 with 0 5 6 5 1 (see [4,5]). This degree of symmetry must be proportional to 

the relative weight of the piece within the figure. This means if one finds a symmetry element g 

which is valid at least for some piece P of this figure, then the degree of symmetry S(G) for the 

corresponding symmetry operation G must in E2 be given by 

(17) 

(Ap, AF: areas of the piece and the whole figure, respectively). In lE3, the areas A have to be 

replaced by the corresponding volumes. The degree of symmetry defined this way is the lower 

limit for the degree of symmetry corresponding to g, since the very same element may also be 
shared by other pieces of the figure. 

3.2. Fuzzy Symmetries of Point Sets 

In this section, the ideas of Section 3.1 will be used to evaluate the degrees of various symmetries 

in finite sets of points. To describe all possible fuzzy symmetries within such a set, we must use 
an unambiguous decomposition of the figure. This can be performed by adopting a consequently 

“atomic” point of view by using the points of the figure as its elementary units. Therefore, I 
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shall define a geometric figure F as a set of points of lE” which (extending the notion of a geometric 

object in [4]) need not necessarily be connected 

Jr’c IEn. (18) 

In the end, the symmetry of each particular point must be found in the geometric figure as a 

fuzzy or intermediate symmetry. For the sake of simplicity, I will use examples in E2. 

The symmetry of a Euclidean space IE” is given by lE(n), the Euclidean group in n dimensions of 

all isometries of En (i.e., all transformations leaving the metric properties of the space invariant). 

The operations of lE(n) are of the type {W 1 t}20, i.e., they are combinations of an (n x n) 

orthogonal transformation matrix lR and a translation t [3]. When a certain point of En is made 

to stand out by demanding its invariance under all transformations, then the symmetry of the 

space lowers to O(n), the orthogonal group in n dimensions, the operations of which leave at 

least this point (the origin) invariant [3]. In physics, the group O(3) is synonymously denoted 

by Kh (complete symmetry group of the sphere). This means that the symmetry of a single point 

in llY is described by O(n). In E2, the symmetry of a point is O(2) = DT, (comm), with one 

infinite-fold rotation point and an infinite number of mirror lines. 

Making two points of lE3 stand out, the symmetry lowers to D,h (co/mm). In lE2, the two 

points display Da (mm) symmetry. In the latter case, only two coinciding mirror lines of the two 

times infinite many of the two starting points are (in a crisp sense) preserved in the combination 

of the two points, whereas both the mirror line and the two-fold rotation point between the two 

points are arrangement symmetries. The assembly of three points in a regular manner will give 

a three-fold rotation point as an arrangement symmetry and three mirror lines which are in part 

motif symmetries and arrangement symmetries, respectively. In sum, for points taken as motifs 

of a geometric figure, the following is true: 

(9 

(ii) 

In lE2, a single point defines infinitely many mirror lines as motif symmetries. A pair of 

points defines two additional mirror lines (the connection line and a perpendicular halfway 

between the two points) as arrangement symmetries. Arrangement symmetry elements of 

triples, quadruples, etc., of points can be traced back to those of point pairs. 

A single point defines an co-fold rotation point as motif symmetry. A pair of points 

defines one two-fold rotation point and, furthermore, pairs of rotation points of all orders 

n 2 3 as arrangement symmetries: given a pair of points in a plane (Figure 8), there 

exists a two-fold rotation point (for which the degree of symmetry is S(C2) = 1) halfway 

between the two points. Moreover, there are rotation points of arbitrary foldness on the 

perpendicular, their distances z from the connection line (see Figure 8) are given by 

d 

2= (2.tan(:)) 

(d: distance of the two points). Both the rotations CA and C’E-l (n > 3) around these 

points transform one point of the pair into the other. Since the degree of symmetry 6 for 

a rotation C, is given by 

6(Cn) = ; . [6(E) + 5 (C;) +. . + 6 (Cn”-‘)] (20) 

(E: identity operation) [5], the degrees of symmetry for these rotation points are 

b(C,) = f . (21) 

For a C, point (n 2 3), n - 2, more suitably arranged points are needed to arrive at 

6(Cn) = 1. 

20{R 1 t} is the so-called Seitz symbol for general motions in En (181 

CAMWA 27: 11-G 
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Figure 8. Scheme of two points in the plane and the (fuzzy) rotation points they 
define (see text). The C,, rotation points are shown up to n = 6. 

These findings are made the basis for a method for evaluating fuzzy symmetry landscapes and 

symmetry profiles for point sets. A symmetry landscape of a twodimensional figure in lE2 is one- 

dimensional (“symmetry profile”) for one-dimensional symmetry elements (mirror lines) in E2, 

and two-dimensional for zero-dimensional symmetry elements (rotation points). In contrast to 

the symmetry profiles in [5], here I shall use reflection symmetry profiles along straight lines 
instead of radially oriented directions and also two-dimensional profiles in the case of rotations. 

For geometric figures composed of a finite number of points, I propose a third definition of the 

degree of symmetry S adding to the definitions given in [4,5]: the degree of symmetry 5 for 

such figures will be defined by the relative number NC of coincidences between original and 

transformed points21 

6(G) = 2 = N{PE.F~~'=PE.F} 

N{P 1 P E 3) (22) 

(Np: number of points in the figure, N: cardinal number of the finite set indicated [19]), or, 

identically, 

N(F n F’) 
‘cG) = N(3) 7 3’ = &. F. (23) 

In general, since the degree of symmetry is in essence a vectorial property (see [4]), it cannot 

be evaluated and represented in full, but only for selected symmetries of interest. Figure 9 

gives an example in lE2. Here, the fuzzy symmetries give a symmetry profile or a symmetry 
landscape which is a detailed picture of the symmetry properties of the geometric figures under 

study. It can be seen that both motif symmetries and arrangement symmetries may appear as 

intermediate symmetries of the whole figure. In geometric figures consisting of many points, the 

degree of symmetry stemming from a symmetry element of one single point will, of course, be 

visible in the symmetry landscape only if this symmetry element is shared by sufficiently many 

other points. In Figure 9, the fuzzy symmetries of symmetry elements which are only local, 
but to different degrees, are clearly visible: elements which are valid for only one motif (20% of 

the whole figure), have a degree of symmetry of 0.2, symmetry elements which are valid for 2 
motifs (they are arrangement symmetries in this case) correspond to 6 = 0.4, etc. Interestingly, 

the profile displays as well the degree of symmetry for all other points of the plane, which in 
the traditional way of looking at such figures are not regarded as containing a mirror plane or 

rotation point. 

211n this definition, there has been no discrimination between points on the boundary or contour a3 of the 
figure 3 and points within its interior 3 \ a3 since the condition P E a3 H C P = P’ E a3 is only true for 
crisp symmetry operations. 
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Figure 9. Reflection symmetry profile for vertical mirror lines (b) and rotation (Cz) 
symmetry profile (c) for a figure composed of five identical “I” motifs (a). The C2 
symmetry landscape is a contour plot for values of 6(Cs) in steps of 0.2, darker shades 
of grey mean higher degrees of symmetry. 

(4 

83 

(b) 
Figure 10. Mirror-symmetry profile for a figure made from 5000 randomly arranged 
points. Every point has been drawn with 4 pixels to enhance its visibility. 

In Figure 10, the mirror-symmetry profile of a picture made from randomly set points is shown. 
It has a nearly triangular shape, the maximum degree of symmetry being proportional to the 
point density (number of points). In the extreme case, the picture becomes an ordinary rectangle 
without gaps for which the symmetry profile is given in Figure 12b. In both cases, the triangular 
shape of the profile is due to the fact that a mirror line is shared by more points the nearer to 
the centre line it is. 

In contrast, Figure 11 shows two figures where points are set randomly, but afterwards are 
repeated by reflection at some pre-set local mirror lines. The centre line has been chosen to be a 
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crisp (global) mirror line, so that the local mirror lines outside it have been duplicated themselves 
by reflection. Nj points have then been arranged symmetrically to local mirror line j, and Na 
points symmetrically to the centre line. The resulting picture is analogous to the figures made 
by the method of Shubnikov and Koptsik mentioned in the Introduction. The coarse shape of 
the profile depends on the gradation of the numbers of points Nj corresponding to the individual 
mirror lines. If the number of points is inversely proportional to the distance of the mirror line 
from the centre line, then the profile displays maxima at the locations of the mirror lines rising 
somewhat higher than the triangular basis profile (not shown). For the number of points being 
proportional to the mirror line distance, the global triangular profile is disturbed, giving local 
triangular shapes in the extreme case (Figure lid). 

(4 

(b) 

) 
(4 

Figure 11. Mirror symmetry profiles (b,d) for two figures (a,~) made from ran- 
dom points duplicated by reflection at arbitrarily chosen local mirror lines which are 
themselves arranged symmetrically relative to the centre line. The numbers of points 
reflected in each mirror line is given about the respective maximum. 

Generally, the fuzzy symmetry landscape of a figure has its own symmetry which is identical 
to the crisp symmetry G of that figure. This is because symmetry-equivalence of points under 
the operations of G also includes equality of the degree of symmetry at these points. 

3.3. Symmetry Profiles for Ordinary Geometric Figures 

The method described in the foregoing section can be transferred to the description of ordinary 
geometric figures. Here, the definition of the degree of symmetry is adapted conveying the sense 
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of it: since the arithmetic for (transfinite) cardinal numbers of infinite sets differs from that for 
finite sets [19], the cardinal numbers of the finite sets have to be replaced by the areas of the 
corresponding figures 

(j = W’J-‘) 
A(3) ’ 

(24) 

where 3’ = &?. 3 is the figure transformed by the symmetry operation G tested (cf. Figure 12a). 

Here, A(3n3’) lies between zero if the tested symmetry element is outside the figure, and A(3) 
if the transformed figure will fully coincide with the original one. On the other hand, A(3) is 
equal to the maximum possible area difference Amax [4], this difference will be reached if the trial 
symmetry element is outside the figure. 

Examples of symmetry profiles obtained this way are given in Figure 12b. Here, a continuous 
version of the decomposition of a rectangle shown in Figure 7d is performed by shifting a trial 
symmetry line over the rectangle and measuring the respective degree of symmetry in dependence 
of the location of this line. The respective areas are evaluated by integration. The same has been 
done with an ellipse and a rhombus, each with an axis ratio of xc/y = 2. It can be seen that there 
are only minor differences between these symmetry profiles. They are dominated by the fact that 
in all three cases, A(3n3’) increases monotonically from the border to the centre of the figures. 

(a) Scheme for the evaluation of the degree of symmetry for geometric figures under 
reflection (see text). The original figure 3, its reflected image 3’, and the intersection 
of both point sets (3 n 3’) have been differentiated 

? 

(b) Reflection symmetry profiles for different related geometric figures: a rectan- 
gle (Re), an ellipse (El), and a rhombus (Rh), all with axis ratios of x/y = 2. A 
vertical trial mirror symmetry line has been moved over the figure along the z axis. 

Figure 12. 

4. CONCLUSIONS 

The main points made in this paper are the following: 

(i) A geometric figure 3 with prescribed arbitrary symmetry G can be built up from motifs 
of likewise arbitrary symmetries. The relationships governing the assembly of the motifs 
are clarified by using the concepts of site symmetry and direction symmetry. 

(ii) For the analysis of site symmetries, a study of the point group matrix G is advantageous. It 
provides all necessary information about general and special points (sites) within a given 
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symmetry (equivalence classes of symmetry operations, multiplicity of points, orders of 
orbits and so on). 

(iii) If a motif with symmetry GM is placed on a site with site symmetry Gs, then only a 
part (Gh,) of the direction symmetry GMO of the motif towards the origin of the figure is 
effective, so that one has G, = G&,, C G MO 2 GM. The complement GM\G~ becomes 
an intermediate symmetry of the figure. If the direction symmetry of the motif is changed 
by variation of its orientation, then all symmetry operations which are compatible with the 
other motifs of the figure will become global symmetry operations. Thus, it may happen 
that the symmetry of the whole figure will be enhanced. 

(iv) Strictly speaking, the elementary motifs of a certain geometric figure are the points from 
which it is made. This is a special (extreme) case of the decomposition of a figure into 
motifs. Since a single point in IEn has the symmetry O(n), all its symmetry elements, 
which are not (in a crisp sense) preserved in the superposition with other points when 
assembling the figure, must form intermediate symmetries of the figure. The degree of 
symmetry of a certain symmetry element, then, is higher the more points are sharing this 
symmetry element. 

(v) The analysis presented here is valid for arbitrary geometric figures. Motif and arrange- 
ment symmetries are treated in an equal manner, when they form crisp or intermediate 
symmetries of the geometric figure under study. 

(vi) All symmetries of a given figure, be they crisp or intermediate, can be found by evaluating 
symmetry landscapes or symmetry profiles using the definitions for the degree of symme- 
try 6 given in this paper. The symmetry profile or landscape has the crisp symmetry of 
the geometric figure. Since 6, in essence, is a vectorial property comprising the symmetry 
properties of the figure under all possible symmetry groups, it can be displayed only for 
selected groups. 

(vii) The fuzzy symmetry concept gives a much more detailed insight into symmetry prop- 
erties (especially into intermediate, i.e., local symmetries) of geometric figures than the 
traditional crisp notion of symmetry can provide. 
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