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1. Introduction and preliminaries

After the pioneering work of Zadeh [1], a huge number of research papers have appeared on fuzzy theory and its appli-
cations as well as fuzzy analogues of the classical theories. Fuzzy set theory is a powerful hand set for modelling uncertainty
and vagueness in various problems arising in the field of science and engineering. It has a wide range of applications in
various fields: population dynamics [2], chaos control [3], computer programming [4], nonlinear dynamical systems [5], etc.
Fuzzy topology is one of the most important and useful tools and it proves to be very useful for dealing with such situations
where the use of classical theories breaks down. The concept of intuitionistic fuzzy normed space [6] and of intuitionistic
fuzzy 2-normed space [7] are the latest developments in fuzzy topology.

The notion of statistical convergence is a very useful functional tool for studying the convergence problems of numerical
sequences/matrices (double sequences) through the concept of density. The notion of I-convergence, which is a generaliza-
tion of statistical convergence [8], was introduced by Kastyrko, Salat and Wilczynski [9] by using the ideal I of subsets of
the set of natural numbers N and further studied in [ 10]. Recently, the notion of statistical convergence of double sequences
X = (xj,) has been defined and studied by Mursaleen and Edely [11]; and for fuzzy numbers by Savas and Mursaleen [12].
Quite recently, Das et al. [ 13] studied the notion of I- and I*-convergence of double sequences in R. In this paper we propose
to study the I- and I*-convergence of double sequences in intuitionistic fuzzy normed space.

We recall some notations and basic definitions used in this paper.

Definition 1.1 (/6]). The five-tuple (X, u, v, *, <) is said to be an intuitionistic fuzzy normed space (for short, IFNS) if X is a
vector space, * is a continuous t-norm, <> is a continuous t-conorm, and jx, v are fuzzy sets on X x (0, oo) satisfying the
following conditions for every x,y € X and s, t > 0:
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(@) px, ) +vx,t) < 1,

(b) n(x,t) >0,

(c) m(x,t) = 1ifand only ifx = 0,

(d) plax,t) = px, th) for each o # 0,
(e)

nx, ) * u(y,s) < ux+y, t+s),
(f) u(x,-): (0, 00) — [0, 1] is continuous,

In this case (u, v) is called an intuitionistic fuzzy norm.

Definition 1.2 (/6]). Let (X, u, v, *, <>) be an IFNS. Then, a sequence x = (xy) is said to be convergent to L € X with respect
to the intuitionistic fuzzy norm (u, v) if, for every € > 0 and t > 0, there exists kg € N such that u(x; —L,t) > 1 — € and

v(xy — L, t) < € forall k > ko. In this case we write («, v)-limx = L or x;, (”—VQ Lask — oo.

Definition 1.3 (/6]). Let (X, u, v, %, <) be an IFNS. Then, x = (x,) is said to be a Cauchy sequence with respect to the
intuitionistic fuzzy norm (u, v) if, for every ¢ > 0 and t > 0, there exists k; € N such that u(x; — x,,t) > 1 — € and
v(xy —x¢,t) < eforallk, £ > k.

Definition 1.4 ([8]). Let K be a subset of N. Then the asymptotic density of K, denoted by §(K), is defined as
1
S(K)y =1lim—|{k <n:keK},
non

where the vertical bars denote the cardinality of the enclosed set.
A number sequence x = (xy) is said to be statistically convergent to the number ¢ if, for each € > 0, the set K(¢) = {k <
n: |xx — £| > €} has asymptotic density zero, i.e.

1
lim—|{k<n:|x —{| >¢€}| =0.
non
In this case we write st-limx = £.

Definition 1.5 (/8]). A number sequence x = (x) is said to be a statistically Cauchy sequence if, for every ¢ > 0, there exists
anumber N = N(¢) such that

1
lim—|{j <n:|x—xy| > €}| =0.
non

The concepts of statistical convergence and statistical Cauchy for double sequences in intuitionistic fuzzy normed spaces
have been studied by Mursaleen and Mohiuddine [14].

Definition 1.6 ([14]). Let (X, u, v, *, <>) be an IFNS. Then, a double sequence x = (x;i) is said to be statistically convergent
to L € X with respect to the intuitionistic fuzzy norm (u, v) provided that, for every e > Oandt > 0,
S({G, k) e NXN:pulxjg —Lt) <1—eorvxp—L,t) >€}) =0,

or equivalently

1
lim—|j<nk<m:puXxi—Lt)<1—eorvxx—L,t)>¢€}| =0.
mn. mn

In this case we write st(zﬂ . limx = L.

Definition 1.7 ([14]). Let (X, u, v, %, <) be an IFNS. Then, a sequence x = (x;) is said to be statistically Cauchy with respect
to the intuitionistic fuzzy norm (i, v) if, for every € > 0 and t > 0, there exist N = N(¢) and M = M(¢) such that, for all
Jsp=Nandk,q>M,

8({G, k) € N x N : pu(Xjx — Xpg, t) < 1—€orv(Xjx — Xpq, t) > €}) = 0.
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Definition 1.8 (/9)). If X is a non-empty set then a family I of subsets of X is called an ideal in X if and only if

(a) B e,
(b) A,B elimpliesAUB € I,
(c) ForeachA e Iand B C Awe haveB € I,

where P(X) is the power set of X. [ is called nontrivial ideal if X ¢ I.

Definition 1.9 ([9]). Let X be a non-empty set. A non-empty family of sets F C P(X) is called a filter on X if and only if

(@) W &F,
(b) A,B € FimpliesANB € F,
(c) ForeachA € Fand B D Awe haveB € F.

Definition 1.10 (/9]). A nontrivial ideal I in X is called an admissible ideal if it is different from P(N) and it contains all
singletons, i.e., {x} € I for eachx € X.

Let I C P(X) be a nontrivial ideal. Thenaclass F(I) = {M C X : M = X \ A, for some A € I} is a filter on X, called the
filter associated with the ideal I.

Definition 1.11 (/9]). An admissible ideal I C P(N) is said to satisfy the condition (AP) if for every sequence (A;)nen Of
pairwise disjoint sets from I there are sets B, C N, n € N, such that the symmetric difference A, AB,, is a finite set for every
nand | J, B, €l

ne

Definition 1.12 ([9]). Let I C 2" be a nontrivial ideal in N. Then, a sequence x = (x) is said to be I-convergent to L if, for
every € > 0, the set

{keN:|x,—Ll >€}el

In this case we write I-limx = L.

Definition 1.13 ([9)). Let I C 2% be an admissible ideal in N. A sequence x = (x) is said to be I-Cauchy if, for each € > 0,
there exists a number N = N(¢) such that

{keN:|x—xy| =€} el

2. IL-Convergence in an IFNS

In this section, we study the concept of ideal convergence of double sequences in an intuitionistic fuzzy normed space.
Throughout the paper we take I, as a nontrivial ideal in N x N.

Definition 2.1. Let I, be a nontrivial ideal of N x N and (X, u, v, *, <) be an intuitionistic fuzzy normed space. A double
sequence x = (xj,) of elements of X is said to be I,-convergent to L € X with respect to the intuitionistic fuzzy norm (u, v)
if, foreache > 0and t > 0,

{G, k) e NxN:u@p—Lt) <1—eorvixg—L t)>e€}el. (1)

In this case we write 12(“’”)— limx = L.

Theorem 2.1. Let (X, u, v, %, <) be an IFNS. Then, for every € > 0 and t > 0, the following statements are equivalent:

(i) V- limx = L.
(ii) {G, k) e NxN:pu@—Lt) <1—€}eband{(,k) e Nx N:v(xyp — L, t) > €} € L.
(iii) {(, k) e Nx N:uXp —L,t) > 1 —eandv(xyp — L, t) < €} € F(Ip).
(iv) {G, k) e Nx N:uxjk — L t) >1—€} e F(l) and {(G, k) e N X N:v(xx — L, t) < €} € F(Ip).
(v) L-limp(xj — L, t) = Tand I-limv(xy — L, t) = 0.

Theorem 2.2. Let (X, i, v, *, <) be an IFNS. If a double sequence x = (x;) is I,- convergent with respect to the intuitionistic
fuzzy norms (1, v), then IS*""-limit is unique.
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Proof. Suppose that I"*”-limx = L and I/*"’-limx = L,. Given € > 0, choose r > 0 such that (1 —r) (1 —r1) > 1 —¢
and ror < €. Then, for any t > 0, define the following sets as:

Ky 1(r,t) ={(,k) € Nx N: uxx — L1, t/2) < 1—r},

Kuo(r,t) ={(,k) € Nx N: uxjx — Ly, t/2) < 1—r},

Ky 1(r,t) = {(, k) € Nx N:v(xy — L1, t/2) > r},

Ky (r,t) ={G, k) e Nx N:v(xy — Ly, t/2) > r}.
Since 12(“’”)— limx = Ly, we have

K,1(r,t) and K, (r,t) €.

Furthermore, using 12(“’”)— limx = L,, we get

K,2(r,t) and K,,(r,t) €.
Now let K, ,(r, t) = (K, 1(r, t) UK, »(r, £)) N (K, 1(r, t) UK, »(r, t)) € I,. Then we see that K, ,(r, t) € . This implies
that its complement K¢ (r, t) is a non-empty set in F(I,). If (j, k) € K¢ (r,t), then we have two possible cases. That is,

TRy v
g, k) € K, (r, t) NK, o(r, t) or (j, k) € KS,(r, t) NK, 2(r, t). We first consider that (j, k) € K, (r, t) NKS , (r, t). Then we
ave

t t
u(ly =Ly, t) > M(Xjk — Ly, 5>*M<Xjk — L, i>> I-nx1-r>1-c¢.

Since € > 0 was arbitrary, we get u(L;y — L, t) = 1forallt > 0, which yields L; = L,. On the other hand, if (j, k) €
KS,(r,t) NKS,(r, t), then we may write that

t t
v(ly — Ly, t) < U<Xﬂ< — Ly, 5><>V<Xjk — Ly, 5>< ror < e.

Therefore, we have v(L; — L,, t) = 0, for all t > 0, which implies that L; = L,. Therefore, in all cases, we conclude that
the I{""-limit is unique.
This completes the proof of the theorem. O
Theorem 2.3. Let (X, u, v, %, <) be an IFNS and I, be an admissible ideal. Then
(i) If (i, v)-limxy = L then 1" - lim x; = L.
(ii) If L limxj, = Ly and - lim yy, = Ly then I - lim(xy + y;i) = (L + L)
(iii) If - lim xj, = L then 1"~ lim axj, = oL
Proof. (i) Suppose that (u, v)-limxj; = L. Then for each € > 0 and t > 0 there exists a positive integer N such that
ur—Lt)>1—€ and vxp—L,t) <e
for each j, k > N. Since the set
A(€) ={(, k) e Nx N:uxy—L,t) <1—€eorv(xjy—L,t) >¢€}
is contained in {1, 2, 3, ..., N — 1} and the ideal I, is admissible, A(¢) € I,. Hence 12(“‘”)— lim xj = L.
(ii) Let I;"’”)—lim X = L1 and I;""’)—limyjk = L,.Foragivene > 0,chooser > Osuchthat (1 —r)*(1—1) > 1 —¢
and r&r < €. Then, forany ¢ > 0, we define the following sets: K, 1(r, t), K, »(r, £), K, 1(r, t) and K, »(r, t) as above. Since
12("“’”)— limx; = Ly, we have

K,1(r,t) and K, (r,t) € L.

Furthermore, using 12("’”)— limx = L,, we get

KlLyz(T, t) and K,,yz(r, t) € 12.
Now let K, ,(r, t) = (K, 1(r, t) UK, 2(r, t)) N (K, 1(r, t) UK, »(r, t)). Then K, , (r, t) € I, which implies that Kl‘;v(r, t)
is a non-empty set in F(I;). Now we have to show that Klf,v(r, ) C {G,k) € Nx N u(Xpx+yip) — (L1 + L), 1) >
1—eand v((xj + yjix) — (L1 + L), t) < el If (, k) € K,f,v(r, t), then we have u(xjx — Ly, 5) > 1 —r1, u(yu — L2, §) >
1—r, v — Ly, 5) <1, and v(yj — Lp, §) < r. Therefore

t t
(X + yjx) — (L1 + L), £) > M(Xjk — Ly, 2)*M(yjk — Ly, 2>> A=-r*1-r)>1-—¢€.
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and
t t
V(X + Yjk) — (L1 + L2), £) < v| xx — L1, 3 Sul Yik — La, 7)< ror < e.

This shows that Kﬁyu(r, t) C{(, k) € NxN: (& +yjx) — (L1 + L), t) > 1 —eand v(Xjx + yjx) — (L1 + L), ) < €}

Since KS (. t) € F(I2), 1"~ lim(xy + yj) = (L1 + Lo).
(iii) This is obvious for &« = 0. Now let & # 0. Then for a givene > Oand t > 0,

B(e) ={(, k) e Nx N: uxj—L,t) >1—eandv(x — L, t) < €} € F(Ip). (2)
It is sufficient to prove that, foreache > Oand t > O,

B(e) C {(j,k) e Nx N: u(axj — oL, t) > 1—€and v(axj — oL, t) < €}.
Let (j, k) € B(¢). Then we have

uxjk—Lt) >1—€ and v(xp—L,t) <e.

So we have
t t
mlaxy —al, t) = ,u(xjk —L, ﬁ)z ,u(xjk —L, t)*u(O, ﬁ — t): nxp — L t) 1
o o
=puXg—Lt)>1—e.
Furthermore,

v(axjk —al, t) = v(xjk —1L, |;—|>§ v<xjk —1L, t><>v <0, ﬁ — t): wxp — L, )0
= uk—Lt) <e.
Hence we have
B(e) C{(,k) e Nx N: pu(axjx —oal, t) > 1—e€and v(axjy —al, t) < €},

and from (2) we conclude that 12(”'”)— lim axj, = L.
This completes the proof of the theorem. O

3. [;-convergence in an IFNS
In this section, we introduce the concept of IJ-convergence of double sequences in an intuitionistic fuzzy normed space.

Definition 3.1. Let (X, u, v, %, <) be an intuitionistic fuzzy normed space. We say that a double sequence x = (x;) of

elements in X is said to be I;-convergent to L € X with respect to the intuitionistic fuzzy norm (u, v) if there exists a subset

K ={Gm,km) 1j1 <jo<---;ki <ky <---}of Nx NsuchthatK € F(I;) (i.e. N x N\ K € L) and (u, v)-limy, Xk, = L.
In this case we write I;’(”'V)—limx = L, and L is called the [;-limit of the sequence x = (xj,) with respect to the

intuitionistic fuzzy norm (u, v).

Theorem 3.1. Let (X, i, v, %, <) be an IFNS and I, be an admissible ideal. If I;’(“”)- limx = L then 12(“”)- limx = L.

Proof. Suppose that I'*"-limx = L. Then K = {(im, kn) 1 j1 <jo < -1 k1 < ky < ---} € F(ly) (ile. N x N\ K =
H(say) € I) such that (u, v)-limp, Xj,k,, = L. But then for each € > 0 and t > 0 there exists a positive integer N such that
U Kjpky—L, t) > 1—€ and v(X;,k, —L, t) < e forallm > N.Since {(m, km) € K : t(Xjp i, —L, t) < 1—€ 01 v(Xj,kp, —L, t) > €}
is contained in {j; <j, < -+ <jn_1; k1 < ky < --- < ky_1} and the ideal I, is admissible, we have

{Gm, km) € K 1 puXjppky — L, t) < 1T —€0rv(Xjky, — L, t) > €} € L.
Hence
{G, k) e NxN:u@p—L,t) <1—eorv(xg—L,t) > €}
gHU{J] <j2 < v <jN_1;k1 <k2 < v <I{N_1}612

foralle > 0and t > 0. Therefore, we conclude that I~ lim x = L.

Remark 3.1. The following example shows that the converse of Theorem 3.1 need not be true.
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Example 3.1. Let (R, |.|) denote the space of all real numbers with the usual norm, and let axb = ab and a{>b = min{a+b, 1}
foralla, b € [0, 1]. Forallx € R and every t > 0, consider

t x|
x,t):=—— and v(x,t):= .
w0 = D=

Then (R, u, v, %, <) is an IFNS.
LetN x N = Ui’j Aj; be a decomposition of N x N such that, for any (m, n) € N x N, each A;; contains infinitely many

(i,j)’s,wherei > m,j > nand A; N Ay, = @ for (i, j) # (m, n). Now we define a sequence xp,, = % if (m, n) € Aj;. Then

t
UK, ) = ——— — 1
" t+ [Xmnl
and
[Xmn |
v(Xmn, t) = ——
" £+ [Xmnl

asm, n — oo. Hence I;’“’)— limyy y Xn = O.

Now suppose that I;"(“’”)—limm,nxm,, = 0. Then there exists asubset K = {(m; < my) < ---;ny <ny < ---}Jof Nx N
such that K € F(I;) and (u, v)-lim; Xmjn; = 0. Since K € F(Iy), thereisaset H € F(I;) such that K = N x N\ H. Now, from
the definition of I, there exists, say, p € N such that

p (o] p 00
ne (U(Uam)JUU(U-))
m=1 ‘=1 n=1 “\m=1
But then Ay 11,441 C K, and therefore
1
Xmjn; = (p+ 1)2
for infinitely many (mj, nj)'s from K. This contradicts that (u, v)-1im; Xy, = 0. Therefore the assumption I;(”’”)—

limp, » Xmn = 0 is wrong. Hence the converse of the theorem need not be true.
This completes the proof of the theorem. O

>0

Remark 3.2. From the above example we have seen that I;-convergence implies I,-convergence but not conversely. Now
the question arises under what condition the converse may hold. For this we define the condition (AP) and see that under
this condition the converse holds.

Definition 3.2. An admissible ideal I, C P(N x N) is said to satisfy the condition (AP) if for every sequence (A;)nen Of
pairwise disjoint sets from I, there are sets B, C N, n € N, such that the symmetric difference A, AB,, is a finite set for every
nand J, _xBn € I

neN

Theorem 3.2. Let (X, u, v, *, <>) be an IFNS and the ideal I, satisfy the condition (AP). If x = (x;) is a sequence in X such that
1" limx = L, then ;"% -limx = L.
Proof. Suppose [, satisfies the condition (AP) and 12(“’”)— limx = L. Then foreache > Oand t > 0,
{G, k) e NxN:uxr—Lt)<1T—eorvixg—L,t)>e€}el.
We define the set A, forp € Nand t > 0 as
Ay = {(j,k) eNxN:l—lfu(xjk—L,t) <1—Lor; <v@p—Lt) < 1}.
p p+1 p+1 p

Obviously {A1, A;, ...} is countable and belongs to I, and A; N A; = @ fori # j. By the condition (AP), there is countable
family of sets {B1, By, ...} € I, such that A;AB; is a finite set for eachi € Nand B = U2, B; € I,. From the definition of
the associate filter F(I) there is a set K € F(I) such that K = N x N\ B. To prove the theorem we have to show that the
subsequence (X;x) ¢ kek iS convergent to L with respect to the intuitionistic fuzzy norm (u, v). Let n > 0 and t > 0. Choose

q € N such that % < 1. Then

{G, k) e N X N: uxjg — L, t) <1—norv(xy—L,t) > n}

1 1 q+1
- {U,’{)ENXN:M(Xjk_L,t)E]_7OrV(Xjk—L,t)Z 7} CUAi.
q q i1
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Since AjAB;,i=1,2,...,q+ 1are finite, there exists (jo, ko) € N x N such that

q+1

q+1
(U Bl) (G, k) :j = o and k > ko} = (UAf) ()G, k) :j = o and k > ko). (3)
i=1 i=1

Ifj > jo, k > koand (j, k) € K then (j, k) &€ Uf:ll B;. Therefore, by (3), we have (j, k) & U?:ll A;.Hence, for everyj > jo, k > ko
and (j, k) € K, we have

ujx—L,t)>1—n and vxp—L,t) <n.
Since n > 0 is arbitrary, we have I[;"¥“"- limx = L.
This completes the proof of the theorem. O
Theorem 3.3. Let (X, i, v, %, <) be an IFNS. Then the following conditions are equivalent:

(i) 5%V limx = L.
(ii) There exist two sequencesy = (Yjx) andz = (zy) inX suchthat x = y+z, (u, v)-limy = Land theset {(j, k) : zx # 0} € I,
where 6 denotes the zero element of X.

Proof. Suppose that the condition (i) holds. Then there exists a set K = {(jm, ki) :j1 <jo2 < -3 k1 <ky <---}of Nx N
such that

K €F(I;) and (u,v)-limx;, k, = L. (4)
m

We define the sequences y = (yjx) and z = (zj) as follows:
Xi; G, k) e K
k= {L; if G, k) € KS;
and zj = xj — yj forall (j, k) € N x N.For givene > 0,t > Oand (j, k) € K€, we have
ug—Lt)=1>1—-€¢ and v(xp—Lt)=0<e.

Using (4), we have (u, v)-limy = L. Since {(, k) : zjx # 0} C K€, we have {(j, k) : Zix 0} € .
Let the condition (ii) hold and K = {(j, k) : z = 6}. Obviously K € F(l,) is an infinite set. Let K = {(im, ki) 1 j1 <Jj2 <
o5 ki < ky < -+ -}.SINCe Xj ke = Vjmkm @0 (i, V)= liMpy Yjkm = L, (1, )= limy, Xk, = L. Hence I;’(’”) — limj, X = L.
This completes the proof of the theorem. O

4. I,- and I;-Cauchy sequences on IFNS

In this section we define I,- and I;-Cauchy double sequences in intuitionistic fuzzy normed spaces and prove that I,-
convergence and I,-Cauchy are equivalent in IFNS.

Definition 4.1. Let (X, u, v, *, <) be an IFNS. Then, a double sequence x = (x;,) is said to be I,-Cauchy with respect to the
intuitionistic fuzzy norm (u, v) if, forevery € > Oandt > 0, there exist N = N(¢) and M = M(¢) such that, for allj, p > N,
k,q>M,

{G, k) e N N: pu(Xjx —Xpq, £) <1 —€0rv(Xjx — Xpq, £) > €} € L.

Definition 4.2. Let (X, i, v, *, <) be an IFNS. We say that a double sequence x = (xj) is I3-Cauchy with respect to the
intuitionistic fuzzy norm (u, v) if there exists a subset K = {(jm, km) : j1 < Jj2 < ---;k1 < ka < ---} of N x N such that
K € F(Iy) and the subsequence (x;,.,,) is an ordinary Cauchy sequence with respect to the intuitionistic fuzzy norm (i, v).

The following results are analogues to our Theorems 3.1 and 3.2, respectively, and can be proved on similar lines.

Theorem 4.1. Let (X, u, v, %, <) be an IFNS. If a double sequence x = (x;) is I;-Cauchy with respect to the intuitionistic fuzzy
norm (u, v) then it is I,-Cauchy with respect to the intuitionistic fuzzy norm (u, v).

Theorem 4.2. Let (X, u, v, *, <) be an IFNS and ideal I, satisfy the condition (AP). If a double sequence x = (x;) is I,-Cauchy
with respect to the intuitionistic fuzzy norm (u, v) then it is also I -Cauchy with respect to the intuitionistic fuzzy norm (u, v).

Now, we prove the following characterization.

Theorem 4.3. Let (X, u, v, *, <>) be an IFNS. Then a double sequence x = (x;i) is I,-convergent with respect to the intuitionistic
fuzzy norm (u, v) if and only if it is I,-Cauchy with respect to the intuitionistic fuzzy norm (u, v).
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Proof. Necessity. Letx = (xjx) be I,-convergent to L with respect to the intuitionistic fuzzy norm (u, v), i.e,, Ié“ ) _limx = L.
Chooser > Osuchthat (1—r)* (1 —r) > 1—¢€andrdr < €. Then, forallt > 0, we have

A={(, k) e NxN:uXyp—Lt) <1—rorvixg—L,t)>r}el. (5)
This implies that
B #A° ={(G,k) e NxN:u@x—Lt)>1—randv(xjp — L, t) <1} € F(l).
Let (p, q) € A®. Then we have
wxpg —L,t) >1—r and v(xyg —L,t) <.
Now let
B={(,k) € NxN: uXjx — Xpg, ) < 1—€0r v(Xjx — Xpq, t) > €}.
We need to show that B C A. Let (j, k) € B. Then we have

t t
1% <Xjk — Xpg, 5) <1l—€ or v (xjk — Xpq, 5) > €.

We have two possible cases. We first consider that p(xjx — xpq, ) < 1 — €. Then we have u(xj, — L, %) < 1 — r; therefore
(. k) € A. Otherwise, if L (xjc — L, 5) > 1 —r then

t t
1—ezu(xjk—qu,t)zu(xjk—L,z)*M<qu—L,2) >A=-r*x1-r)>1—c¢,

which is not possible. Hence B C A.
Similarly, consider that v(xjx — Xpq, t) > €. Then we have v(xj, — L, %) > r; therefore (j, k) € A. Otherwise, if
v(xy — L, 5) < r, then

t t
€ < v(Xjk — Xpg, £) SV (xjk — 1L, 5) v (qu — 1L, 5) <rdr < e,

which is not possible. Hence B C A.

Thus in both cases we conclude that B C A. By (5), we have B € I,. Hence x is I;-Cauchy with respect to the intuitionistic
fuzzy norm (u, v).

Sufficiency. Let x = (x;) be I,-Cauchy with respect to the intuitionistic fuzzy norm (u, v) but not I,-convergent with
respect to the intuitionistic fuzzy norm (u, v). Then there exist M and N such that

Ae, ) ={(, k) e Nx N: u(Xjx — xun, t) < 1 —€orv(Xjx —Xun, t) > €} €l

and
. t t
B(e, t) = {(],k) GNXNI/,L(Xjk—L, 5) > 1—eandv<xjk—L, 5) <e} el
equivalently, B¢ (¢, t) € F(I,). Since
t
H(Xje — Xmn, t) = 2 (xjk -1, 5) >1—¢,
and
t
V(Xj — XN, t) < 2v <le< -1, 5) <,
if (i — L, 5) > (1 —€)/2and v(xj — L, §) < €/2, respectively, we have A (¢, t) € L, and s0 A(e, t) € F(I;), which is a
contradiction, as x was I,-Cauchy with respect to the intuitionistic fuzzy norm (u, v). Hence x must be I,-convergent with

respect to the intuitionistic fuzzy norm (u, v).
This completes the proof of the theorem. O

Similarly, we can prove the following:

Theorem 4.4. Let (X, i, v, *,<>) be an IFNS. Then every double sequence x = (x;) is I;-convergent with respect to the
intuitionistic fuzzy norm (., v) if and only if it is Iy -Cauchy with respect to the intuitionistic fuzzy norm (u, v).
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5. Conclusion

In the present paper we have studied a more general type of convergence for double sequences, that is, I,-convergence
as well as [,-Cauchy in a more general setting, i.e. in an intuitionistic fuzzy normed space. These definitions and results
provide new tools to deal with the convergence problems of double sequences occurring in many branches of science and
engineering.
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