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On the Loop-Free Decomposition
of Stochastic Finite-State Systems
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CICE Program and Department of Electrical Engineering,
University of Michigan, Ann Arbor, Michigan 48104*

Two generalizations of Bacon’s theory of loop-free decomposition of prob-
abilistic finite-state systems are proposed. The first of these consists of a
modification of the structure of the decomposition which then allows for the
decomposition of a larger class of systems. The second generalization subsumes
the first: sufficient conditions for a stochastic finite-state system to be decom-
posable for a single initial distribution on its set of states are given.

1. InTRODUCTION AND RESULTS

Several years ago G. Bacon (1964) extended certain results obtained by
J. Hartmanis (to be found in Hartmanis and Stearns (1966)) for the loop-free
decomposition of deterministic sequential machines to probabilistic finite-
state machines. Here, two generalizations of Bacon’s theory will be presented.
The first will consist of making a structural modification of Bacon’s
decomposition scheme allowing for the decomposition of a larger class of
systems. The second generalization subsumes the first; it is shown that
there exist stochastic finite-state systems which admit a loop-free decomposi-
tion for a proper subset of the set of all initial distributions on the set of
states, while both Bacon’s theory and our first generalization hold for the
set of all initial distributions.

The results will be stated in this section; subsequent sections will contain
proofs and pertinent examples.

A stochastic finite-state system (SFS) is the ordered triple M = {X, S,{M(x)}}
where X is a finite nonempty alphabet, .S is a finite set of # states, and {M(x)}
is a set of # X n stochastic matrices consisting of a matrix M(x) for each
x € X. The typical entry of M(x), m(x), is interpreted as the probability

* This work was completed while the author was at the Polytechnic Institute of
Brooklyn.
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of transition of state ¢ to state j with input ». A SFS may be viewed as
representing the state behavior of a generalized probabilistic automaton
(Turakainen, 1968), stochastic sequential machine (Carlyle, 1963), or simply
as a controlled finite Markov chain (Kemeny and Snell, 1960).

From Kemeny and Snell (1960) we have the concept of “lumpability”
of a finite Markov chain. Let 7 be a partition on S for some SFS M. We
shall say that M is lumpable on = if for each pair of blocks 4 and B of »
and for each state 7 and 2 in 4 and xe X

Y, myy(%) =Y ()

jeB jEB

holds. This is identical to stating that the stochastic process derived by
lumping the states of the controlled Markov chain on 7 is itself a Markov
chain. Lumpability is a restrictive property. The SFS (w)M whose states
are the blocks of 7 and whose transition matrices {(7) M (x)} are obtained
by lumping the {M(x)} on = will be called the lumped system. Clearly, any
SFS is lumpable on the trivial partitions on .S.

Following Bacon (1964), we shall say that two partitions = and =, are
(stochastically) independent if

Y ms) = | 3 mw)] | % mo)]

14 N Ay jed, jed,

for all blocks 4, of m; and A, of =, with A; N A, nonempty, all i S and
xe X of M. Stochastic independence of partitions is also a restrictive
property not implying or implied by lumpability.

Bacon’s (1964) quasi-series decomposition scheme is identical to that
presented by Hartmanis and Stearns (1966) for deterministic sequential
machines, insofar as it consists of constructing the decomposable SFS
M = {X, S, {M(x)}} as an interconnection of the “front” SES; (#)M and
the “tail” SFS D = {# X X, 7, {D(8)}} so that the states of ()M and the
input to M are the input to D. To this effect, he gives the following necessary
and sufficient conditions:

(i) there exists a nontrivial partition 7 on S such that M is lumpable on ;
(i) there exists a nontrivial partition r on S such that 7 * + = @;
(iii) = and 7 are stochastically independent.

Bacon’s decomposition scheme is identical to that in Hartmanis and Stearns
(1966) and (i) and (ii) are a generalization of the conditions they give; however
(iii) will be shown in Theorem 2 to be due to using their scheme of quasi-
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series decomposition of deterministic systems in the stochastic case as well
and becomes superfluous if this scheme is modified.

We define an s-decomposition (abbreviation of strong decomposition) as
that decomposition scheme in which the “tail” machine has as inputs the
present and next state of the ‘“front” machine (and the input) instead of
just the present state. In the next section we shall prove

Turorem 1. For the SFS M = {X, S, {M(x)}}, (i) and (ii) are necessary
and sufficient for the existence of an s-decomposition with “front” SFS

(@M = (X, m, {(=) M(x)}}
and “tail” SFS
T ={r x7xX7{TO}

where the blocks of = are states of (m)M and the blocks of = are the states of T.
Furthermore y = (4, B,x)em X w X X (present and next state of (m)M
and input, in that order) so that for C, D €t the typical entry of T(y) is

M%)
tCD(V) = (W)mAB('x)

where i = ANC and j = BN D and (m) mp(x) is an entry of (w) M(x),
if (w) myp(x) %= 0 and AN C and B N D are nonempty. Otherwise tcp(y) is
unspecified (“‘don’t-care”).

To relate Bacon’s results to ours, we shall also prove

TuroreM 2. For Bex let vy, yo €7 X {B} X X and suppose (i) and (i)
hold for the SFS M, where B is any block of w. Then (iii) is true if and only if

for al B T(y1) = T(r)
or a em.

This simply states that the s-decomposition reverts to Bacon’s scheme
if T is independent of the next state of (w)M; therefore the former subsumes
the latter.

If in addition to (i) and (ii), M is also lumpable on 7, then T'is independent
of the present state of (w)M.

Suppose M is not lumpable on any partition on S; in the third section
of this note it will be shown that a quasi-series decomposition may exist
for the SFS started in a proper subset of the set of all distributions on S.
For this we use the concept of “weak lumpability’”” of a Markov chain.
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Following the presentation of Kemeny and Snell (1960), let « be a distribution
on S (a n-dimensional stochastic row vector) and 4, , 4, ,..., 4, a sequence
of (not necessarily distinct) blocks of some partition 7 on S. For any o
let of be the distribution obtained from « with knowledge that the SFS M is
in a state of 4; .1

We shall call of the restriction of « to 4; . Introducing some more notation,
afk) will denote the projection of « along its kth coordinate and will be
interpreted as the probability that the SFS is in k€ S given «. Also we
will use

oA,) = ofk).
ke,

It will be said that

(iv) M is weakly lumpable on = for a, if for every sequence 4, , 4, ,..., 4,
and all input words x;x, - %,_; € W(X)?

(m) m5, , (%) = [+ [t M(x)]? M) - M(x, ;)] M(x)(A)
depends solely on 4,., Ay, «, and x € X. Here we have used [oa*M(x))]? to
denote the restriction of oM (x;) to A, ; furthermore (Ag) at the end of
the expression for () mj , (%) is as defined above for of4,). (m)m 4,(%)
will be the state transition probability of the SFS (m)M, with state set =
and transition matrices {(7) M,(x)} obtained as described above. The vector
(m)a with entries o(A,) for each block A;ex is obtained from « so that
when M is started in o, the lumped system (7)M, is started in (7)a. The
following theorem, which will be proved in Section 3, generalizes Theorem 1
to the case where the SFS M admits a decomposition for the initial distribu-
tion o« on S. Such a decomposition will be called a w-decomposition
(abbreviation of weak decomposition).

Turorem 3. Conditions (ii) and (iv) are sufficient for the existence of a
w-decomposition of the SFS M with initial distribution o into (m) M, =
{X, m, {(m) M (%)}} started in (m)o and T, = {m X 7 X X, 7,{T(y)}} started
in (1), where for blocks A,Bexw, C,Der, with j=BND and je S,
yew X m X X, each matrix T, (A, B, x) satisfies

e Oy 3 M)
M 2 2 teold B9 - old) - olC) = s s @

TEg,foro=(},%,Hand 4, = {1,2} 02, §, 0.
2 W(X) is the set of all words over the alphabet X.
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It is evident from (v) that T'(4, B, x) is not uniquely defined. It will be
shown in Section 3, however, that a stochastic matrix T(4, B, &) satisfying
(v) may always be found.

Although a SFS may be easily tested for lumpability for each nontrivial
partition on its set of states, this is not the case for weak lumpability where
no procedure which will lead to an answer in a finite number of steps is
known.

Theorem 3 may be reworded for the w-decomposition of a SFS into
more than two subsystems; however, that is a straightforward extension.
Extension of these results to systems with outputs may be carried out via
arguments similar to Bacon’s (1964) or by converting such systems (e.g.,
the stochastic sequential machine of Carlyle (1963)) to an equivalent ‘““Moore
type” system to which our arguments may be applied directly.

2. Proors AND ExXAMPLE: s-DECOMPOSITION

Let us start by showing sufficiency of (i) and (ii) in Theorem 1. Let i€ S}
since 7 * 7 = @ there exist A em, Cer so that { = 4 N C. The existence
of ()M follows from the definition of lumpability of M on =. For Bem,
Der, and j = BN D we calculate

Prob[B, D | 4, C, x] = Prob[D | 4, B, C, x] Prob[B | 4, C, x]
and since (m)M is a SFS it follows that
mw(x) = PI'Ob[D I C’ A, B’ x] ’ (77) mAB(x)'

Since Prob[D | C, 4, B, x] defines the SFS T with inputs from 7 X 7 X X
and state set 7 and we note that

m(x)

tep(4, B, x) = Prob[D | C, 4, B, 5] = ——2*—
CD( ) [ | ] (77_) mAB(x)

and

_ 2jen M%) —
DZE? tep(4, B, x) = ) Man() 1.

Defining a mapping f: .S — 7 X 7 with each 7 .S mapped into the corre-
sponding (4, C), we define a subsystem of the SFS constructed from the
connection of (7)M and T which is isomorphic to M, since it has the same
transition probabilities. This subsystem is persistent (nontransient) since
at each step in its operation it remains in its state set with probability one.
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To prove necessity, consider the interconnection of two SFS, ()M and T,
where
(M = {X, m, {(m) M(x)}}

and

T={r x7w XX, T,{T(y)}}
and construct the SFS
M = {X, S, {M(x)}}

where S = 7 X randforeachi = (4,C)e S,j = (B, D)e S,with4,Ben
and C, D € , we define

mza(x) = (77) mAB(x) tCD(A! B’ x)

where (7) mp(x) and i.p(4, B, x) are entries of (7) M(x) and T'(4, B, x),
respectively. From this construction, M is isomorphic to the interconnection

of ()M and T. Furthermore

Z my(x) = (m) myp(x) = Z M%)

Der Der

for any k& = (4, E) for any Eecr, since each T(4, B, x) is stochastic.
Therefore M is lumpable on 7. That = and + may be viewed as partitions
on S is obvious; that 7 -+ = @ follows from the definition of S. This
completes the proof of Theorem 1.

As an example consider the SFS M with X consisting of only one letter,
S ={1,2,3,4} and

03 02 05 0

04 01 02 03
06 0 03 01
05 01 02 02

M(x) =

M is lumpable on 7 = {1, 2; 3, 4} forming (7)M with

@M =[5 ol

and for » = {1, 3; 2, 4} we have 7 - 7 = @ so that (i) and (ii) are satisfied.
However M does not satisfy (iii):

myy(x) = 0.3 £ [myy(x) + mye(x)][myy(x) + my5(x)] = 0.4
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so that it does not admit Bacon’s quasi-series decomposition. However, it
does admit an s-decomposition with T' = {m X 7 X X, ?{T(y)}} and calling
I={1,2},I1 ={3,4}

32 1 0
T, 1, «) — Z f . TELILe) =2 3,
55 >3
10 F% ‘11
T(II,I,x)=[§ 1], LI = |1 4],
6 6 5 5

where the first row and column of each T'(y) corresponds to block {1, 3} of .
Theorem 1 may be readily generalized to the general loop-free decomposi-
tion (similar to Bacon’s (1964) Theorem 3); the extension is straightforward
and is omitted here.
To prove Theorem 2, first assume that (iii) is true. Continuing with the
same notation used in the proof of Theorem 1,

myy(x) = (m) mp(x) * 2:,) (%)

tep(4, B, x) = Y. my(x)

jeD
for i = A n C. But then, if E€m,
tCD(A: E7 x) = Z mij(x)!
jeb

so that T(4, E, x) = T(4, B, x) and the {T(y)} are independent of the
next state of (w)M. Conversely, assume that T(y;) = T(y,) for all Ben
such that v, , v, €7 X {B} X X. Then for any Eemand k =EnND

my(x) (%)

(m) m5(x) T () mag(x)

But
Y myx) = Y, my(x) = z (%) ET? ZAEE;:;

jeD Een
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and since (7) M(x) is a stochastic matrix

%, myla) = el

)<D (m) m 45(x)

which is (iii). Therefore the proof of Theorem 2 is complete.

3. Proor anD ExamPLE: w-DECOMPOSITION

Let us first prove Theorem 3 using the notation employed in its statement.
The probability of transition in the interconnection of ()M, and T, started
in (7)x and (7)a, respectively, is

Prob[B, D | (7)a, (1), x] = Prob[D | (m)«, B, (7)a, 4] Prob[B | (), «]
and introducing

tCD((W) o, B, x) = Z tCD(A7 B, x) - OC(A)

Aexw

we obtain that

Prob[D |(m) o, (1) o, &] = Z tep((m) o, B, %) » o C),

Cer
and since
Prob[B | (m)a, ¥] = [(m)e - (m) M.(x)](B)
we conclude that
Prob[B, D | (m)a, (), 6] = [« - M(%)](5)
for j = B N D. We observe that we may choose
tep(A, B, x) = tep((m)x, B, %)

so that to exhibit a matrix T4, B, x), it suffices to exhibit a stochastic
matrix 7,((m)x, B, x). We note that (v) may be rewritten as

(T)oe * T ((m)a, B, %) = &g

where £p is the stochastic row vector each of whose entries are the right hand
side of (v) for each j € B; since there may be more D & than j € B, those

643/17/5-5
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entries of &5 corresponding to those D € = for which D N B = @ are zero.
Since, given any two stochastic vectors, it is always possible to find a stochastic
matrix which transforms one into the other, provided the vectors are of
the same dimension, the matrix T,((m)x, B, ), and therefore the matrix
T(A, B, x) for each A, are determined, yielding the SFS T, , although
not uniquely.

From the argument above, we may also conclude that M started in o
has the same transition probabilities as that subsystem of the interconnection
of (m)M, and T, defined by the mapping f : S— = X rsuch thatf(j) = (B, D)
if j = B N D (and fis well defined since by (ii) there exists a unique pair B, D
for each je.S), when ()M, and T, are started in (m)a, (7)x, respectively,
This subsystem is persistent since at each step of its operation it remains
in its state set with probability one. This establishes sufficiency of (ii) and (iv)
as stated in Theorem 3.

As an example consider the three state SFS M whose transition matrix

M(x) =

N O s
Ol — N[ = =
S N N =

we take from Kemeny and Snpell (1960). For any vector o = (1 — 3a, 4, 24)
we have

‘1_1+a I _a 1_22) — (1 — 35,5, 2b)

oM(®) = (z+ a7~ 53 3

for b == 1 — a/3. For the partition = = {1; 2,3} on S with 4 = {1} and
B = {2, 3} we calculate

ot =(1,0,0), of =(0,%,

ol

).
Since a4 is « with ¢ = 0 and of is « with ¢ = 1 it follows that
[+ M (x)]2 - M(x)]™* M(x)]A = ot

and
([ [etM(x)]? - M) M(x)]® = oF

for any sequence A4,, 4, ,..., A, of blocks of =. Therefore M is weakly
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lumpable on 7 for a (choosing « to be a stochastic vector) forming (7} M, =
{X, 7, {(m) M(x)}} with

13
4 4
(77) Mu(x) - 7 _5_
12 12

Letting 7 = {1, 2; 3} and C = {1,2}, D = {3}, it follows that 7 ++ = &
and with (z)a = (1 — 34, 3a), (7)o - (7) M(x) = (} + a, 3 — a), it follows
that

Z tge((m) o, 4, %) - «(E) = 1.

Eer
Therefore
EZ: tgp((m) oy A, %) - (E) = 0
and
(1 — 24, 2a) T((m), 4, x) = (1, 0).
Hence

TA(m) e A4,2) = 1 o] = Tud, 4, ) = T8, 4,9,

Similarly
(1 — 24, 2a) T((m), B, x) = (%, %)

which is satisfied by

T.((m) o, B, 5) = [i %] = T4, B, x) = T(B, B, x)

2
3

so that we have exhibited the w-decomposition of M for any « of the specified
form.
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