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Let x 1 ,..., x, be the roots of an irreducible equation of degree n over Q. 
Under what conditions can we have “nontrivial” relations 

wl + .-- + a,x, = 0 (a, f  Q) ? 

In some cases it is shown that the nonexistence of nontrivial relations depends 
on the nonvanishing of Dirichlet’s series L(s, x) at s = 1, when x is a character 
with x(-1) = -1. 

Define, as usual, 
cos x = (eiz + e-ix)/2, 

sin x = (eiz - e-9/2i, 

cot x = (cos x)/(sin x). 

The quantities cot(sr/p) satisfy an equation of degree (p - 1) with 
coefficients in Q, irreducible over Q. Writing x, = cot(rr/p) we see from 
this equation that (and this is otherwise obvious!) 

D-l 

F cotb-/P) = 0, 

which is a consequence of the relations 

x, + x, = 0 (r + s = p). 

In general, one can ask the question: Given an irreducible equation of 
degree m, with coefficients in Q, with roots x1 ,..., x, , what are the linear 
relations 

with a,.EQ? 
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In the above example [.q = cot(rz-/p], 1 < r < p) we shall show that 
the only linear relations 

9-l 

c ax -0 mm- (am E Q) 

are, when p is a prime =3(4), those given by 

a, + a, = 0 (r + s = p). 

Curiously, this fact is deducible from the well-known result of Dirichlet 
that 

L(l,x) = $+o, 
1 

where x is a character (modp), with x(- 1) = - 1. As we know, the 
expression for h, , the “second factor” of the class number of the cyclo- 
tomic field Q(t+‘“), involves the product of the above series L(1, x) with 
x(-l) = -1. 

My interest in this theorem goes back to February 9, 1949, when I 
communicated to Professor C. L. Siegel the following: 

THEOREM. Let p and ( p - 1)/2 be primes. Let each f(n) = + 1, - 1 or 0. 
Further f(n) = -f(-n), f(m) = f(n) for m 3 n(p). Then 

unless allf(n) are 0. 

Professor Siegel’s reply dated February 12, 1949, improved this theorem 
by, for example, relaxing the condition that (p - 1)/2 is also a prime. 
Also the f(n) may be any integers, not all zero (my proof also allowed 
this extension). I published Siegel’s letter to me in Det Kongelige Norske 
Videnskabers Selskabs Forhandlinger 37 (1964) 85-87, after a lapse of 
15 years! 

Now I can prove Siegel’s extension (at least in a special case) in a much 
more natural manner than he did. In fact let g be a primitive root modp, 
where p is a prime =3(4). Write 

XV& = cot( g%r/p) (1) 

for 1 :G HZ < (p - 1)/2. If possible, assume a relation 

(P-l)/2 

z1 fk""h = 0 (2) 
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where the f’s, as above, are periodic modp, f(-n) = -f(n), integers, 
and not all zero. Since the numbers &x, satisfy an irreducible equation 
over Q of degree ( p - 1) we see that 

and 
x2 = dXl>~ x3 = dx2L xc,-1)/Z = &(P-3)!2) 

(3) 
Xl = d%-1):2). 

where v(x) is a polynomial, over Q, of degree <p - 2. We write (2) as 

al& + +2x2 + ... + a,x, = 0, (4) 

where q = (p - 1)/2. 
By Galois theory for the cyclotomic field Q(e2niln), (4) and (3) give 

q-Q+t + R&J+t + -** + qg+t = 0, (5) 

where 0 < t < g and the subscripts of the x’s are taken mod g. 
Since the a’s are, by supposition, not all zero we see from (5) that the 

circulant determinant 

Xl x2 ... X(,-1)/2 

x2 xg *** x1 

x3 xq .'. x2 
. . . . . . . . . . . . 

X(,-1)/2 Xl ..* xb-3)/2 

must be 0. As is well known, this circulant determinant factorizes into a 
product of q = (p - 1)/2 factors, namely 

WTXl + W2~X2 + w3Tx3 + .** + dQX 9, (6) 

where 1 < r < q, and w  == e2”ilQ. 
Now, and here is the surprise, the expressions (6) are precisely the values 

(except for trivial nonzero factors) of the series 

L(1, x) = i 9 
1 

for all the characters x with x(- 1) = - 1. 
Since all the series (7) with x(- 1) = -1 are nonzero, it follows that 

our circulant determinant is not zero. Hence for p = 3(mod 4) there 
exists no linear relation 

(P--1)/2 

c UT cot(m/p) = 0 
T=l 

with the a, E Z, unless each a, = 0. This is the theorem we wished to 
prove. We repeat that p, here, is a prime =3(4). 
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