=

View metadata, citation and similar papers at core.ac.uk brought to you by . CORE

provided by Elsevier - Publisher Connector

Contents lists available at SciVerse ScienceDirect

Topology and its Applications

www.elsevier.com/locate/topol

Coarse structures on groups

Andrew Nicas®*!, David Rosenthal P-2

@ Department of Mathematics and Statistics, McMaster University, Hamilton, Ontario, L8S 4K1, Canada
b Department of Mathematics and Computer Science, St. John’s University, 8000 Utopia Pkwy, Jamaica, NY 11439, USA

ARTICLE INFO ABSTRACT
Article history: We introduce the group-compact coarse structure on a Hausdorff topological group in
Received 16 January 2012 the context of coarse structures on an abstract group which are compatible with the

Accepted 23 June 2012 group operations. We develop asymptotic dimension theory for the group-compact

coarse structure generalizing several familiar results for discrete groups. We show that
the asymptotic dimension in our sense of the free topological group on a non-empty
topological space that is homeomorphic to a closed subspace of a Cartesian product of
metrizable spaces is 1.

Keywords: © 2012 Elsevier B.V. All rights reserved.
Coarse structure

Asymptotic dimension

Topological group

MSC:
primary 20F69
secondary 54H11

1. Introduction

The notion of asymptotic dimension was introduced by Gromov as a tool for studying the large scale geometry of groups.
Yu stimulated widespread interest in this concept when he proved that the Baum-Connes assembly map in topological
K-theory is a split injection for torsion-free groups with finite asymptotic dimension [14]. The asymptotic dimension of
a metric space (X, d) is defined to be the smallest integer n such that for any positive number R, there exists a uniformly
bounded cover of X of multiplicity less than or equal to n + 1 whose Lebesgue number is at least R (if no such integer
exists we say that the asymptotic dimension of (X, d) is infinite). A finitely generated group can be viewed as a metric
space by giving it the word length metric with respect to a given finite generating set. The asymptotic dimension of this
metric space is independent of the choice of the finite generating set and hence is an invariant of the group. The class of
groups that have finite asymptotic dimension includes word hyperbolic groups, cocompact discrete subgroups of virtually
connected Lie groups and mapping class groups. However, there exist finitely generated groups, indeed finitely presented
groups, with infinite asymptotic dimension, for example Thompson’s group F.

Roe generalized the notion of asymptotic dimension to coarse spaces [13, §2]. A coarse structure on a set X is a collection
of subsets of X x X called entourages or controlled sets satisfying certain axioms (see Definition 2.1). A set together with
a coarse structure is a coarse space. For a metric space (X, d) equipped with the bounded or metric coarse structure Roe’s
definition reduces to the original definition of asymptotic dimension for (X, d).

We say that a coarse structure on an abstract group G is compatible if every entourage is contained in a G-invariant
entourage (Definition 2.2). We show that any such coarse structure on G is obtained from a generating family, that is,
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a collection F of subsets of G satisfying certain axioms (listed in Definition 2.3), by means of the following construction.
Given a generating family F, the collection

Er ={E C G x G| there exists A € F such that E C G(A x A)}

is a compatible coarse structure on G. For example, the collection F = fin(G) of all finite subsets of G is a generating
family (Example 2.13) and we call the corresponding coarse structure the group-finite coarse structure. If G is a finitely
generated group then the group-finite coarse structure coincides with the bounded coarse structure for a word metric on G;
indeed, this remains valid for a countable, infinitely generated group G for an appropriate “weighted” word metric on G
corresponding to an infinite generating set [6, Remark 2].

In this paper we introduce the group-compact coarse structure on an arbitrary Hausdorff topological group G (Exam-
ple 2.10). This coarse structure corresponds to the generating family F = C(G) consisting of all compact subsets of G and
thus depends only on the group structure and topology of G. In particular, the asymptotic dimension of a Hausdorff topo-
logical group G, which we denote by asdim(G), is well defined as the asymptotic dimension of G with respect to the
group-compact coarse structure. When G admits a left invariant metric such that the bounded subsets with respect to the
metric are precisely the relatively compact subsets with respect to the given topology of G, then the group-compact coarse
structure coincides with the bounded coarse structure on G (see Theorem 2.17). However, not every G admits such a metric
(see Proposition 2.20). Our definition of asymptotic dimension for a Hausdorff topological group G is sensitive to the topol-
ogy of G. For example, if one considers the additive group of real numbers R with its usual topology, then asdim(R) =1,
whereas if R is given the discrete topology, then its asymptotic dimension is infinite, since it contains closed subgroups
isomorphic to Z" for every n and asdim(Z") =n.

Many of the facts about classical asymptotic dimension for finitely generated groups have analogs for our generalized
definition of asymptotic dimension. For example, if G is a Hausdorff topological group with a compact set of generators,
then the asymptotic dimension of G with respect to the group-compact coarse structure is zero if and only if G is compact
(Corollary 3.8). If H is a closed subgroup of G, then asdim H < asdimG (Corollary 3.11). As a consequence, all discrete
subgroups of virtually connected Lie groups have finite asymptotic dimension, whether or not they are finitely generated
(Example 3.12). We show that the asymptotic dimension of G is the supremum of the asymptotic dimensions of its closed
subgroups which have a dense subgroup with a compact set of algebraic generators (Corollary 3.14). We also have the
following theorem for an extension of Hausdorff topological groups.

Theorem (Theorem 3.16). Let 1 — N 4, G Z Q — 1 be an extension of Hausdorff topological groups, where i is a homeomorphism
onto its image and every compact subset of Q is the image under 7 of a compact subset of G. If asdim(N) < n and asdim(Q ) < k then
asdim(G) < (n+ 1)(k + 1) — 1. In particular, if N and Q have finite asymptotic dimension, then G has finite asymptotic dimension.

The free topological group on a topological space is the analog, in the category of Hausdorff topological groups, of the free
group on a set in the category of groups. The free topological group on a non-discrete space is typically not locally compact
(see the discussion following Proposition 4.4). We show:

Theorem (Theorem 4.3). If X is a non-empty space which is homeomorphic to a closed subspace of a Cartesian product of metrizable
spaces then the asymptotic dimension of the free topological group on X is 1.

The paper is organized as follows. In Section 2 we develop the general theory of compatible coarse structures on a group
and apply it to topological groups. Asymptotic dimension theory in our framework is treated in Section 3. In Section 4 we
compute the asymptotic dimension of a free topological group.

2. Compatible coarse structures on a group

In this section we introduce the notion of a compatible coarse structure on a group G (Definition 2.2) and show that
any such coarse structure on G is obtained from a generating family, that is, a collection of subsets of G satisfying certain
axioms (see Definition 2.3, Propositions 2.4 and 2.5). We give several classes of examples of compatible coarse structures on
a group (Examples 2.9, 2.10, 2.12, 2.13 and 2.14). Of particular interest is the group-compact coarse structure on a Hausdorff
topological group (Example 2.10) and its generalizations (Remark 2.11). Necessary and sufficient conditions for the group-
compact coarse structure on a topological group to coincide with the bounded coarse structure associated to a left invariant
metric are given in Theorem 2.17; also see Propositions 2.18 and 2.20. A characterization of the bounded sets for a group
with a compatible coarse structure is given in Proposition 2.23. We give a criterion for a surjective homomorphism of
groups with compatible coarse structures to be a coarse equivalence (Corollary 2.29) and also a criterion for the inclusion
of a subgroup to be a coarse equivalence (Proposition 2.30). These results are applied to Hausdorff topological groups with
the group-compact structures (Propositions 2.35 and 2.34).

We recall Roe’s theory of coarse structures and coarse spaces [13, §2]. Let X be a set. The inverse of a subset E of X x X,
denoted E~1, is the set

E'={(y.x) e XxX|(x,y)€E}.
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For subsets E1 and E; of X x X, the composition of E1 and E;, denoted Eq o E3, is the set
E10Ey={(x,2) € X x X | there exists y € X such that (x, y) € E1 and (y, 2) € E2}.

Definition 2.1. ([13, Definition 2.3]) A coarse structure on a set X is a collection £ of subsets of X x X, called entourages,
satisfying the following properties:

(a) The diagonal, Ax = {(x, x) | x € X}, is an entourage.
(b) A subset of an entourage is an entourage.

(c) A finite union of entourages is an entourage.

(d) The inverse of entourage is an entourage.

(e) The composition of two entourages is an entourage.

The pair (X, &) is called a coarse space.

Let G be a group. For subsets A and B of G we write AB={ab|ac A and be B} and A~' ={a~!|a € A}. The group G
acts diagonally on the product G x G and we say that E C G x G is G-invariant if GE = E where GE = {(ga, gb) | (a,b) € E
and g € G}.

Definition 2.2. A coarse structure £ on a group G is compatible if every entourage is contained in a G-invariant entourage.
We describe a method of obtaining compatible coarse structures on a given group G.

Definition 2.3. A family F of subsets of G is a generating family for a compatible coarse structure on G (abbreviated as “gener-
ating family on G”) if it has the following properties:

(a) There exists A € F which is non-empty.
(b) A finite union of elements of F is in F.
(c) If A and B are in F then AB is in F.
(d) If Ais in F then A~! is in F.

Our terminology is justified by the following propositions.

Proposition 2.4. Let F be a generating family on G as in Definition 2.3. Define

Er ={E C G x G| there exists A € F such that E C G(A x A)}.

Then & r is a compatible coarse structure on G.
We say that Ex is the coarse structure associated to F.

Proof. If A € F is non-empty then Ag C G(A x A) and so Ag € Ex. If A,B e F then G(A x A)UG(B x B) C G((AUB) x
(AU B)) which implies that the union of two elements of £ is in £x. Observe that if A, B € F then G(A x B) € £ because
AUB e F and G(A x B) C G((AU B) x (AU B)). The composition of two elements in £x is in £x because for A,B € F
we have G(A x A) o G(B x B) C G(A x (AB~'B)) and AB~'B € F by properties (c) and (b) in Definition 2.3. Hence £ is
a coarse structure and, by definition, is compatible. O

We show that every compatible coarse structure £ on a group G is of the form £x for some generating family F on G.

For any group G the shear map, 7¢: G x G — G, is defined by m¢(x, y) = y~Ix.

Proposition 2.5. Let £ be a compatible coarse structure on a group G. Let w¢ : G x G — G be the shear map. Define F () = {m¢(E) |
E € &}. Then F (&) is a generating family on G and £ = Ex¢).

Proof. We first show that F(£) is a generating family on G, that is, properties (a) through (d) of Definition 2.3 hold
for F(£). Property (a) is obvious. Property (b) follows from the equality 71g(E) U g(E’) = mg(E U E’). Assume that
A C mg(E) and B C g (E’) where E,E’' € £ are G-invariant. We claim that AB C g (E' o E) from which it follows that
AB = nc(ngl(AB) N(E'0E)) e F(E). Let a=y 'xe A where (x,y) € E and b=v~'u € B where (u,v) € E’. Since E
and E’ are G-invariant, we have (1,x 'y)=x"1(x,y) € E and (v 'u,1) =v~'(u,v) € E’. Hence (v_'u,x 'y) € E' o E and
so ab= (x"1y)~lv~lu e g (E’ o E), verifying the claim. If A=m¢(E) then A~! = n¢(E~") and so property (d) holds.
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By its definition,
Er(e)={P C G x G | there exists E € £ such that P C G(7¢(E) x 7¢(E))}.

Observe that {1} € F(£) because 7g(Ag) ={1}. For any E € £ and (x, y) € E we have (x,y) = y(y " 'x,1) € G(g(E) x {1}) €
Ex) which shows that £ C Exg).

Let E € £ be G-invariant. We claim that G(wg(E) x g (E)) C Eo E~1. Since Eo E~! € £ and any entourage in & is con-
tained in a G-invariant entourage, this would imply that £x) C £. Let (a, b) € mg(E) x mg(E). Then a = y~xand b=v~lu
where (x, y), (u,v) € E. We have that (y~'x,1) =y~ '(x,y) € E and (v-'u,1) = v_(u,v) € E. Since (1,v_lu) € E71, it
follows that (a,b) = (y~'x,v_1u) € E o E~1. Hence m¢(E) x mg(E) C E o E-! which verifies the claim since E o E~! is
G-invariant. 0O

Definition 2.6. Let F be a generating family on a group G. Define the completion of F, denoted by F, to be the collection
of subsets of G given by

F= {A C G | there exists B € F such that A C B}.
It is clear that the completion of a generating family is a generating family.
Proposition 2.7. Let F be a generating family on a group G. Then F=F (EF)and EF =E .

Proof. By its definition,

F(€F) ={mc(E) C G | there exists B € F such that E C G(B x B)}.

Let Ae F be non-empty. There exists B € F such that A C B. Note that BU B~'Be F. We have A x {1} Cc B x {1} C
G((BUB™1B) x (BUB™'B)) and so A =mg(A x {1}) € F(Ex). Hence F C F(EF). Let A € F(EF). Then there exists B € F
and E C G(B x B) such that A = 7g(E). We have A C nc(G(B x B)) = B-1Be F and so A € F. Hence F(EFr) C F. We
conclude that F(£x) = F and so by Proposition 2.5, Er =Er) =E#. O

Corollary 2.8. Let F1 and JF, be a generating families on a group G. Then £F, = £F, if and only if Fi1 = Fo.
We give some examples of generating families and their associated coarse structures.

Example 2.9 (Pseudo-norms on groups). A pseudo-norm on a group G is a non-negative function |-|: G — R such that:

(1) [1]=0,
(2) for all xe G, |x~ | = x|,
(3) for all x,y € G, |xy| < x| + |y].

A pseudo-norm on G determines a left invariant pseudo-metric d on G given by d(x, y) = |y~ 'x|. Conversely, any left
invariant pseudo-metric d on G yields a pseudo-norm given by |x| =d(x, 1). For a non-negative real number r, let B(r) =
{x € G| |x| <r}, the closed ball of radius r centered at 1 € G. Define

F4={A C G| thereexists r > 0 such that A C B(r)}.

Thus Fy; consists of those subsets of G which are bounded with respect to the pseudo-norm. Since B(r) U B(s) =
B(max({r, s}), B(r)~! = B(r) and B(r)B(s) C B(r +5s), it follows that F; is a generating family on G. Note that F; = F,. The
coarse structure £x, (henceforth abbreviated as &;) is called the bounded coarse structure associated to the pseudo-metric d
and

Ea={ECG xG|sup{d(x,y) | (x,y) € E} < oo}

Example 2.10 (The group-compact coarse structure). Let G be a Hausdorff topological group and let C(G) be the collection of
all compact subsets of G. If K and K’ are compact subsets of G then K U K’ is compact and the continuity of the group
operations implies that K~' and KK’ are compact. It follows that C(G) is a generating family on G and

&cc) ={E C G x G | there exists a compact subset K C G such that E C G(K x K)}.

We call this coarse structure the group-compact coarse structure on G.
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Remark 2.11 (Generalizations of the group-compact coarse structure). (1) Let G be a topological group which is not necessarily
Hausdorff. The collection of all quasi-compact subsets of G is a generating family on G (recall that A C G is quasi-compact
if every open cover of A has a finite subcover).

(2) A less restrictive notion of a Hausdorff topological group is obtained replacing the requirement that the group mul-
tiplication :G x G — G is continuous, where G x G has the product topology, with the condition that w is continuous
when the set G x G is given the weak topology determined by the collection of compact subsets of the space G x G. For the
purpose of this discussion, we say that G is a weak Hausdorff topological group. A natural example of a weak Hausdorff topo-
logical group is the geometric realization of a simplicial group. The collection C(G) of compact subsets of a weak Hausdorff
topological group G is a generating family on G. If Gy is the weak Hausdorff topological group obtained by re-topologizing G
with the weak topology determined by its collection of compact subsets then C(G) = C(Gyk) so the corresponding group-
compact coarse structures on the underlying abstract group are the same.

(3) Let G be a Hausdorff topological group and let X be a Hausdorff space equipped with a continuous left action of G.
Assume that X = GC for some compact C C X and that the G-action is proper, that is, the map A:G x X — X x X given
by A(g, x) = (x, gx) is a proper map (recall that a continuous map between Hausdorff spaces is proper if it is a closed map
and the fibers are compact).

The group-compact coarse structure on X is the coarse structure:

Ec-cpt = {E C X x X | there exists a compact K C X such that E C G(K x K)}.

When X = G with the left translation action of G on itself, this construction recovers the coarse structure £ on G.
Another case of interest in this paper is the homogeneous space X = G/K where is K is a compact subgroup of G (see
Remark 2.36 and Example 3.12).

Example 2.12 (Subsets of restricted cardinality). Let G be a group and « an infinite cardinal number. Let F, be the collection
of all subsets of G of cardinality strictly less than that of «. Then Fj is a generating family on G.

Example 2.13 (The group-finite coarse structure). Let G be a group and let fin(G) be the collection of all finite subsets of G.
Then fin(G) is a generating family on G, indeed it is a special case of each of the three preceding examples. If G is given the
discrete topology then fin(G) = C(G) since the compact subsets of G are precisely the finite subsets. If « is the first infinite
cardinal then fin(G) = Fi. In the case G is countable, if d is a weighted word metric associated to some (possibly infinite)
set of generators of G as in [6, Proposition 1.3] then fin(G) = F4 (see [6, Remark 2]).

We call the coarse structure Egn(g) the group-finite coarse structure on G.

Example 2.14 (Topologically bounded sets). Let G be a topological group. A subset B of G is said to be topologically bounded if
for every neighborhood V of 1 € G there exists a positive integer n (depending on V) such that BC V"=V ...V (n factors).
The collection Fipgq of all topologically bounded subsets of G is easily seen to be a generating family on G. If d is a left
invariant pseudo-metric d inducing the topology of G then any topologically bounded set is contained in a d-ball centered
at 1 and so Fy,g C Fy; however, the inclusion Fy C Fyq is not, in general, valid without additional assumptions on d.

A compatible coarse structure on a group determines compatible coarse structures on its subgroups and quotient groups.

Proposition 2.15 (Subgroups and quotient groups). Let G be a group and F a generating family on G.

(i) Let H C G be a subgroup. Assume that there exists A € F such that A N H is non-empty. Then the collection, F |y, of subsets of H
given by F|ly ={ANH | A € F}is a generating family on H.

(ii) Let ¢ : G — Q be a homomorphism. Then the collection, ¢ (F), of subsets of Q given by ¢ (F) = {¢(A) | A € F} is a generating
family on Q.

We omit the straightforward proof.

Proposition 2.16 (Enlargement by a normal subgroup). Let G be a group, N <1 G a normal subgroup and F a generating family on G.
Define NF to be the collection of subsets of G given by NF = {NA | A € F}. Then NF is a generating family on G.

Proof. If A € F is non-empty then so is NA € NF. For A,B € F we have NAUNB = N(AU B) € NF because AUB € F.
Since N is a normal subgroup of G, for any X ¢ G we have NX = XN. Hence for A, B € F we have (NA)(NB) = (NN)(AB) =
N(AB) € NF because AB € F. Also, (NA) " ! =A"IN"1=A"IN=NA"1eNF because A1 e F. O

Theorem 2.17. Let G be a Hausdorff topological group. Denote its topology by t. Let d be a left invariant pseudo-metric on G (not
necessarily inducing the topology t ). Then the group-compact coarse structure on G (arising from the topology t) coincides with the
bounded coarse structure associated to d if and only if :
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(i) every relatively compact subset of G (with respect to T ) is d-bounded,
(ii) every d-bounded subset of G is relatively compact (with respect to T).

Proof. Conditions (i) and (ii) are equivalent to j—'\d = C/(G\) and so the conclusion follows from Corollary 2.8. O

Let G be a group and X C G a (not necessarily finite) set of generators. The word length norm associated to X, denoted
by |x|s for x € G, is defined by

x|z =inf{n |x=a---an, wherea; e XU X1}

We denote the associated word length metric by dy.

Proposition 2.18. Let G be a locally compact group with a set of generators ¥ C G such that ¥ U {1} U ¥~ is compact. Then the
group-compact coarse structure on G coincides with the bounded coarse structure associated to d 5.

Proof. By [1, Lemma 3.2], every compact subset of G has finite word length (with respect to the generating set X') so
Condition (i) of Theorem 2.17 holds. The dx-ball of non-negative integer radius n is (X U {1} U X~ 1" which is compact
since ¥ U{1}U X~ is assumed to be compact, hence Condition (ii) of Theorem 2.17 also holds. O

Example 2.19. The Lie group R™ is locally compact and X =[—1,1]™ is a compact set of generators. Hence the group-
compact coarse structure coincides with the bounded coarse structure associated to dy. Note that the Euclidean metric
on R™ also satisfies Conditions (i) and (ii) of Theorem 2.17 as does any appropriate “coarse path pseudo-metric” (see [1,
Proposition 3.11]).

A topological group which is not locally compact may fail to have a left invariant pseudo-metric such that the associated
bounded coarse structure coincides with the group-compact coarse structure. We show that this is the case for the additive
group Z[1/2] of rational numbers whose denominators are powers of two, topologized as a subspace of R (and, as such, is
not locally compact).

Proposition 2.20. There is no left invariant pseudo-metric on the topological group 7Z[1/2] such that the associated bounded coarse
structure coincides with the group-compact coarse structure.

Proof. Let dg(x,y) = |x — y|, the Euclidean absolute value of x — y. Clearly, any compact subset of Z[1/2] has bounded
Euclidean absolute value and so C(G) C Fy,. The ball By, (1) =Z[1/2]N[—1, 1] is not a relatively compact subset of Z[1/2]
(for example, the sequence x, = (1 —47")/3 € By, (1) has no convergent subsequence in Z[1/2]). Thus the bounded coarse
structure on Z[1/2] associated to dg is strictly coarser than the group-compact coarse structure. Suppose that d is a left
invariant pseudo-metric on Z[1/2] such that the associated coarse structure coincides with the group-compact coarse struc-
ture. By Theorem 2.17, d must satisfy Conditions (i) and (ii) of that proposition. We will show that these conditions on d
imply that the bounded coarse structure associated to d coincides with the bounded coarse structure associated to dg,
a contradiction, thus proving that no such d exists.

Assume that d satisfies Conditions (i) and (ii) of Theorem 2.17. By Condition (ii), the d-ball By(r) = {x € Z[1/2] | |x|q =
d(x,0) <r} is relatively compact as a subset of Z[1/2] and hence also as a subset of R. It follows that sup{|x| | x € B4(r)} is
finite and so Fy C Fy,.

Let K ={+27%|k=0,1,...} U{0}. Note that K is a compact set of generators for Z[1/2]. Let AK, where € R, denote
the set {Ax|x € K}. For n >0, let

n
Fn=K+21K+... 427K = [er[l/Z] ‘x:ZZ_iai, wherea; € K ¢.
i=0
Since K is compact so is each Fj. Let ¢:N — N, where N is the set of non-negative integers, be any function such that
limy 00 p(n) = 00. Let Fy = U0 27 F,. Observe that F, C Z[1/2] and that Fy is compact because 0 € 2~¢™F, and

the Euclidean diameters of the compact sets 2~¢™ F, converge to 0. By Condition (i), Fy4 is d-bounded, that is, there exists
Cp > 0 such that |x|g < Cy for all x € Fy. Let x € By, (1). Observe that x € F, where n = [x|g (recall that |x|x is the word
length norm of x with respect to the generating set K). It follows that 2~¢™x ¢ Fy and so [27¢9Mx|; < Cy. Hence

X|g = ‘2¢(n)2*¢(n)xyd < 2¢ () |2*¢(")X’d < 2¢(n)c¢ _ C¢2¢(|X|K). (2.1)

Suppose By, (1) is not d-bounded. Then there exists a sequence {x,} C Bg, (1) such that |x;|4 — oco. Choosing ¢ to be the
identity function in (2.1), we see that |x,|x — oo and by passing to a subsequence we may assume that {|x;|q} and {|x;|x}
are strictly increasing. For a real number r, let r* denote the smallest integer greater than or equal to r. Define ¢:N — N
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on {|x|k} C N by ¢(|xnlx) = (% log, (%1]¢))+, where log, is the base two logarithm, and extend it to all of N so that ¢ is
non-decreasing. For this ¢, (2.1) yields

1/2
[Xnld < Cp2? 0 < 2C a1}/

It follows that |x,|4 is bounded, a contradiction. Hence By, (1) is d-bounded and so C = sup{|x|q | x € By, (1)} is finite. If m
is a positive integer and x € By, (m) then

IXlg = [mx/m)|; < mlx/mlg < mC

and so By, (m) C Bg(mC). It follows that Fy, C Fyq. We have established that 7y, = F; and so d and dg give rise to the
same coarse structure on Z[1/2]. O

A coarse space (X, £) is said to be connected if every point of X x X is contained in some entourage.
Proposition 2.21. Let G be a group and F a generating family on G. Then (G, £F) is connected if and only if G = (s 7 A.

Proof. Assume that (G, Ex) is connected and let g € G. Then for some B € F we have (g, 1) € G(B x B). It follows that
geB 'Be F. Hence G =Jyr A.

For the converse, assume G = UAefA and let (x,y) € G x G. There exist A,B € F such that x € A and y € B. Let
C=AUB.Then (x,y) eG(CxC)e&r. O

Corollary 2.22. If the coarse space (G, Er) is connected then for all A € Fand all g € G we have that gA € Fand Ag e a2
Proof. If (G, £x) is connected then Proposition 2.21 implies that {g} € F and so gA={glAe F and Ag=A{g}e F o

It is straightforward to show, using Proposition 2.21, that the coarse spaces in Examples 2.9, 2.10 and 2.12 are connected.
For a set X and E C X x X and x € X, let E(x) denote the set {y € X | (y,x) € E}. A subset B C X of a coarse space (X, £)
is said to be bounded if it is of the form E(x) for some E € £ and x € X.

Proposition 2.23. Let G be a group and F a generating family on G. A subset B C G is bounded (/v\vith respect to the coarse struc-
ture £x)if and only if B~'B € F. Every element of F is bounded and if (G, ) is connected then F coincides with the collection of
bounded subsets of G.

Proof. Any bounded subset B C G is a subset of a set of theA form C = G(A x A)(x) =xA~'A where xe X and A € F.
Observe that B"'BC C"'C=A""AA"'Ac F and so B"'B € F. _
Assume that B C G is non-empty and B~'B € F. Observe that 75(G(B x B)) = B~'B € F where 7¢ is the shear map.
By Proposition 2.7, G(B x B) € £x and so G(B x {b}) € Ex for b € B. Since B = G(B x {b})(b) it follows that B is bounded.
If Ac F then A"'A e F and thus A is bounded. Assume that (G, EF) is connected and let B C G be bounded (and
non-empty). Since G(B x B) € £, we have G(B x {b}) € Ex for b € B. Hence 71 (G(B x {b})) = b~1B e F. By Corollary 2.22,
B=b(b " 'B)eF. O

Next, we consider morphisms between coarse spaces ([13, §2] is a general reference for this topic).
Definition 2.24. Let (X, £) and (Y, £’) be coarse spaces and let f: X — Y be a map.

(1) The map f is coarsely uniform (synonymously, bornologous) if for all E € €, (f x f)(E) € £'.
(2) The map f is coarsely proper if the preimage of any bounded set in Y is a bounded set in X.
(3) The map f is a coarse embedding if it is coarsely uniform and for all E € &', (f x f)"1(E) € &.

Proposition 2.25. Let G and H be groups and let 7 and F' be generating families on G and H respectively. Let G and H have the
compatible coarse structures £x and £z respectively. Let f : G — H be a homomorphism.

(1) The map f is coarsely uniforrﬁ ifand only if forall F € F, f(F) € F.
(2) Ifforall F' € F', f~Y(F") € F then f is coarsely proper.
(3) Ifforall F e F, f(F) € F and forall F' € F', f~1(F') € F then f is a coarse embedding.

Proof. Let 7c:G x G — G and 7y : H x H— H be the respective shear maps. Assertion (1) of the proposition follows from
the identity 7wy ((f x f)(E)) = f(;rc(E)), which is valid for any E C G x G and in particular for E € £, and Proposition 2.7.
Assertion (2) follows from the inclusion (f~1(B))~'f~1(B) c f~'(B~'B), which is valid for any B C H and in particular
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for bounded subsets of H, and Proposition 2.23. Assertion (3) follows from the inclusion w¢((f x f)~1(E")) C f~1(wy(E")),
which is valid for any E' ¢ H x H and in particular for E’ € £, and Proposition 2.7. O

Definition 2.26 (Coarse equivalence).

(1) Let (X, ) be a coarse space and let S be a set. Two maps p,q:S — X are close if {(p(s),q(s))|se S} e&.

(2) Let (X,&) and (Y,&’) be coarse spaces. A coarsely uniform map f:X — Y is a coarse equivalence if there exists a
coarsely uniform map v :Y — X such that ¢ o f is close to the identity map of X and f o ¢ is close to the identity
map of Y. The map v is called a coarse inverse of f.

The following criterion for a coarse embedding to a be coarse equivalence will be useful.

Lemma 2.27. Let f : (X, &) — (Y, &) be a coarse embedding. If ¥ : Y — X is a map such that f o i is close to the identity of Y then
f is a coarse equivalence.

Proof. Let ¢ : Y — X be a map such that f oy is close to the identity of Y. Then M = {(f(v/(¥)),¥) |y € Y} is in &’. Let
E'e& . Then (f x )((¥ x Y)E))=MoE oM~ €&’ Since f is coarse embedding, (f x f)~1((f x F)((¥ x ¥)(E))) € E.
It follows that (¥ x ¥)(E’) € € because (¥ x ¥)(E)) C (f x f)"1(f x f)((¥ x ¥)(E'))). Hence ¢ is coarsely uniform.

Let P = {(¢/(f(x)),x) | x € X}. Note that (f x f)(P) =Mo(f x f)(Ax) € £. Since f is a coarse embedding, (f x f)~'((f x
)P e&andso Pc(fxf)"IN(f x f)(P)) is also in €. Thus ¥ o f is close to the identity of X. O

Note that Lemma 2.27 implies that a surjective coarse embedding f:(X,&) — (Y,&’) is a coarse equivalence; a coarse
inverse of f is given by any section of f, that is, a map s:Y — X such that f os is the identity map of Y.

Proposition 2.28. Let G be a group and F a generating family on G. Let ¢ : G — Q be a surjective homomorphism. Let N = ker(¢).
Then ¢ : (G, EnF) — (Q, Ey(F)) is a coarse equivalence (see Propositions 2.16 and 2.15 for the definitions of NF and ¢ (F), respec-
tively).

Proof. By Proposition 2.25(3), ¢ is a coarse embedding and thus a coarse equivalence since it is surjective by hypothesis. O

Corollary 2.29. Let G be a group and F a generating family on G. Let ¢ : G — Q be a surjective homomorphism. If ker(¢) € F then
¢:(G,EF) — (Q, Ey(F)) is a coarse equivalence.

Proof. If N = ker(¢) € F then NF = F. Also note that ¢(f )= gb/(]-\') The conclusion of the corollary follows from Proposi-
tions 2.28 and 2.7. O

Proposition 2.30. Let G be a group and F a generating family on G. Let H C G be a subgroup. Assume that there exists B € F such
that HB = G. Then the inclusion map i: (H, £F),,) — (G, £F) is a coarse equivalence.

Proof. The set HB can be expressed as the disjoint union of right cosets of H with coset representatives in B and so
G= L[je] Hbj, where {b; | j € J} C B. Since 1=hgbj, for some hp € H and jo € J, we have HN B! is non-empty (and so
Flu is non-empty). Clearly, i: (H, Ex),) = (G, EF) is a coarse embedding.

Define the map s:G — H by s(xbj) =x for je | and x € H. Consider the set E={(ios(y),y) |y € G}. For je ] and
xeH, mg(ios(xbj),xbj) =bj’1x‘1x= bj’l. Hence nig(E) € B~ € F and so E € £ which shows that i o s is close to the

identity map of G. By Lemma 2.27, the map i is a coarse equivalence. 0O

In order apply the above results in the case of the group-compact coarse structure on a topological group we will need
to consider the following hypothesis on a closed subgroup.

Definition 2.31 (Property (K)). A map f:X — Y between Hausdorff spaces has Property (K) if for every compact K C Y there
exists a compact K’ C X such that f(K’) = K. Let G be a Hausdorff topological group and H a closed subgroup. We say
that the pair (G, H) has Property (K) if the quotient map py:G — G/H from G to the space G/H of left cosets of G has
Property (K).

Let G be a topological group and H a subgroup of G. The subgroup H is said to admit a local cross-section if there exists
a non-empty open subset U of G/H and a continuous map s:U — G such that py o s is the identity map of U. A local
cross-section exists if and only if py is a locally trivial H-bundle.

Proposition 2.32. Let G be a Hausdorff topological group and H a closed subgroup of G. If H admits a local cross-section then (G, H)
has Property (K).
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Proof. Let s:U — G be a local cross-section. The space G/H is a regular topological space [3, Theorem 1.5.6] and so there
exists a non-empty open set V such that V C U. Since K is compact, it is covered by finitely many translates of V, say
KcUL,gV.Let K'=JL, gis(V; ﬂgi_11<). Then K’ is compact and py(K')=K. O

Property (K) for locally compact subgroups is a consequence of a result of Antonyan [2].

Proposition 2.33. Let G be a Hausdorff topological group and H a closed subgroup of G. If H is locally compact then (G, H) has
Property (K).

Proof. By [2, Corollary 1.3], there exists a closed subspace F C G such that the restriction (py)|r:F — G/H is a surjective
perfect map. Hence if K C G/H is compact then K’ =F N p;11 (K) is a compact subset of G such that py(K') =K. O

Proposition 2.34. Let G be a Hausdorff topological group and let H be a closed subgroup of G such that G/H is compact. Assume that
(G, H) has Property (K). Then the inclusion map i : (H, Ecuy) — (G, Ec(c)) is a coarse equivalence.

Proof. Property (K) for H implies there exists a compact set B C G such that py(B) = G/H and so G = BH, equivalently,
G = HB~'. Note that since H is closed in G we have C(G)|y = C(H). The conclusion of the proposition follows from
Proposition 2.30. O

Proposition 2.35. Let G be a Hausdorff topological group and let N be a compact normal subgroup of G. Then the quotient map
pn: (G, &) — (G/N, Ec(c/ny) is a coarse equivalence.

Proof. Clearly py(C(G)) C C(G/N). By Proposition 2.33, C(G/N) C py(C(G)). Hence py(C(G)) =C(G/N) and so the conclu-
sion of the proposition follows from Corollary 2.29. 0O

Remark 2.36. The assumption in Proposition 2.35 that the subgroup N of G is normal can be eliminated if we interpret the
homogeneous space G/N as a coarse space with the group-compact coarse structure as described in Remark 2.11(3).

3. Asymptotic dimension

In this section we develop asymptotic dimension theory for a group G with a compatible coarse structure £r. We
give three equivalent characterizations of the assertion asdim(G,Ex) < n (Proposition 3.5). The other main results are:
Theorem 3.6 characterizing groups with asdim(G, £x) =0, subgroup theorems (Theorems 3.10 and 3.13) and an extension
theorem (Theorem 3.15); in the special case of the group-compact coarse structure on a Hausdorff topological group the
corresponding results are, respectively, Corollaries 3.8, 3.11, 3.14 and Theorem 3.16.

Let (X, &) be a coarse space and let U/ be a collection of subsets of X. Let L € £ be an entourage. The collection ¢/ is said
to be L-disjoint if for all A, B €U such that A # B the sets A x B and L are disjoint. A uniform bound for U/ is an entourage
M € & such that A x A C M for all A €. The collection I/ is uniformly bounded if a uniform bound for U/ exists.

Definition 3.1. Let (X, £) be a coarse space and n a non-negative integer. Then asdim(X, £) < n if for every entourage L € £
there is a cover U of X such that:

(M U=UU---Ulhy,
(2) Y; is L-disjoint for each index i,
(3) U is uniformly bounded.

If no such integer exists, we say asdim(X, &) = oo. If asdim(X, ) < n and asdim(X,&) <n — 1 is false then we say
asdim(X, £) =n and the integer n is called the asymptotic dimension of X (with respect to ).

Definition 3.1 differs slightly from Roe’s original definition [13, Definition 9.1] in that he assumes ¢/ is countable. Grave
gives the following equivalent characterization of the assertion asdim(X, £) <n.

Theorem 3.2. ([8, Theorem 9]) Let (X, £) be a coarse space and n a non-negative integer. Then asdim(X, £) < n if and only if for every
entourage L € £ there is a cover U of X such that:

(1) the multiplicity of U is less than or equal to n + 1 (that is, every point of X is contained in at most n + 1 elements of U ),
(2) forall x € X there exists U € U such that L(x) C U,
(3) U is uniformly bounded.
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Let G be a group and let A, B, K be subsets of G. We say that A and B are K-disjoint if (B~1A) N K = ¢J. We say that a
collection P of subsets of G is K-disjoint if for every A, B € P such that A # B the sets A and B are K-disjoint.
In the context of groups with the compatible coarse structures, Definition 3.1 can be reformulated as follows.

Proposition 3.3. Let G be a group and F a generating family. If for every K € F there is a cover U of G such that:

(M U=U Y- Ulhy,
(2) U; is K-disjoint for each index i,
(3) U is uniformly bounded (see Remark 3.4),

then asdim(G, £x) < n. Conversely, if (G, Ex) is connected and asdim(G, Ex) < n then for every K € F there is a cover U of G
satisfying Conditions (1), (2) and (3).

Proof. Let L € £x. Then L ¢ G(K’ x K’) for some K’ € F. Let K = (K’)~1K’. Note that K € F. Let I/ be a collection of
subsets of G satisfying Conditions (1), (2) and (3) for K. Let A, B € U; with A # B. Then

76((Ax BYNL) Crg((Ax BYNG(K' x K')) = (B~ 1A) N ((K')'K) = (B~'A) N K = 0.

Hence (A x B) "L =¢ and so the U;’s are L-disjoint. Hence asdim(G, £r) < n. N

For the converse, assume that (G,E&r) is connected and asdim(G,Erx) < n. Let K € F. By Proposition 2.21, {1} € F
and so K U {1} C K for some K € F. Let L = G(K x K). Note that L € Er. Let U be a family of subsets of G satisfying
Conditions (1), (2) and (3) in Definition 3.1. For each index i and for every A, B € U; with A # B we have (A x B)NL = .
Hence (B~'A) N (K)~"'K = ¢ ((A x ByN L) =#. Since K c (K)~'K, it follows that (B"'A)NK =¢. O

Remark 3.4. In Proposition 3.3, Condition (3) (that ¢/ is uniformly bounded) implies the condition:
(3') There exists F € F such that for all Ael/, A”TACF.
If (G, £x) is connected then Condition (3’) implies Condition (3).

Proposition 3.5. Let G be a group and F a generating family on G. Assume (G, £r) is connected. Let n be a non-negative integer. The
statements (A), (B) and (C) below are all equivalent to the assertion that asdim(G, £x) < n.

(A) Forall K € F there exists a cover U of G such that
(M U=UyU---Ulhy,
(2) U; is K-disjoint for each index i,
(3) U is uniformly bounded.
(B) Forall K € F there exists a cover V of G such that
(1) for each g € G at most n + 1 elements of } meet gK,
(2) Vis uniformly bounded.
(C) Forall K € F there exists a cover VW of G such that
(1) W has multiplicity less than or equal ton + 1,
(2) forall g € G there exists W € W such that gK e W,
(3) W is uniformly bounded.

Proof. The equivalence of (A) and the assertion asdim(G, ) <n is Proposition 3.3.

Proof that (A) implies (B). Let K € F be given. Let K :l(”K. Assuming (A), there exists a cover Y =Up U ---UlUy, of G
which is uniformly bounded and such that each U4; is K-disjoint. Let g € G and let U1, Uz € U be such that U; # U, and
(gK)NU; #@ and (gK)N U, # @. Then (U2_1U1) NnK # (). Hence U; and U, are not K-disjoint and so cannot belong to the
same U;. It follows that at most n + 1 elements of I/ meet gK.

Proof that (B) implies (C). Let K € F be given. Assuming (B), there exists a uniformly bounded cover V such that for any
g € G at most n+ 1 elements of V meet gK~!. Define W = {VK | V € V). Clearly, W is a uniformly bounded cover of G.
Let g € G. Then g e VK for some V €V and there exists h € V such that g € hK. It follows that h € V N (gk~1) and thus
V N (gK~1) #@. Since there are at most n + 1 sets V €V which meet gk, it follows that there are at most n+ 1 sets
VK € W containing g, that is, the multiplicity of W is less than or equal to n + 1. Since V covers G, any set of the form
gK is contained in some VK € W.

Proof that (C) implies (A). Let L € £x be given. We may assume L is of the form L = G(K’ x K’) where K’ € F. Let K =
(K"Y~'K’ € F. Assuming (C), there exists a uniformly bounded cover W of G with multiplicity less than or equal to n + 1
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such that for every g € G there exists W € W such that L(g) = g(K)"'K’ = gk c W. Statement (A) now follows from
Theorem 3.2 and Proposition 3.3. O

We have the following characterization of groups with asymptotic dimension zero with respect to a compatible coarse
structure.

Theorem 3.6. Let G be a group and F a generating family on G. Assume that (G, Ex) is connected and that G has a set, S, of generators
(as an abstract group) such that S € F. Then asdim(G, £x) =0 ifand only if G € F.

Proof. If G € F then the singleton set U = {G} is a uniformly bounded cover of G which is vacuously L-disjoint for any
L € £x and so asdim(G,Ex) =0. R

Assume that asdim(G,Ex) =0 and that S € F is a set of generators. Let K € F be such that S C K. Since (G, EF) is
connected, we can find such a set K so that 1 € K. Furthermore, by replacing K with K UK~! € 7 we may assume K is
symmetric. By Proposition 3.3, there is a uniformly bounded cover, U4, of G such that for all A, B € Uy with A # B we have
(B~1A) N K = @. This condition on A and B implies AN (BK) = and thus also AN B = because 1€ K. Let B € Uy and
let X be the union of all elements of I/, other than B. Since Uy is a cover of G, we have G = X U B. Also XN B =¢ and
X N (BK)=@. Hence B = BK. It follows that BK" = B for any positive integer n (where K" = K --- K, n factors). Since K is
a symmetric set of generators for G and contains 1 € G, we have G = Un>1 K™ and so B = G. It follows that Uy = {G}. Since
Uy is uniformly bounded, G € . O

Definition 3.7. The asymptotic dimension of a Hausdorff topological group G, denoted asdim(G), is asdim(G, £Ec(c)) where
Ec(c) is the group-compact coarse structure on G as in Example 2.10.

An isomorphism of topological groups is clearly a coarse equivalence with respect to their group-compact coarse
structures and hence preserves asymptotic dimension (since, in general, coarse equivalences of coarse spaces preserve
asymptotic dimension). Also for any Hausdorff topological group G, if Gy is the Hausdorff topological group obtained by
re-topologizing G with the weak topology determined by its collection of compact subsets then asdim(G) = asdim(Gy)
because G and Gy have the same compact subsets (see Remark 2.11(2)).

Theorem 3.6 immediately yields:

Corollary 3.8. Let G be a Hausdorff topological group with a compact set of generators. Then asdim(G) = 0 if and only if G is compact.

Example 3.9. Let C be the topological subgroup of S' (complex numbers of unit modulus) given by C = {e?"™/2" |m,n € Z}.
The set {e271/2" |n=0,1,...} C C is a compact set of generators for C. Since C is not compact, Corollary 3.8 implies
asdim(C) > 0.

Theorem 3.10. Let G be a group and F a generating family on G. Assume that (G, £r) is connected. Let H C G be a subgroup. Then
asdim(H, £x),,) < asdim(G, EF).

Proof. If asdim(G, £x) = oo then there is nothing to prove so assume asdim(G, £) =n where n is finite. Let Ke Flu. Then
K =K N H for some K € F. By Proposition 3.3 there is a cover U =Up U ---UU, of G satisfying Conditions (1), (2) and (3')
in that proposition (see Remark 3.4 for (3')). Let Uiy ={UNH |U e} for i=0,...,n. Then U|g =Up|g U--- Uldy|y is

a cover of H satisfying Conditions (1), (2) and (3') for K. Hence, by Proposition 3.3, asdim(H, £x|,) <n. O

If G is a Hausdorff topological group and H is a closed subgroup then C(G)|y = C(H) and so Theorem 3.10 yields the
following corollary.

Corollary 3.11. Let G be a Hausdorff topological group and H a closed subgroup of G. Then asdim(H) < asdim(G).

Example 3.12 (Virtually connected Lie groups). Let G be a virtually connected Lie group, and let K be a maximal compact
subgroup of G. If I' is a discrete subgroup of G, then G/K is a finite dimensional I"-CW complex and is a model for
the universal proper I'-space EI" [10]. By [5, Section 3] and [9, Proposition 3.3], asdim(G/K, &) = dim(G/K), where d
is any G-invariant Riemannian metric on G/K. Recall from Remark 2.11(3) that G/K carries the group-compact coarse
structure Eg.cpr Which is completely determined by the G-action on G/K and the compact subsets of G/K. By an exten-
sion of Theorem 2.17 to homogeneous spaces of the form G/K with K compact, asdim(G/K, Eg-cpt) = asdim(G/K, &g). By
Remark 2.36, asdim(G) = asdim(G /K, Eg-cpt) = dim(G/K). Furthermore, by Corollary 3.11, the discrete group I" has finite
asymptotic dimension less than or equal to dim(G/K).

The asymptotic dimension of a group with respect to a given compatible coarse structure is determined by the asymptotic
dimensions of a sufficiently large family of subgroups as follows.
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Theorem 3.13. Let G be a group and F a generating family. Assume that (G, £x) is connected. Let H be a collection of subgroups of G
with the property that for every K € F there exists an H € H such that K C H. Then

asdim(G, £x) = sup{asdim(H, £x,) | H € H}.

Proof. Our method of proof is motivated by the proof of [6, Theorem 2.1].

By Theorem 3.10, sup{asdim(H, £x,) | H € H} < asdim(G, Ex). If the left side of this inequality is infinite then there is
nothing more to prove so we may assume that n = sup{asdim(H, £7),,) | H € H} is finite.

Let K e F. By hypothesis, there exists H € H such that K C H. Since asdim(H, £x),,) <n, by Proposition 3.3 there exists
a cover U =UyU---UU, of H such that for some L € F we have U"'U c LN H for all U €/ and each U; is K-disjoint,
that is, A, B €; and A # B implies (B~1A)N K = .

Let Z be a set of left coset representatives of H in G (hence G is a disjoint union of the sets gH, g € Z). Define
Vi={gU|Ueljand ge Z} for i =0,...,n. Clearly, V =VyU--- UV, is a cover of G. Since for g € Z and U € U, we have
(gU)"Y(gU)=U"1 cLNHCL and so V is uniformly bounded.

We claim that each V; is K-disjoint. For a given i, let gU, g'U’ € V; where U,U’ € U4; and g, g’ € Z. Assume that
gU#gU . If g=g then Uz#U’ and so ((g'U)"1(gU)NK = (U 'U)NK=¢.1If g+ g then (gH)N (g'H) =¥ be-
cause g, g’ are representatives of distinct left cosets. Since K C H, we have

(V) ") nK c ((gH) ' (gH) NH=0.

Hence V; is K-disjoint. By Proposition 3.3, asdim(G, F) < n and so equality holds since the opposite inequality was previ-
ously established. O

Given a group G and a subset S C G, let (S) denote the subgroup of G generated by S.

Corollary 3.14. Let G be a Hausdorff topological group. Then

asdim(G) = sup{asdim((K)) | K € C(G)}

where (K) is the closure of (K) in G.

Proof. The collection H = {{K) | K € C(G)} clearly satisfies the hypothesis of Theorem 3.13 and furthermore C(G)|m =

C((K)) since (K) is a closed subgroup of G. O
We have the following estimate for the asymptotic dimension of an extension.

Theorem 3.15 (Extension theorem). Let 1 — N > G &> Q — 1 be an extension of groups. Let F be a generating family on G. Assume
that (G, Ex) is connected. If asdim(i(N), Ef‘i(N)) <nand asdim(Q , Ez(r)) <k then asdim(G,EF) <(n+1(k+1) — 1.
Proof. We may assume that i:N — G is the inclusion of a subgroup. By Proposition 2.28, 7 :(G,EnF) — (Q, Eg(F)) is
a coarse equivalence and hence asdim(G, Eyr) = asdim(Q , £z (F))-

Let K € F be given. Since asdim(G, Eyr) <k, by Proposition 3.3 there exists K’ € F and a cover U =Up U --- Ul of G
such that each f; is NK-disjoint and U~'U c K’'N for all U € /.

Since asdim(N, £x),) < n, there exists K” € F and a cover V =VyU---UV; of N such that each V; is K’K(K")~1-disjoint
and V7'V c K” forall V e V.

For each U € U, choose an element gy € U. Given 0 <i <k and 0 < j <n, define Wj; ={(guVK)NU |U elf;, V eVj}.
We will show that W = J; ;Wj; is a uniformly bounded cover of G such that each Wj; is K-disjoint. Let g € G. Then
g e U for some U € U;. We have that g,j]g eU~1U c NK’ and so gl_,lg € VK’ for some V € V; because V covers N. Hence

g=2gu (g?g) € (guVK’)NU € W;j which shows that W covers G. If W = (gyVK’) N U € W;; then
W'W C (guVK) (guVK') = (K') 'V VK c (K') KK e F
and so W is uniformly bounded.
Let A, B € W;; with A # B. Write A= (gy,VaK')NUx and B = (gu,VpK’) NUp, where Ua,Up €Uf; and V4, Vp € V.
If Ug # Up then (UglUA) N (NK) = @ because U; is NK-disjoint. Since (B"'A)NK C (UglUA) N (NK) it follows that

(B-'A)NK =¢. If Uy = Ug then gy, = gu, and (B~'A)NK c (K)~'V5'VAK') N K. The right side of this inclusion is
empty because V; is K’K(K")~'-disjoint and so (B~1A) N K = @. Hence Wij is K-disjoint. O

Theorem 3.16.Let 1 — N > G %> Q — 1 be an extension of Hausdorff topological groups. Assume that i is a homeomorphism onto
its image and that 7 has Property (K) (see Definition 2.31). If asdim(N) < n and asdim(Q ) < k then asdim(G) < (n+1)(k+1) — 1.
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Proof. By hypothesis, 7 is continuous and so i(N) = ker(;r) is a closed subgroup of G and thus C(i(N)) = C(G)liy. Also,
because i:N — i(N) is an isomorphism of topological groups it is a coarse equivalence (with the group-compact coarse
structures) and so asdim(N) = asdim(i(N)). Clearly, 7 (C(G)) Cc C(Q). If = has Property (K) then C(Q) c 7 (C(G)) and so
C(Q) =m(C(G)). The conclusion of the theorem follows from Theorem 3.15. O

We give some sufficient conditions for the map 7 in Theorem 3.16 to have Property (K).

Proposition 3.17. Let T : G — Q be a continuous, surjective homomorphism of Hausdorff topological groups. Assume that  has one
of the following properties.

(1) 7 admits a local cross-section, that is, there exists a non-empty open set U C Q and a continuous map s: U — G such thatw os
is the identity map of U.
(2) 7 is an open map and ker(sr) is locally compact.

Then 7t has Property (K).

Proof. If 7w admits a local cross-section then a straightforward modification of Proposition 2.32 gives that mw has Prop-
erty (K).

If v is open then it factors as 7 =7 o Pyer(r), Where 7 : G/ker(r) — Q is a homeomorphism. If, in addition, ker(sr) is
locally compact then it follows from Proposition 2.33 that 7 has Property (K). O

4. The asymptotic dimension of the free topological group

Given a topological space X, a free topological group on X is a pair (Fyp(X), i) consisting of a Hausdorff topological
group Fiop(X) together with a continuous map i:X — Fep(X) satisfying the following universal property: For every con-
tinuous map f:X — H to an arbitrary Hausdorff topological group H there exists a unique continuous homomorphism
F:Fep(X) — H such that f = F oi. A standard argument of category theory shows that if (Fyp(X),i) exists then it is
unique up to a unique isomorphism, that is, if (F{OP(X), i") also satisfies the defining universal property then there exists
a unique isomorphism of topological groups @ : Fiop(X) — F{OP(X) such that @ oi=1".

Markov [11] proved that a free topological group, (Fop(X),i), on a Tychonoff (“completely regular”) space X exists
and that i:X — Fop(X) is a topological embedding and i(X) algebraically generates Fiop(X). Furthermore, the discrete
group obtained by forgetting the topology on Fp(X) is algebraically a free group generated by i(X). See [3, Chapter 7] for
a contemporary exposition of the theory of free topological groups.

Henceforth, we will identify X with its image i(X) in Fiop(X).

Proposition 4.1. If X is a compact Hausdorff space then the group-compact coarse structure on Fiop(X) coincides with the bounded
coarse structure associated to the word metric, dx, determined by the generating set X C Fiop(X).

Proof. The dx-ball of non-negative integer radius n is (X U {1} U X~1)?, which is compact since X is compact. Hence
Condition (ii) of Theorem 2.17 holds.

Let K C Fop(X) be compact. By [3, Corollary 7.4.4], K C (XU {1}uX~1" for some n. Hence Condition (i) of Theorem 2.17
holds. O

Corollary 4.2. If X is a non-empty compact Hausdorff space then asdim(Fop(X)) = 1.

Proof. Let F(X) denote the free group generated by X (forgetting its topology). By Proposition 4.1, asdim(Fip(X)) =
asdim(F (X), &4, ), where &;, is the bounded coarse structure associated to the word metric dx. Let T be the Cayley graph
of F(X) with respect to the set of generators X C F(X) and let dr be the natural distance on T. Note that T is a tree because
any non-trivial loop in T would give rise to a non-trivial relation in F(X). Since (F(X),dx) is quasi-isometric to (T,dr),
they have the same asymptotic dimension (with respect to the bounded coarse structures determined by the given metrics).
Any metric tree has asymptotic dimension at most 1 [4, Example, §3.1]. Also, since X is non-empty, T is an unbounded tree
and thus has positive asymptotic dimension. Hence asdim(T, £;,) =1 and so

asdim(Fop(X)) = asdim(F (X), &) =asdim(T, &g,) =1. O
Corollary 4.2 can be generalized to a large class of non-compact spaces as follows.

Theorem 4.3. If X is a non-empty space that is homeomorphic to a closed subspace of a Cartesian product of metrizable spaces then
asdim(Fop(X)) = 1.
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Proof. A space X is homeomorphic to a closed subspace of a Cartesian product of metrizable spaces if and only if it is
Dieudonné complete, that is, there exists a complete uniformity on X [7, 8.5.13].

Claim. For such a space the following holds:
asdim(Fop(X)) = sup{asdim(Fop(A)) | A C X is compact}.

Assuming the claim, the conclusion of the theorem follows from Corollary 4.2 because asdim(Fyop(A)) =1 for A compact.
We now prove the claim.

The support of a reduced word g = xf --Ax,:fl € Fiop(X) is, by definition, the set supp(g) = {x1,...,X;} C X. The support
of B C Fiop(X) is the set supp(B) = UgeB supp(g).

Let K C Fiop(X) be compact. Let A be the closure of supp(K) in X. Since X is Dieudonné complete, [3, Corollary 7.5.6]
implies that A is compact. Clearly K C Fiop(X, A), where Fip(X, A) denotes the subgroup of Fip(X) generated by A.
By [3, Corollary 7.4.6], if A is compact then Feop(X, A) is a closed subgroup of Fiop(X) and Fyop(X, A) is isomorphic to
Frop(A) as topological groups. Hence C(Ftop(X))|Fp(x.4) = C(Frop(X, A)) and asdim(Fiop(X, A)) = asdim(Frop(A)). Applying
Theorem 3.13 to the collection H = {Fip(X, A) | A C X is compact} yields the claim. O

1

We observe that Fip(X) is typically not locally compact and so Proposition 2.18 does not apply to it. Combining various
results of [3] and [12] yields the following proposition, presumably well known to experts.

Proposition 4.4. Let X be a locally compact metric space. Then Fiop(X) is locally compact if and only if X is discrete.

Proof. Clearly, if X is discrete then Fyop(X) is also discrete and hence also locally compact.

Assume X is not discrete. By [3, Theorem 7.1.20], Fiop(X) is not first countable. By hypothesis, X is a locally compact
metric space and so [12, Corollary 1] asserts that Fiop(X) has no small subgroups, that is, there is a neighborhood of the
identity which contains no subgroups other than the trivial group. By [3, Theorem 3.1.21], a locally compact group with no
small subgroups is first countable. In particular, Fiop(X) cannot be locally compact. O

Proposition 4.4 implies that Fyp(X) is not locally compact if the Tychonoff space X contains a compact, metrizable,
non-discrete subspace (because if Y is such a subspace of X then, since Y is compact, [3, Corollary 7.4.6] gives that Fyop(Y)
is isomorphic as a topological group to a closed subgroup of Fiop(X) and so Fiop(Y) would be locally compact if Fiop(X)
was locally compact).

Remark 4.5. Let G be a Hausdorff topological group. Let G® denote the discrete group with same underlying group as G. In
the case G = Fop(X) and for X as in Theorem 4.3, asdim(G) =1= asdim(G?%) (note that G? is algebraically a free group).
By contrast, if C is the topological group of 2-power roots of unity then asdim(C) > 0 (Example 3.9) whereas asdim(C%) =0
since C is a torsion group.
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