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ABSTRACT

Convex processes have been introduced and studied by R. T. Rockafellar [3-5].
Some characterizations of monomorphisms and epimorphisms of the category of
polyhedral convex processes have been given [6]. In the present paper we give a new
class of morphisms in the category of all convex processes and we study the
connections between this class and the class of monomorphisms.

Let X,Y be finite-dimensional real linear spaces. A multivalued mapping
T: X - Y is said to be a convex (polyhedral convex) process if its graph

G(T)={(x,y)lyeT(x)} CX XY

is a convex cone (polyhedral convex cone) [4].

Convex processes have been introduced and studied by R. T. Rockafellar
[3,4]. Polyhedral convex processes were investigated by him in [5].

In this paper we consider the category C (respectively <), the objects of
which are finite-dimensional, real linear spaces and the morphisms of which
are convex processes (respectively polyhedral convex processes) {6] with the
superposition ST: X — Z of processes T: X =Y, S:Y — Z defined by

ST(x) =S(T(x))= U S(y).

yeT(x)

Let K be an arbitrary category. We shall say that a morphism T€ K is a
monomorphism in the category K if for all morphisms S;, S,€ K such that
15, =1T8S,, one has S, =§, [2].
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Denote by D(T') the effective domain for the convex process T: X - Y,
ie.,

D(T)={x|T(x) is nonempty}.

DerFiNtTioN 1. We shall say that T€ @, T:X - Y, is a weak monomor-
phism if

() D(T)=X
(ii)) x€ X, T(x) C T(0) implies x = 0.

The purpose of this paper is to give a characterization of weak monomor-
phisms and to study connections between monomorphisms and weak mono-
morphisms in the category C (or ). The class of weak monomorphisms in
some cases is identical to the class of monomorphisms in the category . The
question whether the class of weak monomorphisms in the category < is
always equal to the class of monomorphisms in the category 9P still remains
open. We shall show by example that the answer to the above question is
negative in the category C.

We have the following characterization of monomorphisms:

TueoreM 1. Let TE C(T& ), T: X — Y. Then the following conditions
are equivalent:

(i) T is a monomorphism in the category C ().
(ii) If W,V C X are convex (polyhedral convex) sets such that T(V)=
T(W), then W=V.

The proof of Theorem 1 for T&€ @ is in [6]; for T€ € this fact is easy to
check.

Let us note that for a process T which is a function, a weak monomor-
phism is a linear monomorphism.

For a convex process T: X — Y we denote by K(T') the following convex
cone in the space X:

K(T)={x|0€T(x)).

If T:X—Y is a monomorphism in the category ¢ then D(T)=X,
K(T)={0} [6]. It is not difficult to check that this remains true in the
category C.

In this paper for a subset A of the space X, we denote by convA the
convex hull [4] of A. For any A C X, convA consist of all convex combinations
of the elements of A.
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Prorosition 1.  Every monomorphism in the category C (resp. ¥) is a
weak monomorphism.

Proof. Let T: X - Y be a monomorphism in the category C (%), x,€ X,
and T(x,) C T(0); then D(T)= X and

T(conv{x,,0}) =T(0).
Now applying Theorem 1 we obtain that
conv{x,,0} = {0}.

Hence x, = 0, so T is a weak monomorphism. [
Prorosition 2. If T€ € is a weak monomorphism, then K(T)={0}.

Proof. Let TEC, T: X - Y be a weak monomorphism, and x,& K(T).
Then 0&€ T(x,), so T(0) C T(x,), and because of D(T) = X we have

T(—x0) CT(=x)+T(0) CT(~x0)+ T(x,) CT(0).

Hence x, = 0, which proves the proposition. |

LemMma 1. Let T:X - Y be a convex process with graph G(T) closed,
x, x,€ D(T), and T(x,) CT(x,). Then x|, — x,€ D(T) implies T(x, —x,) C
T(0).

Proof. Let T: X - Y, TEC, be a process whose graph is a closed cone.
Let x,,xy, x; — x,& D(T) and T(x,) CT(x,). Take yET(x;, — x,) and y, €
T(x,). Then by the assumption we have y, € T(x,) and

y+y ET(x, — %)+ T(x,) CT(x,).

Let us assume now that y, + ky€T(x;) for k=1,2,...,n. Then y, + nye
T(x,) and

yt(n+t)y=y+(y, +ny)ET(x,— x2)+T(x2) CT(x,).
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Thus y, + ny€ T(x,) forn=1,2,.... Hence
1 1 1 1
y+gyl— n(yl+ny)€ nT(xl)—T( nxl)'
Since the cone G(T) is closed, y € T(0). This means that T(x, — x,) C T(0).
|
By Lemma 1 we obtain immediately the following theorem:

TuEOREM 2. For TE ® the following conditions are equivalent:
(i) T is a weak monomorphism.
(i) D(T)= X and for every x,,x,€ X, T(x,) CT(x,) implies x| = x,.

We also use the classical definition of convergence of sets in a space X [1].
Let A, n=1L1,2,..., be subsets of a space X. We shall say that lim A, =
A, CXifLiA,=A,=LsA,, where t€ Li A, if any neighborhood of x has
common points with sets A, for almost every n, and x€Ls A, if any
neighborhood of x has common points with an infinite number of sets A,,.
For T€ 9 we have the following theorem:

Tueorem 3 [6]. Let Te®P, T:X-Y, x,€I(T), n=12,..., and
limx, = x,. Then imT(x,) =T(x).

This is not true in the general case, when T is just a convex process, even
if we assume that G(T) is a closed cone.

ProrosiTioN 3. Let T: X — Y be a polyhedral convex process. Then for
every x&€ D(T) there exists a polytope W(x) in the space Y such that
T(x) = W(x)+ T(0).

Proof. Let T:X—-Y, TE®, x€ D(T); then T(x) is a nonempty poly-

hedral set, so there are a polyhedral cone C(x) and a polytope W(x) in the
space Y [4] such that

T(x) =W(x)+ C(x).
Since the set W(x) is bounded, we have by Theorem 3

T(0) =lim T(%x) :lim%T(x) Zlim(%W(x)—F %C(x))
=lim(%W(x)+C(x)) =C(x).

Therefore T(x) = W(x)+ T(0) for every x & D(T). [ |



CONVEX PROCESSES 177

Applying Proposition 3 we can prove the following fact:

LemMa 2. Let TED be a weak monomorphism, T: X - Y, dim X =1,
and let W C X be a convex set. Let x,€ D(T) and T(x,) CT(W). Then
x,EW.

The proof of this lemma is not difficult but long, so we omit it.

Applying Lemma 2 and Theorem 1, we get the next theorem:

TueoreM 4. Let TEP, T: X - Y, dim X =1, be weak monomorphism.
Then T is a monomorphism in the category F.

Theorem 4 is very useful in constructing nonadditive monomorphisms in

the category <.

DrriniTioNn 2. A convex process T: X - Y is said to be an additive
process if for any x,, x,€ I(T),

T(xl+x2):T(xl)+T(x2).
ExampPLE. Let us define T€ %, T: R — R2, as follows:
T(x)={(y,2) |y<x<z,y<2z)} for x€R.

Hence

_[(x %)+ 1(0), =0
1) -{conv{(xax/z)’ (2%, %)} +7(0), x<0.

Of course DT = R, and it is easy to check that T(x,) C T(0) implies x, = 0, so
T is a weak monomorphism. We note that T(— 1)+ T(1)=T(0), so T is a
nonadditive process, but applying Theorem 4, we get that T is a monomor-
phism in the category <P.

THEOREM 5. Let TEC (TEXP), T: X =Y, be an additive weak mono-
morphism. Then T is a monomorphism in the category C ().

Proof. Let T€C(TE€ ), T: X — Y be an additive weak monomorphism,
and let W, V be convex (polyhedral convex) sets such that T(W)=T(V).
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Then for any w& W we have T(w) CT(V), so
0€T(0)=T(w—w)=T(w)+T(—w)
CT(V)+T(—w)CT(V—w).
Hence there is an element v €V such that 0€ T(v — w). This means that
v —w€E K(T'). Now using the fact that K(T')= {0}, we get W C V. Analo-

gously we have V C W, so W =V. Now, applying Theorem 1, we obtain that
T is a monomorphism in the category € (%P). |

In the category € neither Theorem 2, Lemma 2, Lemma 1, Theorem 4,
nor Proposition 3 is true. Indeed, let us define T: R — R? as follows:

7(0)={(y,2)| —2<y<z}U{(0,0)},

T(x) = {(y,9)|0<y<x}+T(0) for x>0,
(x, —x)+T(0) for x<0,

It is not difficult to check that T is a convex process and T(x) C T'(0) implies
x = 0. Hence, because D(T') = X, the T so defined is a weak monomorphism;
but:

(i) T(3) CTQ),
(ii) T(0) does not contain T(3 —1)=T(—3),
Gii) T()=T((xER|0<x<1});

hence T is not a monomorphism in the category C.
Now let us show that the analogue of Proposition 3 is not true in the
category . Indeed, let T: R — R be a process such that

G(T)={(x,y) |y>0}U{(0,0)};
then
T0)={y|y=0}, T(x)={y|ly>0} for x50,
and obviously there does not exist a bounded set W(x) such that T(x) = W(x)
+ T(0) for x # 0.

Let us note that in this example T is such that the closure of G(T') is a
polyhedral convex cone. Even in the case when G(T) is a closed cone,
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Proposition 3 need not be true. Indeed, let us define T:R — R? as follows:
G(T)y={(x,y,2)|2=0, ¥+ y2—22<0},
Then
T(0)={(y,2)|2>0,y*—2*<0},
T(1)={(y,2)|2=0,y*>—z*< —1},
and obviously there does not exist a bounded set W such that

T(1) =W+ T(0).

I am grateful to Professor Stefan Rolewicz for careful readings of an
earlier version and suggested improvements.
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