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Abstract

A common problem in applied mathematics is that of finding a function in a Hilbert space with pre-
scribed best approximations from a finite number of closed vector subspaces. In the present paper we study
the question of the existence of solutions to such problems. A finite family of subspaces is said to satisfy the
Inverse Best Approximation Property (IBAP) if there exists a point that admits any selection of points from
these subspaces as best approximations. We provide various characterizations of the IBAP in terms of the
geometry of the subspaces. Connections between the IBAP and the linear convergence rate of the periodic
projection algorithm for solving the underlying affine feasibility problem are also established. The results
are applied to investigate problems in harmonic analysis, integral equations, signal theory, and wavelet
frames.
© 2009 Elsevier Inc. All rights reserved.

1. Introduction

A classical problem arising in areas such as harmonic analysis, optics, and signal theory is
that of finding a function x € L2(RY)Y with prescribed values on subsets of the space (or time)
and Fourier domains [10,20,23,29,37,36]. In geometrical terms, this problem can be abstracted
into that of finding a function possessing prescribed best approximations from two closed vector
subspaces of L2(R™) [39]. More generally, a broad range of problems in applied mathematics
can be formulated as follows: given m closed vector subspaces (U;)1<;i<m of a (real or complex)
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Hilbert space H,
findx € H suchthat (Vie{l,...,m}) Pix=u;, (1.1)
where, for every i € {1, ..., m}, P; is the (metric) projector onto U; and u; € U;. In connection

with (1.1), a central question is whether a solution exists, irrespective of the choice of the
prescribed best linear approximations (u;)1<;<m. The main objective of the present paper is to
address this question.

Definition 1.1. Let (U;)1<i<m be a family of closed vector subspaces of H and let (P;)1<i<m
denote their respective projectors. Then (U;)1<j<n satisfies the inverse best approximation
property (IBAP) if

(Vui)i<izm € X Ui)@x e H)(Vi € {1,...,m}) Pix =u,. (1.2)
Moreover, for every (4;)1<i<m € xl’."zl U;, we set

m

Sui,...oum) = [ {x € H| Pix = u;}, (1.3)
i=1
and, foreveryi € {0, ...,m — 1},
m
U= Y U Py =Py, and P = Pys. (1.4)

j=it1

The paper is organized as follows. In Section 2, we first show that the linear independence
of the subspaces (U;)1<i<m is necessary for satisfying the IBAP, but that it is not sufficient in
infinite dimensional spaces. The main result of Section 2 is Theorem 2.8, which provides various
characterizations of the IBAP. Several corollaries are derived and, in particular, we obtain in
Proposition 2.10 conditions for the consistency of affine feasibility problems. In Section 3, we
discuss minimum norm solutions and establish connections between the IBAP and the rate of
convergence of the periodic projection algorithm for solving (1.1). Finally, Section 4 is devoted to
applications to systems of integral equations, constrained moment problems, harmonic analysis,
wavelet frames, and signal recovery.

Remark 1.2. Since best approximations are well defined for nonempty closed convex subsets of
‘H, the IBAP could be considered in this more general context. However, useful results can be
expected to be scarce, even for two closed convex cones K| and K5. Indeed, denote the projectors
onto Kj and K> by P; and P», respectively. If k1 is a point on the boundary of K; which is not
a support point of K| (by the Bishop—Phelps theorem [33, Theorem 3.18(i)] support points are
dense in the boundary of K1), then the only point x € H such that Pix = ky is x = kj. Therefore,
there is no point x € H such that Pjx = k| and P»x = kp unless k = P>k, which means that
the IBAP does not hold. Let us add that, even if every boundary point of K is a support point
(e.g., the interior of K| is nonempty or H is finite dimensional), the IBAP can also trivially fail:
take for instance H = R?, K| = [0, +-00[x[0, +oo[, K2 = {(B, —B) | B € R}, k; = (0, 1), and
kr = (1, —1).

Throughout, H is a real or complex Hilbert space with scalar product (- | -) and norm || - ||. The
distance to a closed affine subspace S of H is denoted by ds, and its projector by Ps. Moreover,
(U;i)1<i<m 1s a fixed family of closed vector subspaces of H with respective projectors (P;)1<;i<m-
Finally, N = {0, 1, ...} denotes the set of natural numbers.
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2. Characterizations of the inverse best approximation property
We first record some useful descriptions of the set of solutions to (1.1).

Proposition 2.1. Let (u;)1<i<m € X", U;. Then the following hold.

() SCut, ... um) = (Vo i + UP).
(if) Let x € St ..., ). Then S(ur, ..., up) = x + (Vg U,

Proof. (i): Let x € H and i € {1, ..., m}. The projection theorem asserts that Pix = u; <
x—u; € Ut & x €uj+ U Hence, (1.3) yields x € S(ui, ..., um) €& x € (/L) (u; +UD).
(i1): Let y € ‘H. By the linearity of the operators (P;)1<i<m, Yy € S(u1,...,um) & (Vi €

{1,....mH P(y—x)=0 <& (Vie{l,....mpy—xe€ Uﬁ@y ex+ ML, Ul-l. O
The main objective of this section is to provide characterizations of the inverse best

approximation property. Let us start with a necessary condition.

Proposition 2.2. Let (4i)1<i<m € (><?1:1Ui) ~ A, ..., 0)} be such that Z:"zl u; = 0. Then

Sy, ..., uy) =10

Proof. Suppose thatx € S(uq, ..., uy). Then, foreveryi € {1, ..., m}, u; = P;x and therefore
(i | x —u;) =0, ie., lu;|*> = (u; | x). Hence 0 < 37 Jlu;||> = (7 ui | x) = 0, and we
reach a contradiction. [J

Recall that the subspaces (U;)1<;<m are linearly independent if [24, Definition 6.6]
m
(Y(ui)1<i<m € X', U;) Dup=0= (Vie(l,....m}) wu;=0. 2.1)
i=1

Using the notation introduced in (1.4), this property is characterized by [24, Lemma 6.6]
~Viel{l,....m—1}) U NU={0}. 2.2)

Corollary 2.3. Suppose that (U;)1<i<m satisfies the inverse best approximation property. Then
the subspaces (U;)1<i<m are linearly independent.

As the following example shows, the linear independence of the subspaces (U;)1<i<m is not
sufficient to guarantee the inverse best approximation property.

Example 2.4. Suppose that H is separable, let (¢;,), <N be an orthonormal basis of H, let (&) ,,eN
be a square-summable sequence in ]0, +ool, and set (Vn € N) f,, = (ean + aneant1)/+/ 1+ a,%.
Setm = 2,

Uy =35pan{eylpen, Uz =3pan{fulpen,  #1=0, and uz =y anfy. (2.3)
neN
Then Uy N Uy = {0} and S(uy, up) = 4.
Proof. By construction, (e2,),en and (f;),eN are orthonormal bases of U; and U, respectively.

It follows easily that U; N Uy = {0}. Now suppose that there exists a vector x € H such that
Pix = uy and P>x = uy. Then the identities ZHEN(x | ean)ern = Pix = uy = 0 imply that

VneN) (x]ey)=0. 24
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Hence, it results from the identities ), .y otn fu = u2 = Pax =Y, n(x | fu) f that

277}

1+ o?

VneN) ap=(x|fa) = (x | e2n1)- 2.5

Therefore, inf,cn(x | €2p41) = inf,ey /1 + @ = 1, which is impossible. [

The next result states that linear independence is necessary and sufficient for obtaining an
approximate inverse best approximation property.

Proposition 2.5. The following are equivalent.

(1) The subspaces (U;)1<i<m are linearly independent.
(i1) Forevery (Ui)1<i<m € x;"zl U; and every ¢ €]0, 400], there exists x € H such that

max || Pix —u;|| <e. 2.6)
1<i<m

Proof. Set V = {(P,-x)lfl-fm | x € H} and let W be the orthogonal complement of V in the
Hilbert direct sum 7., Uj.

()= (ii): Take (u;i)1<i<m € W and set x = Y - u;. Then D/t (u; | x) = D 7" (u; |
P;x) = 0, which implies that Ix)? = YL {ui | x) = 0. Hence x = 0 and, in view of the
assumption of independence, we conclude that (Vi € {1, ..., m}) u; = 0. Therefore, V is dense
in @:’":1 U,'.

(i)=(1): Take (u;)1<i<m € x;_,U; such that Yo ui =0, take ¢ €]0, +o0[, and take x € H
such that (2.6) holds. Then >_/_  (u; | Pix) = Y /L (u; | x) = 0 and therefore

m m m m
D lwil® =Y llui — Pix|* +2Re Y (u; — Pix | Pix)+ Y | Pix|?
i=1 i=1 i=1

[ = = i=1
m m
2 2
D llui = x| =Y [Pl
i=1 i=1

< me?. 2.7)

Hence, (Vi € {1,...,.m})u; =0. O

In order to provide characterizations of the inverse best approximation property, we require
the following tools.

Definition 2.6 (/18, Definition 9.4]). Let U and V be closed vector subspaces of H. The angle
determined by U and V is the real number in [0, 7 /2] the cosine of which is given by

c(U,V)=sup{|(x | W xeUn@WNV)yeVnUNV), |xll <1 [yl <1}
(2.8)

Lemma 2.7. Let U and V be closed vector subspaces of 'H, let u € U, let v € V, and set
S = w4+ UL N+ VY. Then the following hold.

(i) Let x € S. Then S = Pyzyx + (UL N V).
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(i) Suppose that || Py Py || < 1 and set
7= (d —Py Py)~ ' (u— Pyv)

— 4T 2.
z=u+v, where {i — (1 —Py Py (v — Pyu). (2.9)
Then the following hold.

(a) S#0.

(b) z= PsO.

Proof. (i): As in Proposition 2.1, we can write S = x 4+ (U+ N V1), Hence, since (U + V)=*
U+ =Urnvi wegetS =x+ UNVYH = Pyrpyiyx + Utnvh =
Pyryx+Utnvh.

(ii): These properties are known (see for instance [23, Item (3.B) p. 91] and [23, Section 5 on
pp- 92-93], respectively); we provide short alternative proofs for completeness.

(ii)(a): Letu € U and v € V. Since Py and Py are self-adjoint, || Py Py|| = ||(Py Py)*|| =
| Pj; Py |l = |Py Pyl < 1, and the vectors u and v are therefore well defined. Moreover,
it follows from the identity # = ) j N(Pu Py)/ (u — Pyv) that € U and therefore that
Pyu = u. On the other hand, the second equality in the right-hand side of (2.9) yields

PyT = Py (Z(Pv Py)! (v — PVM))
jeN

= (Id —Py Py)~" (Pyv — Py Pyu)

= (Id =Py Py)"'((d — Py Py)u — (u — Pyv))

=u-—1u. (2.10)
Thus, Pyz = Py(u +v) = u + Pyv = u. Likewise, Pyv = v and Pyu = v — v, which
implies that Pyz = Py (u 4+ v) = Pyu + v = v. Altogether, z € S.

(ii)(b): As seen above, z € S,u € U,and v € V. Now let x € S. As in Proposition 2.1(ii), we

can write x = z+w = u+v+w, forsome w € UTNVL. Hence, ||x|?> = ||z]|>+2Re(u |
w) +2Re(v | w) + [w]? = [zII* + |wl* > [zI>. O

We can now provide various characterizations of the inverse best approximation property (the
notation (1.4) will be used repeatedly).

Theorem 2.8. The following are equivalent.

(1) (Uj)1<i<m satisfies the inverse best approximation property.
(i) vief{l,....m—1HVu; e U))@x e H)u; = Pixand (Vj e {i+1,...,m}) Pjx =0.
(i) Vief{l,...,.m—1}) Pi(UiJ;r) =U,.
(v) (Vie{l,....om—1) U+ + UL =M.
(v) The subspaces (U;)1<i<m are linearly independent and (Vi € {1,...,m — 1})@y; €
10, +o0l) dUiLmUil-*— <y (dUiL + dUii).
(vi) The subspaces (U;)1<i<m are linearly independent and (Vi € {1,...,m —1}) U; + Uiy is
closed.
(vii) The subspaces (U;)1<i<m are linearly independent and, for every i € {1,...,m — 1},
c(U;, Ui+) < 1.
(viii) (Vi € {1,....m — 1)@y € [1, +ooD)(Vu; € Up) l|lui|| < yill P uill.
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(ix) (Vi € {1,....,m = 1)@y € [2, +00D(Vx € ) llx|| < yi (1P x|l + | Py xD.
x) (Yie{l,....m—1}) | PiPy| <L

Proof. (i)=(ii): Clear.

(i)=(@ii): Leti € {1,...,m — 1}. It is clear that Pi(Uifr) C U;. Conversely, let u; € U;.
By assumption, there exists x € ﬂ'l’?:i aU jl = Uiﬁ_ such that u; = P;x. In other words,
U; C P,-(Ul.J;r). Combining the above, we have P,-(Ul.fr) =U;.

(iii)=(v): Leti € {1,...,m — 1}. We have

H=Ur+U=Ur+PWUL =U+ | = Pyuv)

velUi
=Ur+ | v =Ut+ U4 2.11)
veUt
(iv)=(v): Leti € {1,...,m — 1}. We have
Ui NUi = (U + UL =HE = {0} (2.12)

As seen in (2.2), this shows the independence claim. Moreover, since U [L + Ul%r = H is closed,
the inequality on the distance functions follows from [8, Corollaire I1.9].

(v)=(vi): Leti € {1,...,m — 1}. It follows from [8, Remarque 7 p. 22] (see also [3,
Proposition 5.16]) that Ul-J' + UZ.J; is closed. In turn, since [8, Théoreme II.15] asserts that
Ul.Ll + Uff is closed, we deduce that

U; + U, is closed. (2.13)

It remains to show that U;4 is closed. If i = m — 1, U; = U, is closed. On the other hand,_if
i €{2,...,m—1}and U;4 is closed, we deduce from (2.13) that U; 1)y = U;+U;y = U;+U; 4
is closed.
(vi)=(vii): Leti € {1,...,m — 1}. Then U;+ and U; + U, are closed and it follows from
[18, Theorem 9.35] that c(U;, U;+) < 1.
(vil)=(viii): Leti € {1,...,m — 1} and let u; € U;. Then (2.8) yields
luil* = 1P uill> + 11 Py |1*
= PR uill® + (ui | Pryus)
< 1P uill* + c(Us, Ui llui | 1| Prtus |
< 1P uil® + cUs, Uip)llui ). (2.14)

Hence, || P uil|> = (1 — c(U;, Uip) [lui|1*.
(vii))=(ix): Leti € {1, ..., m — 1} and let x € H. There exists y € [1, +oo[ such that

A

I Pixll + 1| P x|

YIIPE Pix|l + | Pihx|

y(IPEx | + 1P PExI) + | Px|

yIPEx] + (L 4+ PIP x| (2.15)

llxl

IAIA

IA
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(ix)=(x): Leti € {I,...,m — 1} and let x € H. There exists y € [2, +oo[ such that
X7 = I Fix it X
I Pix||* = || Py Pix||* + || P Pix|?
= | Piy Pix||* + (| PL Pix|| + | P~ Pix )
> [Pt Pix|? + y 2| Pix||%. (2.16)

Therefore || P,y Pix|> < (1 — y~ )| Pix||> < (1 — y~2)|Ix||>. Hence || P4 P;|| < 1 and, in turn,
1P Pigll = 1P P = [(Pit Pl = 1 Pi+- Pl < 1.

(x)=(1): Fix (u;)1<i<m € XU and set (Vi € {0, ...,m—1}) §; = ﬂ’;l:iﬂ(”j +U]4'). Let
us show by induction that

Vief{0,....m—=2}) S;#0 and (Vx;€S8;) Si=Pixi+ U,»J;. (2.17)

First, letus seti = m—2. Since, by assumption || P,,—1 Py, || < 1, it follows from Lemma 2.7(ii)(a)
that Sy,_2 # @. Moreover, we deduce from Lemma 2.7(i) that, for every x,,_» € S;,—2,

Sm—2=Py—g-%m—2+ Wp_; N Uy) = Pu—2)1Xm—2 + Ujpy_o)1- (2.18)
Next, suppose that (2.17) is true for some i € {1,...,m — 2} and let x; € S;. Then, using

Lemma 2.7(i), we obtain
Sic1 =i + U NS = (ui + U N (Piyx; + Up). (2.19)

Since, by assumption || P; P;t| < 1, it follows from Lemma 2.7(ii)(a) that S;_; # @. Now, let
Xxi—1 € Si—1. Combining (2.19) and Lemma 2.7(i), we obtain

Si-1 = Porggtio1 + (U DU ) = Pacxion + Uy (2.20)

This proves by induction that (2.17) is true. For i = 0, we thus obtain Sy = ﬂ;f’zl (u —i—UjL) # 0.
In view of Proposition 2.1(i), the proof is complete.  [J

An immediate application of Theorem 2.8 concerns the area of affine feasibility problems [4,
9,10,14,28,36]. Given a family of closed affine subspaces (S;)1<;i<mn of H, the problem is:

m
find x € [ S:. (2.21)

i=1

In applications, a key issue is whether this problem is consistent in the sense that it admits
a solution. Our next proposition gives a sufficient condition for consistency. First, we recall a
standard fact.

Lemma 2.9. Let S be a closed affine subspace of 'H, let V.= S— S be the closed vector subspace
parallelto S, and lety € S. Then S =y + V and Vx € H) Psx =y + Py(x — ).

Proposition 2.10. Let (S;)1<i<m be closed affine subspaces of 'H and suppose that (U;)1<i<m
are the orthogonal complements of their respective parallel vector subspaces. If (Ui)i1<i<m
satisfies the inverse best approximation property (in particular, if any of properties (i1)—(X) in
Theorem 2.8 holds), then the affine feasibility problem (2.21) is consistent.
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Proof. For every i € {l,...,m}, leta; € S;,andset V; = S; — S; and u; = P;a;. Then, by
Lemma29, (Vi € {1,...,m}) Si =a; + V; = a; + U = u; + U Thus,

3

m
Si = (i + U, (2.22)
=1 i=1

1

and it follows from Proposition 2.1(i) that (2.21) is consistent if (U;)i<i<m satisfies the
IBAP. [

Remark 2.11. The converse to Proposition 2.10 fails. For instance, let S1 and S» be distinct
intersecting lines in H = R3. Then U; = (81 — $1)+ and Uy = (S — $,)1 are two-dimensional
planes and they are therefore linearly dependent. Hence, the IBAP cannot hold by virtue of
Corollary 2.3.

In the case of two subspaces, Theorem 2.8 yields simpler conditions.

Corollary 2.12. The following are equivalent.

(1) (U1, Uy) satisfies the inverse best approximation property.
(i) (Vu; € Uy) S(u,0) # 0.
(iii) P1(UF) = U\
(iv) U + U = H.
V) Uy NU; = {0} and (3 y €]0, 4+00[) dUILﬂUZL < ]/(dUlL + dUZL).
(vi) Uy NU, = {0} and Uy 4 U, is closed.
(vil) Uy NU; = {0} and c(Uy, Up) < 1.
(viii) 3y € [1, +ooD)(Vur € U) llurll < y I P5-u.
(ix) @y € [2,+oo)(Vx € H) [|Ix]| < y (| Pj-x]l + [ P5x|).
x) PP < 1.

Remark 2.13. Corollary 2.12 provides necessary and sufficient conditions for the existence of
solutions to (1.1) when m = 2. The implication (ix)=>(i) appears in [23, Item (3.B) p. 91],
the equivalences (vi)<>(viii) <(ix) < (x) appear in [23, Item (1.A) p. 88], and the equivalences
(ili)<(iv) < (x) appear in [31, Lemma on p. 201].

As consequences of Theorem 2.8, we can now describe scenarios in which the necessary
condition established in Corollary 2.3 is also sufficient.

Corollary 2.14. Suppose that the closed vector subspaces (U;)1<i<m are linearly independent,
that || Pyp—1 Pyl < 1 and that, for every i € {1,...,m — 2}, U; is finite dimensional or finite
codimensional. Then (U;)1<i<m Satisfies the inverse best approximation property.

Proof. In view of the equivalence (i)<>(vii) in Theorem 2.8, it is enough to show that (Vi €
{1,...,m—1}) c(U;,Ujy) < 1.Fori = m — 1, since || P; Pit|| = || Pn—1Pull < 1, we derive
from the implication (x)=>(vii) in Corollary 2.12 that c(U;, U;4+) < 1. Now suppose that, for
somei € {2,...,m—1},c(U;, Ujy) < 1. Using to the implication (vii)=>(vi) in Corollary 2.12,
we deduce that U;_1)+ = U; 4+ U, is closed. In turn, since U;_1 is finite or cofinite dimensional,
it follows from [18, Corollary 9.37] that c(U(;—1), U-1)+) < 1, which completes the proof by
induction. [J
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Corollary 2.15. Suppose that the closed vector subspaces (U;)1<i<m are linearly independent
and that, for every i € {1,...,m — 1}, U; is finite dimensional or finite codimensional. Then
(Ui)1<i<m satisfies the inverse best approximation property.

Proof. Since U,,_; is finite dimensional or finite codimensional, it follows from [18,
Corollary 9.37] and the implication (vii)=>(x) in Corollary 2.12 that || P,,—; P, || < 1. Hence,
the claim follows from Corollary 2.14. O

Example 2.16. Let V be a closed vector subspace of H and let (v;)1<;<n—1 be linearly indepen-

dent vectors such that V- N span {v; }1<i<m—1 = {0}. Then, for every (n;)1<i<m—1 € C™1 the
constrained moment problem
xeV and Viel{l,....m—1}) (x|v)=mn (2.23)

admits a solution.

Proof. This is a special case of Corollary 2.15, where U,, = Vi, u, = 0, and, for every
iefl,...,m—1},U; =span{v;} and u; = nivi/llvil>. O

Corollary 2.17. Suppose that the subspaces (U;)1<i<m are linearly independent and that H is

finite dimensional. Then (U;)1<i<m satisfies the inverse best approximation property.

The above results pertain to the existence of solutions to (1.1). We conclude this section with
a uniqueness result that follows at once from Proposition 2.1(ii).

Proposition 2.18. Let (u;)1<i<m € xf”zl U;. Then (1.1) has at most one solution if and only if
ML, U = {0}

Combining Theorem 2.8 and Proposition 2.18 yields conditions for the existence of unique
solutions to (1.1). Here is an example in which m = 2.
Example 2.19. The following are equivalent.
(i) Forevery u; € Uy and upy € U, S(uy, up) is a singleton.
(ii) U + Ut = Hand U N U5 = {0}

Proof. Existence follows from the implication (iv)=>(i) in Corollary 2.12, and uniqueness from
Proposition 2.18. [

3. The IBAP and the periodic projection algorithm

If (U;j)1<i<m satisfies the IBAP, then (1.1) will in general admit infinitely many solutions (see
Proposition 2.18) and it is of interest to identify specific solutions such as those of minimum
norm.

Proposition 3.1. Suppose that (U;)1<i<m satisfies the inverse best approximation property, let
(Ui1<i<m € X' Ui, and, for everyi € {1, ..., m — 1}, set

T;:Uiy — Ui + Uiy
v > (d —PiPip) N ui — Pro) + (Id =Py P) ™' (v — Pisu). (3.1)
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Define recursively X, = uy and Vi € {m — 1,...,1}) x; = T;X;y1. Then, for every i €
{]1 ey m}y
m
X; = P50, where S;= ﬂ(uj + Uj‘). (3.2)
j=i

In particular, x| = Psy, ... .u,)0 is the minimal norm solution to (1.1).

Proof. Leti € {1,...,m — 1}. We first observe that the operator 7; is well defined since the
implication (i)=>(x) in Theorem 2.8 yields || P; Pi+ || = || Pi+ Pil| < 1. Moreover, the expansions
(Id —P;P ) ' = Y jen(Pi Piy) and (Id — P, . P)~ ' = ZjeN(Pi+P,-)«/ imply that its range is
indeed contained in U; 4 U;4. Thus, X; is a well defined point in U; + U;+ = U—1)+.

To prove (3.2), we proceed by induction. First, for i = m, since u,, € U,,, we obtain at once

Xi =um = Py, yyH0 = Ps0. (3.3)
Now, suppose that (3.2) is true for some i € {2, ..., m}. By definition,
Xio1 = (Id =P Pi—1y4) (i) — Pioi%i)
+(d —PG-1y4 Pi)) ™ i = Pa-1yui-1). (3.4)

Since X; € U(—1)+ and u;—1 € U;_1, Lemma 2.7(ii)(b) asserts that X;_ is the element of
minimal norm in (u#;—1 + Ul.J;l) Nx; + U(Ji_—l)+)' On the other hand since, by (3.2), X; € ﬂ.';':i

(uj+U f‘), we derive from (1.4) that, as in Proposition 2.1,

m L1 m m
fi+Udf_l)+:f[+(ZUj) =% + [ Uf = \u;+Up. (3.5)
=i j=i j=i

As aresult, x;_1 is the element of minimum norm in

(i1 +UE)N ﬂ(uj +U7). (3.6)

j=i
In other words, X;—1 = Ps;_,0, which completes the proof. [

Conceptually, Proposition 3.1 provides a finite recursion for computing the minimal norm
solution x| to (1.1) for a given selection of vectors (4;)i1<i<m € ><;.":1Ui. This scheme is
in general not of direct numerical use since it requires the inversion of operators in (3.1).
However, minimal norm solutions and, more generally, best approximations from the solution
set of (1.1) can be computed iteratively via projection methods. Indeed, for every r € H and

Mi)1<i<m € xlf":lU,-, let us denote by B(r;uy, ..., u;) the best approximation to r from
S(ui, ..., uny),ie., by Proposition 2.1(i),
B(riuy,...,uy) =P r=~Pn r. 3.7
( 1 m) NUTRNTS) m(“i'i‘Uil) ( )
i=1
A standard numerical method for computing B(r; uy, ..., u,) is the periodic projection algo-

rithm

xo=r and (VneN) x,401 =01 OmXn (3.8
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where, for every i € {1, ..., m}, Q; is the projector onto u; + Ul.i, i.e.,
0; = PuiJFU;:x = u; +x — Pix. 3.9)

This algorithm is rooted in the classical work of Kaczmarz [26] and von Neumann [40]. Al-
though it has been generalized in various directions [3,4,9,15], it is still widely used due to its
simplicity and ease of implementation. For S(uy, ..., u;;) # @, the sequence (x,),cN generated
by (3.8) converges strongly to B(r; uy, ..., un). If u; = 0, this result was first established by
von Neumann [40] for m = 2 and extended by Halperin [22] for m > 2. Strong convergence
to B(r;uy, ..., uy) in the general affine case (#; % 0) is a routine modification of Halperin’s
proof via Lemma 2.9 (see [18] for a detailed account). Interestingly, if the projectors are not
activated periodically in (3.8) but in a more chaotic fashion, only weak convergence has been
established [1] and it is still an open question whether strong convergence holds.

In connection with (3.8), an important question is whether the convergence of (x;),cN to
B(r;uy,...,uy) occurs at a linear rate. The answer is negative and it has actually been shown
that arbitrarily slow convergence may occur [5] in the sense that, for every sequence (&), cN in
10, 1[ such that ¢, | 0O, there exists » € H such that

~VneN) |xp,—B@;up,...,un)| > ay. (3.10)

On the other hand, several conditions have been found [3,5,6,17,19,27] that guarantee that,
if (1.1) admits a solution for some (#;)1<j<m € xﬁ”:] U;, then, for every r € H, the sequence

(xn)nen generated by (3.8) converges uniformly linearly to B(r; uy, ..., u;) in the sense that
there exists o € [0, 1[ such that [19, Section 4]
(VneN) x, —B(riuy,...,up)| <" |r = B(riuy, ..., up)l. (3.11)

The next result states that the IBAP implies uniform linear convergence of the periodic projection
algorithm for solving the underlying affine feasibility problem (1.1) for every (u;)i<i<m €
x{" ,U; and every r € ‘H. In other words, if (1.1) admits a solution for every (u;)1<j<m € X, Ui,
then uniform linear convergence always occurs in (3.8).

Proposition 3.2. Suppose that (U;)1<i<m Satisfies the inverse best approximation property and
set

m—1

o= [1-T](1-c(Ut.ub)?). (3.12)

i=1

Then o € [0, 1[ and, for every r € H and every (u;i)1<i<m € ><’l7':1U,', the sequence (X;),eN
generated by (3.8) satisfies (3.11).

Proof. We first deduce from the implication (i)=>(vii) in Theorem 2.8 that (Vi € {1, ..., m —1})
c(Ui, U;i+) < 1. Hence, it follows from [18, Theorem 9.35] that (Vi € {l,...,m — 1})
c(Ut, UL) < 1.Inturn, (1.4) and (3.12) imply that

m—1 m 2
a= [1— H(l —c(Ul.i, N U}) ) € [0, 1[. (3.13)

i=1 j=i+1
Now let (u;)1<i<m € x;”zl U;. Since the IBAP holds, we have
Sy, ..., um) # 0. 3.14)
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Combining the above, it follows from (3.13), (3.14), and [18, Corollary 9.34] applied to
(UH)1<i<m that (3.11) holds. [

In the case when m = 2, the above result admits a partial converse based on a result of [5].
Proposition 3.3. Suppose that Uy N Uy = {0}, that (Uy, Us) does not satisfy the IBAP, and that

(u1, up) € Uy x Uy satisfies S(uy, uz) # 0. Let (oy),eN be a sequence in 10, 1[ such that o), |, 0.
Then there exists r € H such that the sequence (xy),eN generated by (3.8) with m = 2 satisfies

(Vn e N) |lxp, — B(r; uy, u2)|l > ay. (3.13)
Proof. It follows from our hypotheses and the equivalence (i)<>(vi) in Corollary 2.12 that

U1 + U, is not closed. In turn, we derive from [5, Theorem 1.4(2)] that there exists yp € H
such that the sequence (y,),cN generated by the alternating projection algorithm

VneN) y,1= UliPUZJ-yn (3.16)
satisfies
(Vn e N) llyn = Pyiags Yol = o (3.17)

Now let y € S(u1, up) and set r = y + yp. It follows from Proposition 2.1(ii) that S(u1, uz) =
y+ (UIJ‘ N U2J-). Hence, it follows from (3.7) and Lemma 2.9 that

B(r;ur, uz) =y+PU1lmU2L(r—y) =y+PUl¢mU2Ly0. (3.18)
On the other hand, xo — y = yo and, using Lemma 2.9, (3.8) with m = 2 and (3.18) yield
VneN) xpp1—y= Pul_,’_Ull Pu2+U2Lx,, —y= Py+U1LPy+U2an -y
= PUIJ_PUZJ_ (xp — y). (3.19)

This and (3.16) imply by induction that (Vn € N) x, — y = y,. In turn, we derive from (3.17)
and (3.18) that

(Vn e N)  loxw = B(ryur, u2)ll = 10 +3) = (0 + Pyiagtyo)ll
= llyn — PUILQUZL)’OH > Op, (3.20)

which completes the proof. [
4. Applications

In this section, we present several applications of Theorem 2.8. As usual, L2(R") is the
space of real- or complex-valued absolutely square-integrable functions on the N-dimensional
Euclidean space R, ¥ denotes the Fourier transform of a function x € L%(R"M) and supp X
the support of x. Moreover, if A C R¥ . 1, denotes the characteristic function of A and CA the
complement of A. Finally, u designates the Lebesgue measure on R, ran 7' the range of an
operator 7" and ran T is the closure of ran T.

The following lemma and its subsequent refinement will be used on several occasions.

Lemma 4.1 (/2, Proposition 8], [7, Corollary 1]). Let A and B be measurable subsets of RN of
finite Lebesgue measure, and let x € L*(RN) be such that x1¢, = 0 and X1z = 0. Then x = 0.
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Lemma 4.2 (/2, p. 264], [21, Theorem 8.4]). Let A and B be measurable subsets of RN of finite
Lebesgue measure. Set U = {x e L2RN) | xlps = 0} and 'V = {x e LXRN) | xlgg = O}.
Then | Py Py || < 1.

4.1. Systems of linear equations

Going back to Definition 1.1, we can say that (U;)i<j<n satisfies the IBAP if for every
(ui)1<i<m € XL, ran P; there exists x € H such that (Vi € {1,...,m}) Pix = u;. As we
have shown, this property holds if (iv) in Theorem 2.8 is satisfied, i.e., if (Vi € {1,...,m —
1}) ker P; + ﬂ';’:i 41 ker P; = H. In the following proposition, we show that such surjectivity
results remain valid if projectors are replaced by more general linear operators.

Proposition 4.3. For everyi € {1, ..., m}, let G; be a normed vector space and let T;: H — G;
be linear and bounded. Suppose that

m
Vie{l....m—1}) kerT;+ () kerT; =H. A.1)
j=i+l

Then, for every (yi)1<i<m € X{'_, ran T;, there exists x € H such that

~ie{l,....m}) Tix=y. 4.2)

Proof. For every i € {1,...,m}, let y; € ran T;, set U; = (kerTi)J-, and let u; € U; be
such that T;u; = y;. Now let x € H. Then x solves (4.2) & (Vi € {1,...,m}) Tjx = Tu;
&S Mioell,...mh) Tix —u;)) = 0& (Vi € {l,....m})) x —u; € kerT; = U &
Vi € {l,...,m}) Pix = u;. We thus recover an instance of problem (1.1) and, in view of
the equivalence between items (i) and (iv) in Theorem 2.8, we obtain the existence of solutions
to (4.2) if, forevery i € {1,...,m — 1}, Ul-l + Uier =H,ie.,if (4.1)holds. O

We now give an application of Proposition 4.3 to systems of integral equations.
Proposition 4.4. For every i € {1,...,m}, let v;, w;, and y; be functions in L>(RV) such

that there exists x; € L*(RY) that satisfies f]RN Xi ($)vi(s)w; (¢t — s)ds = y;(t) n-a.e. on RN,
Moreover, suppose that there exist measurable sets (A;)1<i<m in RY such that

Vi e{l,....m}) p((A;+supp 0;) Nsupp ;) =0 4.3)
and
m
Vie{l....m—1}) AU [ A;=R". (4.4)
j=i+1

Then there exists x € L>(RY) such that

~vViell,...,m}) / x($)v;i ($)w; (t — s)ds = y;(t) n-a.e. on RV, 4.5)
RN

Proof. The result is an application of Proposition 4.3 in H = L?(R"). To see this, denote by
* the N-dimensional convolution operation and, for every i € {1,...,m} and every x € H,
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set T;x = (xv;) * w;. Then (T;)1<i<m are bounded linear operators from H to H since, by [8,
Théoreme IV.15],

(Viefl,....,m})(Vx € H) NTixll = lGevg) % will < llocv; [l flw

< llxll hog [l fwill- (4.6)
Now fixi € {1,...,m — 1}. Since (4.5) can be written as (4.2), Proposition 4.3 asserts that it
suffices to show that
m
ker T, + ﬂ ker T; = M. 4.7
j=i+1

To this end, let z € H. It follows from (4.4) that we can write z = zj + z2, where 7] =7 14, and
22 =7 1g,,. We have

Tizi = [(ziv) »wi]" = @ « 0)B; = (T la,) * )by 4.8)
and

supp ((Z14,) * U;) C supp (Z 14,) + supp Ui C A; + supp 0. 4.9)
Therefore, we derive from (4.8) and (4.3) that

u(supp Tiz1) = u(supp (G 1a,) * ) ) supp ;) = 0. (4.10)
This shows that z; € ker T;. Now fix j € {i+1, ..., m}. Then it remains to show that z; € ker T}.

Since (4.4) yields CA; = (N}, Ax C A}, arguing as above, we get
supp Tjz2 = supp ((F Igy,) * 5);) C (CA; + supp ) N supp w;
C (Aj + supp Uj) Nsupp w);. 4.11)
In turn, we deduce from (4.3) that u(supp 73?2) = 0 and therefore that z; e ker ;. [
We now give an example in which the hypotheses of Proposition 4.4 are satisfied with m = 3.

Example 4.5. Let {o, 8, ¥} C R and let {vy, v2, v3, wy, wp, w3} C LZ(R). Suppose that
0 < y < 2« and that

supp U1 C [B, B+ v], supp U2 C [a, +00[, supp U3 C] — 00, —«] @.12)
supp wi C [—a + B+ y,a + B], supp wy C] — 00, 0], supp w3 C [0, 4+-o00[. ’

Now set A| =] — 00, —x] U [a, +00[, Ay = [—a, +00[, and A3 =] — o0, a]. Then (4.4) is
satisfied and, since A1 +supp ] C]—o00, —a+ B+ y]U[a+ B, +oo[, A2 +supp 2 C [0, oo,
and A3z + supp 03 C] — 00, 0], so is (4.3).

Next, we consider a moment problem with wavelet frames [12,13,16].

Proposition 4.6. Let v be a band-limited function in LZ(R), say supp 1’/; C [—p, p] for some
p €10, +ool. Suppose that (Vj ) (j kyez2» where Yj kit — 2024 (27t —k), is a frame for L*(R),
i.e., there exist constants a and B in 10, +oo[ such that

(Vr € L2®)  alxl® < Y3 [t 1y < Bl (4.13)

JEL kel
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and, moreover, that (wj,k)(j,k)ezz admits a lower Riesz bound y €]0, 400, i.e.,

2

(V(ejm)jpezz € C@D) DD lejulP = v DD cintix| - (4.14)

JEZ kel JEL kel
Let A be a measurable subset of R such that 0 < u(A) < 400, let J € Z, and set
A={(,kheZxZ|j=<J} (4.15)

Then, for every function y € L*(A) and every sequence MjK)(jped € 02(A), there exists
x € LE(R) such that

xla=y and (V(j,k) €A (x[V¥jr)=njk. (4.16)

Proof. Set H = L%(R), G; = L%*(A), and G, = ¢£2(A), and define bounded linear operators
Ti:H—Grx—x|a and T:H — Goix = ((x | Y1) hed- 4.17)

Then ran 71 = G and, on the other hand, it follows from [11, Lemma 2.2(ii)] and (4.14) that
ran 7 = G,. Hence, in view of (4.16), we must show that, for every y; € ran 7] and every
y2 € ran T3, there exists x € H such that T1x = y; and Tox = y,. Appealing to Proposition 4.3,
it is enough to show that ker 71 + ker 7, = H or, equivalently, that

Ul +Us =H, where Uj=rtanT; and U,=rtanTy. (4.18)

Set U = {x € L*(R) | xIgy =0}, B=[-27p,2/p],and V = {x € L*(R) | ¥1gp = 0}. By
Lemma 4.1, U NV = {0} and it therefore follows from [18, Lemma 9.5] and Lemma 4.2 that

c(U,V)=IPyPy — Pynvl =Py Py < 1. (4.19)

On the other hand, it follows from (4.17) that Tl*: G1 — H satisfies

Yy e G eR) (T{y(0) = {5f”’ e (4.20)
and that

T3:Ga — H: (1) Gaoed = Y NjkVike 4.21)

(ke

Since J; x)e 4 SUPP Vs C B, we have

UycU and Uy C V. (4.22)
Hence, U; N U, = {0} and (4.19) yields

cUy,Uy) <c(U,V) < 1. (4.23)

In view of the implication (vii)=(iv) in Corollary 2.12, we conclude that (4.18) holds. [
4.2. Subspaces spanned by nearly pairwise bi-orthogonal sequences

The following proposition provides a wide range of applications of Theorem 2.8 with m = 3.
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Proposition 4.7. Let (u1 1)kez, (U2.1)kez, and (U3 r)kez be orthonormal sequences in H such
that

~VkeZ) (Vie{l,2D) Vjeli+1,3) VI € Z~{k}) wuix Luj;. (4.24)

Moreover, suppose that

sup/ |[(u1k | uzk)| + supy/|(u2k | uz k)| +supy/|{wik | usi)| < 1. (4.25)
keZ keZ

keZ

Then, for all sequences (o1 k)kez, (02.k)kez, and (03 k)rez in 0%(7), there exists x € H such
that

VkeZ) orp={x|uip),ar=xluzk), and a3 = (x|uzg). (4.26)

Proof. For every i € {1,2,3}, set U; = span{u; }xez and observe that (Vx € H) P;x =
Zkez(x | u;x)uir. Accordingly, we have to show that (Uj, Uz, U3) satisfies the IBAP.
Using the equivalence (i)<>(x) in Theorem 2.8, this amounts to showing that ||P; P14+ < 1
and | P, P3| < 1.

First, let us fix i € {1,2}and j € {i + 1, 3}, and let us show that

2
sup |(uik | uji)|” < 1P Pjll < sup |[(uik | uji)| (4.27)
keZ keZ
In view of (4.24), we have
(Vx eH) PiPix= (x|ujujl|ui)ui. (4.28)
leZ
Hence, for every k € Z, P Pjuix = |(uix | uj,k)‘zui,k and therefore || P; Pjl| > || P; Pjui x| =

|(u,-, k| uj, k>|2. This proves the first inequality in (4.27). On the other hand, it follows from (4.28)
that

2
Vx e ) IPPxI> =Y 1 | uj)ujs | win)® < sup l{ujs | ug)]” x> (4.29)
leZ leZ

This proves the second inequality in (4.27).
Since (4.25) and (4.27) imply that || P, P3|| < 1, it remains to show that | P; P14 || < 1. We
derive from (4.25) and (4.27) that

WP P2 +VIPPsID (L+ I P2Psl) = VIIPL P2 + I PP — (| P2 Psll

+ IIPL P20l + V11 Py Ps 1L+ /I P2 Ps 1DV 1L P2 Pl
< 1—||PPs]. (4.30)

For every k € Z, let P3Lk denote the projector onto {u3, «}+ and set

L
Pijuak  up g — (ua g | uz p)us i

o ||P3J:k142,k|| B \/1 — (w2 | u3,k>|2 |

V2 k 4.31)
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which is well defined since (4.25) guarantees that |(u2« | u3x)| < 1. Let us note that (4.31)
yields

g — (s [us ok _ ik — (i | waiduzg | w2k | s i)’ s
Y \/1 — |{ua | M3,k>|2 o1 (2| ”3J<>‘2 1= (2 | “3,k)|2
1
= 3 (w3 — (U3 | uzp)uzi). (4.32)

1- |(u2,k | u3,k>|

On the other hand, it follows from (4.24) and (4.31) that {v2 ¢ }xcz U {43,k }rez 1s an orthonormal
set and that

span ({v2,k}kez U {u3 k }kez) = Span ({P’j:kulk}kez U {u3 1 }kez)

— T+ 05 =T (4.33)
To compute || P; P14 ||, let x € H and let k € Z. We derive from (4.33) that
Prix = Z(X | v2, )20 + Z(x | u3,1)us,. (4.34)
IeZ IeZ

Hence, using (4.24), (4.31) and (4.32), we obtain
(Pryx [ur i) = (x| va i) (vak [ un k) + x| us i) us i | ui i)
(Vo k | U1 k)

\/1—|u2k|u%k

_ (us g | ua ) (o | ul,k))
\/1 — {uzx | us‘k)}z

= (x | u2.x) B + {x | u3 1) v, (4.35)

= (x| uzk)

)| + (x| u3,k><<u3,k | wi k)

where

B = (o | ur k) — (ua g | u3,k><2u3,k | w1k) (4.36)

1= |(u2x | us i)

and
_ (uag | wrg) — (us g | uo i) (uog | ul, k) 4.37)
1— [{uax | u3 k)|
We note that (4.27) yields
el < s,k 1 w2 k)] + {2 | u3,k)\2|<u1,k e
1— |(uok | us i)l
_ YIPRI+ VIR Bl VI P Al 4.38)

- I — || PyPs|
and, likewise,

| PLP3I| + /I P2 Pl /I P P2l
[vel < v v v . (4.39)
1 —||P, P3|
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Thus, we obtain

2
Vx € H) P Pxll = [Y|(Prox | ug)]
keZ
< Do lwa ) Bl 4+ [Y 1 L us i)l
keZ keZ
< <sup|ﬂk| + Sup|Vk|>||x||
keZ keZ
_ WIPP + VTPIPD(L+ VTP P3) 440
< T BP lx]l. (4.40)

Appealing to (4.30), we conclude that || P P+|| < 1. O

Remark 4.8. A concrete example of subspaces satisfying the hypotheses of Proposition 4.7 can
be constructed from an orthonormal wavelet basis. Take ¥ € L2(R) such that the functions
(kD) k.nyezz» Where Yzt — 28242 — 1), form an orthonormal basis of L*(R) [16].
For every i € {1,2,3} let, for every k € Z, (i k.1)icz be a sequence in ¢%(7Z) such that
> ez i ki1* = 1 and define

Ui = pan (uiilkez. where (Vk €Z) uig= Y miki¥is- (4.41)
IeZ

Then (11 k)kez. M2.0)kez, and (43 k)7 are orthonormal sequences in L%(R) that satisfy (4.24).
Moreover since, for every i and j in {1, 2, 3} and every k € Z, (u; i | ujx) = ZleZ Nik, 1M j,k 1>
the main hypothesis (4.25) is equivalent to

ank[’nkl Z’?ZkIUSkl

leZ leZ

sup
keZ

Z Nk T3,k

leZ

+ sup < 1. 4.42)

keZ

+ sup
keZ

4.3. Harmonic analysis and signal recovery

Many problems arising in areas such as harmonic analysis [2,7,21,23,25,29], signal theory
[10,32,39], image processing [14,36], and optics [30,37] involve imposing known values of
an ideal function in the time (or spatial) and Fourier domains. In this section, we describe
applications of Theorem 2.8 to such problems.

The following lemma will be required.

Lemma 4.9. Let U, V, and W be closed vector subspaces of 'H such that W C V. Then
| PuPwll < |l Py Pyl

Proof. Set B = {x € H | |lx|| < 1}. Then Py(B) C B. In turn, since W C V,
Pw(B) = Py(Pw(B)) C Py(B) and hence Py(Pw(B)) C Py(Py(B)). Consequently,
| Py Pw | = sup{||Py Pwx|| | x € B} < sup{||PyPyx| | x € B} = |PyPy|. O

The scenario of the next proposition has a simple interpretation in signal recovery [14,36]:
an N-dimensional square-summable signal has known values over certain domains of the spatial
and frequency domains and, in addition, m — 2 scalar linear measurements of it are available.
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Proposition 4.10. Let A and B be measurable subsets of RN of finite Lebesgue measure, and
suppose that m > 3. Moreover, let (v;)1<i<m—2 be functions in L2RN)Y with disjoint supports
(Ci)1<i<m—2 such that

~Viefl,....m—2}) u(C)) <+oco and u(C;iNCA) > 0. (4.43)

Then, for all functions v,, and v, —1 in Lz(RN) and every (ni)1<i<m—2 € R™=2 there exists a
function x € L>*(RN) such that

vViefl,....m—2}) / x(Ovi(t)dr = n;, x|a = vu—1la, and X|p =7Vnlp.

Ci

(4.44)

Proof. We first observe that the problem under consideration is a special case of (1.1) with
H = L*®RY),

Uy =span{v;} and u; =nivi/llv;|>, 1<i<m-—2

Un-1={xeH|xlgy =0} and wpn_1 =vm_1la; (4.45)

Un={x € H|Xlgp =0} and &, =v,1s.
It follows from Lemma 4.2 that || P,,—1 P, || < 1. Hence, in view of Corollary 2.14, it suffices to
show that the closed vector subspaces (U;)1<i<m are linearly independent. Since the supports
(Ci)1<i<m—2 are disjoint, the subspaces (U;)1<i<m—2 are independent. Therefore, if we set
U = Z;”:_lz U;, it is enough to show that U, U,,_1, and U, are independent. To this end, take
¥, Ym—1, Ym) € U x Up—1 x U, such that

Y+ Ym—1+Yym =0, (4.46)
and set C = (JI"> C;. We have (v + ym—1)lgaue) = 0, k(AU C) < 400, T lgy = 0, and
w(B) < 400. Hence, it follows from (4.46) and Lemma 4.1 that

Y+ Yn-1=0 and y, =0. 4.47)

It remains to show that y = 0. Since y € U, there exist («j)1<i<m—2 € C™=2 guch that

y= Z;";lz a;v;. However, since the supports (C;)1<j<m—2 are disjoint,

m—2 2 m—2
P =D evi| = loilPllvill*. (4.48)
i=1 i=1
On the other hand, (4.43) implies that, for everyi € {1,...,m — 2},
v 1> = / |v; ()|t + / lvi (£)*dr > / lvi (1) 2dt = [Jv; 141> (4.49)
CiNA ¢;nCA CiNA

At the same time, we derive from (4.47) that y = —y,,,—1 € U,,—1 and therefore from (4.45) that
vlgs = 0. Consequently, (4.48) yields

m—2 m—2 2 m—2
D lealPloill> = Iyl> = Iylal® = | D eividal =Y leil*lvilall®. (4.50)
i=1 i=1 i=1

In view of (4.49), we conclude that (Vi € {I,...,m —2}) a; =0. O
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Remark 4.11. In connection with Proposition 4.10, let us make a few comments on the following
classical problem: given measurable subsets A and B of R" such that £(A) > 0 and u(B) > 0,
and functions a and b in LZ(R"), is there a function x € LZ(RV) such that

x|a=als and R|p = b|p? (4.51)

To answer this question, let us set

2N
{U1={x€L(R ) [ xlgy =0} and wuy =ala, (4.52)

Uy ={x e L*R") | Flgp =0} and &5 =blp.
Thus, the problem reduces to an instance of (1.1) in which m = 2.

o If u(A) < 400 and u(B) < 400, it follows from Lemma 4.2, (4.52), and the implication
(x)=(i) in Corollary 2.12 that the answer is affirmative (see also [23, Corollary 5.B p. 100]).

e If £(CA) < 400 and u(CB) < +o0, it follows from (4.52), Proposition 2.18, and Lemma 4.1
(applied to U IJ- and U2L) that (4.51) has at most one solution.

e Suppose that A is bounded and that M(EB) > 0, and let ¢ €]0, 4oo[. Then there exists
x € L2(RN) such that

/ |x(1) — a(r)*dr +/ IX(€) — b(E)|?dE < e. (4.53)
A B

To show this, we first observe that U; N U, = {0}. Indeed, let y € U; N U,. Then y can be
extended to an entire function on CV (see [35, Theorem 7.23] or [38, Theorem II1.4.9]) and,
at the same time, ylppz = 0, which implies that y = 0 [34, Theorem 1.3.7]. Hence, applying
Proposition 2.5 with m = 2, we obtain the existence of x € L*(RN) such that

I P1x — up]|* + | Pax — ua||* < e, (4.54)

which yields (4.53). In the case when CB is a ball centered at the origin and b = 0,
(4.53) provides the following approximate band-limited extrapolation result: there exists
x € L?(RY) which approximates @ on A and such that X nearly vanishes for high frequencies.

The following example describes a situation in which the IBAP fails.

Example 4.12. The following example is from [30]. Let C = [—1/2,1/2] x [—1/2,1/2] and
set H = L%(C). Moreover, define

VM(@m,n) € Zz) X(m,n) = / x(s, t)exp(—i2m (ms + nt))dsdt, (4.55)
C

set A =1[0,1/2] x [0,1/2],and set B = F U {(m, 0)|me Z}, where F' is a nonempty finite
subset of Z x Z. The problem amounts to finding functions with prescribed best approximations
from the closed vector subspaces

Uy={xeH|xlg, =0}
Up={x e H|x(s,1) =x(—s,1) ae.onC} (4.56)
Us ={x e H |1l =0}.

Since U IL + U2l + U3J- = {0} [30], it follows from Proposition 2.18 that the problem has at
most one solution. However, the subspaces are not independent. Indeed, given a finite subset /
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of Z such that (0,n) ¢ F whenever n € I and complex numbers (c,),ey, the trigonometric
polynomial

(s,1) > Z cpe (4.57)

nel
is in U, N Usz. Therefore, in the light of Corollary 2.3, the IBAP does not hold.
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