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KEYWORDS Abstract In this paper, we used the three-dimensional triangular functions (3D-TFs) for the
N — numerical solution of three-dimensional nonlinear mixed Volterra—Fredholm integral equations.
Fredholm integral equations; First, 3D-TFs and their properties are described. Then the properties of 3D-TFs together with their
Triangular functions; operational matrix are used to reduce the problem to a nonlinear system of algebraic equations.
Operational matrices; Furthermore, existence and uniqueness of the solution of three-dimensional nonlinear mixed Vol-
Orthogonal functions; terra—Fredholm integral equations are proved. Illustrative examples have been discussed to demon-
Numerical solution strate the validity and applicability of the technique. Also, some interesting comparisons between

proposed method, block-pulse functions (BPFs) method and modified block-pulse functions

(MBPFs) method are presented.
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1. Introduction electromagnetic and electrodynamic, elasticity and dynamic
contact, heat and mass transfer, fluid mechanic, acoustic,
chemical and electrochemical processes, molecular physics,
population, medicine and in many other fields [6-14].

One-dimensional triangular functions were introduced by
Deb et al. in [15]. Babolian et al. used these functions for
solving variational problems [16], and nonlinear Volterra—
Fredholm integro-differential equations [17] in the one-
dimensional case. Moreover, Maleknejad et al. applied these
functions for solving nonlinear Volterra—Fredholm integral
equations [18]. 1D-TFs have been widely used for solving dif-
ferent problems. The new and basic idea in this paper is
extending 1D-TFs to 3D-TFs and using them for solving gen-
eral three-dimensional nonlinear mixed Volterra—Fredholm
integral equations of the second kind of the form

Over the last years, the integral equations and differential
equations have been used increasingly in different areas of
applied sciences. This tendency could be explained by the
deduction of knowledge models which describe real physical
phenomena. For details, we refer to [1-5]. Various problems
in physics, mechanics and biology arise to a multi-
dimensional integral equation. Such equations also appear in
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Figure 1

fstr)=glst)+ [ ( /] H<s7z7r7x7y7z,f<x7y7z)>dzdy) d:
0 Q
(s,2,7) €]0,1) x Q, (1)

where f(s,z,r) is an unknown function, g(s,7,r) and
H(s, t,r,x,y,z,f(x,y,z)) are analytical functions on [0, 1) x Q
and ([0, 1) x Q)* x C, respectively and @ is close subset on
R?. The existence and uniqueness of the solution for the two-
dimensional model of Eq. (1) are discussed in [19,20]. Equa-
tions of this type often arise from the mathematical modeling
of the spreading, in space and time, of some contagious disease
in a population living in a habitat Q [21,22], in the theory of
nonlinear parabolic boundary value problems [23], and in
many physical and biological models. The analytical solution
of the multi-dimensional integral equations is usually difficult
and in many cases, it is required to approximate the solutions.
The analysis of computational methods for multi-dimensional
integral equations, especially in the nonlinear case, has started
more recently and is not so well developed. To numerically
solve integral equations, there are some well-known numerical
methods that some of them can be used for solving triple inte-
gral equations. Significant progress has been made in numeri-
cal analysis linear and nonlinear version of Eq. (1). For the
linear case, some methods for numerical treatment are given
in [24-26]. For nonlinear two-dimensional mixed Volterra—
Fredholm integral equations, the literature of integral equa-
tions contains few numerical methods [27,28] for handling
Eq. ().
In the rest of the paper, we assume

H(s7 t? r7 x7y7 Z’f(x7 y7 Z)) = k(s7 [7 r’ X?.y’ Z) V(x7 y? Z)]p7 (2)

where p is positive integer. In [29], Eq. (1) with Eq. (2) is solved
by MBPF. The TFs method is very simpler and cheaper than
MBFs method from the computational point of view. In
[29], it was shown that the MBPFs method is convergence of
order O(h), but we can’t prove the order of convergence for
TFs method.

The paper is organized as follows: In Section 2, we study
the existence and uniqueness of the solution of Eq. (1). In
Sections 3 and 4, we describe 1D-TFs and 3D-TFs and their
properties, respectively. In Section 5, we apply 3D-TFs, to
solve the three-dimensional nonlinear mixed Volterra—
Fredholm integral Eq. (1) with Eq. (2). Numerical results are
given in Section 6 to illustrate the efficiency and the accuracy
of our algorithm.

byz=27

Absolute errors for Example 1, with m =2 and z =27", 272

2. On the existence of the solution of the three-dimensional
nonlinear mixed Volterra—Fredholm integral equations

In this section, we prove an existence and uniqueness theorem
for a three-dimensional nonlinear mixed Volterra—Fredholm
integral equations.

Consider Eq. (1) on the complete metric space of complex-
valued continuous functions as follows:

= (C(S,d)), d(g,w)=-sup{|g(s,t,r)—w(s,t,r)|:(s,t,r) €S},

where S = [0,1] x [0,1] x [0, 1].

Theorem 1. Let g and H be continuous functions on S and
S x 8 x C respectively and there exists nonnegative constant
L <1 such that

|H(S7 t7 r7 x’ y7 Z7f(x7 y7 Z))
< Llf(xvyvz) - V(x,y,z)\.

Then Eq. (1) has only one solution f on S such that

g(s,t,r) ///Hstrxy7 J(x,p,2))dzdydx,

- H(S7 Lr,x,y,z, V(va,z))|

Sfls,t,r) =

on S.

Proof. Consider the iterative scheme
K 1 1

fuastn =g+ [ [ [ Hnrxpzg, o) dsdras
o Jo Jo

n=1.2,.... 3)
We have

Vi1 (s.8,7) = £, (s,2,1)|

/HY[I x,,2,/,(x,3,2))dzdydx

—// /Hmumw¢¢4wnmw@w
Jo Jo 0

s 1 1
<[ [ [ nnrr ez

— H(s,,rx, 0,2y 4 (x,9,2)) dedyd

<L ///lfnwz Suor(x,p,2)|dzdydx
g

SLd(fyfiar)- = Afuaris) SLA(fofimr)-

»,2)|dzdydx
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Hence,
d(fyr f) < L'd(fo, 1);
= lf;H—l(sv L I’) _.f;1(57 Z ’)‘ < Lnild(f‘%.fl)'

Since X is a complete metric space, and 0 < L < 1, then we

conclude by using the Weierstrass M-test that

Z(fnJrl (s,2,1)

is absolutely and uniformly convergent on S. Due to the fact
that f, (s, ¢,r) can be written as

fa(s, 1)),

n—1
fn(s7 t: V) :fl(sv [7 l’) + Z(ﬂ(+l (Sv t7 I") _fk(S7 [7 l‘)),
k=1

so there exists a unique solution /'€ X such that lim,_ . ..f, = 1.
Taking limit of both sides of Eq. (3), we obtain

Sty = lim o (s.6r) = Tim (g(s,0.1)
K 1 1

+/ / / H(s,t,r,x,y,z,/,(x,y,2))dzdydx) = g(s,t,r)
o Jo Jo

K 1 1
+/ / / H(s,t,r,x,y,z, lir+n [u(x,y,2))dzdydx = g(s,t,r)
o Jo Jo n—-+0d

5 1 1
+ / / / H(s,t,r,x,7,2.f(5,,2))dzdyd.
0 0 0

Therefore, the limit function f'is the unique solution /' € X such
that

f(s,t,r)=g(s,1,r) ///Hstr/\,y, z,f(x,p,2))dzdydx. O

3. Definitions of one-dimensional triangular functions

In an m-set of one-dimensional triangular functions (1D-TFs)
over interval [0, 1), the ith left hand and right hand functions
are defined as

T!<s>:{ —5h b <s < (i+ D,
I 0, otherwise,

(s) = {S;—"l ih < v.< (i+ 1)h,
0, otherwise,
where i =0,1,2,...,
Also,
Ti(s) + Ti(s) = (s),
where ¢;(s) is the ith block-pulse function defined as

1, ih<s<(i+1)h,
di(s) = .
0, otherwise.

m—1land h=1

It is obvious that {T'(s)}!", and {T°(s)}!, are disjoint.
Orthogonality of 1D-TFs is shown in [15], that is,

| mom

where d;; denotes the Kronecker delta function and

s)ds = A, 40,

B p:qE{LZ},
, PFQ.

oz Wi

Ap,q = {

We can also define

T1(s) = [Ti(s), Ti(s).-... T4y (5)]

T2(s) = [T3(s), T3(5).-.., %, (9)] ",

and

-]

and the vector T(s) is called the 1D-TF vector. Since 1D-TFs
are disjoint, we have

T(s).T7(s) ~ diag(T(s)) = T(s),

where T(s) is a 2m x 2m diagonal matrix [16].
4. Three-dimensional triangular functions and their properties
4.1. Definitions

An  (m; x my x m3)-set of 3D-TFs on the
=10,1) x [0,1) x [0, 1) is defined by

region

ihy <s<(i+1)h,

(1-5m) (1=52) (1=52), jhy <1< G+ D,
khy <r < (k-+1)h;,
0, otherwise,

T (s 0,r) =

ih <s< (l+ 1)}11,
<

(158 (1 = 52 (58, iy < 1< G+ D
khy <r < (k4 1)h;,
0, otherwise,

TH2(s,0,6) =

ijk

i:0,1,..., 1,j=0,1,...,m27l,k:O,l,...,
=m ,/’lz ,/13 = mLx in which mip, ny and ms
are arbitrary positive mtegers.
Other definitions for T‘Z}{’,f(s, t,r);a,b,c € {1,2} are similar.
It is clear that

i (s.t,r) = Ti(s) - T (1) - Ty (r);

ijk

where
ms — 1 and /’l]

a,b,c e {1,2}. (5)

Furthermore,

>y e

a=1 b=l c=

where @, ;, (s, 7,r) is the {myi + maj + k}th block-pulse function
defined on il <s<(i+Dhy, jh, <t <(j+1)h, and
k]’l3 < r< (k + 1)]’[} as

¢ij.k(s> Z V),

1, il <s<(i+Dh, jhy <t <+ Dho, khy <r < (k+ 1)hs,
Puslsin) =1

, otherwise.

It is obvious that each set {77 (s,t,r)}; a,b,c € {1,2} is

disjoint

1//&

T, (s, 1), a1 =a, b

s =by, c1 =0¢,

" b“‘(s tr)T'”b’ (s, t,r) =

it Jjy.k1 iy .k

i1 =i, Ji =J ki =k,
0, otherwise,
for ay,ay, by, by cr,c0 € {1,2}, i1, =0,1,...,m

J=0,1,...;my—1and ki, k, =0,1,...,m; — 1.
Also 3D-TFs are orthogonal, that is

- 17 jl7
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/ / / T,’l‘f‘k‘l‘ s,1,7) Yf'zz/bzk:’ (s, t,r)dsdtdr

- Aa th iy,ip Ab b7 /|,/2 A(‘[.L'gbkl,kza

where ¢ denotes the Kronecker delta function, and
Loa=pe{1,2},

Az./f = {2 { }
6

o #= f.
On the other hand, if

Tabe(s, t.r) = [Tyt (s. 1.0, To (5. 7) o T, (5,120,

b, b, r
T‘(;jI;O(S? 2 I’) T:u 1my—1,m3— 1()7t7 r)i| ’
where a,b,c € {1,2} and Tabe(s, #,r) is (m;myms; x 1)-matrix;
then T(s, #,r), the 3D-TF vector, can be defined as

T'A(s,2,r) = [T111(s,2,r), T112(s,,7), T121(s, £,7), T122(s, 2,7)],
T'2(s,t,r) = [T211(s,2,r), T212(s,1,r), T221(s, 1,r), T222(s, £,7)],

T(s,t,r) = [T'1(s, 1,r), T'2(s,1,r)]". (6)

It is possible to cancel the (s,z,r) term in T(s,t,r), T111
(s,t,r), T112(s,t,r), T121(s, t,r), T122(s, t,r), T211(s,t,r), T212
(s,t,r), T221(s,t,r) and T222(s,t,r), for convenience.

From the above representation, it follows that

[7ete 0 ... 0 0 .. 0
0 Ty ... 0 0 .. 0
Tabc-Tabe’~| 0 0 .. 7*0’3;,“ )
0 0 T
L 0 0 0 0 Tr(;fulmv Lmy—1 |

= diag(Tabc),

and

Tabe - Ta'b'¢'” ~ 0, ymssomyms; a7 d or b7 b or ¢ # ¢,

where a,d',b,b', c,¢ € {1,2}. Hence
diag(T111)

0)171}’”2}’”3 Xmymoms o+ 0}’)11}’”27}’13 Xmynam;3

0m| Mym3 Xmynpms dlag(Tllz) . Oml MMz Xmymyms
T-T'~
0!11]}112}113 Xmynpms 0m1n12n13 Xmypmyms e dlag(Tzzz)
=diag(T)=T. (7)
Also
T(s,t,r) - T (s, 2,r) - X~ X - T(s,1,r), (8)

where X is an 8n,myms-vector and X = diag(X).
The disjoint property of Tabe(s,t,r); a,b,c € {1,2} also
implies that for every (mjmam; X mymyms)-matrix B,

Tabc” (s, 1,r) - B-Tabe(s, t,r) ~ B - Tabe(s, 7, r),
where B is an mymyms-vector with elements equal to the diag-
onal entries of B. Thus for every (8mymams x 8mymyms)-
matrix A4,
T (s,t,r) - A-T(s,t,r) ~

~

A -T(s,t,r1),

in which A4 is an 8mmymjs-vector with elements equal to the
diagonal entries of matrix A.

4.2. Functions expansion with 3D-TFs

A function g(s,7,r) defined over D may be extended using
3D-TFs as

—1Imy—1m3—1

Z Z ZCluk ,M (s,2,r)

=0 j=0 k=0

Str

my—1my—1m3—1

+ E E E 2k ”kSII)
i=0 j=0 k=
my—1my—1m3—1

+ E B Tiri(s,1,r)
=0 j=0 k=0
my—1my—1m3—1

+ c4,-_JkT,jk(s, t,r)
i=0 j=0 k=0
my—1my—1m3—1

+ cSiJAT,/A(vzr)

—+ c6,-_jkT”A(s t,r)
+ c7,-2,~>kT,2]k(s t,r)

+ cSiJAT/A(s t,r)
=0 j=0 k=0

T
S
<~

= GIT.T111(s,t,r) + G2T.T112(s, ¢, r)
+ G3T.T121(s, t,r) + G4T.T122(s, 1, 1)
+ GST.T211(s, t,r) + G6T.T212(s, 1, 1)
+ G77.T221(s, t,r) + G8T.T222(s, 1, 1)
=G T(s,t,r),

where G is an 8m;myms-vector given by
G =[G1",G2",G3",G4™, G57, 66, G717, G8"),

and T(s,z,r) is defined in Eq. (6).

The 3D-TFs coefficients in G1,G2,G3,G4,GS,G6,G7 and
G8 can be computed by sampling the function g(s, 7,r) at grid
points s;,¢; and r, such that s; = ihy, t; = jh, and rp = khs, for
various 7,j and k. Therefore,

Gdy = cdiji = g(Sivar tivps Ty )

where o, 8,7 € {0, 1}, d=4a+28+y+ 1, I = myi+myj+k,
i=0,.,.,m171,.j=0,...7m271 and k:O,,Wh*l
The 8m;myms-vector G is called the 3D-TF coefficient vector.
Let k(s,1,r,x,y, z) be a function of six variable on (D x D).
It can be approximated with respect to 3D-TFs as follows:
k(S, tzrvxayvz) = TT(S7 l‘,}’) K- T(X,y,2)7
where T(s,#,r) and T(x, y, z) are 3D-TFs vectors of dimension
8mymym; and 8mgmsmg, respectively, and K is an
(8mymymy x 8mymsmg) 3D-TFs coefficient matrix. This matrix
can be represented as
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(K11 K12 K13 Kl4 KI5 Kl6 K17 KI18
K21 K22 K23 K24 K25 K26 K27 K28
K31 K32 K33 K34 K35 K36 K37 K38
K41 K42 K43 K44 K45 K46 K47 K48
K51 K52 K53 K54 K55 K56 K57 K58 |’
K61 K62 K63 K64 K65 K66 K67 K68
K71 K72 K73 K74 K75 K76 KI17 K78
K81 K82 K83 K84 K85 K86 K87 K88 |

where each block of K is an (mmyms X mmym;)-matrix that
can be computed by sampling the k(s, #,r, x, , z) at grid points
(St biys Thy s Xig» )y » Zhy) SUCh that

sy =ithy; L =0,1,....m —1, hl:”L]17
G =jh;  Ji=0,1,...,m—1, h=,
ry =kihy; ky=0,1,...,m;—1, 113:#7
Xiy =bhy; H=0,1,...,my—1, ]MZt,
Vi =jhhs; H=0,1,...,ms—1, bhs :i’
Z, = kahe; ka=0,1,...,mg—1, hg=-L.

mg
Hence, let p = myiy + myj; + ki and g = msi; + mgj, + k,, then
Kdd,;,, = k(5i1+a| s Lyt Tk s Xistan s Vi 4 0 Zk2+*,'z)7

where o, Bry 01 %, oy 72 € {0, 1}, d = 4oy + 2,
d =40, +2p,+ 7, + 1.

+y+1

4.3. The operational matrix for integration in the 3D-TFs
domain

First, we attempt to compute the triple integral of each element
of Tabe(s, t,r)

/ / / T;‘,bk‘ (z,¢ n)drdldn = / / / uk (7, n)drdldn
khs J jhy Jiy

_ [ mman [ T [ 10

Jehs iy ihy
=0.(r,h3) - Q) (t,h2) - Q,(s,11),

where a,b,c € {1,2} and

0,(x,h) = ((x —ih) — ‘2;/’) ) (x —ih)

—((x — i) — L —g)u(x — (i+1)h),

and
(x—ih)’ , (x—ih) h ,
= TM(X — lh) — <T — 5) H(X — (l + 1)/1),

Q2 (x7 h)
in which u denotes the step function. Now, by using the follow-
ing approximating formulas

((x —ih) — %) u(x — ih) f_vg Z (),

p=i
h o (x— i/’l)z i DA) ~ h \- 1
5JFT—(,»c—z) u(x — (i+ 1)h) ~ 5 T,(x),
p=i+l
(x — ih)’ 7 &L 2
T DL S PIEHC)
[]:l
and
1
h o (x—ih)? ) h
(35 e m =S S oo
q=i

2947
we have
7 hl
0,(x,h) = Oy(x,h) = 3 Z T,(x) +§ZT§(X)~
p=i+1 p=i
Then
r t K e ; l11h2/’13 mp—1 my—1 m3—1 . 1
Tf’;_k' (T,C,n)drdgdn:T- Z Z Z T, (s,6,1)
0o Jo Jo =i+1g=j+11=k+1
my—1 my—1m3—1 my—1 my—1 m3—1

EDID IO M HCIUED BB By

p=itlq=j+1 =k p=i+1 q=j I=k+1

my—1 my—1mz—1 my—1nmy—1 m3—1

D IDID I A LD DD By )

p=i+l q=j I=k p=i q=j+11=k+1

my—1 my—1mz—1 my—1lmy—1m3—1

+ZZZ pq/”VJrZZZ 2 (s,1,r)

p=i q=j+1 I=k p=i q=j I=k+1
my—1my—1m3—1
S )
p=i q=j I=k
Let P11, P12, P13, P14, P15, P16, P17 and P18 be the
operational matrix for triple integration of Tabe(s,z,r) with
respect to 3D-TF vectors.

Moreover, suppose that Ps, Pt and Pr are the operational
matrices for integration with respect to s, ¢ and r in the 1D-TF
domain, respectively. From Deb [15], the operational matrices
for integration with respect to v are defined as follows:

B Pvl Pv2
Pvl P2
Therefore

Pl111 = Ps1 ® Ptl ® Prl,
P121 = Ps1 ® P2 ® Prl,

P112 = Psl @ Ptl ® Pr2,

P122 = Ps1 ® P12 ® Pr2,
P212 = P2 ® Ptl ® Pr2,

P211 = P2 ® Ptl ® Prl,

P221 = Ps2® P2® Prl, P222 = Ps2 ® P2 ® Pr2,

where notation ® denotes Kronecker product.
Thus the operational matrix of integration in the 3D-TFs
domain, P, is a (8mymym; x 8mm,ym;)-matrix as follows:
[P Pl12 PI21 PI22 P21 P212 P221 P222]
P11l Pl12 PI21 PI22 P21l P212 P221 P222
PII1 P12 PI21 PI22 P211 P212 P22l P222
PI11 Pl12 PI21 PI22 P21l P212 P221 P222
PII1 P12 PI21 PI22 P211 P212 P221 P222|°
PI11 Pl12 PI21 PI22 P211 P212 P21 P222
P11l Pl12 PI21 PI22 P21l P212 P221 P222
LPII1 PlI2 PI21 PI22 P21 P212 P221 P222|

Finally, the triple integral of function g(s,#,r) can be
approximated as

/or /0 /Oxg(r, Comsdy = " / ' / G T )

~G"-P-T(s,t,r),

where G is the 3D-TF coefficient vector of g(s,z,r).
In this paper, we suppose that m; =my =m; =my =
ms = mg = m for convergence.
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5. Solving 3D nonlinear integral equations

In this Section, we solve three-dimensional nonlinear mixed
Volterra—Fredholm integral equations of the second kind of
the form Eq. (1) with Eq. (2) by using 3D-TFs. We now
approximate  functions  f(s,7,r),g(s, t,r), [f(s,2,7)]” and
k(s,t,r,x,y,z) with respect to 3D-TFs by the way mentioned
in Section 4 as

fls,t,1) = T (s,,1)F,

g(s,t,r) ~ T (s,1,7)G,

s, 1,1 = T7 (s, 1,1)E,

k(s7 t’ r’ x? }7’ Z) =~ TT(S7 l’ r)Kr(x’ y’ Z)’

where T(s, t,r) is defined in Eq. (6), the vectors F, G, F,, and

matrix K are 3D-TFs coefficients of f(s,z,r),g(s,t,r),
[f(s,t,r))" and k(s, ,r,x,y, z) respectively.

Lemma 1. Let 8m3-vectors F and F, be 3D-TFs coefficients of
f(x,y,2) and [f(x,y,z2)), respectively. If

T
sSmdy e 7f8m3] )

F=1fr i ifo...

then we have

T
P P
7fm37 R 81113} )

_ [P P
F,=fr,....fh ...
where p = 1, is a positive integer.

Proof. (By induction) When p =1, Eq. (10) follows at once
from [f(x,y,z)]” = f(x,,z). Suppose that Eq. (10) holds for p,
we shall deduce it for (p+ 1). Since [f(x,y,2)/""" = f(x,»,2)
[f(x,y,2))’, from Egs. (8) and (9) it follows that

L ) To(x) To(v) To(2)d=dydx
D - ; L RRETen
:
2 RIT(s) 0 0
= 5 @ﬁm) 6 :
8 5 @Em)WWZ

[, . 2 = flx, 0, 2)[fx, 0, 2)) = FIT(x, 3, 2)TT (x, 9, 2) F,
= FTF,T(x,y,2).

Now by using Eq. (10) we obtain

p+1
md ot

T _ [gp+] p+1
FTE, = [

p+1 ] T
8m3 1

therefore, Eq. (10) holds for (p+1), and the lemma is
established. O

From Eq. (9), we can approximate the integral part in Eq.
(1) with Eq. (2) as follows:

s 1 1
[ [ [ stz deayas
o Jo Jo
s 1 1
:/ / /TT(s,t,r)KT(x,y,Z)TT(x,y,z)E,dzdydx
o Jo Jo

s 1 1
:TT(S,ZJ)K(/ / /T(x,y,Z)TT(x7y7z)dzdydx)Fp.
o Jo Jo
(11)

Consider R; as the (i + 1)th row of the operational matrix Ps
(Psamxam 18 operational matrix of 1D-TFs defined over [0, 1),

see [15]) and considering fol T}(z)dt = fol Tf(z)dt

using Eqgs. (5) and (7), we get

s 1 1
[ [ 7o inas
0 0 0
D, 0 ... 0
0

=% Now by

Dmel

8m3 x8m3

where

0
(V) T -1 (z)dzdydx

S o T T (0) T (2)dzdydlx

Am?2 x4m?
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where T(s) is defined in Eq. (4). o 0 0 0 0 0
Also by using Eq. (5), Eq. (6) can be reformulated as : : :
0 0 0 0 0 0
To(s) ... 0 ... 0 0 s O 0 a0 0
N . N . X . N 0 All 0 0 Al‘m+l 0
0 .To(s) .. O .. 0 o0 o 00 0
0 0 At 0 0 Am-1,m-1 8m3 x8m3
T(s,t,r) = oo oo To(s) 0 ... 0 0
0 0 o T (s) ... 0 : : . : :
0 To(s) ... 0 0
o o . o 1. ) =1 Do : v,
- Ty (s 3 g
M s 0 0 . Tals) 0
x [T(t,r),T(t,r),..., T(t,r),T(t, r)}gmgxl ] ]
So, we have 0 U 0 Tn1(8) /) s s
ki T(l] (s) k1 ane Té (5) k1 ane T(l)(s) ky gon T(l) (s)
ka1 T, (]) (s) ka2 a2 T, é(s) K am T(l) (5) g g T (1> (5)
T (s,6,))K=[T(£,r), T(1,7),..., T(£,5), T(1,7)] g5,y X Kapm-1)41, 1Ty i (s) - K a2 (1) 41.4m2 T, (s) - K a2 (1)1 4> T, ,(s) ... K a2 (1) 1,83 T,_,(s)
K, 1T,,7 1(5) Kanp 2 T,IH,I(S) K am TLH(-\') K g T,,, 1(5)
kg 1T,,7 1(5) K am Tm 1(5) K am Tm 1(5) K3 g Tm 1(s) 83 x 8
(13)
Also, we have where
RT(s)= T )+ A T )+ T )+ Toy (9)), i=0,m—1, 0 o0 0 0o 0 0
DTV T )+ T ()4 Ty () ook T (), = 2 L, : S :
(14) 0 0 0 0 0 0
. U=1Uyw 0 0 U O 0
By using Eqs. (12)-(14), Eq. (11) can be reformulated as 0 U, 0 0 U 0
[T(t,r), T(t,7),..., T(2,r), T(2,1)] g1 o o0 .. 0 0 0 0
0o 0 .. 0 0 0 . 0 0 0 Untm1 0 0 Un—12m-1 ) g3 sm
: : w
(.) 0 0 0 0 0 Ui,/' = §k4mz(m+i)+p‘4m2j+q> 1< D, q < 4m2-
X | A 0 ... 0 Ao O 0 F,,  So, we have
rs 1 1
0 Ay ... 0 0 A 0 / / / K , »
’ s, t,r,x, v, z2)[f(x, v, 2)] dzdydx
0o o0 .. 0 0 0 0 o Jo Jo ( ¥, 2)] !
0 0 . Am—l.m—] 0 0 . Am—]‘lm—l 8m3 x8m? =~ TT(57 t7 r) UFp (15)
where Substituting Eqgs. (9) and (15) into Eq. (1) with Eq. (2) gives
\ T (s, t,r)F = T (s,¢,r)G + T"(s,t,r)UF, = F— UF, =G.
h

2(s), 1< p,q<dn?,

Ai,/’ = §k4mz (m+i)+p,Am2j+q Ti

where 0 is a zero matrix. Also

After solving the above nonlinear system by using Newton—
Raphson method, we can find F and then

fs,t,r) = FTT(s,1,71).
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00 00
(@yz=2" (b)z=2"

Figure 2 Absolute errors for Example 1, with m =3 and z =27", 272,

Table 1  Absolute error for m = 2,3 of f{s, t,r) of Eq. (16).

Nodes (s, 7, r) Method of [29] (k=1) Method of [29] (k=2) Present method
s=¢t=p=2" m=2 m =3 m=2 m=3 m=2 m=3
I=1 0.2656154 0.0023276 0.1354830 0.0709824 0.0000597 0.0077834
=2 0.0013014 0.0028775 0.0326229 0.0032986 0.0051785 0.0021225
=3 0.0049635 0.0007847 0.0025225 0.0003024 0.0009898 0.0005116
=4 0.0051924 0.0010135 0.0027513 0.0005313 0.0001636 0.0000798
=5 0.0052067 0.0010278 0.0027656 0.0005456 0.0000275 0.0000111
/=6 0.0052076 0.0010287 0.0027665 0.0005465 0.0000050 0.0000015

Table 2 Absolute error for m = 2,3 of f{s, t,r) of Eq. (17).

Nodes (s, 1, r) Method of [29] (k=1) Method of [29] (k=2) Present method

s=t=r=2" m=2 m=73 m=2 m=3 m=2 m=73
I=1 0.1868866 0.0010831 0.0923437 0.0638287 0.000254292 0.003112872
1=2 0.0006351 0.0332912 0.0780022 0.0053354 0.001785479 0.000599173
[=3 0.0444188 0.0117627 0.0221892 0.0015860 0.000333834 0.000195857
=4 0.0560233 0.0233672 0.0337937 0.0131905 0.000046763 0.000032094
/=5 0.0589458 0.0262897 0.0367162 0.0161130 0.000005678 0.000004488
I=6 0.0596778 0.0270217 0.0374482 0.0168450 0.000000578 0.000000591

00 ' 00
(@yz=2" (byz=27

Figure 3  Absolute errors for Example 2, with m =2 and z =2"", 272,
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00
(a) z=2"

00
(byz=27>

Figure 4  Absolute errors for Example 2, with m = 3 and z = 2’17 272,

6. Numerical examples

In this section, numerical examples are given to certify the con-
vergence and error bound of the presented method. All results
are computed by using a program written in the Matlab. The
numerical experiments are carried out for the selected grid
point which are proposed as (27; /=1,2,3,4,5,6) and m
terms of the 3D-TFs series.

Example 1. Consider the following three-dimensional nonlin-
ear mixed Volterra—Fredholm integral equation:

f(s,t,r):g(s,t,r)Jr%/Os/o /0 (s+x)(tz+z)ryf2(x,y,z)dzdydx,
(16)

where (s,#,r) € D and

g(s,t,r) = str —

The exact solution is f(s, t,7) = s*tr. The error results for pro-
posed method besides the error for method of Mirzaee and
Hadadiyan [29] are tabulated in Table 1. Figs. 1 and 2 illus-
trate the error results for this example.

Example 2. Consider the following three-dimensional nonlin-
ear mixed Volterra—Fredholm integral equation:

s 1 1
fls,t,r) = g(s,1,7) +/ / / sztryzsin(x)fs(x,y, z)dzdydx,
o Jo Jo

(17)
where (s,¢,r) € D and
(s, ,r) = 1% (s> cos*(s) — 5> + 100 cos(s)).

The exact solution is f{s, #,r) = trcos(s). The error results for
proposed method besides the error for method of Mirzaee
and Hadadiyan [29] are tabulated in Table 2. Figs. 3 and 4
illustrate the error results for this example.

7. Conclusion

In this paper, we used 3D-TFs and operational matrix to solve
three-dimensional nonlinear Volterra—Fredholm integral

equations. One of the benefits of 3D-TFs method is lower cost
of setting up the system of equations without applying any pro-
jection method such as Collocation, Galerkin, etc., and any inte-
gration. Moreover, operational matrix P can be computed at
once for large values of m;, m, and ms, and stored for using
in various problems. Therefore, the final nonlinear system is
set up only by sampling f'and k in grid points, and also comput-
ing G. Thus the computational cost of operations is low. These
advantages make the method very simple and cheap from the
computational point of view. The accuracy and applicability
were checked by some examples. Furthermore, the current
method can be run with increasing m;, m, and m; until the
results settle down to an appropriate accuracy. It is to be noted
that this method can be easily extended and applied to a system
of three-dimensional nonlinear Volterra—Fredholm integral
equations.
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