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Abstract

We give an algebro-geometric derivation of the known intersection theory on the moduli space of stable rank 2
bundles of odd degree over a smooth curve of genus g. We lift the computation from the moduli space to a Quot
scheme, where we obtain the intersections via equivariant localization with respect to a natural torus action.
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We compute the intersection numbers on the moduli space of stable rank 2 odd degree bundles over a
smooth complex curve of genus g. This problem has been intensely studied in the physics and mathematics
literature. Complete and mathematically rigorous answers were obtained by Thaddeus [7,8], Donaldson
[2], Zagier [11], and others in rank 2, and by Jeffrey—Kirwan [3] in arbitrary rank. These answers are
in agreement with the formulas first written down by Thaddeus in rank 2 [7], and by Witten in arbitrary
rank [9]. We indicate yet another method of calculation which recovers the exact formulas obtained by
the aforementioned authors in rank 2. Our approach works in principle in any rank, and we will turn to
this general case in future work.
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To set the stage, we let C be a smooth complex algebraic curve of genus g. We let /", denote the
moduli space of stable rank 2 bundles with fixed odd determinant, and we write ¥~ for the universal
bundle on C x .47,. A4 is a smooth projective variety of dimension 3g — 3. We also fix, once and for all,
a symplectic basis {1, d1, ..., d24, w} for the cohomology H*(C). A result of Newstead [6] shows that
the Kiinneth components of ¢2 (End #”) generate the cohomology ring H*(./"4). We will use the notation
of Newstead and Thaddeus, writing

28
ENd)=—pR1+4) Y@ +200
k=1

for classes o € H? (M), B € H4(Jt/'g), Yy € H3(J(/”g). Thaddeus [7] showed that nonzero top intersec-
tions on ./"; must contain the ;s in pairs, which can then be removed using the formula

g
/ "B | ] Wetig )™ =/V o B,

N el Ng—p

where p =), pr and 2m + 4n + 6p = 6g — 6. The top intersections of « and  are further determined:

Theorem 1 (Thaddeus [7,8], Donaldson [2], Zagier [11], Jeffrey and Kirwan [3]).
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7 pmestl
(m— g+ D! (2 2)Bm—g+1- (D

/ O(mﬂn — (_1)g22g—2
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Here By are the Bernoulli numbers defined, for instance, by the power series expansion

u 2k 2
- = Biuk. 2
sinh % Xk: Kok 2)

In this paper, we reprove Theorem 1. The idea is to lift the computation from .4/", to a Quot scheme
as indicated in the diagram below. Then, we effectively calculate the needed intersections on Quot by
equivariant localization with respect to a natural torus action. The convenience of this approach lies in
that the fixed loci are easy to understand; in any rank they are essentially symmetric products of C. In
rank 2, their total contribution can be evaluated to the intersection numbers (1).

The idea that the intersection theory of the moduli space of rank r bundles on a curve and that of a suitable
Quot scheme are related goes back to Witten [10] in the context of the Verlinde formula. Moreover, in
[1] the authors have the reverse approach of calculating certain intersection numbers on Quot in low
rank and genus by using the intersection theory of the moduli space of bundles. In this note however, the
translation of the intersection theory of the moduli space of bundles into that of the Quot scheme is really
very straightforward.
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The spaces in the diagram are as follows.

e ./ 4 denotes the moduli space of rank 2, odd degree stable bundles on C. By contrast with .47, the
determinant of the bundles is allowed to vary in .#. There is a finite covering map

TN g X J > g

of degree 4%, given by tensoring bundles. Here J is the Jacobian of degree 0 line bundles on C. We will
write 7~ for the universal sheaf on .#, x C, which is only defined up to twisting with line bundles from
M.

e For a positive integer N, we let Py 4 be the projective bundle

n:PNag—> Mg
whose fiber over a stable [V] € .# is P(HO(C, V)@N). In other words,
IPN,d = P(Pr *";@N)-

We will take the degree d to be as large as convenient to ensure, for instance, that the fiber dimension
of Py 4 is constant. One can view Py 4 as a fine moduli space of pairs (V, ¢) consisting of a stable
rank 2, degree d bundle V together with a nonzero N-tuple of holomorphic sections

p=@" ..M N >V
considered projectively. As such, there is a universal morphism
o:0N -7 onPygyxC.

A whole series of moduli spaces of pairs of vector bundles with N sections, each labeled by a parameter
7, were defined and studied in [8] for N =1 and [1] for arbitrary N. Py 4 is one of these moduli
spaces, undoubtedly the least exciting one from the point of view of studying a new object, due to its
straightforward relationship with ..

One would expect the universal bundle 7~ on the total space of Py 4 and the noncanonical universal
bundle 7~ on its base .# ¢ to be closely related, and indeed they coincide up to a twist of ¢(1),

V=7 @ Opy ,(1). 3)

e Finally, Quoty ;4 is Grothendieck’s Quot scheme parametrizing degree d rank 2 subsheaves E of the
trivial rank N bundle on C,

0> E— 0N > F 0.
We let
06— 0" > 70

be the universal sequence on Quoty 4 x C.
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For large d relative to N and g, the Quot scheme is irreducible, generically smooth of the expected
dimension Nd — 2(N — 2)(g — 1) [1]. Then, Quoty ; and Py 4 are birational and they agree on the
open subscheme corresponding to subbundles E = VY where ¢ : 0¥ — V is generically surjective.
The universal structures also coincide on this open set. For arbitrary d, Quoty ; may be badly behaved,
but intersection numbers can be defined with the aid of the virtual fundamental cycle constructed in [5].

We now define the cohomology classes that we are going to intersect. We consider the Kiinneth
decomposition

2¢g
ENd7)=-FR1+4> Y @5 +2i® o
k=1

of the universal endomorphism bundle on .#, x C. In keeping with the notation of [3], we further let

2g
N =a@1+Y Boy+fivo 1<i<2
k=1

be the Kiinneth decomposition of the (noncanonical) universal bundle ¥ on .M ¢ X C. Then

g
~ - o - ~ ~1 ~k -
f1=da ﬁ=a%_4a25 a=2 2+Zb]1(b]+g—da1.
k=1
It is an easy exercise, using that ./", is simply connected, to see that

g
*i=o, Th=p (Z BII(I;II{Jrg) =40, “)
k=1

where 0 is the class of the theta divisor on J.
On Py 4, we let { denote the first Chern class of @(1) and let

2g
@M =a®1+) bi@x+fi®o, 1<i<2 5)
k=1

be the Kiinneth decomposition of the Chern classes of 7"
Finally, we consider the corresponding a, b, f classes on Quoty 4:

2g
i) =a; @1+ o+ fion 1<i<2
k=1

We now show how to realize any top intersection of o and f classes on /"¢ as an intersection on
Quoty 4. Let m and n be any nonnegative integers such that

m+2n=4g -3, m>g.
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With the aid of (4) we note

/ (O(+Zbk k+g> ﬂ __ ( >/(40)g/ m—gﬂn‘ (6)

A top intersection on .# ; which is invariant under the normalization of the universal bundle ¥ on . g xC
can be readily expressed as a top intersection on Py 4 as follows. We assume from now on that N is odd,
so that the fiber dimension of o : Py g — 4 is

2M =N(d —2(g—1)) — 1.

g m
/ Z bkbk+8 ~I’L — /
M k=1 Mg

m
:/ 2M(2f2+22 PEby e — dc"u) (@l —4a)"
Pn.a

k=1

Then

m
(2f2 +2 Z BEBYTE — dal> (@i — 4a)"

8

— / (2 f+2 Z PKBYTS — dc_u) (@} —4a)". (7)
PNA,d

Here we used (3) to write
= (P + a1l +a)™ =M + lower order terms in {,

the latter summand being zero when paired with a top intersection from the base .Z.
Finally, the last intersection number in (7) can be transferred to Quoty ; using the results of [4]. It is
shown there that the equality

f c‘zé”R(a,E,f'):/ ¥ R(a.b, f) ®)
Py.a Quoty 4

holds for any polynomial R in the a, b, f classes, in the regime that N is large compared to the genus g,
and in turn d is large enough relative to N and g, so that Quot y 4 is irreducible of the expected dimension.
Moreover, the equality

f aYR(a, b, f) =/ a)"NR(a,b, f) )
[QLIO[NA'd]Vlr [QuotNyd,z]V"

established in [5] allows us to assume from this moment on that the degree d is much smaller than N. The
trade-off is that we need to make use of the virtual fundamental classes alluded to above and defined in [5].
Putting (6)—(8) together we obtain

— o\l 8 "
/ 8RN = (m — g / a2 +2 § : b’l‘b]f+g —day | (a} —4ay)".
Ny m! [Quoty 4]¥f

k=1
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To prove (1), we will show that

g m

/ a2+ ZZ b]fblf+g —day | (a} —4ay)"
[Quoty 41" k=1

m!

—— B
(m—2g+1)!

Eq. (10) will be verified by virtual localization. The torus action we will use and its fixed loci were
described in [5]. For the convenience of the reader, we summarize the facts we need below.

The torus action on Quoty , is induced by the fiberwise C* action on oN with distinct weights
—1, ..., —2An. On closed points, the action of u € C* is

= (—Ds@Emt —2%1 - 2g41- (10)

[E S oM s [ES oM.
The fixed loci Z correspond to split subbundles
E=L1& L),

where L and L, are line subbundles of copies of ¢ of degrees —d| and —d>. Thus Z =Symdl C x Syrnd2 C.
The fixed loci are labeled by distinct degree splittings d = d; 4 d and the choice of a pair of copies of ¢
from the NN available ones. Note further that

Elz=%1@ L2,
where we let #| and %> be the universal line subbundles on Symd1 C x C and SydeC x C. We write

(2N =xi®@1+> y@s+doo 1<i<2
k

We set the weights to be the Nth roots of unity. The equivariant Euler class of the virtual normal bundle
of Z in Quoty 4 was determined in [5] to be

2 . di—g
(=D& ((h — (oh -2z, i >
7 (V) (=D>((21h +x1) — (2h + x2)) ll]((/lih+Xi)N—hN
2 N-1
N(@ih + x;) 1
0; - S 11
% ECXP< ((),ih +x)N —hN xi)) ()

Here g = g — 1, h is the equivariant parameter, and 0; are the pullbacks to Sym“ C of the theta divisor
from the Jacobian. Moreover, it is clear that on Z

aj = (x1 + 21h) + (xa + oh), a; = (x1 + 21h)(x2 + A2h), (12)

by =yt + 3, 03
28

fHr=- Zylfylz“rg + do(x1 + 21h) + di(x2 + Jxh). (14)
k=1

In the equation above, the superscripts are considered modulo 2g.
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We collect (11)—(14), and rewrite the left-hand side of (10), via the virtual localization theorem,

LHS of (10) = (—1)8 Z T dydy, 1,02 as)

dy,da, 21,72

where the sum ranges over all degree splittings d = d; + d» and pairs of distinct roots of unity (41, 42).
The summand .4, 4,.;,.;, 1s defined as the evaluation on Symd' C x SydeC of the expression

(Gah 4 x1) — Gah + x2))*" 728201 + 205 + (da — dy) (G + x1) — (ah + x2))™

2 di—g ) N-1
X N(ih + x;) 1
X /“L,-h—i—x,-M( ) exp|0; - - — .
1_[( ) (Aih + xi)N — hN P (Lih + x,')N —hN X

i=1

To carry out this evaluation, we use the following standard facts regarding intersections on Sym“C:

|
ﬁforlég and x
g—D!

We will henceforth replace any 0 appearing in a top intersection on Sym?C by g!/(g — [)!x!. Then

k
o' ] NCh+x)N1 1 Z otk NOh+)N 1
— eX . —_ — R
1 P Gh+x)N —nN  x — 1K\ Gh 4+ x)Y —hN x
k
glxltk ( NGh 4+ x)N-! 1)

g—I
Pt Ng—1—k)k!

Gh+x)N —hN  x
— N&! <g) go . GO (17)
! ((2h + x)N — pN)ys~!

x4l = d=lgl — 0 for [ > g. (16)

We further set

_ Xi - . -
xi:;_—’ and =41+ x1)— 220+ x).
L

In terms of the rescaled variables, .7 4, 4, ;,,,, becomes, via (17) and the binomial theorem, the residue at
x1=x2=00f
z I+ x)W-De—l)+M

2
m! _ .
E —(dr» — d1)°* - 2n—28+s | | 2liNg—li <g> )LM—HI '
<s! (@ —di) 1 i)™ (1 + 5N — 1)di~li+!

l1+l+s=m i=1

We expand

d
2n-2g+s _ k S
ot =3 3 (—1)“2(“1>ATIA§2.3N(s,k)-xi”x§2,

k=0 o1+or=k
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where we set

3N (s, k) = (Zn - ]%g + s) (A — Jg)2n—28ts—k,

In [5], we computed the residue

x4(1 4 x)N-1+0 a btp a
x:0{<<1+x>N >‘“} Z( . p( c )(p)

Therefore,

Tdvdrinia = ) Z >, Z{—(dz—dl)( 1)“2( >3N(s k)

l1+h+s=m k=0 aj4+our=k P1,DP2

M+(N-1)(@—li)+pi )

Xl—lzzNgl( )M—i—l—f—a, ( d.lil.

% Y o \%i—pi
X (Pi>( 1) } (18)

Now (15) computes an intersection number on .#, hence it is independent of N. Thus it is enough to
make N — oo in the above expression. Writing 1, = {1; we have

CM+12+962—§

M+lh+o1—g ;M+I+or—g N 2n — 2g + s
Z 3N (s, k) - 2 Ay =5 ( k Z (1 — ()2&=2n—s+k"
A F12 (#1

Lemma 2 below clarifies the N dependence of the sum over {. Lemma 3 takes care of all the other terms
in (18). Together, the two lemmas show that in the limit N — oo the sum over the roots of unity of terms
(18) equals the coefficient of xfl (—=x2)*2 in

d_ +4 -1
—Z—(dz—dl)s Hz’( ) k! 3o (s. K) - (X‘;illl‘)(m ’ 2)

dr—1Ip

with

2n —2g +s Bogon—s+k 2n—254s—k+1
k) = : (1 = 2228tk
tools, £) ( k ) @g—zn—s+mz( )

Summing over a; + oy = k first, we obtain

d d
b s I; ' x+5-—10 —x+5—Dh
E —(dz dy)’ - | | 24 ( ) k! 300(s, k) - Coefka( Rt ) ( b — I .
We sum next over d| + da = d. An easy induction on m shows that generally

> (Zi)( )(t+b1—b2)m—(l+a1—a2)m (19)

bi+by=a
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holds whenever a; + ap = a. The base case follows from the following identity which will be used
repeatedly below

= G)E)=0)

Via Eq. (19), our expression simplifies to

2
5 § : FE 2 (li) k! - 300 (sk) - Coeff i (—2x)°

=2""ml ) (i) (lgz) (=1 - 3oo5, )
_ Am—1 Bag—on _ A2n—23+1 v (8 g 2n —2g +s
=27 lml e (12 )Y (=1 (ll)<lz)< . )

_ m! _ m—2
—om=l___ " B | —o—m+2g g\ (8 g
m—2g+ 1! " 2¢+1( D3 L)\ s

m!
—— B
(m—2g+1)!

— gm-1 27mE2,

m—2g+1(1 —
This last equality and (15) complete the proof of (10), hence of the theorem. O

Lemma 2. For all integers a and k we have
gNT_1+“

1
li o 2" == 2—k—|—1
N N ; (1 -0k ( )

By
Hv

the sum being taken over the Nth roots { of 1.

Proof. When N is large compared to a, the sum to compute is O for k < 0, and —1 for kK = 0. We may thus
assume that k> 1. We introduce the auxiliary variable z, and evaluate

N—-1

N-1 N-1
o0 —5  ta 5 ta —5—ta-—1
_ (2 {2 1 1—2) 2
2L :Zl—z—C:Z+N((1—))N—1
k=1 (#1 #1 ¢
Setting z = u/N and making N — 0o we obtain
N-—1 N-1
N Y (1—u/N) 2 ! ue /2 u
S (i) e
o N = =0 (I—u/N)" =1 et —1 2sinh§

The lemma follows. O



540 A. Marian, D. Oprea / Topology 45 (2006) 531541

Lemma 3. Let b, o be fixed non-negative integers and z a real number. Then the limit
- 7+ £ o
li ” N —1)*P
dm w32 (F5F) (5) e
p:

equals the coefficient of x* in o!(* ZZ ).

Proof. Let us write
B (74 L\ ([ a—p
fr@=3 ("7 (=*P.
p=0 u

The recursion

Sor1(z+ 1D = fp11(2) + fp(2)

implies by induction that

b

@)=Y (b N J.) £;(0).

j=0
We evaluate
- ld o / : P\ [«
N*£;(0) = N* N —D* =N Y e Y (%) ( ) —1)*P,
£;(0) Z(])<p>< ) 2 e (5)(,)eD
p=0 i=0 p=0
where c(j, i) are the coefficients defined by the expansion
X / ;
<J.) =Y c(j.i)x'.
i=0
We use the Euler identities
o 0 ifi
i\, ye-p if i <a,
2P (p)( D _{oc! if i =o.
p=0
Making N — oo we obtain

lim  N*f;(0) = ale(j, ).
N—o00

Therefore,

b
ILREEED (52 ;)<
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This expression can be computed as the coefficient of x* in

S05)6) (1) -
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