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1. Introduction

Let H be a separable infinite-dimensional complex Hilbert space and B(H) denote the algebra of all bounded linear op-
erators on H. A closed subspace £ C H is called an invariant subspace for the operator T € B(H) if T£ C £. The two trivial
subspaces, the entire space and the space containing only the zero vector, are invariant for every operator. The invariant
subspace problem (due to J. von Neumann) is stated as: Does every operator in 3(H) have a nontrivial invariant subspace? This
problem remains still open for separable infinite-dimensional complex Hilbert spaces. But there were significant accom-
plishments on the invariant subspace problem. In 1950, P. Halmos defined a subnormal operator as an operator having a
normal extension to some Hilbert space I containing H, and asked whether subnormal operators have nontrivial invariant
subspaces. For a long time many mathematicians have made many attempts towards this problem. Eventually, S. Brown
[6] found an ingenious proof that subnormal operators do have nontrivial invariant subspaces. The proof relies upon an
important paper of D. Sarason [13]. In 1979, S. Brown, B. Chevreau and C. Pearcy [8] showed that every contraction T
(i.e., |IT|| < 1) with rich spectrum has invariant subspaces. In 1980, J. Agler [1] showed that every von Neumann operator T
(i.e, If (DI < lIfllocry, where f is a rational function with poles off the spectrum o (T) and || fllo(r) is the supremum
of f on o(T)) has a nontrivial invariant subspace. At the same year, ].G. Stampfli [14] proved that an operator T whose
spectrum is a k-spectral set (ie., || f(T)|| <kl fllo(r) for every rational function f with poles off o(T) and some k > 0)
has a nontrivial invariant subspace. In 1987, S. Brown [7] showed that every hyponormal operator T (i.e., T*T — TT* > 0)
whose spectrum has nonempty interior has a nontrivial invariant subspace. In 1988, S. Brown, B. Chevreau and C. Pearcy [9]
showed that every contraction operator whose spectrum contains the unit circle has a nontrivial invariant subspace. Very
recently, C. Ambrozie and V. Miiller [2] showed that every polynomially bounded operator T (i.e., |p(T)|| < k| p|lp for every
polynomial p and some k > 0) whose spectrum contains the unit circle has a nontrivial invariant subspace.
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The result for the invariant subspaces of contraction operators T whose spectra contain the unit circle can be interpreted
as the result for the cases where T satisfies ||p(T)|| < [|pllo(r) for every polynomial p and the outer boundary of o (T) is the
unit circle. However, if the outer boundary of o (T) is not a Jordan curve then the existence of nontrivial invariant subspaces
for such operators seems to be very difficult even though it is interesting and challenging. This article is an attempt towards
the invariant subspaces for such operators. Our main result concerns the invariant subspaces for an operator having the
spectrum whose polynomially convex hull is a Carathéodory region.

2. The main result

To prove the main theorem we first review some definitions and auxiliary lemmas.

Let K be a compact subset of C. Write nK for the polynomially convex hull of K. The outer boundary of K means d(nK),
i.e., the boundary of nK. If I is a Jordan curve then intI" means the bounded component of C\ I'. If K is a compact
subset of C then C(K) denotes the set of all complex-valued continuous functions on K; P(K) for the uniform closure of
all polynomials in C(K); R(K) for the uniform closure of all rational functions with poles off K in C(K); and A(K) for the
set of all functions on K which are analytic on int K and continuous on K. A compact set K is called a spectral set for an
operator T if o(T) C K and | f(T)|| < ||fllk for any f € R(K) and is called a k-spectral set for an operator T if o(T) C K
and there exists a constant k > 0 such that

|f(D| <klflk forany f € R(K).

A function algebra on a compact space K is a closed subalgebra A of C(K) that contains the constant functions and separates
the points of K. A function algebra A on a set K is called a Dirichlet algebra on K if Re A= {Re f: f € A} is dense in Cr(K)
which is the set of all real-valued continuous functions on K.

The following lemma will be used for proving our main theorem.

Lemma 2.1. (See [1, Proposition 1].) Let T € 3(H). Suppose that K is a spectral set for T and R(K) is a Dirichlet algebra. If T has
no nontrivial reducing subspaces then there exists a norm contractive algebra homomorphism ¢ : H*(int K) — B(H) such that
©(2) = T. Furthermore, ¢ is continuous when domain and range have their weak™ topologies.

We recall [10] that a Carathéodory domain is an open connected subset of C whose boundary coincides with its outer
boundary. We can easily show that a Carathéodory domain G is a component of intnG and hence is simply connected.
The notion of a Carathéodory domain was much focused in giving an exact description of the functions in P2(G) = the
closure of the polynomials in L2(G): for example, P2(G) is exactly the Bergman space LCZ,(G) if G is a bounded Carathéodory
domain (cf. [10, Theorem 8.15]). Throughout this paper, a Carathéodory region means a closed set in C whose interior is a
Carathéodory domain.

We note that the boundary of a bounded Carathéodory domain need not be a Jordan arc. A simple example is a
Cornucopia, which is an open ribbon G that winds about the unit circle so that each point of 9D belongs to dG. In this
case, dG is not a Jordan curve because every point ¢ of 3D is not an accessible boundary point, in the sense that it cannot
be joined with an arbitrary point of the domain G by a continuous curve that entirely lies in G except for the end point c.
Of course, 3G \ dD is a Jordan arc. In particular, dD is called a prime end of a Cornucopia G (for the definition of prime ends,
see [11, p. 39]). We note that if ¢ is a conformal map from D onto G then ¢ can be extended to a homeomorphism from
cID \ {one point on dD} onto G U (3G \ dD) (cf. [11, pp. 40-44]).

If f is a conformal mapping of D onto the inside of a Jordan curve I', then f has a continuous one-to-one extension up
to D and when thus extended takes dD onto I'. If I" has a tangent at a point, we have:

Lemma 2.2 (Lindeldf theorem). (See [12, p. 40].) Let G be a simply connected domain bounded by a Jordan curve I and 0 € I". Suppose
that f maps D conformally onto G and f(1) = 0. If I" has a tangent at 0, then for a constant c,

arg f(z) —arg(1—2z) > c for|z|<1, z— 1.

Note that Lemma 2.2 says that the conformal images of sectors in D with their vertices at 1 are asymptotically like
sectors in G of the same opening with their vertices at 0.
We can extend Lemma 2.2 slightly.

Lemma 2.3 (An extension of Lindelof theorem). Let G be a simply connected domain and suppose a conformal map ¢ : D — G can be
extended to a homeomorphism

@:clD\ {z; €dD: i e N} - GU{J;: i e N},

where the J; are Jordan arcs on G.If0 € J1, §~1(0) =1 ¢ cl{z;: i € N}, and J; has a tangent at 0, then for a constant c,

argp(z) —arg(l—z) —»c forlz| <1, z— 1.
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Proof. Consider open disks D; = Dji(z;, ;) (i=1,2,...), where r; is chosen so that 1 ¢ cID;. Let D =D\ | J{2; cID;. Then D
is simply connected. So by Riemann’s mapping theorem there exists a conformal map ¥ from D onto D such that ¢(0) =0
and ¥ (1) = 1. Then ¢ o ¢ is a conformal map from D onto a simply connected domain bounded by a Jordan curve. Clearly,
the Jordan curve has a tangent at ¢ o/(1) = ¢(1) = 0. Note that 1 — is a conformal map from D onto 1— D. Also d(1— D)
is a Jordan curve and 9(1 — D) has a tangent at 1 — /(1) = 0. Now applying Lemma 2.2 with ¢ o ¢ and 1 — ¢ gives the
result. O

Applying Lemma 2.2, we can show the following geometric property of a bounded Carathéodory domain whose accessible
boundary points lie in rectifiable Jordan arcs on its boundary. The following property was proved for the open unit disk
in [4]. But our case is little subtle. The following lemma plays a key role in proving our main theorem.

Lemma 2.4. Let G be a bounded Carathéodory domain whose accessible boundary points lie in rectifiable Jordan arcs on its boundary.
If a subset A C G is not dominating for G, i.e., there exists h € H*(G) such that ||h|¢ > sup,c4 |[h(})|, then we can construct two
rectifiable simple closed curves I" and I'’ satisfying

(i) I" and I"’ are exterior to each other;

(ii) I" (resp. I'') meets a Jordan arc | (resp. J') at two points, where | C 3G (resp. ]’ C 9G);

(iii) I" and I"’ cross Jordan arcs along line segments which are orthogonal to the tangent lines of the Jordan arcs;
(ivy T NA=¢and I'"' N A= ¢.

Proof. Let ¢ be a conformal map from D onto the domain G. Then it is well known (cf. [11, pp. 41-42]) that there exists
a one-one correspondence between points on 9D and the prime ends of the domain G and that every prime end of G
contains no more than one accessible boundary point of G. Since G is a simply connected domain, the map ¢~! can be
extended to a homeomorphism which maps a Jordan arc ¢ on dG, no interior point of which is a cluster point for aG \ y,
onto an arc on 0D (cf. [11, p. 44, Theorem 4']). But since by our assumption, every accessible boundary point of 3G lies
in a Jordan arc of 3G and the set of all points on 9D corresponding to accessible boundary points of 9G is dense in dD
(cf. [11, p. 37, Theorem 1]), it follows that every prime end which contains no accessible boundary point of 3G must be
corresponded to an end point of an arc on 9D corresponding to a Jordan arc on dG or a limit point of a sequence of
disjoint Jordan arcs on 9D. Thus the points on 9D corresponding to the prime ends which contain no accessible boundary
points of dG form a countable set. Now let V be the set of ‘singular’ points, that is, points on 0D corresponding to the
prime ends which contain no accessible boundary points of 3G. Then V is countable and the map ¢ can be extended to a
homeomorphism from cID\ V onto GU {J;: i=1,2,...}, where the J; are rectifiable Jordan arcs on dG. We denote this
homeomorphism by still ¢. Then we claim that

A’ =¢~1(A) is not dominating for ID. (2.1)

Indeed, by our assumption, ||h||¢ > sup;c, [h(*2)| for some h € H*°(G). Since |h|c = ||h o ¢|lp and ¢ is conformal on D, we
have that h o ¢ € H*(D). Also, since

3

sup|h(M)| = sup |h(e())| = sup|(h o @)(X)
rEA reA’ reA

it follows that

)

[lho@llp > sup |(ho@)(h)
reA’
giving (2.1). Write

w:= {A € dD: A is not approached nontangentially by points in A’}.

Remember that S = {«,} C D is dominating for D if and only if almost every point on dID is approached nontangentially by
points of S (cf. [5, Theorem 3]). It thus follows that w has a positive measure. We put

W :={x € J;: J; does not have a tangentatx fori=1,2,...}.

Then W has measure zero since the J; are rectifiable and every rectifiable Jordan arc has a tangent almost everywhere.
Now let W’ =@~ 1(W). Also W' has measure zero. Let 6 be a fixed angle with %n <0 <m and let A, be the sector whose
vertex is A and whose radius is ry, of opening 6. Then for each A € w we can find a rational number r; € (0, 1) such that
the sector A; contains no point in A’. Write

o=w\(VUW).
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Since @ has a positive measure and hence it is uncountable, there exist a rational number r € (0, 1) and an uncountable set
' C @ such that r =ry, for all A € '. Clearly, we can find distinct points A1, A2, A3, A4 in @’ such that

/'\)Ll OAAZ #¢ and A)L3 ﬂAM * .

We can thus construct two rectifiable arcs Iy’ and Iy in clD such that

reNDCAy,UAy,  TENT={, 22}

and

ryNDCALUA,,  I¥NT={A3 i}

Let n; ;== @(A;) for i =1,...,4. Then, since ¢ is a homeomorphism, 1;’s are distinct. Also, each »n; is contained in a Jordan
arc of 9G. Let B; := ¢(A,,). Then, since %n <6 < m, we can, by Lemma 2.3, find a line segment [; C B; which is orthogonal
to the tangent line at n;. Let L; := go‘l (I;). Then, by cutting off the end parts of /"7 and Iy and joining L;’s, we can construct
two new rectifiable arcs F° and F° Let I := go(]“) and [ = go(F°) Since G is a Caratheodory domain and the end parts
of I" and [ are line segments, by extendmg straightly the end parts of I” and [ in the unbounded component of C \ clG,
we can construct two Jordan curves I and I whose end parts cross the boundary of G through line segments. Therefore,
by joining end points of r (resp., the end points of f/) by a rectifiable arc in the unbounded component, we can find a
simple closed rectifiable curve I" (resp., I'’) satisfying the given conditions. O

We are ready for proving the main theorem.

Theorem 2.5. Let T € B(H) be such that ||p(T)|| < |Ipllo(r) for every polynomial p. If no (T) is a Carathéodory region whose acces-
sible boundary points lie in rectifiable Jordan arcs on its boundary, then T has a nontrivial invariant subspace.

Proof. To investigate the invariant subspaces, we may assume that T has no nontrivial reducing subspace and o (T) =
0ap(T), where o4, (T) denotes the approximate point spectrum of T. Since the complement of o (T) is connected, we have
that by Mergelyan’s theorem, R(no (T)) = P(no (T)). We thus have

|F (| <Ufllgocry forany f eR(no(T)),

which says that no (T) is a spectral set for T. On the other hand, we note that R(no (T)) (= P(no(T))) is a Dirichlet
algebra. Thus if o (T) ¢ cl(intno (T)), then it follows from a theorem of J.G. Stampfli [14, Proposition 1] that T has a
nontrivial invariant subspace. So we may, without loss of generality, assume that o (T) C cl(intno (T)). In this case we have
that no (T) = cl(intno (T)). Hence intno (T) is a Carathéodory domain.

Now since no (T) is a spectral set, R(no (T)) is a Dirichlet algebra, and T has no nontrivial reducing subspaces, it follows
from Lemma 2.1 that there exists an extension of the functional calculus of T to a norm contractive algebra homomorphism

¢ : H*(intno (T)) — B(H). (2.2)
Moreover, ¢ is weak*-weak* continuous. Let 0 < ¢ < % Consider the following set:

A(e) = {1 e intno (T): 3 aunit vector x such that || (T — x| < edist(x, d(no (T)))}.
There are two cases to consider.

Case 1: A(g) is not dominating for intno (T). Since intno (T) is a Carathéodory domain, we can find two rectifiable simple
closed curves I and I'’ satisfying the conditions given in Lemma 2.4; in particular, "' N A(€) =% and I’ N A(€) = @. Let

rna(no(T))={r,r2} and I"'Na(no(T))={A3,rs}.

Since o (T) = oqp(T), it is clear that A(g) D intno (T)No (T). So T — A is invertible for any A in I"\ {A1, A2} and I""\ {A3, A4}.
If » € ' \ no (T), then since the functional calculus in (2.2) is contractive, we have

1 1
A=T)7' < dist(x, 9(no (T)))
|o. =D SUP{ T dist(x, d(no (T)))

Let A € I' Nintno (T). Since I N A(¢) =@, we have that for any unit vector x,

: ueintna(T)} =

(T = x| > edist(r, d(no (T))).
which implies that

1
edist(x, d(no (1))

lo.-7 <
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On the other hand, since 3(no (T)) has a tangent at A;, it follows that in a sufficiently small neighborhood N; of ;, 3(no (T))
lies in a double-sector A; of opening 26; (0 < 6; < Z) for each i =1, 2. But since I" is a line segment in a sufficiently small
neighborhood of each A; (i =1, 2), it follows that if L € N; N I, then

|2 — Ajl < |2 — Ail 1

dist(x, d(no (T)))  dist(r, A;)  cos6; =
We thus have

[ =206 =223 = D7 < ZIA=ial <M onNiNT

which says that S, = (A — A1)(A — A2)(A — T)~! is bounded on N; N I". Also S, has at most two discontinuities on I". So
the following operator A is well defined [3]:

A= /(x A= A)0 = T) A,
2mi
r

Now, using the argument of [4, Lemma 3.1], we can conclude that ker(A) is a nontrivial invariant subspace for T.

Case 2: A(¢) is dominating for intno (T). In this case, we can show that ¢ is isometric, i.e.,

|R(T) | = Ihllintpo () for allh € H* (intno (T)),

by using the same argument as the well-known method due to Apostol (cf. [3]), in which it was shown that the Sz.-Nagy-
Foias calculus is isometric. Now consider a conformal map ¢ : D — intno (T) and then define the function v by

v =¢ :intno(T) — D.

Then ¢ € H*(intno (T)). Define A := ¢ (T). Then A is an absolutely continuous contraction with norm 1. Thus we can
easily show that

[h(A)| = lIhllp  forany h € H®(D).
Thus if Ag € T, then

lim A-V"Y = lim z—M"1.. = oo,
,\—>x0,m>1”( ) H ,\—>A0,|,\|>1H( ) HD
which implies that A — 4o is not invertible, so that we get T C o (A). Since every contraction whose spectrum contains
the unit circle has a nontrivial invariant subspace [9], A has a nontrivial invariant subspace. On the other hand, since
T € weak*-cl{p(A): p is a polynomial}, we can conclude that T has a nontrivial invariant subspace. O

A simple example for the set satisfying ||p(T)|l < |Ipllo(r) for every polynomial p is the set of ‘polynomially normaloid’
operators, in the sense that p(T) is normaloid (i.e., norm equals spectral radius) for every polynomial p. Indeed if p(T) is
normaloid then [|p(T)|| = SUp;.co (p(ry) [4| = lIPllo (1) by the spectral mapping theorem.

Remark. We were unable to decide whether in Theorem 2.5 the condition “||p(T)|| < |Ipllo(r)” can be relaxed to the con-
dition “||p(T) |l <kllplls(r) for some k > 0”. However we can prove that if T € B(H) is such that ||p(T)|| <kllplls () for every
polynomial p and some k > 0 and if the outer boundary of o (T) is a Jordan curve, then T has a nontrivial invariant subspace. This is a
corollary of the theorem of C. Ambrozie and V. Miiller [2, Theorem A]. The proof goes as follows. Since 3(no (T)) is a Jordan
curve, then by Carathéodory’s theorem on extensions of the conformal representations, a conformal map ¢ : intno (T) - D
can be extended to a homeomorphism  : no (T) — clD. Since C \ no (T) is connected, we can find polynomials p, such
that p, — v uniformly on no (T). Since the spectrum function o : B(H) — C is upper semi-continuous, it follows that

Y (d(no(T))) C ¥ (o (T)) =limsup py(o(T)) =limsupo (pa(T)) C o (¥ (T)).
But since ¢ is a homeomorphism we have that dD C o (1 (T)). By our assumption we can also see that

[(p o y)(T)| <kllp o ¥llintyo(ry =klplp  for every polynomial p,

which says that ¥ (T) is a polynomially bounded operator. Therefore by the theorem of C. Ambrozie and V. Miiller [2],
¥ (T) has a nontrivial invariant subspace. Hence we can conclude that T has a nontrivial invariant subspace.

We conclude with a result on the invariant subspaces for hyponormal operators (this applies, in particular, to the case
when no (T) is the closure of a Cornucopia).
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Corollary 2.6. Let T € B(H) be a hyponormal operator. If the outer boundary of o (T) has at most finitely many prime ends corre-
sponding to singular points on 01D and has a tangent at almost every point on each Jordan arc, with respect to a conformal map from
D onto intno (T), then T has a nontrivial invariant subspace.

Proof. Suppose that

I llineno cry = sup{|h()[: 4 € o (T) Nintno (T)}

for all h € H®(intno (T)). Then o(T) Nintno (T) is dominating for intno (T). Thus by the well-known theorem due to
S. Brown [7, Theorem 2], T has a nontrivial invariant subspace. Suppose instead that

A llint yor(ty > sup{|h(V)|: A € o(T) Nintno (T)}

for some h € H*®(intno (T)). By an analysis of the proof of Lemma 2.4, we can construct two rectifiable curves I" and I’
satisfying the conditions (i)-(iv). Let I" N dno (T) = {A1, A2} and I'" N dno (T) = {A3, A4}. Since T is a hyponormal operator,
we have

1
dist(x, o (T))

Now the same argument as in Case 1 of the proof of Theorem 2.5 shows that T has a nontrivial invariant subspace. O

la-D71 = onie (I\{r1,22}) U (I \ (A3, Aa}).
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