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1. Introduction

Atheory T is called pregeometric [ 14,13]if, in every model K of T, acl satisfies the Exchange Principle, denoted by EP (and,
therefore, acl is a pregeometry on K); if T is complete, it suffices to check that acl satisfies the EP in one w-saturated model
of T. The theory T is geometric if it is pregeometric and eliminates the quantifier 3°°. We call a structure K (pre)geometric if
its theory is (pre)geometric (thus, K is pregeometric iff there exists an w-saturated elementary extension K’ of K such that
acl satisfies the EP in K’'). Note that a pregeometric expansion of a field is geometric ([10, 1.18]; see also Lemma 3.47).

In the remainder of this introduction, all theories and all structures expand a field; in the body of the article we will
sometimes state definitions and results without this assumption.

Geometric structures are ubiquitous in model theory: if K is either o-minimal, or strongly minimal, or a p-adic field, or a
pseudo-finite field (or more generally a perfect PAC field; see [9,14, 2.12]), then K is geometric.

However, ultraproducts of geometric structures (even strongly minimal ones) are not geometric in general. We will
show that there is a more general notion, structures with existential matroids, which instead is preserved under taking
ultraproducts. In more detail, we consider structures K with a matroid cl that satisfies some natural conditions (cl is an
“existential matroid”). Our assumption that K expands a field implies that there is at most one existential matroid on K.
An (almost) equivalent notion has already been studied by van den Dries [25]: we will show that an existential matroid
on K induces a (unique) dimension function on K-definable sets, satisfying the axioms in [25], and conversely, any such
dimension function, satisfying a slightly stronger version of the axioms, will be induced by a (unique) existential matroid.
Moreover, a superstable group K of U-rank a power of w is naturally endowed by an existential matroid (van den Dries
[25, 2.25] noticed this already in the case when K is a differential field of characteristic 0).

Given a geometric structure KK, there is an abstract notion of dense subsets of K, which specialises to the usual topological
notion in the case of o-minimal structures or of p-adic fields. More precisely, a subset X of K is dense in K if every infinite
K-definable subset of K intersects X [16, Section 1.2]. If T is a complete geometric theory, then the theory of dense
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elementary pairs of models of T is complete and consistent (the proof of this fact was already in [26], but the result was
stated there only for o-minimal theories).

We consider here the more general case when T is a complete theory with an existential matroid. We show that there
is a corresponding abstract notion of density in models of T. Given T as above, consider the theory of pairs (K’, K), where
K < K = T and K is a proper dense subset of K’; the theory of such pairs will not be complete in general, but we will
show that it will become complete (and consistent) if we add the additional condition that K is cl-closed in K’ (that is,
c(K) N K’ = K); we thus obtain the (complete) theory T¢. Moreover, T¢ also has an existential matroid. This allows us to
repeat the above construction, and consider dense cl-closed pairs of models of T¢, which turn out to coincide with nested
dense cl-closed triples of models of T; iterating many times, we can thus study nested dense cl-closed n-tuples of models
of T.

Of particular interest are two cases of structures with an existential matroid: cl-minimal structures and d-minimal
topological structures.

A structure K (with an existential matroid) is cl-minimal if there is only one “generic” 1-type over every subset of K (see
Section 10); the prototypes of such structures are given by strongly minimal structures and connected superstable groups of
U-rank a power of w. If T is the theory of K, we show that the condition that K is dense in K’ is superfluous in the definition
of T¢, and that T¢ is also cl-minimal.

A first-order topological structure K (expanding a topological field) is d-minimal if it is Hausdorff, it has an w-saturated
elementary extension K’ such that every definable unary subset of K’ is the union of an open set and finitely many discrete
sets, and it satisfies a version of the Kuratowski-Ulam theorem for definable subsets of K? (see Section 9; the “d” stands for
“discrete”). Examples of d-minimal structures are p-adic fields, o-minimal structures, and d-minimal structures in the sense
of Miller. We show that a d-minimal structure has a (unique) existential matroid, and that the notion of density given by
the matroid coincides with the topological one. Moreover, if T is the theory of a d-minimal structure, then T¢ is the theory
of dense elementary pairs of models of T (the condition that K is a cl-closed subset of K’ is superfluous); hence, in the case
when T is o-minimal, we recover [26, Theorem 2.5]. However, if T is d-minimal, T¢ will not be d-minimal. Moreover, while
ultraproducts of o-minimal structures and of p-adic fields are d-minimal, ultraproducts of d-minimal structures are not
d-minimal in general. Under some mild assumptions, if (K, K) is a dense pair of d-minimal structures, then K’ is the open
core of (K, K) (Theorem 13.11).

We show that, if K has an existential matroid, then K is a perfect field; therefore, the theory exposed in this article does
not apply to differential fields of finite characteristic, or to separably closed nonperfect fields.

2. Notations and conventions

Let T be a complete theory in some language .£, with only infinite models. Let k > |T| be a “big” cardinal. We work inside
a k-saturated and strongly «-homogeneous model M of T; we call M a monster model of T.

We denote by A, B, and C, subsets of M of cardinality less than «, by a, b, and ¢, finite tuples of elements of M, and by a,
b, and ¢, elements of M. As usual, we will write, for instance, a C A to say that a is a finite tuple of elements of A, and Ab to
denote the union of A with the set of elements in b.

GivenasetX and m < n € N, denote by /1] : X" — X™ the projection onto the first m coordinates. Given Y < X"+,
X € X",and Z € X™, denote the sections Yz == {t € X" : (X, {) € Y} and Y* := {t € X" : (t,Z) € Y}.

Denote by Aut(M/B) the set of automorphisms of M which fix B point-wise. Denote by = (a/B) the set of conjugates of a
over B; that is,

E(a/C) :={a’ : 0 € Aut(M/B)}.
3. Matroids

Let cl be a (finitary) closure operator on M; that is, cl : (M) — & (M) satisfies, for every X C M,

Extension: X C cl(X);

Monotonicity: X C Y implies that cI(X) C cl(Y);
Idempotency: cl(clX) = cl(X);

Finite Character: cl(X) = J{cl(A) : A C X & A finite}.

The closure operator cl is a (finitary) matroid (a.k.a. pregeometry) if, moreover, it satisfies the Exchange Principle.
EP: a € cl(Xc) \ cl(X) implies c € cl(Xa).

When M is not clear from the context, we will write cI instead of cl.

Notice that the closure of a set A such that |A| < « might be a “proper class”, that is, it might have cardinality >«, and
that this will indeed happen in many important examples in this article (more precisely, it will happen for all the existential
matroids different from the algebraic closure).

Proviso. For the remainder of this section, cl is a finitary matroid on M.
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As is well known from matroid theory, cl defines notions of rank (which we denote by rk%), generators, independence,
and basis (see e.g. [23, Appendix C]).!

Definition 3.1. A subset A of C generates C over B if cl(AB) = cl(CB). A subset A of M is independent over B if, for every
acAagc(BU@A\({a)).
Remark 3.2 (Additivity of Rank).
rk¥(ab/C) = rk%(a/bC) + rk(b/C).

For the axioms of independence relations, we will use the nomenclature in [1].
Definition 3.3. Given an infinite set X, a preindependence relation” on X is a the ternary relation L on 2 (X) satisfying
the following axioms.
Monotonicity: IfA | c B,A" C A and B’ C B, thenA’ | c B.
Base Monotonicity: IfD C C C Band A J/D B, thenA | c B.
Transitivity: IfD S C S B,B | AandC | A thenB | A
Normality: IfA | B, thenAC | B.
Finite Character: IfAo | B forevery finite Ao € A thenA | B.

| is symmetric if, moreover, it satisfies the following axiom.

Symmetry: A | BiffB | A.

Definition 3.4. The preindependence relation on M induced by cl is the ternary relation | on £ (M) defined by the
following: X\lj‘yZ if, for every Z' C Z, if Z’ is independent over Y, then Z’' remains independent over YX. le\|j‘y Z, we
say that X and Z are independent over Y (w.r.t. cl).

Remark 3.5. If X Jj‘y Z, then cl(XY) Ncl(ZY) = cl(Y).
Lemma 3.6. The relation |*is a symmetric preindependence relation.

Proof. The same as that given in [1, Lemma 1.29]. O

Remark 3.7. The relation \|j‘ also satisfies the following version of antireflexivity.

o A% Biffcl(A) |7,  cl(B);

Lo
. afx aiffa € c(X).

Remark 3.8. ForeveryX and Y, X | Y.

Remark 3.9. T.fae.:

1.X |9 Z;

2. forevery Z' such that Y C Z’ C cl(YZ), we have cI(XZ') N cl(YZ) = cl(Z');

3. there exists Z’ C Z which is a basis of ZY /Y, such that Z’ remains independent over XY;

4. for every Z' C Z which is a basis of ZY /Y, Z’ remains independent over XY;

5. if X’ C X isabasis of YX/Y and Z' C Z is a basis of YZ/Y, then X" and Z’ are disjoint, and X'Z’ is a basis of XZ over Y;
6. for every X’ finite subset of X, k" (X'/YZ) = rk®(X'/Y).

Lemma 3.10. The preindependence relation | also satisfies the following stronger form of the Local Character axiom.
For every A and B there exists a subset C of B such that |C| < |A| and Aj‘c B.
Proof. Let A and B be given. Let B C B be a basis of AB over A, A’ C A be a basis of AB over B, and C C B be a basis of B

over B'. Notice that CA’ is a basis of AB/B’ and A is a set of generators of AB/B’; hence, by the EP, |C| < |A|. Moreover, by
Remark 3.9(3), A\BC B. O

Lemma 3.11. Assume that a |°_d and thatad |_b. Then, a |°_bd and d |°_ba.

Proof. Cf.[1, 1.9]. Since ad 2 b, we have ald. b, which implies that ald. bd, which, together with ald d, implies that
albd. O

1 Sometimes in geometric model theory the “rank” is called “dimension” and/or the “dimension” (defined later) is called “rank”; however, since in many
interesting cases (e.g. algebraically closed fields and o-minimal structures, with the acl matroid) what we call the dimension of a definable set induced by
the matroid coincides with the usual notion of dimension given geometrically, our choice of nomenclature is clearly better.

2 Preindependence relations as defined here are slightly different than the ones defined in [1]. However, as we will see later, if cl is definable, then |*is
a preindependence relation in Adler’s sense.
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Lemma 3.12. Let (I, <) be a linearly ordered set, (ﬁi rie I) be a sequence of tuples in M", and C C M. Then, t.fa.e.:

1. Forevery i € I, we have ﬁ,—\lj‘c(aj 1j < i),
2. Foreveryi € I, we have a; \E]c(af cjF# ).

Proof. Assume, for contradiction, that (1) holds, but a; f . (@; : j # i), for some i € I. Since |9 satisfies Finite Character,
w.l.c_).g.,l = {1, ..., m}is finite. Let m’ be such that i < m §_m is minimal with g; \i/jc‘ @:j<m&j#i); w.llo.g., m=m.
Letd := (q; : j # i &j < m). By assumption, Jflc d and da; j‘c Gn. Then, by Lemma 3.11, we have g; Jj‘c da,,, which is
absurd. O

Definition 3.13. We say that a sequence (a; : i € I) satisfying one of the above equivalent conditions is an independent
sequence over C.

Remark 3.14. Let (g; : i € I) be a sequence of elements of M. There is a clash of terminology with the previous definition
of independence; more precisely, let ] := {i € I : a; ¢ cl(C)}; then, (a; : i € I) is an independent sequence over C according
to |iff all the g; are pairwise distinct for j € J, and the set {aj 1je]j } is independent over C according to cl. Hopefully, this
will not cause confusion.

3.1. Definable matroids

Definition 3.15. Let ¢ (x, y) be an £-formula. We say that ¢ is x-narrow if, for every b and every a, if M = ¢(a, b), then
a € cl(b) (cf. Remark 3.42). We say that cl is definable if, for every A,
cl(Ad) = U {¢M, @) : ¢(x, ) is x-narrow, a € A", n € N} .
Proviso. For the rest of the section, cl is a definable matroid.
Remark 3.16. For every A and every o € Aut(M), o (cl(A)) = cl(o (A)).

Lemma 3.17. 1. |“satisfies the Invariance axiom: if A Jf'B Cand (A',B,C') = (A, B, C), then A \j‘B, c’.
2. f satisfies the following stronger form of the Strong Finite Character axiom: if A lcc' B, then there exist finite tuples a C A,

b<Bandc C C, and a formula ¢ (x, y, z) without parameters, such that
e M|=¢(a,b,c); _
o ift’ CCandM = ¢(a', b, '), then @ jjcl B.

3. Forevery a, B, and C, if tp(a/BC) is finitely satisfied in C, then &\E‘C B.
Proof. (1) By Remark 3.16. ~ _
(2) Assume that A J' CC‘ B. Hence, there exists b € B" independent over C, such that b is not independent over AC. Hence,

there exista C Aand ¢ C C finite tuples,Nsuch that, w.lo.g., b € cl(EﬁE), where_E = (by, ..., by). Leta(x, X, y,Z) bean
x-narrow formula, such that M = «(by, b, ¢, a).If@’ C M and ¢’ C C satisfy a(b, ¢/, @’), then @ Jf([ B.
(3) Follows asin[1, Remark 2.3]. O

Definition 3.18 ([1, Definition 1.1]). Let | be a preindependence relation on M. We say that | is anindependence relation
on M if, moreover, it satisfies Invariance, Local Character, and the following.

Extension: IfA \Lc Band D D B, then there exists A’ =pc AsuchthatA’” | D.

~C

Adler also defines the following axiom.

Existence: Forany A, B, and C, there exists A’ =¢ A such that A" | B

Corollary 3.19. If \|j‘ satisfies either the Extension or the Existence axiom, then it is an independence relation (and it satisfies the
Existence axiom).
Proof. See [1,Thm.2.5]. O

Definition 3.20. The matroid cl satisfies Existence if the following holds.
For every a, B, and C, if a ¢ cl(B), then there exists a’ = a such that a’ ¢ cl(BC).
The following lemma will be quite useful in the following.

Lemma 3.21. Tfae.:

1. cl satisfies Existence.
2. Forevery a, B, and C, if Z(a/B) C cl(BC), then a € cl(B). _
3. Foreverya, b, and c, if a ¢ cl(b), then there exists a’ = a such that a’ ¢ cl(bc).
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4. For every a, b, and ¢, and every x-narrow formula v(x,y,2),ifME ¢, b, ) for every @ = a, thena e cl(b).

5. For every formula (without parameters) ¢(x,y) and every x-narrow formula ¥ (x,y,z), if M = Vy 3z Vx (¢(x, y) —
Y (x,¥,2)), then ¢ is x-narrow.

6. For every a and B, if tk (£ (a/B)) is finite, then a € cl(B).

7. For every a and B, if k% (2 (a/B)) < k, then a € cl(B).

8. |“is an independence relation.

Proof. The only nontrivial fact is (5 = 4), which is proved by a compactness argument. 0O

Remark 3.22. If cl satisfies Existence, then aclA C cl A.

Lemma 3.23. Assume that cl(A) is an elementary substructure of M, for every A C M. Then, cl satisfies Existence, and therefore
\|j‘ is an independence relation. Hence, if T has definable Skolem functions and cl extends acl, then cl satisfies Existence.

Proof. Let = (a/B) C cl(BC). We want to prove that a € cl(B). Let B’ and C’ be elementary substructures of M, such that
B C B C c(B),BC C (" C c(BC),|B| < k,and |C'| < « (B and C’ exist by hypothesis on cl). By substituting B with B’
and C with C’, w.l.o.g., we can assume that B < C < M. By saturation, there exist an x-narrow formula ¢(x, ¥, Z), b C B, and
¢ C C,suchthat &(a/B) C ¢(M, b, ¢). Let p := tp(a/B), let g € S1(C) be an heir of p, and let a’ be a realisation of q. Since
¢(x, b, C) € q, there exists b’ € B such that ¢(x, b, b') € p. Hence, a’ € cl(B); sinced’ =g a,a € cI(B). O

Definition 3.24. The trivial matroid cl° is given by cl°(X) = M for every X C M. The trivial matroid cl° is a definable
matroid and satisfies Existence. It induces the trivial preindependence relation |° such that AJEB C for every A, B, and C.

Notice that |° is an independence relation.

Definition 3.25. We say that cl is an existential matroid if cl is a definable matroid, satisfies Existence, and is nontrivial
(i.e., different from cl®).

Notice that every existential matroid cl defines an independence relation |¢ and is uniquely determined by Jj‘
(Remark 3.7); however, not every independence relation is induced by some matroid.

Examples 3.26. 1. Givenn € N, the uniform matroid of rank n is defined as follows: cI*(X) := X, if |[X| < n,or Mif |X| > n.
The uniform matroid cl” is a definable matroid, but does not satisfy Existence in general (unless n = 0).

2. Define id(X) := X. Then, id is a definable matroid, but it does not satisfy Existence in general. The preindependence
relation induced by id is given byAfB CiffANC CB.

Remark 3.27. Let M’ be another monster model of T. We can define an operator ™ on M’ in the following way:

d™ (X" = U {p', @) : ¢(x,§) x-narrow &a’ C X'}.
Then, cI™ is a definable matroid. If cl satisfies Existence, then ™ also satisfies Existence. We will call ¢l the extension of
clto M.

Remark 3.28. Notice that the definitions of “definable” (3.15) and “existential” (3.25 and 3.20) make sense also for finitary
closure operators (and not only for matroids).

However, we will not need such more general definitions.
Proviso. For the remainder of this section, cl is an existential matroid.

Summarising, we have the following. Jﬁ‘ is an independence relation, satisfying the Strong Finite Character axiom. In
particular, if M is a pregeometric structure, then |*"is an independence relation.

3.2. Dimension
Definition 3.29. Given a set V C M", definable with parameters from A, the dimension of V (w.r.t. to the matroid cl) is
given by
dim®(V) := max {rk(b/A) : b € V},
with dim® (V) := —o0 iff V = . More generally, the dimension of a partial type p with parameters from A is given by
dim“(p) := max {rk%(b/A) : b |= p} .
The following remark shows that the above notion is well posed; in its proof, it is important that cl satisfies Existence.

Remark 3.30. Let V be a type-definable subset of M". Then, dim® (V) < n, and dim® (V) does not depend on the choice of
the parameters.
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Remark 3.31. For every d < n € N, the set of complete types in S,(A) of dim® greater or equal to d is closed (in the Stone
topology). That is, dim®' is continuous in the sense of [20, Section 17.b].

Remark 3.32. dim®(M") = n. Moreover, dim® is monotone; if U € V € M", then dim®(U) < dim® (V).
Lemma 3.33. Let p be a partial type over A. Then,
dim® (p) := min {dim“(V) : V is A-definable & V € p} .
Moreover, if p is a complete type, then, for every b |= p, rkd(t_)/A) = dim“(p).
Proof. Let d := dim“(p), e := min {dim“(V) : V is A-definable & V € p}, and b |= p be such thatd = rk(b/A). Let V € p
be such that dim® (V) = e; then, b € V, and therefore e > rk(b/A) = d. )

For the opposite inequality, first assume that p is a complete type. W.l.o.g., b := (b1, ..., by) are cl-independent over A,
and theref0r~e b; € cl(Ab) for everyi = d+ 1,...,n. Forevery i < n, let ¢i(x,y, z) be an x-narrow formula such that
M k& ¢(b;, b, a) (where a C A); define ¥ (x,z) = /\:;] ¢i(Xi, X1, ..., Xg,2), and V = (M", @). Then, for every b’ € V,
ke (b’ /A) < d, and therefore dim® (V) < d. Moreover, b € V; hence V € p, and therefore e < d.

For the general case when p is a partial type, let P be the set of complete types over A extending p. Then, by the previous

result on complete types, for every q € P, there exists an A-definable set W, such that W, € gand dim* Wy) = dim(q) < d.
By compactness, there exists V € p such that V € W, where W := W, U --- U W,,. Hence,

e < dim®(V) < dim®(w) < malx(climd(W,-)) <d. O
1<

Definition 3.34. Given p € S,;(B) and q € S,(C), with B C C, we say that q is a nonforking extension of p (w.r.t. cl) if ¢
extends p and dim® (q) = dim® (p). We write g \|le C if q is a nonforking extension of q 5.

Remark 3.35. Let B C C and q € S,(C). Then, q \|le C iff, for some (for all) a realising q, a \L“B C.

Remark 3.36. Let p € S,(B) and B C C. Then, for every q € S,(C) extending p, dim®(g) < dim®(p). Moreover, there exists
q € S,(C) which is a nonforking extension of p.

Lemma 3.37. Let\[ be Shelah’s forking relation on M. Then, for every A, B, and C subsets of M, if A \[B C,thenA \|j'B C. Inparticular,
ifK <M, K C C,and q € S,(C), and q is either a heir or a coheir of q [, then q\|j‘]K C.

Proof. The fact that \[ implies \|/“‘ is a particular case of [1, Remark 1.20]. For the case when q is a coheir of q |k, see also
Lemma 3.17(3). O

Corollary 3.38. Assume that T is supersimple and that p € S,(A) for some A C M. Then, SU(p) > dim® (p), where SU is the
SU-rank (see [27, Section 5.1]).

Remark 3.39. Given B D A, let N,(B/A) be the set of all n-types over B that do not fork over A. Since |“satisfies Strong Finite
Character (cf. Lemma 3.17(2)), N,,(B/A) is closed in S, (B).

Lemma 3.40. For every complete type p, dim® (p) is the maximum of the cardinalities n of chains of complete types p = qo C
q1 C - -+ C qp, such that each q;. is a forking extension of gq;.

Proof. Let A be the set of parameters of p, and B_l: p.Letd := dim(p); w.l.o.g., b= (b1, ..., bq) are independent over A.
Foreveryi < d, letA; := Ab;...b;,and q; := tp(b/A;). Then,p = qo C - - - C qq, and each g;, is a forking extension of g;.
Conversely, assume thatp = qo C --- C @y, and that each g; 1 is a forking extension of g;.

Claim 1. Forevery i < n, dim(q,_;) > i; in particular, dim(p) > n.

By induction on i. The case i = 0 is clear. Assume that we have proved the claim for i; we want to show that it holds for
i+ 1. Since g,_; is a forking extension of qn_i+1), dim® (Gn-i) < dim® (qn—(i+1)), and we are done. O

Remark 3.41. Let V C M" be nonempty and definable with parameters a. Then, either dim®(V) = 0 = rk(V /a), or
dim® (V) > 0and rk(V) > «.

Remark 3.42. A formula ¢(x, y) is x-narrow iff, for every b € M", dim® (¢(M, B)) <0.

Remark 3.43. Let ¢(x, j) be a formula without parameters, and @ € M". Then, dim“ (¢ (M, @) = O iff there exists an
x-narrow formula v (x, y) such that Vx (d)(x, a) — ¥(x, a)). Therefore, define

Iy(§) = {=0 () : 6(y) formula without parameters s.t. Va (¢ (@) — dim“(¢(M, a)) = 0)},
Uj = {aeM": dim”(¢(M, a)) = 1} .

Then, U; = {a eM":ME T} (&)}, and in particular U(; is type-definable (over the empty set).
More generally, let k < m,x := (xq, ..., Xm), and let ¢(x, y) be a formula without parameters. Define

U7 = {aeM": dim* (@™, @) > k} .

Then, Ujk is type-definable.
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Lemma 3.44 (Fibre-Wise Dimension Inequalities). Let U € M™,V C M™, and F : U — V be definable, with parameters
from C. LetX CUandY CV be type-definable, such that F(X) C Y. Definef := F| X : X — Y. Foreveryb € Y, let
= f~1(b) C X, and m := dim°(Y).

1. If forevery b € Y, dim(X;) < n, then dim%(X) < m + n.

2. Iff is surjective and, for every b € Y, dim“(X;) > n, then dim®(X) > m + n.
3. Iff is surjective, then dim® (X) > m.

4. Iff is injective, then dim® (X) < m.

5. Iff is bijective, then dim®(X) = m.

Proof. (1) Assume, for contradiction, that dim®(X) > m+n.Leta € X be such that k% (a/C) > m+n, and b := F(a). Since
a € Xj, and Xj is type-definable with parameters Cb, rkd(a/bC) < n.Hence, by Remark 3.2, rkC'(&/C) < rk“l(ab/C) < m+n,
which is absurd. ~ _

(2) Let b € Y be such that dim“(b/C) = m. Let @ € X; be such that dim(@/bC) > n. Then, by Remark 3.2,

rk(@b/C) > m + n. However, since @ = F(b), a C cl(bC), and therefore rk% (b/C) = rk(ab/C) > m + n.
(3) Follows from (2) applied to n = 0. The other assertions are clear. O

Remark 3.45. Let cl’ be another existential matroid on M. T.f.a.e.:

1.cdCcl;

2. tk9 > rk¥’;

3. dim® > dim® " on definable sets;

4. dim® > dim® on complete types;

5. for every definable set X € M, if dim®(X) = 0, then dim®’ X)=0.
T.fa.

L=,

Ltk = ke

dim® = dim" on definable sets:

dim® = dim® on complete types;

. for every definable set X € M, dim“(X) = 0 iff dim® (X) = 0

We will show that, for many interesting theories, there is at most one existential matroid. Define Tgy to be the theory of
rings without zero divisors, in the language of rings Ly := (0, 1, +, -).

Definition 3.46 ([10, 1.18]). If K expands a ring without zero divisors, let F : K* — K be the following function, definable
without parameters in the language Lg:

t ify; £y &t- (1 —Y2) = X1 — Xp;
(X1, %2, y1,¥2) = {0 if there is no such t.

Notice that F is well defined because, in a ring without zero divisors, if y; # y,, then, for every x, there exists at most one t
such thatt - (y; —y2) = x.

Lemma 3.47 ([10, 1.18]). Assume that T expands Tgy. Let A C M be definable. Then, dim(A) = 1iffM = F(A%).

Proof. Assume for contradiction that dim“(A) = 1, but there exists c € M \ F(A%). Since ¢ ¢ F(A%), the function
(X1, X2) > € - X1 + X, : A2 — M is injective. Hence, by Lemma 3.44, dim® (M) > dim®(A?) = 2, which is absurd.
Conversely, by Lemma 3.44 again, if F(A*) = M, then dim(A) = 1. O

Theorem 3.48. If T expands Ty, then cl is the only existential matroid on M. If S is a definable subfield of Ml of dimension 1, then
S=M

Proof. Let A C M be definable. By the previous lemma, dim(A) = 1iff F(A*) = M. Since the same holds for any existential
matroid cI’ on M, we conclude that, for every definable set A € M, dim” (A) = 0iff dim" (A) = 0, and hence dim® = dim*".
Given S a subfield of M, F(S*) = S. Hence, if dim“(S) = 1,thenS = M. O

Examples 3.49. 1. In the above theorem, we cannot drop the hypothesis that T expands Tg. Let M be a set with an
equivalence relation E, such that E has infinitely many equivalence classes, all infinite, and let M be a monster elementary
extension of (M, E). For every a € M, let Ea be the equivalence class of a, and define cl(A) := (_J,., Ea. Then, acl and cl
are two different existential matroids on M. The example can be improved, taking for instance a chain E; D E,... of
equivalence relations, such that each E;-equivalence class is the union of infinitely many E;, {-equivalence classes; each
equivalence relation will then induce a different existential matroid on M.



A. Fornasiero / Annals of Pure and Applied Logic 162 (2011) 514-543 521

2. In Theorem 3.48, we cannot even relax the hypothesis to “T expands the theory of a vector space”. In fact, let F be an
ordered field, considered as a vector space over itself, in the language (0, 1, 4+, <, A¢)cer, and let T be its theory. Let T¢
be the theory of dense pairs of models of T. [10, 5.8] show that T¢ has elimination of quantifiers, and acl is a matroid
on T¢. However, as the reader can verify, the small closure Scl is another existential matroid on T¢ (cf. Section 8.4), and
it is different from acl.

Corollary 3.50. If M expands a field, then M must be a perfect field. In particular, the theory of separably closed (but
nonalgebraically closed) fields, and the theory of differentially closed fields of finite characteristic do not admit an existential
matroid.

Proof. Cf. [25, 1.6]. If M is not perfect, then MP is a proper definable subfield of M, where p := char(M), and therefore
dim“(MP) = 0. However, the map x — x” is a bijection from M to MP; therefore, dim® (M) = 0, which is absurd. O

Corollary 3.51. Let cl’ be a nontrivial definable matroid on some monster model M'. Assume that M expands a model of Tgy.
Then, t.fa.e.:

1. I’ is an existential matroid; _ _
2. for every formula (without quantifiers) ¢ (x, y), ¢ is x-narrow (w.r.t. cl') iff, for every b, F((¢ (M, b)4) #+ M.

Proof. (1 = 2) is clear.
(2 = 1) follows from Lemma 3.21(5). O

Lemma 3.52. Let K be a ring without zero divisors definable in M, of dimension n > 1. Let F C K be a definable subring such
that F is a skew field. If dim (F) = n, then K = F.

Proof. Assume, for contradiction, that there exists c € K\ F. Defineh : F x F — K, h(x,y) := x4 cy.Since c ¢ Fand F is
a skew field, h is injective. Thus, 2n = dim(F?) < dim(K) = n, a contradiction. O

Corollary 3.53. Let K C M" be a definable field, such that dim® (K) > 1. Then, K is perfect.

Proof. Let p := charK, and let ¢ : K — K be the Frobenius automorphism ¢(x) = xP. Since ¢ is injective, dim(KP) =
dim®(K), and therefore K = K. O

The assumption that dim®(K) > 1 is necessary; nonperfect definable fields of dimension 0 can exist. For instance, let F
be a nonperfect field, P be an infinite set, and let K be the disjoint union of F and P, with the following dimension function
(cf. Section 4).

dim(X) = 1iff X N P is infinite, where X varies among the definable subsets of K.

Then, F is a nonperfect field definable in K and of dimension 0.

Definition 3.54. Let X C K" and Y C K™ be definable. Let g : X ~ Y be a definable application (i.e., a multi-valued partial
function), with graph G. Forevery x € X,letg(x) :={y € Y : (x,y¥) € G} C Y. Such an application g is a Z-application if, for
every x € X, dim“(g(x)) < 0.

Remark 3.55. Let A C K, and let b € K. Then, b € cl(A) iff there exists a J-definable Z-application f : K" ~~ Kand a € A,
such that b € f(a). Moreover, if ¢ € K", then b € cl(Ac) iff there exists an A-definable Z-application f : K" — K, such that

b € f(c).

Definition 3.56. We say that dim is definable if, for every d € N and for every X definable subset of M™ x M", the set
{a e M™ : dim® (X;) = d} is definable.

Lemma 3.57. T.fae.:

1. dim® is definable;

2. for every X definable subset of M™ x M, the set X'1 := {('1 e M™ : dim(X;) = 1} is also definable;

3. forevery k < n, every m, and every X definable subset of M™ x M™, the set X™* := {a € M™ : dim“(X;) = k} is also definable,
with the same parameters as X.

Proof. (3 = 1= 2) is obvious.

(2 = 1) We will prove by induction on n that, for every Y definable subset of K" x K™, the set Y=k =
{a e M"™ : dim(X3) > k} is definable. The case k = 0 is clear. The case k = 1 follows from the assumption and the
observation that, for every Z definable subset of K", dim“(Z) > 1 iff dim“(6(Z)) > 1 for some 6 projection from K"
onto a coordinate axis. The inductive step follows from the fact that

'ﬁ 1,>k 1,>k—1
Xmzk = ( (X))'F v (X”+m_]'21)n7 =t
n+m—1
(1 = 3) LetX € K"™™ be definable with parameters from A. Then, X™* is M-definable, by assumption. Moreover, by

Remark 3.43, X" is type-definable over A, and therefore invariant under automorphisms that fix A point-wise. Hence, by
Beth’s definability theorem, X" is definable over A. O
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Corollary 3.58. If T expands Tgy, then dim® is definable.
Proof. By Lemmas 3.47 and 3.57(2). O
See Remark 14.5 for examples when dim® is not definable.

Examples 3.59. 1. Let X and 5 be ordinal numbers, such that X is a power of w (e.g., A = 1, A = w, .. .). Let K be a monster

model, and assume that

e either K is superstable of Lascar U-rank n;

e or K is supersimple of SU-rank 7;

e or K is superrosy of p-rank 7 (see [11] for definitions).
Denote by R be corresponding rank in the various cases (U, SU, UP). Assume that < m - A for some m € N. For every
a € Kand B C K, define a € cl, (B) ifR(a/B) < X.lItis easy to see that cl, is a closure operator on K satisfying Existence.
Assume now that n < 2A; then, cl; is a matroid. Moreover, cl is nontrivial iff there exists a unary type p such that
R(p) > A (which, in general, is a stronger condition than R(K) > ). Moreover, for every type g, R(q) = rk%(q) - A + 0,
where p is some (unique) ordinal such that p < A. However, cl; might not be definable.

2. Let A be as above, and let G be a monster model of a superstable group, such that U(G) = A. Define cl;, as in (1). Then,
cly is nontrivial, because there exists at least one generic type (i.e., a type of U-rank 1) [21, Corollary 5.2]. If X is a definable
subset of G, then dim®* (X) = 1iffX is generic (that is, finitely many bilateral translates of X cover G). By [21, Lemma 5.4],
and Lemma 3.57(2), cl,, is a definable (and thus existential) matroid, with definable dimension.

3. Let K be a monster differentially closed field, and p > 0 be its characteristic.If p = 0, then K is superstable, and U(K) = w;
hence, by the previous example, there exists a (unique) existential matroid cl on K. It is easy to see that, if A is a differential
subfield of K and b € K, then b e cl(A) iff b is differential-algebraic over A (that is, iff b, db, d?b, ... are algebraically
dependent over A); see [28,25, 2.25]. On the other hand, if p > 0, then there is no existential matroid on K, because K is
not perfect (Corollary 3.50).

3.3. Morley sequences

Most of the results of this subsection remain true for an arbitrary independence relation | instead of |

Definition 3.60. Let C C B, p(x) € S,(B), and let (I, <) be a linear order. A Morley sequence over C indexed by I in p is a
sequence (a; : i € I) of tuples in M", such that (a; : i € I) are order-indiscernible over B and independent over C, and every
a; realises p(x).

A Morley sequence over C is a Morley sequence over C in some p € S,(C). A Morley sequence in p is a Morley sequence over
Binp.

Lemma 3.61. Let (I, <) be a linear order, with |I| < k. Let p(X) € S,(C). Then, there exists a Morley sequence in p(x) indexed
by L If, moreover, b\lf'c d, then there exists a Morley sequence (a; : i € I) over C indexed by I in p(X), such that (ba; : i € I) are

order-indiscernible over Cd and, for every i € I, ba; e d@:i#jel.
Proof. Let (x; : i € I) be a sequence of n-tuples of variables. Consider the following set of C-formulae:
n:ieh=/\p& & N\x & :j<i.
iel iel C
First, notice that, by Remark 3.39, I'} is a set of formulae. Consider the following set of C-formulae:
x:iel)=T1(x:ie€l)&(x;:iel)areorder-indiscernible over C.
By [1, 1.12], I3 is consistent.
We give an alternative proof of the above fact, which does not use the Erdés-Rado theorem.
Claim 1. I3 is consistent.
First, we prove that I7 is finitely satisfiable; hence, w.l.o.g.,I = {0, ..., m} is finite. Let ap be any realisation of p(x). Let
a; =c ap be such that a; \Elc do, ..., and let a,, =¢ ag be such that a,, \Elc do . ..0am_1. Therefore, Iy is consistent, and thus,
by Ramsey’s theorem, I is also consistent.
Since |I| < «k, there exists a realisation (a; : i € I) of I';. Then, by Lemma 3.12, (a; : i € I) is a Morley sequence in p(x)
over C.
If, moreover, b and d satisfy b\'«dc d, let q(x, y, z) be the extension of p(x) to S(Cbd) satisfyingy = band z = d. Let

(@;bd : i € I) be a Morley sequence in q(X, ¥, Z). By Lemma 3.11, for every i € I, we have ba; - d@:i#jel). O

Definition 3.62. Atypep € S,(A) is stationary if, for every B D A, there exists a unique q € S, (B) such that q is a nonforking
extension of p.

Remark 3.63. Let p € S,(A). If dim (p) = 0, then p is stationary iff p is realised in dcl(A).

Hence, unlike the stable case, if cl # acl, then there are types over models which are nonstationary.
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Lemma 3.64. Let C 2 Band q € S,(C) be such that q \lﬁ'B C.Let (g; : i € I) be a sequence of realisations of q independent over C.
Then, (a; : i € I) is also independent over B. If, moreover, q is stationary, then the following hold.

1. (g; : i € 1) is a totally indiscernible set over C, and in particular it is a Morley sequence for q over B.
2. If (@ : i € I) is another sequence of realisations of q independent over C, then (a; : i € I) =¢ (@, :i € I).

Proof. Standard proof. More precisely, for every i € I, let d; := (aj : i # j € I). By assumption, g; \de d;, and, since q\|j‘B C
a; Jﬁ‘B C, and therefore g; \|f'B d;, proving that (@; : i € I) is independent over B.

Let us prove Statement (2). By compactness, w.l.o.g.,I = {1, ..., m} is finite. Assume, for contradiction, that (a : i <
m) #c (@' : i < m); by induction on m, we can assume that (; : i < m—1) =c¢ (a; : i < m — 1), and therefore, w.l.o.g., that
a; = a; fori =1,..., m — 1. However, since q is stationary, a, =c a,, n j‘c(&i :i<m-—1),anda, Jﬁ‘c(&i ri<m—1),

we have that @m =¢(g;i<m—1) 0, which is absurd.

Finally, it remains to prove that the set (a; : i € I) is totally indiscernible over C. If o is any permutation of I, then
(s : i € 1) is also a sequence of realisations of q independent over C, and therefore, by Statement (2), (a,) : i € I) =¢
(gi:iel. O

Corollary 3.65. Assume that there is a definable linear ordering on M. Then, p € S,(A) is stationary iff p is realised in dcl(A).
Hence, if dim (p) > 0, every nonforking extension of p is nonstationary.

Proof. Assume that p is stationary, but, for contradiction, that dim®(p) > 0. Then, there is a Morley sequence in p with at
least two elements ag and a;. Since dimd(p) > 0, dp # a;. By Lemma 3.64, tp(apa,/A) = tp(a;ap/A), which is absurd. O

Contrast the above corollary to the case of stable theories, where instead every type has at least one stationary nonforking
extension.

Corollary 3.66. Let B C C and q € S,(C). Then, t.fa.e.:

1.q ]9 C;
LB
2. there exists an infinite sequence of realisations of q which are independent over B;
3. every sequence (a; : i € I) of realisations of q which are independent over C are independent also over B;
4. there exists an infinite Morley sequence in q over B.

Proof. Cf.[1, 1.12-13].

(1=3) Let (a; : i € I) be a sequence of reallsatlons of q independent over C. For every i € I, let d; == = (a;: i #j € I). Since
a | d and q; | C, we have a,\LB

(3=4) Let (a, tiel) be an infinite Morley sequence in q over C; such a sequence exists by Lemma 3.61 (or by [1, 1.12]).
Then, (g; : i € I) is independent also over B, and hence is a Morley sequence for q over B.

(4 = 2) is obvious.

(2 = 1) Choose A < « aregular cardinal large enough. Let (@; : i < w) be a sequence of realisations of g independent over B.
By saturation, there exists a sequence (q; : i < A) of realisations of q independent over B. By Local Character, and
since X is regular, there exists « < A such that a, \ﬁ‘Ba C,whered := (a; : i < ). Since, moreover, d, Jj‘B d, we

have a, \lf'B C, and therefore q \EB C. O

3.4. Local properties of dimension

In this subsection, we will show that the dimension of a set can be checked locally; what this means precisely will be
clear in Section 9, where the results given here will be applied to a “concrete” situation.

Definition 3.67. A quasi-ordered set (I, <) is a directed set if every pair of elements of I has an upper bound.

Lemma 3.68. Let (I, <) be a directed set, definable in M with parameters C. Then, for every a € I and d C M there exists b € [
such that b > a and da iilz b

Proof. Fix @ € I and d C M, and assume, for contradiction, that everyB > g satisfies da lccl b.

W.lo.g., ¢ = @. Let A be a large enough cardinal; at the price of increasing « if necessary, we may assume that A < «.
By Lemma 3.61, there exists a Morley sequence (di@; : i < ) in tp(da/¥). Consider the following set of formulae over
{(_ll{ ti< A}:

AR ={xel,x>a;:i<A}.
Since (I, <) is adirected set, A is consistent; let b € I be arealisation of A.By the Erdos-Rado theorem, there exists a Morley

sequence (d;a; : i < w) in tp(da/@) such that all the d;a /ia; satisfy the same type q(X, y) over b,and a; < b for everyi < .
Therefore, by Corollary 3.66, q |C'b and in particular agdy |°‘b Since dody = ad, there exists b’ > a such that aodeb = adb’,

so b’ L daand b’ > @, a contradiction. [



524 A. Fornasiero / Annals of Pure and Applied Logic 162 (2011) 514-543

Lemma 3.69. Let X C M" be definable with parameters c, and let (Uf)fel be a family of subsets of M", such that each U; is
definable with parameters tc. Let d < n, and assume that, for every @ € X, there exists b € I such that a € Uj, ('1\|j‘E b, and
dim (X N U;) < d. Then, dim“(X) < d.

Proof. Assume, for contradiction, that dim®(X) > d; let @ € X be such that rk! (a/c) > d.Choose b as in the hypothesis of
the lemma; then, rk(@/b¢) > d, which is absurd. O

Lemma 3.70. Let | C M" be definable and let < be a definable linear ordering on I. Let (XB)Bel be a definable increasing family
of subsets of K™ and X = | j; X;. Let d < m, and assume that, for everyb €I, dimd(XB) < d. Then, dim®(X) < d.

Proof. Let ¢ be the parameters used to define I, <, and (XB)Eez' Let @ € X be such that rk (a/c) = dim(X). Let b € I be
such that a € Xj;. Choose @', b < M such that @b’ =; ab and @'b’ \E‘E ab.W.lo.g., b’ > b; hence,a € Xp and
d > dim“(X;) > rk%(@/ch’) = rk%(@/c) = dim?(X). O
We can extend the above lemma to directed families.

Lemma 3.71. Let (I, <) be a definable directed set. Let (XB)Bez be a definable increasing family of subsets of M™ and let
X = U Xp- Let d < m, and assume that, for every b € I, diim® (X;) < d. Then, dim“(X) < d.

Proof. W.l.o.g., (I, <) and the family (XB)Bel are definable without parameters. Let @ € X be such that rk% (@) = dim®(X),

and let by € I be suchthata € X, By Lemma 3.68, there exists b e I'suchthatb > by and aby \E‘E. Hence,a € X;and a \E‘E,
and therefore

d > dim®(X;) > rk(@/b) = rk(@) = dim“(X). O
Remark 3.72. The above lemma is not true if (Xl-,) by IS definable decreasing family of subsets of M™, instead of increasing.
For instance, let K be a real closed field, cl = acl, I := (K<° x K) U {(0, 0)}; define (x,y) < (¥,y')ifx <x andy =y, or
x = 0.Letly, b, = {(x,y) €1:(x,y) > (b1, bp)}. Then, (I, <) is a directed set, diim*'(I) = 2, but dim*!(I;) < 1 for every
bel

4. Matroids from dimensions

In [25], van den Dries gave a definition of dimension for definable sets; we will show that his approach is almost
equivalent to ours. Let K be a first-order structure.

Definition 4.1. A dimension function on K is a function d from K-definable sets to {—oo} U N, such that, for allm € N and
S, S1 and S; definable subsets of K™, we have the following.
(Dim 1) d(S) = —o0iffS = @,d({a}) = O foreverya € K, d(K) = 1.
(Dim 2) d(S1 US,) = max(d(Sy), d(S3)).
(Dim 3) d(S°) = d(S) for every permutation o of the coordinates of K™.
(Dim 4) Let U be a definable subset of K™, and, fori = 0, 1, let U(i) := {x € K™ : d(Uy) = i}. Then, U (i) is definable with
the same parameters as U, and d(U N 7 ~1(U(i))) = d(U(i)) +i,i =0, 1, where 7 := Hn”j“.
Notice that the axiom (Dim 4) is slightly stronger that the original axiom in [25]; however, after expanding K by at most
|T| many constants, the situation in [25] can be reduced to ours.

Definition 4.2. Given a dimension function d on K, for every A C K and b € K we define b € cl?(A) iff there exists X C K
definable with parameters in A, such that d(X) = 0and b € X.

Theorem 4.3. The operator cl* (more precisely, the extension of cl* to a monster model) is an existential matroid with definable
dimension. The dimension induced by cl¢ is precisely d.

Conversely, if cl is an existential matroid with definable dimension, then dim® is a dimension function, and cldim® — ¢,
Proof. The only nontrivial facts are that, if d is a dimension function, then cl¢ is definable and satisfies the EP and the
Existence axiom.

(Definability) Let a € cl(B). Let X € K be B-definable such that d(X) = 0 and a € X. Let ¢(x, b) be the B-formula
defining X. By (Dim 4), w.L.o.g., d(¢(K, ¥) < 0 for every y.> Hence, ¢ (x, ¥) is an x-narrow formula.

(EP) Let a € cl(Bc) \ cl(B). Assume, for contradiction, that ¢ ¢ cl(Ba). Let X C K2 be B-definable, such that a € X, and
d(X;) = 0.Let X’ := X N7~ '(X(0)), where 7 := ITZ. By assumption, (c, a) € X’ and, by (Dim 4), dim(X") < 1; w.lo.g,
X=X.

LletZ := {ue K:d(X") =1}.Sincec € X®and c ¢ cl(Ba),a € Z.Since a ¢ cl(B), d(Z) = 1. Hence, by (Dim 4) and
(Dim 3), d(X) = 2, which is absurd.

(Existence) Immediate from Lemma 3.21(5). O

3 Hereitis important that in (Dim 4) we asked that the parameters of U (i) are the same as the parameters of U.
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5. Expansions

Remember that M is a monster model of a complete .£-theory T. We are interested in the behaviour of definable matroids
under expansions of M. In this section, we assume that cl = cI* is a closure operator on the monster model M.

Definition 5.1. Given X C M, let the restriction cl* : #(X) — £(X) and the relativisation cly : (M) — £ (M) of cI™
be defined as cI¥(Y) := cI™(Y) N X and clx(Y) = ™ (XY).

Notice that when M’ < M we have already introduced in Remark 3.27 the notation ™ for the “extension” of cI" to M;
this is not problematic, because the two notions coincide for existential matroids.

Remark 5.2. Given X C M, cl¥ is a closure operator on X and cly is a closure operator on M. If, moreover, cl is a matroid,
then both cI* and cly are matroids, A |% CiffA |% C,and s the restriction of | to the subsets of X.

In particular, for every X C M, the rank and the notion of independence coincide for cI* and cl* (but they are quite
different from the corresponding notions for cly!), and therefore we do not need to specify for example if the rank is taken
w.r.t. cl™ or wr.t. cl¥.

Remark 5.3. Given B C M (with |B| < «), let My be the expansion of M with all constants from B, and consider clp as a
matroid on M.

1. If cI™ is definable, then cl; is also definable (see Remark 3.28).

2. If cI™ is a matroid, then clp is also a matroid.

3. If ™ is definable and satisfies Existence, then cl satisfies Existence too.

4. 1f ™ is an existential matroid, then cly is also an existential matroid, and dim®" and dim®® coincide (the definable sets
of M and of M are the same).

Example 5.4. In the above remark, it is not true that, if cI* is a definable matroid, and cl satisfies Existence, then cI* satisfies
Existence. For instance, let B be any nonempty subset of M (of cardinality less than «), and cI® = clI' (see Example 3.26);
then, clz = cl® satisfies Existence, but cI*! does not.

Lemma 5.5. Let X C M. Let M’ be the expansion of Ml with a predicate P for X. Assume that M is a monster model, and denote
by cly, the closure operator cly (Y) := c™(XY) on M/ (cly coincides with cly).

1. If ™ is definable, then cly, is definable on M.
2. If ™ is a matroid, then cly, is a matroid.

Proof. Let D C X be such that |D| < « and cI™(X) = cI™(D).

1. b e cly(A)iffb € c™(AX) iff M = ¢ (b, @, ¢) for some x-narrow formula ¢ (x, y, Z), some @ C A and some ¢ € X". Define
V(x5 =3z (P(Z) & ¢(x,y,2)). Notice that  is an £(P)-formula, and that, for every @’ C M, ¥ (M', @) C cly(@').
2. Trivial. O

Remark 5.6. Let M, X and M’ be as in the above lemma. Let (B, Y) < (M, X); assume, moreover, that cI* is a definable
closure operator on M. Then, (cI®)y = (clx)®; that s, for every A € B, B N cly (A) = B N clx (A).

Hence, in the above situation, inside B we do not need to distinguish between cly and cly.

Remark 5.7. Let cl be a definable matroid (not necessarily existential), and let X, Y, X*, and Y* be elementary substructures
of M, such that X € X*NYand X* UY C Y*. Let .£2 be the expansion of £ with a new unary predicate P, and consider
(Y, X) and (Y*, X*) as £2-structures. Assume that (Y, X) < (Y*, X*). Then, X* \Elx Y.

Proof. Let X* C X*; it suffices to prove that x* \lilx Y. However, tp . (x*/Y) is finitely satisfied in X, and we are done. O

Assume that M expands a ring without zero divisors. Let M’ be an expansion of M to a larger language £’; assume that
M’ is also a monster model and that cl’ is an existential matroid on M’. We have seen that in this case cl’ is the unique
existential matroid on M, and that, for every X definable subset of M, dim’(X) = 0 iff F(X*) # M’ (where dim’ is the
dimension induced by cl’). It is clear that cl’, in general, is not definable in M. However, the dimension function dim’ is
definable in M; hence, we can restrict the dimension function dim’ to the sets definable in M (with parameters), and get a
function dim.

Remark 5.8. Let M, M/, dim’, and dim be as above. Then, dim is a dimension function on M (i.e., it satisfies the axioms in
Definition 3.29). The matroid cl induces by dim is characterised by the following.

For every A and b, we have b € cl(A) iff there exists X C M, definable in M with parameters from A, such that F(X*) # M
and b € X.

Corollary 5.9. Assume that M expands a ring without zero divisors. Let M be an expansion of M. If M is geometric, then M is
also geometric.

Compare the above corollary with [1, Corollary 2.38 and Example 2.40].
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6. Extension to imaginary elements

Again, M is a monster model of a complete theory T, and cl is an existential matroid on M. Let M®? be the set of imaginary
elements, and let T® be the theory of M®4. Our aim is to extend the matroid cl to a closure operator cl®® on M®9,
We will start with the definition of a € cl*®(B) when a is real and B is imaginary.

Definition 6.1. Let B be a set of imaginary elements (of cardinality less than «), and let a be a real element. We say that
a € cl®(B) iff £ (a/B) has finite rk®.

It is relatively easy to prove the following fact.

Remark 6.2 (Exchange Principle [13, 3.1]). The operator cl®? satisfies the Exchange Principle for real points over imaginary
parameters. That is, for a and b real elements and C imaginary, if a € cl®*4(bC) \ cI®*4(C), then b € cI*d(aC).

Recall that M has geometric elimination of imaginaries if every for imaginary element a there exists a real tuple bsuch that
a and b are interalgebraic. If M had geometric elimination of imaginaries, we could define a € cI*d(B) iff there exists a real
tuple ¢ such that a € acl®d(c) and ¢ C cI®¥(B). Without geometric elimination of imaginaries, the definition is substantially
more complicated; however, one can proceed from Remark 6.2 as in [13, Section 3] to define the desired extension cl*
(notice that [13] uses dim for what we would call rk).

If cl has definable dimension dim®, then the definition of cI®® is much simpler, and proceeds as follows. Let X C M"
be definable, and let E be a definable equivalence relation on X. If the dimension of each equivalence class is constant e,
we define the dimension of the imaginary set X/E as dim® X/E) = dim(X) — e. In the general case, let X; =
{x € X : dim“(Ex) = i} (where Ex is the equivalence class of x); then each X; is definable, and X = Xy U --- U X;; thus,
we define dim™™ (X JE) = max,'(dimCqu X /E)). It is easy to verify that dim™™ is the dimension function associated to cl9,
and therefore we can define cI®? as

cl®9A) = {c € M : 3X C M®A-definable s.t. ¢ € X & dim™"(X) = 0} .

In general, we can use cl®? (or, better, the associated rank rkdeq) to extend the independence relation \|j‘ to imaginary
elements, setting A \|j‘°C“ Biff, for every finite subset A’ of A, rk“"* (4’/BC) = rk™ (A’/C); it is then easy to verify that 1%isan

independence relation on M®? extending j‘, and that the corresponding version of antireflexivity holds for it (cf. Remark 3.7).

When no danger of confusion arises, we will freely use cl to denote also cI®, and similarly for the related notions dim®,

k™ and U

Notice that acl®® is a closure operator on M®! extending acl; however, even when cl = acl, in general cl®*® # acl®9;
hence, when cl = acl, we will have to pay attention not to confuse the two possible extensions of cl to M® (cf. the next
remark). On the other hand, by dcl®® we will always denote the usual extension of dcl to an imaginary element: a € dcl(b)
if Z(a/B) = {a}.

Remark 6.3. Assume that M is a pregeometric structure and that cI = acl. Given b a real or imaginary tuple, we have
acl®¥(b) C cl®4(b) and cI®*¥(b) N M = acl®d(b) N M. However, it is not true in general that cI*d = acl®d; more precisely,
cl®® = acl®¥ iff M is surgical [13]. For instance, if K is either a p-adic field, or an algebraically closed valued field, then K
is geometric but not surgical; its value group I" has dimension 0 but it is infinite; therefore, there exists y € I" such that
y € cl®9®) \ acl®4(®).

7. Density

Again, M is a monster model of a complete theory T, and cl = cI™ is an existential matroid on M.

Definition 7.1. Let K < M, and letX C K.We say that X is dense in K if, for every K-definable subset U of K, if dim® (U) = 1,
then U N X # @. Recall that cI*(X) := c™(X) N K; we say that X is cl-closed in K if cI*(X) = X.

Examples 7.2. 1. If K is geometric, then X is dense in K iff X intersects every infinite definable subset of K; in that case, our
definition of density coincides with the one in [ 16, Section 1].

2. If K is strongly minimal, then X is dense in K iff X is infinite.

3. If K is o-minimal and densely ordered, or if K is the field of p-adic numbers, then X is dense in K in the sense of the above
definition iff X is topologically dense in K (this is the motivation here and in [16] for the choice of the term “dense”). See
also Section 9 for a generalisation of this example.

Remark 7.3. If X C Kis dense (in K),and a € X, then X \ {a} is also dense.
Proof. If U C K is definable and of dimension 1, then U \ {a} is also definable and of dimension 1. O

Lemma 7.4. Let X C K < M. IfX is cl-closed and dense in K, then X < K.
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Proof. Tarski-Vaught test. Let A C K be definable, with parameters from A; we must show that AN X = @. If dim“(A) = 1,
this is true because X is dense in K. If dim(A) = 0, this is true because X is cl-closed in K. O

Lemma 7.5. Let K < M be a saturated model of cardinality . > |T|. Then, there exists X C K such that X is a cl-basis of K and
X is dense in K. Moreover, there exists F < K such that F is cl-closed and dense in K and F is not equal to K.

Proof. Let (A;);-; be an enumeration of all subsets of K which are definable (with parameters from K) and of dimension 1.
Build a cl-independent sequence (a;);<, inductively: for every u < A, we make sure that (a;);, is cl-independent, and that,
forevery i < pu, there exists j < u such thata; € A;. Fix u < A, and assume that we have already defined q; for every i < u;
we have to define a,,.

Claim 1. There exists a,, € A, such that a, is cl-independent from (a;)i .

Otherwise, rk“(A,)) < A, which is absurd.

Define a,, as in the above claim. By construction, X" := {g; : i < A} is cl-independent and dense in K; we can complete it
to a cl-basis X, which is also dense.

Choosea € X,letY = X \ {a}, and let F := cl(Y). Since X is dense, Y is also dense, and therefore F is dense in K.
Moreover, since X is a cl-basis, a ¢ F. Finally, by Lemma 7.4,F < K. O

The proof of the above lemma shows the following stronger results.
Corollary 7.6. Let K be as in Lemma 7.5. Let ¢ € K\ cl(#). Then, there exists F < K cl-closed and dense in K, such that ¢ ¢ F.

Given K = T, and X, Y subsets of K, we say that X is dense in K w.r.t. Y if, for every subset U of K definable with
parameters from Y, if dim®(U) = 1, then U N X % 0.

Lemma 7.7. There exist F and K models of T, such that F < K and F is a proper dense and cl-closed subset of K.

Proof. Notice that, if T has a saturated model of cardinality > |T|, we can apply Lemma 7.5. Otherwise, let Ko < K; < - -«
be an elementary chain of models of T, such that, for every n € N, K;,;1 is (|Kn| + |T|)+—saturated, and let K := ey Kn.
Proceeding as in the proof of Lemma 7.5, for every n € N we build a cl-independent set -4, of elements in K1, such that
An € Appp and A, is dense in K, 1 wr.t. K. Let A = U,1 4. Then, «4 is a cl-independent set of elements in K, which is
also dense in K. Conclude as in Lemma 7.5. O

8. Dense pairs

Let B be a real closed field and A be a proper dense subfield of A, such that A is also real closed. We call (B, A) a dense pair
of real closed fields, and we consider its theory, in the language of ordered fields expanded with a predicate for a (dense)
subfield. Robinson [22] proved that the theory of dense pairs of real closed fields is complete. In [26], van den Dries extended
Robinson’s theorem to o-minimal theories: if T is a complete o-minimal theory expanding the theory of (densely) ordered
Abelian groups, then the theory of dense elementary pairs of models of T is complete. Macintyre [16] introduced an abstract
notion of density, in the context of geometric theories, which for o-minimal theories specialises to the usual topological
notion, and proved various results; more recent work has been done in the context of so-called “lovely pairs” either of
geometric structures (see for instance [4,6]) or of simple structures (see [2], which extends Poizat’s work on “beautiful
pairs” of stable structures [19]).

In Section 7, we also proposed an abstract notion of density, which for geometric theories specialises to the one given by
Macintyre. However, it is not true in general that the theory of dense pairs of models of T is complete (unless T is geometric
and expands the theory of integral domains); the main result of this section is that if T expands the theory of integral
domains, and we add the additional condition that A is cl-closed in B, we obtain a complete theory, which we denote by T¢
(if T is geometric, the additional condition is trivially true). We will also show that T¢ admits an existential matroid (the
small closure: Section 8.4), which will allow us to iterate the procedure, by considering dense pairs of models of T¢ itself,
and so on; see Section 13. For the exposition we will follow [26], using, however, some ideas from [6,2].

We assume that the structure M is a monster model of a complete theory T, and that cI = cI™ is an existential matroid
on M. For this section, we will write dim instead of dim®, rk instead of rk, and | instead of |.

Definition 8.1. Let .£2 be the expansion of .£ by a new unary predicate P. Let T2 be the «£2-expansion of T, whose models
are the pairs (K, F), with F < K, F #£ K, and F cl-closed in K.

Assume that dim is definable. Let T¢ be the .£2-expansion of T saying that I is a proper, cl-closed and dense subset of K
(we need definability of dim to express in a first-order way that FF is dense in K).

Notice that, by Lemma 7.4, T¢ extends T2. Notice that, if c] = acl, then T2 is the theory of pairs (K, F), withF < K = T;
however, if cl # acl, then there exists F < M with FF not cl-closed in M (take any F < M such that |F| < «).

Remark 8.2. The theory T is consistent.

Proof. By Lemma 7.7. O
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Proviso. For the remainder of this section, we assume that T expands the theory of integral domains (and therefore dim is
definable), and that (K, F) = T¢.
Theorem 8.3. The theory T¢ is complete.
Definition 8.4. An .£2-formula ¢ (x) is basic if it is of the form
FH(PH) & ¥ (X)),
where v is an L£-formula.?

Theorem 8.5. Each £2-formula v (%) is equivalent, modulo T to a Boolean combination of basic formulae, with the same
parameters as .

Theorems 8.3 and 8.5 will be proved in Section 8.2.

8.1. Small sets

In this subsection, we will assume that (K, A) = T?.

Definition 8.6. A subset X of K is A-small if X C f(A"), for some Z-application f : K" ~~ K which is definable in K (cf.
Definition 3.54).

Definition 8.7. Let X C K". We say that X is weakly dense in K" if, for every definable U C K", ifX C U, then dim(U) = n.
For instance, if c] = acl, then X is a weakly dense subset of K iff X is infinite.

Remark 8.8. If X is a weakly dense subset of K, then X" is a weakly dense subset of K".

Lemma 8.9. IfK =T and K’ < K, then K’ is weakly dense in K.

Proof. W.l.o.g., the pair (K, K') is w-saturated. Assume, for contradiction, that U C K is definable, with parameters b € K",
dim(U) = 0,and K" € U. By saturation, rk(K’) is infinite; let ¢ € K™ be independent elements. However, ¢ € U, and
therefore ¢ C cl(b), whichis absurd. O

The following result is the most delicate one; the use of Z-applications will allow us to mimic van den Dries’ proof.

Lemma 8.10 ([26, 1.1]). Let f : K"*! « K be a Z-application A-definable in K, and let by € K \ A. For every x € K and
V=0 ...,y € K let p(¥, x) == yo + y1X + - - - + ynX". Then, there exists a € A" such that

p(@, bo) ¢ f(A" x {bo}).
Proof. Otherwise, there is, for each a € A"™!' atuple ¢ e A" such that p(a@, by) € f(C, by). W.lo.g., f is definable

without parameters. For each y € K"! and z € K" let D(y,zZ) = {xe€K:p({,x) €f(z,x)}. Define W =
{§,2Z) :=dim(DF,2)) =1},and Y = H,ffl'l(W). Since by ¢ A and A is cl-closed in K, we have A™*! C Y. Since

Y is definable, Remark 8.8 and Lemma 8.9 imply that dim(Y) = n + 1; therefore, dim(W) > n + 1. LetZ =
{2 € K" : dim(W?) > 1}. Since dim(W) > n + 1 and dim(K") = n, we have that dim(Z) > n, and hence Z is nonempty.
Choose ¢ € Z.Leta € K™ ! be such that (a,c) € W and rk(a/c) > 1. By definition of W, dim(D(a, ¢)) = 1; choose
b € D(a, ) such that rk(b/ca) = 1. Define d := p(@, b); remember that d € f(C, b), and therefore d € cl(ch). Let@ e K"*!
be such that @’ =z,q aand @’ \|/Ebd a.Since d € cl(c, b), we have @ J/zb a. Moreover, p(@’, b) = d; therefore, p(a—a’, b) = 0.
If a # @', this implies that b is algebraic over a — @', and therefore b € cl(aa’), contradicting the fact that b ¢ cl(ac) and
\|/Eb a.

Ifinstead a = @', then @’ \Lab a implies that a C cl(ch), contradicting the facts that b ¢ cl(ca) and rk(a/c) > 1. O

=/

a

Notice that the hypothesis of the above lemma can be weakened to the following.
K =T and A is a proper cl-closed and weakly dense subset of K.

Remark 8.11 (/26, 1.3]). Each A-small subset of K is a proper subset of K.

Proof. The same as [26, Corollary 1.3]. O

Remark 8.12. A finite union of A-small subsets of K is also A-small.

Lemma 8.13. Let B C K be a proper cl-closed subset. Then, B is co-dense in K; that is, K \ B is dense in K.

Proof. Since Bis cl-closed in K, F (B*) C B(cf. Definition 3.46). Assume, for contradiction, that there exists U definable in K,
such that dim(U) = 1and U C B.Then, F(U%) = K, and therefore F (B*) = K, contradicting the assumption that B # K. O

4 Basic formulae were called “special” in [26].



A. Fornasiero / Annals of Pure and Applied Logic 162 (2011) 514-543 529

Lemma 8.14 ([26, Lemma 1.5]). Ifthe pair (K, A) is A-saturated, where A is an infinite cardinal with |T| < X, thendim(K/A) >
A. Hence, if |X| < A, then cI¥(AX) is co-dense in K.

Proof. The same as [26, Lemma 1.5]. Let E be a generating set for K/A, and suppose that |[E| < A. Let I"(v) be the set of
£2-formulae of the form

Vy1... V(PG = v ¢ f(G. e ..., e)),
where f (¥, Z) is a Z-application {J-definable in K, and ey, . . ., e, are in E. By Remarks 8.11 and 8.12, I"(v) is a consistent set
of formulae, with fewer than A many parameters. By saturation, there exists b € K realising the partial type I"(v). Thus
b ¢ cI®(AE), which is absurd. O

Notice that, in the original [26, Lemma 1.5], if T expands RCF, then van den Dries’ assumption that -4 is dense in B is
superfluous; density is used if, however, T expands only the theory of ordered Abelian groups.

8.2. Proof of Theorems 8.3 and 8.5

The proof is similar to the ones in [6,2]; the following definition is a variant of the ones they use.
Definition 8.15. Let (B, A) = T? and C C B. Let ¢ be a tuple of elements from B®; the P-type of ¢, denoted by P-tp(c), is
the information which tells us which members of ¢ are in A (notice that the elements in ¢ are real or imaginary, but only
real elements can be in A). We say that c is P-independent if ¢ \|/Am5 A (where, again, only the real elements of ¢ can be in
ANc).
Notation 8.16. We will use a superscript 1 to denote model-theoretic notions for £, and a superscript 2 to denote those
notions for «£2; for instance, we will write a E} d’ if the L-types of a and @’ over C are the same, and a z% a if the £2-types
of a and @ over C are the same; similarly, acl? will denote the T?-algebraic closure.
Both theorems are immediate consequences of the following proposition.
Proposition 8.17. Let (B, A) and (B', A’) be models of T%. Let  be a (possibly infinite) P-independent tuple in B9, and let ¢’ be
a P-independent tuple in (B') of the same length and the same sorts. If¢ =' ¢’ and P-tp(c) = P-tp(c’), then¢ =2 C'.
Proof. Back-and-forth argument. Let A be a cardinal such that |T| + |c| < A < x. W.Lo.g., we can assume that both (B, A)
and (B, A") are A-saturated. Let e (resp. e’) be the subtuple of ¢ (resp. of ¢’) of nonreal elements. Let
r={f:c—>¢: cceccp9, ¢cecm™

¢ & ¢’ of the same length less than A and of the same sorts,

with all nonreal elements of € in e,

f is a bijection,

¢ &’ are P-independent, ¢='¢, Ptp(C) =Ptp(c)}.
We want to prove that I" has the back-and-forth property. So,letf : ¢ — ¢’ bein I',and letd € B\ ¢; we want to find

g € I such that g extends f and d is in the domain of g. W.l.o.g,¢ = cand ¢’ = ¢’.Leta :=cNA,andletd := ¢’ N A.
Notice that f(@) = @ and that A N cl(€) = A N cl(@) =: cI*(@), and similarly for ¢’. We distinguish some cases.

Case1::d € ANcl®(¢) = cl*(a@). Notice that ¢d J/ﬁ J A, and therefore cd is P-independent. There is a x-narrow formula ¢ (x, y)
such that B = ¢(d, ). Choose d’ € A’ such that cd =! ¢'d’; therefore, B’ |= ¢(d’, @); hence, d’ € ¥ @) c A, and thus
¢’d’ is also P-independent and has the same P-type as cd. Thus, we can extend f to cd setting g(d) := d'.

Case2::d € A\ c®(©) = A\ cl*(@). Since E\La Aand ¢ C A, we have E\Lﬁ J A, and therefore cd is P-independent. Let
q(x) := tp'(d/c),and let ¢’ := f(q) € S} (¢). Notice that q Ls ¢ (because d\La ¢), and therefore ¢’ Lo ¢’.Since A’ is dense in
B’ and (B, A’) is A-saturated, there exists d’ € A’ realising ¢'. It is now easy to see that ¢’d’ is P-independent, and that we
can extend f to cd by setting g(d) :=d'.

Case3::d € cl®(TA) \ A.Let @y € A" be such that d e cI®(bdy) (o exists because cl is finitary). By applying n times the

cases 1 or 2, we can extend f to f' € I" such that dg is a subset of the domain of f’. By substituting f with f’, we are reduced
to the case that d e cI®(¢) \ A. Since ¢ \La Aandd e cI®(c), we have cd \La A, and hence cd is P-independent. Let d’ € B’ be

such that d’'c’ =! dc. For the same reason as above, ¢’d’ is also P-independent. It remains to show that ¢d and ¢’d’ have the

same P-type, that is, that d’ ¢ A’. If, for contradiction, d’ € A’, thend’ € cl® @)NA = ¥ (a'); therefore, there would be a
x-narrow-formula witnessing it, and thus d € cI®(@) C A, which is absurd.

Case4::d ¢ cl®(CA).Letdy C Abeofcardinality less than A such that d \|/‘,1 i A (@ existsbecause | satisfies Local Character).
0

By applying cases 1 and 2 sufficiently many times, we can extend f to f’ € I" such that dg is contained in the domain of f’;
thus, w.l.o.g., d L A Let d' € A’ be such that d’¢’ =! dc; moreover, by Lemma 8.14, we can also assume that d’ L. A We

need only to show that d’ ¢ A’. Assume, for contradiction, thatd’ € A’ and d’ \l/a’ A’; then, d’ \La/ d, thusd € cl¥ (@), and
hence d € cI®(a@), which is absurd. O
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8.3. Additional facts

Reasoning as in [ 26, 2.6-2.9], from Theorems 8.3 and 8.5, and Proposition 8.17, we can deduce the following facts. We are
still assuming that T expands an integral domain, and we are still using Notation 8.16. To simplify the statements of various
results, we also assume that T is model-complete.

Corollary 8.18 ([26, 2.6]). Let (B, A) be a model of T%. Suppose that Y C B" is Ao-definable in (B, A), for some Ay C A. Then
Y N A" is Ag-definable in A.

Corollary 8.19 ([26, 2.7]). Let (B, A) and (B', A’} be models of T%, such that (B’, A’) C (B, A) and B’ and A are cl-independent
over A’. Then, (B’, A’) < (B, A). In particular, if A < B’ < B, with A # B/, then (B, A) < (B, A).

Corollary 8.20 ([26,2.8]). Let A € B C M be substructures. Assume that (B, A) have extensions (B, A;) = T¢ and
(By, Ay) = T, such thatB | , Axand BN Ay = A k = 1, 2. Then, (B1, A1) =2 (By, Ay). More generally, for every a; € (Ay)"
and 62 € (Az)n, lf[._ll Eé (_12, then (_1] Eé (_12.

-

Notice that the hypothesis of the above corollary implies that A is cl-closed (but not necessarily dense) in B.

Proof. Let ¢, := Ba,. Notice that ¢; and ¢, have the same P-type, they are both P-independent, and ¢; =! ¢,; the conclusion
follows from Proposition 8.17. O

Corollary 8.21 ([26, 2.9]). Let (By, A) = T and (B,, A,) = T and let A be a common subset of Ay and A,. Suppose that
b] € B4 \A] and b2 € B, \Az satisfy b] E}‘ bz. Then, bl Ei bz.

Proof. Let ¢; := b;A;, i = 1, 2. By assumption, ¢; =' C,, they have the same P-type, and they are both P-independent. The
conclusion follows from Proposition 8.17. O

For the remainder of this section, we will assume that (B, A) is a model of T¢, and that A is a cardinal number such that
k> A>|T|+ |B|
Lemma 8.22 ([26, Theorem 2]). Let b C B be P-independent. Given aset Y C A", t.fa.e.:

1. Y is T2-definable over b; .
2. Y =Z N A" for some set Z C B" that is T-definable over b.

Proof. (1 = 2) follows from compactness and the fact that the .£2-type over b of elements from A is determined by their
P-type (cf. the proof of [26, Theorem 2]). (2 = 1) is obvious. O

Lemma 8.23 ([26, 3.1]). The structure A is T?-algebraically closed in (B, A).

Proof. Asin[26,3.1].Letb € B\ A. Let (B*, A*) > (B, A) be a monster model, and let c® be the extension of cl to B*. Since
cl®" is existential, and b ¢ cI®* (A), there exist infinitely many distinct b’ € B* such that b =! b’. By Corollary 8.21,b =2 b'.
Thus, b is not T2-A-algebraic in (B*, A*), and therefore not T?-A-algebraic in (B, A). O

Lemma 8.24 ([26, 3.2]). Let Ay C A be T-algebraically closed (resp., T-definably closed). Then A is T?-algebraically closed (T?-
definably closed).

Proof. Assume that Ag is T-algebraically closed. Let ¢ € acl?>(A), and let C := {cy, ..., ¢} be the set of £2-conjugates of
¢ /Ao. By definition, C is Ap-definable in (B, A), and, by the above Lemma, C C A. Hence, by Corollary 8.18, C is Ap-definable
in A. The case when Ay is T-definably closed is similar. O

Lemma 8.25. Assume that (B, A) is a A-saturated model of T®. Let D C B be such that |D| < A, and let ¢ € B\ cl(D). Define
C:={c eB:c =} c}NA Then, |C| > A.

Proof. For every ;1 < A, consider the following partial .£L2-type over D:
pxii< )= (/\xi E}) c) & (/\P(xl-)> & (/\xi #+ xj).
i i i<j

Claim 1. The type p is consistent.

If not, there existd C D,b C B, and d(x, d) € tp'(c/D), such that ¢ (B, d) \A = b.Let X = ¢ (B, d) \ b; notice
that X is definable in B, and that X C A. Hence, since A is co-dense in B, we conclude that dim(X) < 0, and therefore
dim(¢ (B, d)) < 0. Thus, ¢ € cl®(d) C cI®(D), which is absurd.

Thus, p is satisfied in (B, A), and the conclusion follows. O

Proposition 8.26 (/26, 3.3]). Let b C B be P-independent. Then, dcl*(b) = dcl'(b), and similarly for the algebraic closure. Let
c € B (i.e, c is an imaginary element for the structure B). Then, ¢ € dcl*(b) iff ¢ € dcl'(b), and similarly for the algebraic
closure.
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Sketch of Proof. W.l.o.g., we can assume that (B, A) is w-saturated and that b has finite length. Let ¢ € B be such that
¢ € acl?(b). We want to prove that ¢ € acl' (). )

Ifb C A, the conclusion follows from Lemma 8.24. Otherwise, let B; := cl®(Ab); by Corollary 8.19, (B;, A) < (B, A),
and in particular B, is T2-algebraically closed in (B, A), and therefore ¢ € B;®. Let n > 0 be minimal such that there exist
a € A" with ¢ e cIB(ba).

Claim 1. ¢ € cl®(b),ie.n = 0.

Ifn > 0, by substituting b with baj . .. ay_1, and proceeding by induction on n, we can reduce to the case n = 1; let
a := a;. Consider the following partial .£-type over ba:

q) = (x=; ) & (x | a).
b
Since | satisfies Existence, q is consistent. Let d € B be any realisation of g. Since d \LB a, we conclude that either d ¢ cI® (ba)

ord e cl®(b). However, the latter cannot happen, since d =, a ¢ cl®(b); thus, d ¢ cI®(ba), and therefore dim(q) = 1. Hence,

since A isdense in B and (B, A) is w-saturated, there exists a’ € A satisfying q. Reasoning in the same way, we can show that
there exists a Morley sequence (a5, a3, d,, . . .) in g contained in A. By Corollary 8.20, a; z% aforeveryi.Letcy, ¢, ..., Cn

be all the .£2-conjugates of c over t__) (there are finitely many of them), and let ¢)(x, y, z) be an x-narrow £-formula without
parameters such that B = ¢(c, a, b). B B B
The £-formula (in y, with parameters in bc; . .. cn) \/; ¢(c;, y, b) is equivalent to an £2-formula in y with parameters b;

hence, every q; satisfies it (because a; E% a). Hence,w.l.o.g., c; € CIB(Z_JCI/Z) N clm‘(l}a;) = cI®(b) (because a, L a;). Therefore,
c e c®(b). .

It remains to show that ¢ € acl!(b). Let ¢, € B be such that c, = C. Since B is w-saturated, it suffices to prove that there
are only finitely many such c,. Since ¢ € acl?(b), it suffices to prove that ¢, =2 c.Let by := bc, by := bcy,and d := b N A. By
assumption, b; =' b,. By Claim 1, we have b; C cI®(b), and therefore, since b J/a A, by is P-independent. Claim 1 also implies

that b, € cl®(b), and hence b, is also P-independent. It remains to show that by and b, have the same P-type. Assume for
example that ¢ € A.Since b | ; A, we have thatc € cl®(d), and therefore ¢, € cl®(d) = cl*(d) C A.

The other assertions are proved in a similar way. O

8.4. The small closure

We will are still assuming that T expands an integral domain. Let M* := (B*, A*) be a «-saturated and strongly

x-homogeneous monster model of T¢, and let (B, A) < M*, with |B| < «. Let cI®" be the extension of cl to B*, and denote
by rk the corresponding rank. Notice that rk(B*/A*) > «.

Definition 8.27. For every X C B* we define the small closure of X as
Scl(X) = cI® (XA®).

For lovely pairs of geometric structures (e.g., dense pairs of o-minimal structures), the small closure was already defined
in [4, Def. 4.5].

Remark 8.28. The matroid Scl is a definable matroid (on M*).
Proof. Notice that Scl coincides with the operator (clB*) A+ inLemma 5.5. O

Notice that we can apply Remark 5.6, an obtain that ScI® = (cI®),; that s, we can “compute” the small closure of a subset
of B inside B by using A instead of A*.
We want to prove that Scl is existential; we will need a preliminary lemma.

Lemma 8.29. Let b € B* \ A*. Define M the expansion of M* with a constant for b, and Scl,(X) := Scl(bX) = cl® (XA*b).
Then, Scly, is an existential matroid on Mj.

Proof. That Scl, is a definable matroid follows from Lemma 5.5, applied to Scl. Let X € M*, and let Y := Scl, (X).
Claim 1. Y < M* (as an £2-structure).

By Lemma 7.4, Y is an elementary «£-substructure of B*. Corollary 8.19 applied to B’ := Y implies the claim.
The lemma then follows from the above claim and Lemma 3.23; nontriviality follows from the fact that rk(B*/A*)
>k. O

Lemma 8.30. The matroid Scl is an existential matroid (on M*).
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Proof. The only thing that needs proving is Existence. Define 52 (a/C) as the set of conjugates of a over C in M*. Assume
that £%(a/C) C Scl(CD). We want to prove that a € Scl(C). By Lemma 8.14, we can choose b and b’ € B* which are
clB*—independent over A*C. By applying the previous lemma to Scl, and Scl/, we see that

a € Scly(C) N Sely (C) = cI® (A*Ch) N ¥ (A*Ch') = cI® (A*C) = ScI(C). O

Hence, we can define the dimension induced by Scl, and denote it by Sdim.
Notice that, by Theorem 3.48, Scl is the only existential matroid on T¢.

Lemma 8.31. Let X C B" be definable in B. Then Sdim(X) = dim(X).

Proof. Fromcl®" C Scl it follows immediately that Sdim(X) < dim(X). For the opposite inequality, we proceed by induction
on k = dim(X). Assume, for contradiction, that Sdim(X) < k. W.lLo.g,, dim(/7; (X)) = k; therefore, w.lo.g,, k = n.If
k = 1, then Sdim(X) = 0, and therefore F(X*) # B, contradicting dim(X) = 1. For the inductive step, assume that
k=n > 1,and let U := {a € B" : dim(X,) = 1}. Notice that U is definable in B, and therefore, by inductive hypothesis,
Sdim(U) = dim(U) = n — 1. By the case k = 1, for every a € B"~!, dim(X,) = Sdim(X,), and therefore Sdim(X,) = 1 for
every a € U.Thus, Sdim(X) =n. O

Definition 8.32. Let X C (B*)" be definable in (B*, A*). We say that X is small if Sdim(X) = 0. Let Y C B" be definable in
(B, A). We say that Y is small if Sdim(Y*) = 0, where Y* is the interpretation of Y inside (B*, A*).

Notice that, if X C B" is A-small (in the sense of Definition 8.6), then X is also small in the above sense. The next lemma
shows that the converse is also true.

Lemma 8.33. Let (B, A) < (B*, A*) and X C B" be definable in (B, A). Let X* be the interpretation of X inside (B*, A*). Let
¢ € B¥ be the parameters of definition of X. Tfa.e.:

. X is small;

. X* is small;

. X* C Scl(b) for some finite tuple b C B*;

. X* C Scl(c);

L X* S ¥ (@AY);

X* is A*-small; that is, there exists a Z-application f* : B*™ ~» B*", definable in B*, such that f*(A*™) 2 X*;

. X is A-small; that is, there exists a Z-application f : B™ ~ B", definable in B (with parameters c), such that f (A™) 2 X;
. there exists a Z-application g* : B*™* . B*", definable in B* without parameters, such thatg*(A*’" X {E}) o X*;

. there exists a Z-application g : B™** « B", definable in B without parameters, such that f (A™ x {c}) D X.

© 0N U A WN =

Proof. The only nontrivial implication is (5 = 7), which is proved by a compactness argument using Remark 3.55. O

Conjecture 8.34 ([26,3.6]). Let f : A" — A be T?-definable with parameters b. Let a € A™ be such that E\'/a A and
dcl'(ba) N A = dcl'(@). Then, f is given piecewise by functions definable in A with parameters a.

Lemma 8.35 (6, 6.1.3]). Letf : A" — B be Tz—de_finable with parameters b. Assume that b is P-independent. Then, there exists
g : B" — B which is T-definable with parameters b, and such that f = g A".

Proof. Let (B*, A*) be an elementary extension of (B, A) and a* € (A*)". By Proposition 8.26, there exists a function
gi : B" — B which is T-definable with parameters b, such that f (a) = g;(a). By compactness, finitely many g; will suffice.
The conclusion then follows from Lemma 8.22. O

Proposition 8.36 (/26, 3.5]). Let b € B¥ and a € B¥ be such that Ei/a AandbN A C a Let X C B be T-definable with
parameters b, such thatdim(X) = d. LetY C X be T2-definable, with parameters b. Then, there exist S C X which is T?-definable
with parameters b, and Z C X which is T-definable with parameters ba, such thatZ A Y C S and Sdim(S) < d.

In particular, if dim(X) = 0, then every T?-definable subset of X is already T-definable.

Proof. The proof is a variant of Beth’s definability theorem, using Proposition 8.17. W.l.o.g., (B, A) is A-saturated, for some
cardinal A such that [T| < A < k.

Let W := {p e S}(ab) : Sdim(p) = d}. Notice that W is a closed subset of S} (ab) (the Stone space of T-types over ab
containing the formula “x € X”). Let 6 : 5)2( (ab) — S)‘( (ab) be the restriction map; notice that 6 is continuous, and therefore
V := 6(W) is compact and hence closed in S)}(&E). Letp =0 W.

Claim 1. The map p is injective (and therefore p is a homeomorphism between W and V).
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We have to prove that, for every ¢ and ¢ € X, if Srk(¢/ab) = Srk(¢’/ab) = d and ¢ E;E ¢/, then ¢ Eﬁa ¢’. Let d := abc
and d’ := abc’. By Proposition 8.17, it suffices to prove that d and d’ are both P-independent and have the same P-type. Since
Srk(c/ab) = d and ¢ € X, we have that Srk(c/ab) = rk(c/ab), which is equivalent to E\Lm; A, and hence (since bi/a A)
d \La A, that is d is P-independent, and similarly for d’. It remains to show that d and d’ have the same P-type. Let d; € A; we
have to prove that d; € A. Since d \La A, we have d; € cI*' (@), and hence d. e c®@) C A.

LetU = Sf, (ab) "W since Y is definable, U is clopen in W, and since p is a homeomorphism, p(U) is clopen in V. Hence,
there exists Z subset of X, such that Z is T-definable over ab and V N S} (ab) = p(U).

Claim 2. There exists S C X which is T2-definable over b, such that Sdim(S) < dandY AZ C S.
Assume not. Then, the following partial type over ab is consistent:
PRX)=XxeXXeY AZ&X ¢S,

where S varies among the subsets of X which are T?-definable over b, with Sdim(S) < d.Let ¢ € X be a realisation of & and
p = tp?(¢/ab) € Si(ab). By assumption, Sdim(c/ab) = d, and therefore p € W. Hence, p(p) = tp'(C/ab) € V. Since p is
injective, we have

p(p) € p(Sy(@b) NW) A p(S;(@@b) NW) C Sy(ab) AS,(ab) = 9,
which is absurd. O
In general, given b € B", it is always possible to find @ € A" such that BJ/;, A. However, [4, Example 6.13] shows that it
can happen that B is o-minimal, but @ cannot be found inside dcl?(b).

Corollary 8.37 ([26, 3.4]). Let b and a be as in the above proposition. Let I" be a T-definable set (possibly, in some imaginary
sort) over b, and let the function f : B" — I" be T?-definable with parameters b. Then, there exist S C B", which is T>-definable
over b and with Sdim(S) < n, and f : B" — I', which is T-definable over ba, such that f agrees with f outside S.

Proof. W.lo.g., (B, A) is w-saturated. Let § be the set of functions g : B" — I" that are T-definable with parameters ba.

Claim 1. There exist a set S C B" which is T2-definable with parameters b, with Sdim(S) < n, and finitely many functions
g1, ..., 8 in G, such that f agree outside S with some of the g;.

Assume that the claim does not hold. Hence, for every S as in the claim and every g € §, there exists ¢ € B" suchthatc ¢ S
and f(¢) # g(¢). Thus, the following partial .£2-type over ba is consistent:

PR = {XeB"\SAbB)}U{f® #g(® :g € g}

Let ¢ be a realisation of p. Notice that the choice of @ and the fact that Srk(c/ab) = n imply that cha \La A. Hence, by

Proposition 8.26, f(C) € dcl'(cha). Thus, f(¢) = g() for some function g : B" — B which is T-definable with parameters
ba, which is absurd.
The above claim plus Proposition 8.36 imply the conclusion. O

The above corollary gives a way to find the parameters of the definition of f (and of S) starting from the parameters b

of f.

Example 8.38. In general, f cannot be defined using only b as parameters. Consider ay and a; in A which are independent
over the empty set,b; € B\ A,and b, :=a; + by -a, € B\ A.Leta := (a;, ax) and b := (by, b,). Notice that rk(ab) = 3,
while Srk(ab) = 1. Let f be the constant function a;. Then, f is T?-definable over b, but is not T-definable over b.

Question 8.39. Assume that T is d-minimal (see Section 9). Is it true that, for every X < B*, Scl(X) = acl'(A*X) (cf.
Proposition 8.26)?

Conjecture 8.40 (J. Ramakrishnan). Assume that T is o-minimal. Then, for every X C B,
ac*(X) = acl' (X U (acl®(X) N A)).
8.5. Elimination of imaginaries
Let cl be an existential matroid on M and cl®? be the extension of cl to M®? defined in Section 6. Remember that element

e € M® is an equivalence class X € M" for some (-definable equivalence relation E on M". If ¢ € X, we say that ¢
represents e.
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Definition 8.41. We say that M has cl-elimination of imaginaries if, for every e € M®I, there exists ¢ representing e, such
that ¢ € cI®l(e). Given b C M, we say that M has cl-elimination of imaginaries modulo b if, for every e € M*I, there exists
¢ representing e, such that ¢ € cl®d(eb). _

If K < M, we say that K has cl-elimination of imaginaries (modulo some b C K) if M has it.

Compare the above notion with weak elimination of imaginaries (see [8]).

Remark 8.42. M has cl-elimination of imaginaries iff, for every M-definable set X, we have X Ncl®d("X ") is nonempty, where
X7 € M® is the canonical parameter of X.

We will prove the next proposition later.
Proposition 8.43. Let b C M. Assume that cl(b) is dense in M. Then, M has cl-elimination of imaginaries modulo b.

Corollary 8.44. Let M be geometric. Assume that acl(¥) is acl-dense in M (e.g., M is a pure algebraically closed field). Then, M has
weak elimination of imaginaries. If, moreover, M expands a field, then M has elimination of imaginaries.

Corollary 8.45. Assume that M expands an integral domain. Let (B, A) = T% Let b € B\ A. Then, (B, A) has Scl-elimination of
imaginaries modulo b.

Proof. Forevery b € B\ A, we have that ScIB(b) is Scl-dense in (B, A). O

In the situation of the above corollary, it is not true that (B, A) has Scl-elimination of imaginaries (modulo #). For instance,
let X := B\ A.Then, X N Scl®/("X") = 0. _

Before proving the Proposition 8.43, we need some preliminaries. Let X € M" be a subset definable with parameters b.
Let M’ be the expansion of M with a new predicate denoting X. Notice that M and M’ have the same definable sets. However,
cl is no longer an existential matroid on M'; for instance, if X = {b} is a singleton, and b ¢ cl(#), then b € acl'(¥) \ cl(¥),
where acl’ is the algebraic closure in M/, and therefore cl is not existential on M'. However, notice that \|j' satisfies all the
axioms of a symmetric independence relation on M/, except possibly the Extension axiom.

Let e := "X € M*® be the canonical parameter for X. For every Z C M, define cl.(Z) := cl®*¥(eZ) N M (notice that, if
e =, then cl, = cl).

Lemma 8.46. The matroid cl, is an existential matroid on M.

Proof. We only need to check that cl, satisfies Existence. Let Band C be subsets of M such thata ¢ cl.(B); thatis,a ¢ cl*i(eB).
Leta’ =,; abe such thata’ | BC.Then,d' =" aand a’ ¢ cl®(eBC) = cl,(BC). O

Proof of Proposition 8.43. W.L.o.g., b = ¢. Let X be an M-definable set and e := "X7; by Remark 8.42, we need to show that
X Ncl®(e) # @. Let cl, be defined as above. Since cl(f) is dense in M and cl C cl,, we have that K := cl.(@) is also dense
in M. Hence, by Lemma 7.4, K < M. Thus, since X is #-definable in M/, there existsc e X N K. O

Other results on elimination of imaginaries for dense pairs of geometric structures were proved in [6].

9. D-minimal topological structures

In this section, we will introduce d-minimal structures. They are topological structures whose definable sets are
particularly simple from the topological point of view; they generalise o-minimal structures. We will show that for
d-minimal structures the topology induces a canonical existential matroid, which we denote by Zcl. Moreover, the abstract
notion of density introduced in Section 7 coincides with the usual topological notion. Finally, if T is a complete d-minimal
theory expanding the theory of fields, then in T¢ the condition that the smaller structure is cl-closed is superfluous. Our
definition of d-minimality extends an older definition by Miller [17], which applied only to linearly ordered structures.

Let K be a first-order topological structure in the sense of [ 18]. That is, K is a structure with a topology, such that a basis
of the topology is given by {® (K, a) : a € K™} for a certain formula without parameters @ (x, y); fix such a formula @ (x, y),
and denote B; := @ (K, a). Examples of topological structures are valued fields, or ordered structures. On K" we put the
product topology. Let M > K be a monster model. Given X C K", we will denote by X and X, respectively, the topological
closure and the interior of X inside K".

Definition 9.1. The structure K is d-minimal if

. itis Ty (i.e, its points are closed);

. it has no isolated points;

. forevery X C M definable subset (with parameters in M), if X has empty interior, then X is a finite union of discrete sets;
. for every X C K" definable and discrete, I1{(X) has empty interior;

.givenX C K?and U C 1'1]2 (X) definable sets, if U is open and nonempty, and X, has nonempty interior for every a € U,
then X has nonempty interior.

U WN =
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Notice that (4) implies (2). [3, Section 4] introduces the notion of “geometric structures” (distinct from the one we used in
this article) which, more or less, are d-minimal structures where every definable discrete set is finite, plus some additional
conditions (such as definable Skolem functions), and proves for those theories the analogue of Corollary 9.17.

Examples 9.2. 1. p-adic fields and algebraically closed valued fields are d-minimal;
2. densely ordered o-minimal structures are d-minimal.

In both cases, a definable set is discrete iff it is finite.

Example 9.3. A structure K is definably complete if it expands a linear order (K, <), and every K-definable subset of K
has a supremum in K U {#o0c}. Miller defines a d-minimal structure as a definably complete structure K such that, given K’
an Ny-saturated elementary extension of K, every K’'-definable subset of K’ is the union of an open set and finitely many
discrete sets. In particular, o-minimal structures and ultra-products of o-minimal structures are d-minimal in Miller’s sense.
If K expands a field and is a d-minimal structures in the sense of Miller, then K is d-minimal in our sense [12, Section 10].
Conversely, any definably complete structure which is d-minimal in our sense is also d-minimal in Miller’s sense.

Proviso. For the remainder of this section, we assume that K is d-minimal, and that T is the theory of K.

Remark 9.4. 1. Let X C K" be discrete. Since K has no isolated points, X is nowhere dense; that is, X = .

2. Let Xy, ..., X, be nowhere dense subsets of K". Then X; U - - - U X, is also nowhere dense; this remains true if K is any
topological space.

3. Hence, if X1, ..., X, are discrete subsets of K", then X; U - - - U X; is nowhere dense (but no longer discrete, in general).

4. Let X C K be definable. Then, X has empty interior iff X is nowhere dense.

5. If X; and X; are definable subsets of K with empty interior, then X; U X, has empty interior. Hence, for every X € K
definable, X \ X has empty interior.

Lemma 9.5. Let Z C K2 be definable, such that 1712 (Z) has empty interior, and Z, has empty interior for every x € K. Then, 6(Z)
has empty interior, where 6 is the projection onto the second coordinate.
Proof. By assumption, w.l.o.g., 1'1]2 (2) is discrete and, for every x € K, Z, is also discrete. Therefore, Z is discrete, and hence
0(Z) has empty interior. O
Definition 9.6. Given A C M and b € M, we say that b € Zcl(A) if there exists X C M A-definable such that b € X and X
has empty interior (or, equivalently, X is discrete).
Lemma 9.7. If ¢ ¢ Zcl(A), then Z (c/A) has nonempty interior.
Proof. Let X C M be any A-definable set containing c. Since ¢ ¢ Zcl(A), ¢ € X. Consider the partial type over cA
r') = {ceB; CX:X < MisA-definableand c € X} .

By the above consideration, I” is consistent; let b C M be a realisation of I".
Claim 1. ¢ € B; € Z(c/A).

Clearly, c € B;. Let ¢’ € Bj and let X € M be A-definable and containing c. By our choice of b, we have ¢’ € X, and
therefore ¢’ satisfies all the A-formulae satisfied by c. O
Theorem 9.8. The operator Zcl is an existential matroid.

Proof. Finite character, extension and monotonicity are obvious.

The fact that Zcl is definable is also obvious.

(Idempotency) Let b := (b1, ..., by), a € Zcl(bc) and b C Zcl(c). We must prove that a € Zcl(c). Let ¢(x, j, Z) and
¥i(y, z) be formulae,i = 1, ..., n, such that ¢ (M, y, z) and v;(M, z) are discrete for every y and z, and M = ¢(a, b, ¢) and
M = i(b;, €),i=1,...,n. Let

n
Z={xy) MEoxy.& A0 ¢,
i=1
and let W = H?“Z . By hypothesis, Z is a discrete subset of M"*!, and therefore, by Assumption (4), W has empty interior.
Moreover, W is c-definable and a € W, and hence a € Zcl(c).

(EP) Let a € Zcl(bc) \ Zcl(C). We must prove that b € Zcl(ac). Assume not. Let Z C M? be c-definable, such that (a, b) € Z
and Z? is discrete for every y € M. Since b € Z, and b ¢ Zcl(ac), b € int(Z,); hence, w.l.o.g., Z, is open for every x € M. Let
U= 1712(2). Sincea € U and a ¢ Zcl(c),a € U. Hence, by Condition (5), Z has nonempty interior; but this contradicts the
fact Z¥ is discrete for every y € M.

Existence follows from Lemma 9.7.
(Nontriviality) Consider the following partial type over the empty set:
AX) ={x¢Y},

where Y varies among the discrete (J-definable sets. Since M has no isolated points, A is finitely satisfiable; if a € M is a
realisation of A, thena ¢ Zcl(¢). O
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We will denote by Zrk, | ,and dim the rank, independence relation, and dimension on M induced by Zcl.

Remark 9.9. Let X C K" be definable. If X has nonempty interior, then dim(X) = n. If IT}(X) has nonempty interior, then
dim(X) > d.

Conjecture 9.10. Let X C K" be definable. Then, dim(X) > d iff, after a permutation of variables, IT} (X) has nonempty interior.

Conjecture 9.11. For every X C K" definable, dim(X) = dim X.

Example 9.12. It is not true that dim(dX) < dim(X) if X is definable and nonempty. For instance, let K := (R, +, -, <, 2%)
be the expansion of the real field by a predicate for the integer powers of 2. Then, K is d-minimal [24, Theorem II]. Let
X := 2%.Thus, 8X = {0}, and hence dim(X) = 0 = dim(9X).

Lemma 9.13. The set X is Zcl-dense in K according to Definition 7.1 iff X is topologically dense in K.

Proof. Assume that X is dense in K according to Zcl. Let A C K be an open definable set; thus, dim(A) = 1, and therefore
AN X # (. Conversely, if X is topologically dense in K, let A C K be definable and of dimension 1. Thus, A has nonempty
interior, and therefore ANX # . O

Lemma 9.14. Let d € M, V be a definable neighbourhood of d, and let C C M. Then, there exists a € M™ such thata | J C and
de B; C V.

Proof. Let X := {a € M" : d € Bj}. Let < be the quasi-ordering on X given by reverse inclusion; thatis,a < @ if B 2 Bg.
Fix b € X such that B; € V. Since (X, <) is a directed set, by Lemma 3.68, there exists a € X such that a% C and
B;CB;CV. O

Proviso 9.15. For the remainder of this section, will assume that K is d-minimal and expands an integral domain, that + and —
are continuous (and therefore (K, +) is a topological group), and that T is the theory of K. In the following, when K is a d-minimal
expansion of an integral domain, we will always assume that + and — are continuous.

Notice that an algebraically closed field with the Zariski topology is not a topological group, because + is not continuous.
Notice also that, since we required that points are closed, K is a regular topological space.

Remark 9.16. Let X C K be dense (but not necessarily definable). Then, for every b € K and every V neighbourhood of 0,
there exists a € X suchthatb e a + V.

Proof. Since — is continuous, there exists V' neighbourhood of 0 such that V' = —V’ and V’ C V. Since X is dense, there
existsa € X suchthatae b+ V'.Hence,bca—-V' Ca+V. O

Corollary 9.17. The theory T¢ is complete. Besides, T% is the theory of pairs (K, F) such that F < K |= T and F is a (topologically)
dense proper subset of K.

Proof. By Theorem 8.3, it suffices to show that, if F < K is dense in K, then F is Zcl-closed in K. W.l.o.g., the pair (K, FF)
is w-saturated. Let b € ZcI*(F); we must prove that b € F.Let Z C K be F-definable and discrete, such that b € Z. Let
U’ be a definable neighbourhood of b, such that Z N U’ = {b}. Define U := U’ — b; since K is a topological group, U is a
neighbourhood of 0 in K, and there exists V, an open neighbourhood of 0 definable in K, such thatV = —Vand V4V C U.

Claim 1. There exists W, an F-definable open neighbourhood of 0, such that W C V.

Suppose that the claim is not true. Since K is a regular space, there exists X, a definable open neighbourhood of 0, such
that X C V.Let Xz := X N F. Since Xg is a neighbourhood of 0 in F and since the topology has a definable basis, there exists
Wr C Xp such that the set Wy is F-definable and Wy is an open neighbourhood of 0. Let W be the interpretation of Wy in K.
Since W is open and F is dense in K, Wg is dense in W ; therefore, W € Wy C X C V.

By Remark 9.16, there exists a € F such thatb € W/, where W' :=a+ W.

Claim2. W C U'.

The claim is equivalenttoa+ W C b+ U; thatis, W + (a — b) C U. By assumption, b € a+ W, and thereforea—b € —W.
Hence, W+ (a—b)CW - WCV -V CU.
Finally, W’ is F-definable,and b € W' NZ C V N Z = {b}. Hence, b is F-definable, and therefore b € F. O

Givenad = (d, ..., d,) € M™™and b € M", denote
Bi+ b = (Bs, + b1) x --- x (Bg, + by) € M".
Lemma 9.18. Let de M", V be a definable neighbourhood of d, and let C C M. Then, there exist @ € M™ " and b € M" such
thatd € B +b C Vandab | Cd

Proof. Proceeding by induction on n, it suffices to treat the case n = 1. Let V, := V — d; it is a definable neighbourhood
of 0. Since M is a topological group, there exists V; definable and open, such that 0 € V;,V; = —V;,and V; + V; C V. By
Lemma 9.14, there existsa € M™ such thata | Cdand 0 € B; C V;.Let W := d — Bg. Since dim(W) = 1, there existsb ¢ W
such that b ¢ Zcl(Cad).
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Claim 1. d € B; + b.

In fact, b € —B; + d, and therefored — b € B;.

Claim 2. ab | Cd.

By construction, b | Cad, and therefore b | . Cd, and hence ab | . Cd. Together witha | Cd, this implies the claim. O

Corollary 9.19. Let X € M" be a definable set, and let k € N. Assume that, for every X € X, there exists Vi, a definable open
neighbourhood of X, such that dim(Vz N X) < k. Then, dim(X) < k.

Proof. Let C be the set of parameters of X. By Lemma 9.18, for every X € X there exista € K"™™ and b € K" such that
ab | CxandX € Bz + b C V;; notice that dim(X N (Bz + b)) < k. Hence, by Lemma 3.69, dim(X) < k. O

We do not know if the above corollary remains true if we drop the assumption that M expands a group.
Corollary 9.20. Let C C M and p € S,(C). Then, p is stationary iff p is realised in dcl(C).

Proof. Assume for contradiction, that p is stationary, but that dim(p) > 0. Let ag and a; be realisations of p independent
over C. Since dim(p) > 0, o # a;. Since M is Hausdorff, Lemma 9.18 implies that there exists V, an open neighbourhood
of dy, definable with parameters b, such thata; ¢ V and b | Caoa,. Hence, by Lemma 3.11, dg \LCE ay. Since p is stationary,
Lemma 3.64 implies that ay =j, a;, contradicting the fact thatap, € V, whilea; ¢ V. O

10. Cl-minimal structures

Let M be a monster model, T be the theory of M, and let cl be an existential matroid on M. We denote by dim and rk the
dimension and rank induced by cl.

Definition 10.1. A type p € S,(A) is a generic type if dim(p) = n. The structure M is cl-minimal if, for every A C M, there
exists only one generic 1-type over A.

Remark 10.2. Forevery0 < n € Nand A C M, there exists at least one generic type in S,(A). If M is cl-minimal, then for
every n and A there exists exactly one generic type in S, (A).

Lemma 10.3. If M is cl-minimal, then dim is definable.

Proof. Notice that, given x := (xq,...,x,) and a formula ¢ (X, ¥), the set Ug = {a: dim(¢(K, a)) = n} is always type-
definable (Remark 3.43). By the above remark, K" \ Ug = UZ¢, and therefore Ug is both type-definable and or-definable,
and hence definable. O

Remark 10.4. The structure M is cl-minimal iff, for every n > 0 and every X definable subset of K", exactly one among X
and K" \ X has dimension n.

Remark 10.5. If K < M and dim is definable, then K is cI-minimal iff, for every X definable subset of K, either dim(X) < 0,
or dim(K \ X) < 0; that is, we can check cl-minimality inside K.

Examples 10.6. 1. M is strongly minimal iff acl is a matroid and M is acl-minimal.

2. Consider Example 3.59(2). In that context, a type is generic in our sense iff it is generic in the sense of stable groups.
Hence, G is cl-minimal iff it has only one generic type iff it is connected (in the sense of stable groups).

Lemma 10.7. Assume that T is cl-minimal; let Scl be the small closure inside T¢. Then, T¢ is Scl-minimal. Moreover, T? coincides
with T2.

Proof. Let (B*, A*) be amonster model of T%. Let C C B* with |C| < «.Define A = ¥ (A*C), and q¢ (x) the partial £2-type
over C given by

GQc(®) =X ¢ A.

It is clear that every generic 1-T¢-type over C expands qc. Hence, it suffices to prove that g is complete. Let b and b’ € B*
satisfy qc. By Corollary 8.19, (B*, A*) < (B*, A). By assumption, b and b’ are not in A; hence, since T is cl-minimal, they
satisfy the same generic 1-T-type p,; thus, by Corollary 8.21,b =2 b'. O
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11. Connected groups

Let M be a monster model, and let ¢l be an existential matroid on it. Denote dim := dim®, rk := rk%, and L= Jj‘.

Definition 11.1. Let X C M" be definable (with parameters). Assume that m := dim(X) > 0. We say that X is connected
if, for every Y definable subset of X, either dim(Y) < n,ordim(X \ Y) < n.

For instance, if M is cl-minimal and X = M, then X is connected.
Remark 11.2. If X is connected, then, for every | > 0, X! is also connected.
Remark 11.3. Let X € M" be definable and of dimension m > 0.

1. X is connected iff, for every A C M containing the parameters of definition of X, there exists exactly one n-type over A in
X which is generic (i.e., of dimension m).
2. If X is connected and Y is a definable subset of X of dimension less than m (e.g., Y is finite), then X \ Y is connected.

Lemma 11.4. Let G € M" be definable and connected. Assume that G is a semigroup with left cancellation. Assume, moreover,
that G has either right cancellation or right identity. Then G is a group.

Cf.[21, 1.1].

Proof. Assume not. Let m := dim(G). W.l.o.g., G is definable without parameters. For everya € G,leta-G:= {a-x: a € G}.
Since G has left cancellation, we have dim(a - G) = m.

Let F .= {a € G: a- G = G}.Our aim is to prove that F = G. It is easy to see that F is multiplicatively closed.

First, assume that G has a right identity element 1. The reader can verify that following claim is true for any abstract
semigroup with left cancellation and right identity.

Claim 1. F is a group.
Claim 2. dim(F) < m.

Assume, for contradiction, that dim(F) = m.Leta € G\ F.Then,F N (a-F) # @; letu, v € F besuch thatu = a - v.

Since u € F and F is a group, there exists w € F such thatv-w = 1; hence,u-w = a- 1 = q, and therefore a € F, which
is absurd.

Choose a, b € G independent (over the empty set). Since dim(a - G) = dim(b - G) = m,wehavea € b-Gandb € a-G.
Letu,v € Gbesuchthatb=a-uanda=>b-v.Hence,a=a-u- v.

Sincea-1=a-u-v,wehave 1 =u-v.Hence, bothu and v are in F. However, since dim(F) < mand b = a - u, we have
rk(b/a) < rk(u) < m, which is absurd.

If instead G has right cancellation, it suffices, by symmetry, to show that G has a left identity. Reasoning as above, we can
show that there exist a and b in G such that a - b = a. We claim that b is a left identity. In fact, for every ¢ € G, we have
a-b-c=a-c,and therefore b - c = c, and we are done. O

Proviso. For the remainder of this section, (G, -) is a definable connected group, of dimension m > 0, with identity 1.

If G is Abelian, we will also use + instead of - and O instead of 1.
Hence, if G expands a ring without zero divisors, then, by applying the above lemma to the multiplicative semigroup of G,
we obtain that G is a division ring.

Remark 11.5. Let X C G be definable, such that X - X C X. Then, dim(X) = miff X = G.

Proof. Assume that dim(X) = m.Leta € G.Then, X N (a-X~') # @; choose u,v € X such thatu = a - v~'. Hence,
a=u-veX-X=X. 0O

Lemma 11.6. Let f : G — G be a definable homomorphism. If dim(ker f) = 0, then f is surjective.
Cf.[21, 1.7].

Proof. Let H := f(G) and K := Ker(f); notice that H < G and K < G. Moreover, by additivity of dimension, m =
dim(H) + dim(K). Hence, if dim(K) = 0, then dim(H) = m; therefore H = G and f is surjective. O

Example 11.7. The group (Z, +) cannot be cl-minimal, because the homomorphism x + 2x has trivial kernel but is not
surjective.

Lemma 11.8. Let H < G be definable, with dim(H) = k < m. Then, G/H is connected, and dim(G/H) = m — k.

Proof. That dim(G/H) = m — k is obvious. Let X < G/H be definable of dimension m — k. We must prove that
dim(G/H \ X) < m.Letw : G — G/H be the canonical projection, and let Y := 7 ~!(X). Then, dim(Y) = m, and therefore
dim(G\ Y) < m. Thus, dim(G/H \ X) =dim(z(G\Y)) <m—k O

Conjecture 11.9. If m = 1, then G is Abelian. Cf. Reineke’s theorem [21, 3.10].
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Proceeding asin[21, 3.10], to prove the above conjecture it would be enough to consider the case when any two elements
of G different from the identity are conjugate.

Lemma 11.10. Assume that m = 1 and G is Abelian. Let p be a prime number. Then, either pG = 0, or G is divisible by p.

Proof. Let H .= pGand K := {x € G: px = 0}. If dim(H) = 1, then G = H, and therefore G is p-divisible. If dim(H) = O,
thendim(K) = 1;thusG=KandpG=0. O

Notice that the above lemma needs the hypothesis that m = 1. For instance, let M be the algebraic closure of Fp, and let
G := M x M* (where M* is the multiplicative group of M).

Theorem 11.11. Assume that G expands an integral domain (and is connected). Then, G is an algebraically closed field.

The proof if the above theorem is the same as that of Macintyre’s theorem [21, 3.1 and 6.11] (cf. Corollary 3.53); notice also
that the first step in the proof of Macintyre’s theorem is showing that G is connected. Moreover, in the above theorem it is
essential that G is connected; for instance, if M is a formally p-adic field, then M itself is a nonalgebraically closed field (of
dimension 1).

Question 11.12. Can we weaken the hypothesis in the above theorem from “G expands an integral domain” to “G expands

aring without zero divisors”?

12. Ultraproducts

Let I be an infinite set, and let x be an ultrafilter on I. For every i € I, let (K;, cl;) be a pair given by a first-order
L-structure K; and an existential matroid cl; on K;. Let X be the family ((K,-, di))iel’ and let K = ITK;/u be the
corresponding ultraproduct.

We will give some sufficient condition on the family X, such that there is an existential matroid on K induced by the
family of cl;. Denote by d; the dimension induced by cl;.

Definition 12.1. We say that the dimension is uniformly definable (for the family X ) if, for every formula ¢ (x, y) without
parameters, for every tuplex = (xy,...,x,)andy = (y1, ..., ¥m), and for every | < n, there is a formula v (), also without
parameters, such that, for everyi € I,

V(&) = [y e K" 1 di(p(Ki, 7)) =1} .
We denote by dj, the formula .

Remark 12.2. The dimension is uniformly definable if, for every formula ¢ (x, y) without parameters,y = (y1,...,Ym)
there is a formula ¥ (y), also without parameters, such that, for everyi € I,

Y (K) = {7 € K" : di(p(Ki. 7)) = 1}

For instance, if every K; expands a ring without zero divisors, then the dimension is uniformly definable; given v (x, ¥),
define v (y) by

4
Vz3x, ..., X (z =F(X1,...,X) & /\¢(x,—,y)> .
i=1

For the remainder of this section, we assume that the dimension is uniformly definable for X.

Definition 12.3. Let d be the function from definable sets in K to {—oc} U N defined in the following way.
Given a K-definable set X = ITj;X;/i and | € N, d(X) = lif, for u-almost everyi € I, d;(X;) = L

The following result is the justification for Definitions 12.1 and 12.3.

Remark 12.4. The map d is a dimension function on K. Let cl be the existential matroid induced by d. Then, a € cl(b) implies
that, for u-almost every i € I, a; € cl;(b;), but the converse is not true.

Remark 12.5. Let X C K" be definable with parameters c; let ¢(X, ¢) be the formula defining X. Given[ € N, d(X) = [iff,
for 1-almost every i € I, K; [= dj, ().

Lemma 12.6. If each K; is cl-minimal, then K is also cl-minimal.

Proof. By Remark 10.5. O
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Example 12.7. The ultraproduct K of strongly minimal structures is not strongly minimal in general (it will not even be a
pregeometric structure), but, if each structure expands a ring without zero divisors, then K will have a (unique) existential
matroid, and will be cl-minimal.

In fact, let F be an algebraically closed field of finite characteristic. For every n € N, let P, be a subset of F with n element.
Let P be a new unary predicate, define K, := (F, P,) in the language of fields expanded by P, and let K := (K, +, -, P*) be a
nonprincipal ultraproduct of the K. Then, P* will be an infinite definable subset of K of dimension 0, and therefore K will
not be geometric. By taking instead for P, suitable finite subsets of F3, we can also attain that any nonprincipal ultraproduct
K of X is not geometric, does satisfy the Independence Property, and has an infinite definable subset with a definable linear
ordering. Moreover, one can also impose that the trivial chain condition for uniformly definable subgroups of (K, +) fails
inK|[21, 1.3].

However, K will satisfy the following conditions.

1. Every definable monoid with left cancellation is a group [21, 1.1].

2. Given G a definable group acting in a definable way on a definable set E, if A is a definable subset of E and g € G such that
g-ACAtheng -A=A[21,1.2].

We do not know if conditions (1) and (2) in the above example are true for an arbitrary cl-minimal structure expanding
a field.

Remark 12.8. Assume that each K; is a first-order topological structure, and that the definable basis of the topology of each
K; is given by the same function @ (x, ¥). Then, K is also a first-order topological structure, and @ (x, y) defines a basis for
the topology of K. If each KK; is d-minimal, then K has an existential matroid, but it needs not be d-minimal.

Assume that each K; is d-minimal and satisfies the additional condition.

(*) Every definable subset of K; of dimension 0 is discrete.
Then, K is also d-minimal and satisfies condition (*).
Example 12.9. An ultraproduct of o-minimal structures is not necessarily o-minimal, but it is d-minimal, and satisfies

condition (*).

13. Dense tuples of structures

In this section, we assume that T expands the theory of integral domains. We will extend the results of Section 8 to dense
tuples of models of T.

Definition 13.1. Fix n > 1. Let .£" be the expansion of £ by (n — 1) new unary predicates Py, ..., P,_1. Let T" be the £"-
expansion of T, whose models are sequences K; < --- < K,_1 < K;; = T, where each K; is a proper cl-closed elementary
substructure of K; 4. Let T" be the expansion of T"*! saying that K is dense in K,. We also define T% :=T.

Forinstance, T' = T, T? is the theory we already defined in Section 8, and T'¢ = T¢.

Lemma 13.2. If T is cl-minimal, then T" is complete for every n > 1 (and therefore coincides with T™=D4). Moreover, T" has a
(unique) existential matroid cI"; given (K, ..., K;) = T", we have b € cI"(A) iff b € cI*"(AK,_+). Finally, T" is cI®-minimal.

Proof. By induction on n. Iterate n times Lemma 10.7. O

Corollary 13.3. Assume that T is strongly minimal. Then, T" is complete, and coincides with the theory of tuples K; < --- <
K, = T.

Proof. One can use either the above lemma, or reason as in [15], using Lemma 8.10. O

Remark 13.4. Let (B, A) be a A-saturated model of T%, for some cardinal A. Let U € B be B-definable and of dimension 1.
Then, rk(U N A) > A.

Theorem 13.5. The theory T™ is complete. There is a (unique) existential matroid on T".

Proof. By induction on n, we will prove that T™ is (- - - (T%)¢ . . . )¢ iterated n times. This implies both that T™ is complete,
and that it has an existential matroid.

It suffices to treat the case n = 2. Notice that (K, K;) < (K3, K;) = T It suffices to show that K is Scl-dense in
(K3, K1). W.Lo.g., we can assume that (K3, K,, K1) is w-saturated.

Let X C Kj be definable in (K3, K;) (with parameters from K3), such that Sdim(X) = 1. We need to show that X
intersects K,. By Corollary 8.36, there exist U and S subsets of K3, such that U is definable in K3, S is definable in (K3, K;) and
small, and X = U AS. Therefore, dim(U) = 1.If, by contradiction, XNK; = @, then K, "U C S; therefore, Stk(K, NU) < w
(where Srk is the rank induced by Scl), contradicting Remark 13.4. O

The above theorem has an analogue version for “beautiful tuples” of stable structures [5, Proposition 5].
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Example 13.6. To clarify a possible source of confusion, consider the case when T is the theory of algebraically closed fields
of characteristic 0. Then, T? is a complete theory, and therefore it coincides with both T¢ and the theory of beautiful pairs for
T. Hence, T¢ is stable [19], and therefore we can consider in turn beautiful pairs of models of T¢. However, such a beautiful
pair will not be a model of T?¢, because it will be of the form (K, Fy, F,, L), where L, Fy, F,, and K are models of T, with F;
and F, substructures of K, L = K; N Kj, and K4 \|/]L K.

Corollary 13.7. Assume that T is d-minimal (and that Proviso 9.15 holds). Then, T™ coincides with the theory of (n + 1)-tuples
Ky < -+ < Ky < Kyq1 =T, such that K is (topologically) dense in Kyt 1.

Proof. Notice that, if (K,, ..., K;) satisfy the assumption, then, by Corollary 9.17, each K; is cl-closed in K,. O

13.1. Dense tuples of topological structures

Assume that T expands the theory of integral domains. Assume that M has both an existential matroid cl and a definable
topology (in the sense of [ 18]). We have two distinct notions of closure and of density on M: the ones given by the topology
and the ones given by the matroid; to distinguish them, we will speak about topological closure and cl-closure, respectively
(and similarly for density).

Let @ (x, y) be a formula such that the family of sets

B; := & (M, b),

as b varies in M¥, is a basis of the topology of M.. If b = (b1, ..., bn), we denote by Bg =B, X - x By < M™
The first of the following two conditions is taken from [7].

Hypothesis. 1. For every m € N, every U open subset of M™, and every a € U, the set {E raeB; C U} has nonempty
interior.
II. Every definable nonempty open subset of M has dimension 1.

Remark 13.8. Assumption II implies that a definable subset of M™ with nonempty interior has dimension m (but the
converse is not true: there can be definable subsets of dimension m but with empty interior). Moreover, it implies that
a cl-dense subset of M™ is also topologically dense (but, again, the converse is not true: see Theorem 13.11).

Examples 13.9. 1. If M is either a valued field (with the valuation topology) or a linearly ordered field (with the order
topology), then it satisfies Assumption 1.

2. If M is a d-minimal structure, then it satisfies Assumption IIL

3. Let M be either a formally p-adic field, or an algebraically closed valued field, or a d-minimal expansion of a linearly
ordered definably complete field (cf. Example 9.3). Then, M satisfies both assumptions.

Fact 13.10 ([7, Corollary 3.1]). Suppose that Assumption I is true. Let (B, A) = T? and C C B. Assume that, for every m € N,
there is a set D, € B™ such that the following hold.
1. Dy, is topologically dense in B™;
2. for every a € Dy, and every open set U C B™, if tp'(a/C) is realised in U, then tp'(a/C) is realised in U N Dyy;
3. for every d € Dy, tp?(d/C) is implied by tp'(d/C) in conjunction with “d € D,,".
Then, every open set T?-definable over C is T-definable over C.
The following theorem, which is a generalisation of [7, Corollary 3.4], follows easily from the above fact.

Theorem 13.11. Assume that the hypothesis holds. Let C := (B, Ap_1, ..., A1) = T™. Let ¢ C B be cl-independent over
€ N Ap_1. Let U € B™ be open and definable in C, with parameters ¢. Then, U is definable in B, with parameters . Moreover, T"
also satisfies the hypothesis.

In the terminology of [ 10], the above theorem proves that B is the open core of C.

Proof. By induction on n, it suffices to do the case whenn = 2,i.e. whenC = (B, A) = T W.lo.g, C is A-saturated and
A-homogeneous, for some |T| < A < k. Define D, := {d € B™ : Srk(d/c) = m}. We want to verify that the hypothesis of
Fact 13.10 is satisfied for the above Dy,.

1. By Lemma 8.31, if V € B™ is B-definable and of dimension m, then V N D,, is nonempty; therefore, by Assumption II, Dy,
is topologically dense in B™. _

2. Letd € Dy and U € M™ be open, and assume that p := tp!(d/c) is realised in U. We have to show that p is realised
in U N Dp. Let d’ € U be a realisation of p, and let b C B be such that d’ € B; < U. Since d’ Eg d, we have that d’ is
cl-independent over c. By changing b if necessary, we can also assume that d’ | bc (cf. the proof of Lemma 9.18), and
thus d is cl-independent over b¢. Finally, since A is cl-dense in B, there exists d” E%E d such that d” is cl-independent

over bcA, and therefore d” € B; N Dy € U N Dpy.
3. By Proposition 8.17.

Hence, we can apply Fact 13.10, and we are done. O
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14. The (pre)geometric case

Remember that M is a pregeometric structure if acl satisfies the EP. If, moreover, M eliminates the quantifier 3°°, then M
is geometric.

In this section, we gather various results about (pre)geometric structures, mainly in order to clarify and motivate the
general case of structures with an existential matroid. _

Remember that M has geometric elimination of imaginaries if every for imaginary tuple a there exists a real tuple b such
that a and b are interalgebraic.

Remark 14.1. A theory T is pregeometric iff T is a real-rosy theory of real p-rank 1. Moreover, if T is pregeometric and has
geometric elimination of imaginaries, then \E = \|j$‘and dim? is equal to the p-rank; see [11] for definitions and proofs.

Remark 14.2. The model-theoretic algebraic closure acl is a definable closure operator.
For the remainder of this section, M is pregeometric (and T is its theory).

Remark 14.3. The operator acl is an existential matroid on M. The induced independence relation |*" coincides with the
real p-independence relation |’ and with the M-dividing notion |Mof [1]. A formula is x-narrow (for acl) iff it is algebraic
in x.

Remark 14.4. Let X € M" be definable. We have that dim®'(X) < 0iff X is finite.
Remark 14.5. The structure M is geometric iff dim® is definable.

Remark 14.6. The structure M is acl-minimal iff it is strongly minimal.

In Section 6, we defined an extension of acl to the imaginary sorts, which here we will denote by acl (while will we use
acl®® to denote the usual algebraic closure for imaginary elements).

Remark 14.7. If a is real and B is imaginary, then a € acl(B) iff a € acl*(B).
Remark 14.8. T.fa.e.:

1. acl®® coincides with acl;
2. T is superrosy of p-rank 1 [11];
3. T is surgical [13].

Remark 14.9. A set X is dense in M iff, for every U infinite definable subset of M, U N X # @.If F < K, then F is acl-closed
inK.

Remark 14.10. Assume that T is geometric. Then, T? is the theory of pairs (K, F), with F < K = T, and T is the theory of
pairs (K, F) |= T2, such that FF is dense in K. For every X C K, Scl(X) = acl'(FX) = acl*(FX) (cf. Question 8.39).

For more on the theory T? in the case when T is geometric, and in particular when T is o-minimal, see [6,4].
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