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1. Introduction

An important literature is dedicated to the estimation of extreme quantiles, i.e. quantiles of order 1 — « with « tending to
zero. The most popular estimator was proposed by Weissman [1], in the context of heavy-tailed distributions, and adapted
to Weibull-tail distributions in [2,3]. We also refer to [4] for the general case.

In a lot of applications, some covariate information is recorded simultaneously with the quantity of interest. For instance,
in climatology one may be interested in the estimation of return periods associated to extreme rainfall as a function of
the geographical location. The extreme quantile thus depends on the covariate and is referred to in what follows as the
conditional extreme quantile. Parametric models for conditional extremes are proposed in [5,6] whereas semi-parametric
methods are considered in [7,8]. Fully nonparametric estimators have been first introduced in [9], where a local polynomial
modelling of the extreme observations is used. Similarly, spline estimators are fitted in [ 10] through a penalized maximum
likelihood method. In both cases, the authors focus on univariate covariates and on the finite sample properties of the
estimators. These results are extended in [11] where local polynomial estimators are proposed for multivariate covariates
and where their asymptotic properties are established.

Besides, covariates may be curves in many situations coming from applied sciences such as chemometrics (see Section 5
for anillustration) or astrophysics [ 12]. However, the estimation of conditional extreme quantiles with functional covariates
has not been addressed yet. Two statistical fields are involved in this study. On the one hand, nonparametric smoothing
techniques adapted to functional data are required in order to deal with the covariate. We refer to [13-16] for overviews
on this literature. We propose here to select the observations to be used in the conditional quantile estimator by a moving
window approach. On the other hand, once this selection is achieved, extreme-value methods are used to estimate the
conditional quantile, see [17] for a comprehensive treatment of extreme-value methodology in various frameworks.

Whereas no parametric assumption is made on the functional covariate, we assume that the conditional distribution is
heavy-tailed. This semi-parametric assumption amounts to supposing that the conditional survival function decreases at a
polynomial rate. To estimate the conditional quantile, we focus on three different situations. In the first one, the convergence
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of o to zero is slow enough so that the quantile is located in the range of the data. In the second situation, the quantile is
located near the boundary of the sample. Finally, in the third situation, the convergence of « to zero is sufficiently fast so that
the quantile may be beyond the boundary of the sample. This situation is clearly the most difficult one since an extrapolation
outside the range of the sample is needed to achieve the estimation.

Nonparametric estimators are defined in Section 2 for each situation. Their asymptotic distributions are derived in
Section 3. Some examples are provided in Section 4 and an illustration on spectrometric data is given in Section 5. Proofs
are postponed to Section 6.

2. Estimators of conditional extreme quantiles

Let E be a (finite or infinite dimensional) metric space associated to a metric d. Let us denote by F(., x) the conditional
cumulative distribution function of a real random variable Y given x € E and by q(«, x) the associated conditional quantile
of order 1 — « defined by

F(q(a,x),x) =1 — «,

forallx € E and o € (0, 1). In this paper, we focus on the case where, for all x € E, F(., x) is the cumulative distribution
function of a heavy-tailed distribution. In such a situation, the conditional quantile q(., x) satisfies, for all A > 0,

q(re, x)

m

a—0 q(Ol, X)

where y (.) is an unknown positive function of the covariate x referred to as the conditional tail index. Loosely speaking, the

conditional quantile q(., x) decreases towards O at a polynomial rate driven by y (x). The conditional quantile is said to be

regularly varying at 0 with index —y (x), and this property characterizes heavy-tailed distributions. We refer to [18] for a
general account on regular variation theory and to Section 4.2 for some examples of distributions satisfying (1).

Givenasample (Y1, x1), ..., (Ys, x,) ofindependent observations, our aim is to build point-wise estimators of conditional

quantiles. More precisely, for a given t € E, we want to estimate q(«, t), focusing on the case where the design points

X1, ..., Xp are nonrandom. To this end, for all r > 0, let us denote by B(t, r) the ball centered at point t and with radius r
defined by

B(t,r)={x€E, dx,t) <r}

and let h, ; = h; be a positive sequence tending to zero as n goes to infinity. The proposed estimator uses a moving window
approach since it is based on the response variables Y/s for which the associated covariates x/s belong to the ball B(t, h;).
The proportion of such design points is thus defined by

=277, (1)

1 n
@(he) = — ) Ix; € B(t, he)}

P2
and plays an important role in this study. It describes how the design points concentrate in the neighborhood of t when h;
goes to zero, similarly to the small ball probability does, see for instance the monograph on functional data analysis [14].
Thus, the nonrandom number of observations in the slice S; = (0, o) x B(t, h;) is given by m,,; = m; = ne(h;). Let
{Zi(t), i=1, ..., m} be the response variables Y/s for which the associated covariates x;s belong to the ball B(t, h,) and let
Zim () < -+ < Zp, m, (t) be the corresponding order statistics.

In this paper, we focus on the estimation of conditional "extreme” quantile of order 1 — «, . Here, the word "extreme”

means that o, tends to zero as n goes to infinity, making kernel based estimators [19] non-adapted. In what follows, three
situations are considered:

(5.1) am, — 0and miay, — oo,
(5.2) am, — 0, mioty,, — ¢ € [1, 00) and [ Mo, | — [C].
(S5.3) am, — O0and meay, — ¢ € [0, 1),

where |[x] denotes the largest integer smaller than x. Let us highlight that, in the unconditional case, situations (S.1) and
(S.3) with ¢ # 0 have already been examined by Dekkers and de Haan [4], the extreme case ¢ = 0 being considered in [20],
Theorem 5.1. A summary of their results can be found in [17], Theorems 6.4.14 and 6.4.15. In situation (S.1), ,, goes to 0
slower than 1/m; and the point-wise estimation of the conditional extreme quantile relies on an interpolation inside the
sample, since, from Proposition 2 below, q(ap, , t) is eventually almost surely smaller that the maximal observation Z,, m, (t)
in the slice S;. In such a situation, we propose to estimate q(ap, , t) by:

@1(Otmt, t) = Zmr—[mtozmtj—k—l,m[(t)- (2)
In the intermediate situation (S.2), estimator (2) can still be used, since for n large enough, |m;am, | = |c] > 0 and thus
the estimation relies on a conditional extreme value of the sample. Let us note that, if c is not an integer, then m;a,, — ¢
implies |myo,, ] — [c]. Otherwise, if ¢ is an integer, then condition |[ma.,, | — |c] is necessary to prevent the sequence
LMo, | from having two adherence values and g1 (o, , t) from oscillating. In situation (S.3), o, goes to 0 at the same
speed or faster than 1/m; and the conditional extreme quantile is eventually larger than Z,, », (t) with positive probability
e ¢ > e~ !. Thus, its estimation is more difficult since it requires an estimation outside the sample. We propose in this case
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to estimate q(am, , t) by:
G2 @me ©) = G B £) (B ftm) ™"

Vn(t)
= mfflmfﬂm[JjL],m[(t) (,Bm[/am[)y s (3)

where B, satisfies (S.1) and p,(t) is a point-wise estimator of the conditional tail index y (t). Such estimators have been
proposed both in the finite dimensional setting [ 11] and in the general case [21], see also Section 4.1 for some examples. Note

that (3) is an adaptation of Weissman estimator [1] in the case where covariate information is available. The extrapolation

is achieved thanks to the multiplicative term (ﬂmt /amt)y”(t) which magnitude is driven by the estimated tail index y,(t). As

expected, the extrapolation is all the more important as the tail is heavy.
3. Main results

We first give some notations and conditions useful to establish the asymptotic distributions of our estimators. In what
follows, we fix t € E and we assume:

(A) The conditional quantile function
o€ (0,1~ g(a,t) € (0, +00)
is differentiable, the function defined by

dlogq
a€0,1) > A(a,t) = y(t) —I—aT(a, t) € (0, 4+00)
o
is continuous and such that lim,_,o A(x, t) = 0.
Assumption (A) controls the behavior of the log-quantile function with respect to its first variable. It is a sufficient
condition to obtain the heavy-tail property (1), see for instance [18], Chapter 1. For all a € (0, 1), let us introduce

Aa,t) = sup |A(a, t)].
ae(0,a)

The largest oscillation of the log-quantile function with respect to its second variable is defined for all a € (0, 1/2) as
q(a, X)
q(e, X)

Finally, let k; € {1,...,m;} and Ji, = {1, ..., k;}. Our first result establishes a representation in distribution of the largest
random variables of the sample Z;(¢t),i € {1, ..., m;}.

log

wp(a) = sup{ ,a € (a,1—a), (x,x) €B(t, ht)z} )

Proposition 1. If k;/m; — 0 and kfa)n (m;(HS)) — 0 for some § > 0, then, there exists an event A, with P(4,) — 1as
n — oo such that
d

{(10g Zum—is1.me» 1 € Ji) [An} = { (108 q(Vim, T, 1 € Ji,) [4n}
where Vy , < -+ < Vin, .m, are the order statistics associated to the sample {V, ..., Vi, } of independent uniform variables and
{T1, ..., T} are random variables in the ball B(t, h).

Note that this result is implicitly used in [21], proof of Theorem 1. We also refer to [22], Theorem 3.5.2, for the approximation
of the nearest neighbors distribution using the Hellinger distance and to [23] for the study of their asymptotic distribution.
Here, condition k2w, (m; (1+8)) — 0 shows that, the smoother the quantile function is on the slice S;, i.e. the smaller its
oscillation is, the easier the control of the uppermost observations is, i.e the larger k. can be.

The next proposition is dedicated to the study of the position of the conditional extreme quantile q(«, t) with respect to
the largest observation in the slice S;.

Proposition 2. If w,(m; ") — 0 for some § > 0, then
e under (S.1), P(Zm, .m, < q(ttm,,t)) = 0O,
e under (S.2) or (S.3), P(Zm,.m, < q(ttpm,,t)) — 7.
Let us first focus on situation (S.1) where the estimation of the conditional extreme quantile is addressed using G (o, , t),
an uppermost order statistic chosen in the considered slice.

Theorem 1. Let (am,) be a sequence satisfying (S.1).
If (Myatm,)2wn(my ") — 0 for some § > 0 then,

(Meatm)'? (% - 1) 5 N0, Y2(1)).

It appears that the estimator is asymptotically Gaussian, with asymptotic variance proportional to y2(t)/(m;cy, ). Thus,
the heavier is the tail, the larger is y (t), and the larger is the variance. Besides, the asymptotic variance being inversely
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proportional to o, the estimation remains more stable when the extreme quantile is far from the boundary of the sample.
Considering now situation (S.2), an asymptotically Gaussian behavior cannot be expected since, in this case, the estimator
is based on the | c]th uppermost order statistic in the considered slice.

Theorem 2. Let (ay,, ) be a sequence satisfying (S.2).
If wn(mr_(H‘s)) — 0 for some § > O then,

(a] (am[ B t) B
Q(am[ )
where &(c, y (t)) is a non-degenerated distribution.

1) L ey ),

The asymptotic distribution &(c, y (t)) could be explicitly deduced from the proof of the result. It is omitted here for the
sake of simplicity Situation (S.3) is more complex since the asymptotic distribution of §, may depend both on the behavior
of ¢; and 7,. In the next theorem, two cases are investigated. In situation (i), the asymptotic distribution of ¢, is driven by
{1. On the contrary, in situation (ii), g, inherits its asymptotic distribution from 7.

Theorem 3. Let (85, ) be a sequence satisfying (S.1) and let (cm,) be a sequence eventually smaller than (B, ). Define &m, =
(M in,) /> 108 (B, /tm,)-
If (mt,Bmt)zw,, (m, (1+5)) — 0 for some § > 0 and there exists a positive sequence v, (t) and a distribution D such that

N d
un () (7 (t) — v (1)) — D, (4)
then, two situations arise:
(i) Under the additional condition

Eme max {v; (), A(B,, )} = 0, (5)
we have
()" (M - 1) 4 N, 72 0). (6)
q(amp t)
(ii) Otherwise, under the additional condition
vn(t) max {¢,. ', A, 1)} — 0, (7)
we have
U (t) <Q2(0lm[, t) . ]) _d) D. (8)
log (ﬂm[ /am[) q(am[! t)

Note that, even though the main interest of this result is to tackle the case where (ap,) is a sequence satisfying (S.3),
it can also be applied in the more general situation where «,, is eventually smaller than S, . For instance, it appears that,
in situation (S.2), G2 (am,, t) is a consistent estimator of q(oun, , t) in the sense that the ratio converges to one in probability
whereas, in view of Theorem 2, §1 (&, , t) is not consistent. Some applications of Theorem 3 are provided in the next section.
4. Examples

In Section 4.1, the above theorem is illustrated with a particular family of conditional tail index estimators. The
corresponding assumptions are simplified in Section 4.2 for some classical heavy-tailed distributions.

4.1. Some conditional tail index estimators

In [21], a family of conditional tail index estimators is introduced. They are based on a weighted sum of the log spacings

between the k; largest order statistics Zn, —k,+1.m;» - - - » Zm,.m- The family is defined by
ke me—i+1,m, (t) ke
Ya(t, W) = ) ilog ( — )W(/k,t)/ W (i/ke, 1), 9
" Z Zong—im, (£) f Z] f

where W(., t) isa weight function defined on (0, 1) and integrating to one. Basing on (9) and considering B, = k:/m;, the
conditional extreme quantile estimator (3) can be written as

ke n(t,W)
Go(ctm,, t, W) = Zp _ t .
qZ( me ) me kt-H,mt( ) (m[(xmt>

From [21], Theorem 2, under some conditions on the weight function, 7, (t, W) is asymptotically Gaussian:

k> Palt. W) =y (©) > N (0, 2O AV(E, W)),
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Table 1
Some examples of heavy-tailed distributions. For all distributions, y (t) > 0 is the tail index and p(t) < 0 is referred to as the second-order parameter in
extreme-value theory.

q(a, t) Aler, t)
Pareto o 7® 0
Fréchet a7 ® {Liog ()} 1041 + 0(a))
Burr a O (1 — g r®) 7 OPO —y (a0 (1 4 0(@~"D))

where AV(t, W) = fol W2(s, t)ds. Letting vy (t) = k;’?, we obtain

-1 kt
{me U, (t) =log — 00,
M,

in situation (S.2) or (S.3), which means that condition (5) cannot be satisfied. Thus, only situation (ii) of Theorem 3 may arise
leading to the following corollary.

Corollary 1. Suppose the assumptions of [21], Theorem 2 hold. Let k; — oo such that

k\"? Atk /me, t) — 0 and (10)
kfwn(m;“”)) — 0 forsomed > 0. (11)
Let (am,) be a sequence satisfying (S.2) or (S.3). Then,
Kkl g W
d (‘h(a’"f ) _ 1) L N, Y2 (O)AV(E, W)).
log(ke/(meotm,)) \ q(om, . ©)
As an example, one can use constant weights WH(s,t) = 1 to obtain the so-called conditional Hill estimator with

AV(t, WH) = 1 orlogarithmic weights W%(s, t) = — log(s) leading to the conditional Zipf estimator with AV (t, W?) = 2.
We refer to [21], Section 4, for further details.

4.2. Illustration on some heavy-tailed distributions

Standard Pareto distribution is the simplest example of heavy-tailed distribution. Its conditional quantile of order 1 — «
decreases as a power function of « since, in this case, q(a, t) = «~¥®. Therefore A(x,t) = 0foralla € (0,1) and
condition (10) of Corollary 1 vanishes. Another example is Fréchet distribution for which

1 1 -y ()
gla, t) = ¢ 7 ® { log ( )} )
o 1—«o

Here, the conditional quantile approximatively decreases as a power function of « since, in this case, q(c, t) ~ a~7©, the
quality of this approximation being controlled by

Aa,t) = —@a(l + 0(x)) asa — 0.

A similar example is given by Burr distributions for which
qlo, 1) = a 7O (1= @ r®) VOO

and

A, t) = —y OO (1+ 0™,
with p(t) < 0. These results are collected in Table 1. In both Fréchet and Burr cases, A(«, t) is asymptotically proportional
toa™® asa — 0 with the convention p(t) = —1 for the Fréchet distribution. Note that p(t) is known as the second-order
parameter in the extreme-value theory. It drives the quality of the approximation of the conditional quantile q(«, t) by the
power function o= (©, Furthermore, it is easily seen, that for these two distributions, the function |A(., t)| is increasing.

Thus, condition (10) of Corollary 1 can be simplified as mf”(t)kgfz”(t) — 0 which shows that, the smaller p(t) is, the larger
ke can be. Finally, if y and p are Lipschitzian, i.e. if there exist constants ¢, > 0 and ¢, > 0 such that

lyx) —y ()| < c,d(x,x) and |p(x) — p(X)| < c,d(x,X)

for all (x,x") € B(t, h;)?, then the oscillation can be bounded by w,(a) = O(h, log(1/a)) as a — 0 and thus condition (11)
of Corollary 1 can be simplified as kfht logm; — 0.

5. Finite sample behavior

In this section, we propose to illustrate the behavior of our conditional extreme quantile estimators on functional
spectrometric data. A question of interest for the planetologist is the following: Given a spectrum collected by the OMEGA
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Fig. 1. Representation of the 16 spectra as functions of the wavelength.

instrument onboard the European spacecraft Mars Express in orbit around Mars, how to estimate the associated physical
properties of the ground (grain size of CO,, proportions of water, dust and CO,, etc...)? To answer this question, a learning
dataset can be constructed using radiative transfer models. Here, we focus on the CO, proportion. Given different values
yi,i = 1,..., 16 of this proportion, a radiative transfer model provides us the corresponding spectra x;,i = 1,..., 16
(see Fig. 1). Clearly, the obtained spectra are nonrandom. They are functions of the wavelength and we consider here their
discretized version on 256 wavelengths x; ;. Using this learning dataset, a lot of methods can be found in the literature to
estimate the CO, proportion associated to an observed spectrum. One can mention Support Vector Machine, Sliced Inverse
Regression, nearest neighbor approach, ...(see for instance [24] for an overview of these approaches). For all these methods,
the estimation of the CO, proportion is perturbed by a random error term. We propose to modelize this perturbation by:

Yij =log(1/y) +o(ex) — A —yx)), j=1,....m i=1,...,16,
where

2 2
||Xr||2 m’m ||Xl||2 . log(1/y;)
0.2, o=

y(x;)) =0.3 - + in —————,
l max |15 — min 13 T =y ()

and €j(x;), j = 1, ..., n; are independent and identically distributed random values from a Fréchet distribution with tail
index y (x;) (see Table 1). Note that ||x,~||§ is an approximation of the total energy of the spectrum x;. The above definitions
ensure that y(x;) € [0.2,0.5]and thatY;; > Oforalli =1,...,16andj = 1, ..., n;. Furthermore, since the expectation
of €;(x;) is given by I' (1 — y(x;)), the random variables Y; j are centered on the value log(1/y;). Our aim is to estimate the
conditional quantile

qlee, ) = F (a, %), fori=1,...,16,

where Ij‘(., x;) is the survival distribution function of Y; ;. To this end, the estimator g, (e, x;, W?) defined in Section 4.1 is
considered. The semi-metric distance based on the second derivative is adopted, as advised in [ 14], Chapter 9:

@) = [ (0 -5 0) e

where x® denotes the second derivative of x. To compute this semi-metric, one can use an approximation of the functions
x; and x; based on B-splines as proposed in [14], Chapter 3. Here, we limit ourselves to a discretized version d of d:

255
d*(xi, x) = Z {1 = Xj1) + (igo1 — Xj-1) — 2(xi — Xj,t)}2 .
=2
The finite sample performance of the estimator in assessed on N = 100 replications of the sample {(x;, Y;;), i =
1,...,16,j=1,...,n}withn; = --- = nyg = 100. Two values of & are considered: 1/300 and 1/500. In the following, we
assume that the hyperparameters h; and k; does not depend on the spectrum (we thus omit the index t). These parameters
are selected thanks to the heuristics proposed in [21] which consists in minimizing the distance between two different
estimators of the conditional extreme quantile:

(ESEIECH i%select) = arghr’nin A(az(a, . WH)v az(a, o WZ))s
k
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Fig. 2. Comparison between the error distributions obtained with the heuristic method (transparent) and the oracle method (gray) on N = 100 samples.
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Fig. 3. 90% empirical confidence intervals of §,(1/300, ., W?) ranked by ascending order of the tail index.

where for two functions f and g,
172

16
Af. ) = 1) (Fx) —g(x))’
i=1

The estimator associated to these parameters is denoted by Gseject. We also compute fzmde and f<0rade defined as:

(ﬁoracle, ’Qoracle) = arghnk]in A(QZ(Q» . WH)v q(a, .)).

The conditional quantile estimator associated to these parameters is denoted by (oracie. Note that ﬁselect, IAcselect, ﬁorade and
Koracte do not depend on «. Of course, the oracle method cannot be applied in practical situations where q(«, .) is unknown.
However, it provides us the lower bound on the distance A that can be reached with our estimator. In order to validate our
choice of flselm and lAcselect, the histograms of A(§seiect (2, ., WZ), q(ct, .)) and A(§oracte (¢, ., W), q(ex, .)), computed for the
N = 100 replications, are superimposed on Fig. 2. It appears that the mean errors are approximatively equal. Let us also
remark that the heuristic errors seem to have a heavier right tail than the oracle errors. For each spectrum x; the empirical
90% confidence interval of Gope (ct, X;, W?) is represented on Fig. 3 for « = 1/300 and on Fig. 4 for « = 1/500. The confidence
intervals are ranked by ascending order of the tail index. The larger the tail index is, the larger the confidence intervals are.
This is in adequation with the result presented in Corollary 1. Finally, on Fig. 5 (¢ = 1/300) and Fig. 6 (¢« = 1/500), we draw
estimators Geetect (¢, Xi, W2) and Goracte (@, Xi, W) as a function of ||xi||§ on the replication giving rise to the median error
A(Gsetect (e, ., W?), q(e, .)). It appears that the oracle estimator is only slightly better than the heuristic one. As noticed
previously, the estimation error increases with the tail index.
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Fig. 5. Comparison of the true quantile of order « = 1/300 (solid line) with the estimated quantiles by the heuristic strategy (dashed line) and the oracle
strategy (dotted line) on the replication corresponding to the median error. The associated sample is represented by the points (“x").

6. Proofs
6.1. Preliminary results

Our first auxiliary lemma is a simple unconditioning tool for determining the asymptotic distribution of a random
variable.

Lemma 1. Let (X;;) and (Y,) be two sequences of real random variables. Suppose there exists an event 4, such that (X,|Ay) <
(Yo|An) With P(Az) — 1. Then, Y, —> Y implies X, - Y.
Proof of Lemma 1. For all x € R, the well-known expansion

P(Xy < %) = P({Xy < X}|An)P(AR) 4+ P((Xy < X} ALP(AL),

where #4S is the complementary event associated to #,, leads to the following inequalities:
P({Xn < X} A)P(AR) < P(Xy < X) < P({Xn < X}|An)P(An) + P(AS).

Since (Xu|#An) = (YalsAn), it follows that:
P({Yy < x} N oAp) < PXy < X) < P({Yn < X} N oAy) + P(AS).
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Fig. 6. Comparison of the true quantile of order &« = 1/500 (solid line) with the estimated quantiles by the heuristic strategy (dashed line) and the oracle
strategy (dotted line) on the replication corresponding to the median error. The associated sample is represented by the points (“x").

Taking into account of
P(Yo < X) — P(Ay) < P({Ya <X} N A) < P(Yy <X)
leads to:
P(Yn < X) — P(Ay) < PXy < %) < P(Yy < 2) +P(AD).
The conclusion is then straightforward since P(Y, < x) — P(Y < x) and [P’(,A)g) —0. =

The next lemma provides the asymptotic distribution of extreme quantile estimators from an uniform distribution in a
situation analogous to (S.1) in the unconditional case.

Lemma 2. Let V4, ..., V) be independent uniform random variables. For any sequence (6y;) C (0, 1) such that 6y, — 0 and
M6y — oo,

M 2 ;
o Vimoym — ) — N (0, 1).
M

Proof of Lemma 2. For the sake of simplicity, let us introduce ky, = | M6y |. From Rényi’s representation theorem,

p km M+1
Ve £ 38 [ 3
i=1 i=1
where Eq, ..., Ey4q are independent random variables from a standard exponential distribution. Thus,

172 M+1 \ ! 172
def (M d 1 M
= — V< — 9 = — Ei —
ém (QM) Viy.m — Om) (M E ) (91\/1)

i=1
1 8 e, 1 du 1 M
—SNTE(M g ol —SE-1)-6u =S E-1])],
X kMZI<M M>+M k]\/[;; M M;l

and, in view of the law of large numbers, we have

p (M2 km 1/2 1Y
En ~ (@) <M —OM) (14 0p(1)) + (M6y) E;Ei_l

1 Mt .
— (M) <M Z E;i — 1) ) Eim+Em—E3m.

i=1
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Let us consider the three terms separately. First, writing ky; = M6y, — 1y with 7y, € [0, 1), we have

1/2
P M ™ ™

~ | — —_— = —> 0, 12
§1,m <9M) M~ MGy (12)

since M6y, — oc. Second, since ky; ~ M6, the central limit theorem entails

K
1 d
~kP =S E—1) 5 w0, 1). 13
S ~ oy | - ; i ©, 1) (13)
Similarly, it is easy to check that

£ = 0p(6y°) = 0p(1), (14)

since 6y — 0. Collecting (12)-(14) concludes the proof. ®

6.2. Proofs of main results

Proof of Proposition 1. Under (A) and since the random values {Z;(t), i = 1, ..., m;} are independent, we have:

. d .
{logz;(t), i=1,...,m} = {logq(Vi,x)i=1,...,m},

where x; is the covariate associated to Z;(t). Denoting by v (i) the random index of the covariate associated to the observation
Zm,—i+1,m, (), we obtain

: d )
{log Zy—ix1,m, (0), i=1,...,m} = {logq(Vy @, Xy@) i=1,...,m}.

Let us consider the event A, = A1, N 43, where

Vi Ui
’A71,n = { min lOg 7(]( LM l)
i=Loke=1 " q(Vig1,mg, Uit1)

. AWV, me » Uk,)
Ay p = min log———— > 0,V(u yeeosUn) CB(t, h)t.
2,n {i_kﬁ—l ‘‘‘‘‘ - g AVime 49) (Uk+1 me) (t, he)

> 0,V(uq,...,u,) C B(t, h[)} and

Conditionally to #; ,, the random variables q(Vi m,, u;),i =1, ..., k; are ordered as
qViemes Ue) < q(Vig—1,me Ue—1) < -+ < q(Vimg, U1),
and, conditionally to 4, ,, the remaining random variables q(V; m,, u;),i = k; + 1, ..., m; are smaller since
max  q(Vim, ti) < q(Vie,m; Uk,)-

Thus, conditional to «4,, the k, largest random values taken from the set {logq(Vyu,Xyw), i = 1,...,m} are

{log q(Vimc, Xyi)), i =1, ..., k:}. Consequently, for J, = {1, ..., k;} and letting T; & Xy (i)» we have:

. d .
{108 Zin,—is1.m (), 1 € Jie | An} = {log q(Vim,, T)). i € Ji | An} -

—(1+9)
t

To conclude the proof, it remains to show that P(4,) — 1asn — oo. Let us define §,,, = m and consider the events

A3p = {Vl,mt > (Sm;} N {Vm;,mt <1-— Smt}

Vim:, t
A4,n = { l‘]l‘lll'l lOg 7(]( Lme )
i=

> 2wn(8 )} .
..... ke q(V,‘H,mt,t) e

Under A3 ,, we have 8, < Vi, < 1—6p, foralli=1,..., m;. Hence, for all (u;, u;) € B(t, he)?, it follows that, on the one
hand

log Q(Vj,mp uj) = log q(vj,mt’ t) +log Q(Vj,mp uj) +log q(Vi,mp t)
Q(Vi,mr, ui) q(Vi,mm t) q(‘/j,m[7 t) q(Vi,mta ui)
Vim, t
> tog Wm0 5, 5,),

= qVim, B
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and on the other hand,

q(ka,m[» uk[) Q(Vk[,mp t)

min log ———= > min lo —2wn(§
L QVimes W) imkeHlom & qQ(Vim,» t) @n(Om:)
V ,t
> tog LVheme D50 (5.

Q(th+1,mt7 t)
Consequently 43, N A4, C A, Remarking that
P(A3n) > P(Vl.m[ > am[) + P(Vm[,mt <1- am[) -1= ZP(VLm[ > sm[) -1->1,

since Vi, m, Lq9_ Vime and P(Vyn, > 8m,) = (1—8m,) " — 1, it thus remains to prove that P(A4,) — 1. From [18],
paragraph 1.3.1, condition (A) implies that there exists c(t) > 0, depending only on t such that, for all « € (0, 1),

1
q(a, t) = c(t) exp {/ Wdu} ,

which is the so-called Karamata representation for normalised regularly varying functions. Hence, for alli € Jj,,

log Vim0 _ / ey O + AW
q(‘/H-],m[a t) Vi.mr u ’
and it follows that
q(vl me»s t) 1+] mt
log ————— > t) — AV, , ) lo
g Vim0 = 40) (Vig+1,m,» £)) log ——— Vim
leading to

P(Aqpn) > ((}/ (t) — A(Ver me s t)) mm IOg ;;L] - > 2wy (am[)>

""" 1,mg

; Vit 1m, 4wy ((Smt) -
=F : — = N{AWVi+1mes t £)/2
- ({i:rlr.l.l.l.:lk[ 8 Vime — v(@®) { Vig+1,me £) < ¥ (0)/ }

> IP’( min log Yierm > An Om,)
i=1,..., ke Vi,mt V(t)
def

= Pim +Pom, — 1.

) + P (A(Vigs1m, 1) < ¥(£)/2) — 1

In view of Rényi representation for uniform ordered random variables,

{i108(Vi i, /Viz ) m)» i€ i) £ {F, i € i),

where Fq, ..., F, are independent random variables from a standard exponential distribution, we have
F 4wn(S ke iwy (8
Py = IP’(. min — > A0 Om) mt)) = Hexp <—7n( mt))
=tk 1 (D) = y(®)

2
= exp (—mkt(k[ + 1)a)n(8mt)> — 1

since kfa)n(amt) — 0. Furthermore, Vi, 1m, = (k;/m;)(1 4 0p(1)) 5 Oand A(x, t) - Oaso — Oentail P, ;,, — 1. The
conclusion follows. H

Proof of Proposition 2. From Proposition 1, there exists an event 4, with P(4A,) — 1 such that (Zy, m, (t)]|4n) L
(q(V1,m,, T1)|y) and thus,

Vim, T Z t
PZmg.me (t) < @0t ) = P ([1ogq(“”f‘) < o} N An> +P ([mg"“'”“() < o} N Aﬁ)
q(amp t) Q(am[» t)
d
ifp3m['i‘P4m[ (]5)

Clearly, Py m, < IP(AE) — 0. Let us now consider the term P s, . Introducing 6, = m;(1+5) and As , = {Vim, € [Om,,
1 — 8,1}, we have

Vime, T Vim, T
Py =P ({mgq(“"f‘) < 0} N Ag N A5,n> +P ({mgq(“’“‘) < 0} N Ag N A§n>
q(amn t) q(am[s t) ’



430 L. Gardes et al. / Journal of Multivariate Analysis 101 (2010) 419-433

and standard calculations lead to:
Vim, T Vim, T
P ({log 1Wim. 1) o} N As,n> FP(AY) — 1< Py <P <{1ogw < 0} N AS,H) +P(AC ).
q(otm, t) q(am, t) ‘
Furthermore, 4s , implies

qVi,m» T1)

log
Q(Vl,m,ga t)

=< wﬂ(STﬂ[)v

and thus

Vim,t
P ({IOg M < _a)n((smt)} N =A’5,n) +P(A;) — 1 < P3
q(amp t)

Q(Vl, £ t)
<P ({log Q(T":,f) < wn((smt)} N AS,n) + P(‘A‘g,n)’

which entails
Vim,t
P (log Q( 1,me )
Q(am[ L b)
Let us now focus on the quantity

Vit
Psm P (log IWEme D) _ 4 o)
’ q(om,, t)

Vi, t me

_ [p (log % < :I:a)n(Smt)>:|
mes

[P (q(V1, ) < eXnCm)g(ay,, £)]™

[P(1—Vy <F(e*nCm)gq(ay,, t), £))]™

exp [m; logF (e**"®m)q(otm, , ), )] .

q(v1,m[s t)

< _wn(am[)> + P(As5,n) + P(A;) — 2 < P3,m[ <P (IOg
q(am“ t)

< a)n(Smt)> + P(AS ). (16)

*onGme) g(qy, , t) — oo and introducing the conditional survival function F(., t) = 1 — F(., t), we have

Since e

my log F (e*"®m)q(ay,, £), t) = —m,F (") q(ap,, ), t) (14 0(1))

F (e*n®m) q(a, , 1), t)
F (q(ctm,. 1), t)

As already mentioned, (A) implies (1) which, in turn, shows that F(., t) is a regularly function at infinity with index —1 /vy (b).
Hence, since e*@"@®m) s 1 we thus have (see [18], Theorem 1.5.2),

F (e*n@m)q(ap, , t), t)
F (q(otm,, 1), t)
As a conclusion,
Ps.me = [1 = am (14 0(1)]™, (17)
and collecting (16) and (17) leads to:
[1— am (14 0())]™ + P(As ) + P(An) — 2 < Py, < [1— ot (14 0(1)]™ + P(AS ).

Since P(As5,) — 1and P(A4,) — 1, itis then straightforward that P; ,,, — 0 under (S.1) and P5 ,, — e~ under (S.2) or
(S.3). Eq. (15) concludes the proof. ®

(14 o(1)).

_mtam[

Proof of Theorem 1. Let us introduce, for the sake of simplicity, k; = |m:an, |. From Proposition 1, there exists an event
p such that:
An) )

q b Vie mes T
((m[am[)l/z lOg ql(amt ) An) é ((mtamr)l/z IOg q( ke kt)
N (0, y2(1)), (18)

Q(amrs t) Q(amp t)
where P(#4,) — 1. From Lemma 1, the convergence in distribution

1/2 log q(vkt,mp Tk[) _d)

(m[am[) q(amr ’ t)
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is a sufficient condition to obtain

511 (amt, t) 4
—t
q(om,, t)

A sstraightforward application of the §-method will then conclude the proof. Let us prove the convergence in distribution (18).
To this end, consider

Q(th,mt ) Tkt)
Q(th,mt ) t)

and let §,,, = mf(Ha). Remark that, under (S.1),
P(R, < a)n(smt)) = P(th.mt € [8mp 1— (Smf]) - 1
Thus, R, = Op(wn(6m,)) and we have

q(Vk[,mp Tkt) —lo Q(th,m[, t)

12 10g

(meotm,) N0, Y2 ().

R, = |log

log = log + Op(@n(8m,))- (19)
q(tm,. £) Q. t)
Let us introduce the log-quantile function g(.) = logq(., t). Clearly, for all ¢ € (0, 1),
A, t) = y (1)
g)=——"—"

and a first-order Taylor expansion leads to:

Q(th,m[ ) t)
q(om,, t)

1/2

(meay,)'/? log = (Metm) g’ Ome) Viee.m; — lm,)

my

12
= am[g/(em[) (O[ > (Vk[,m[ —Olm[),

me

. P . P
where 0y, € [min(oy, , Vi,m, ), max(cm, . Vig.m.)]. Now, Vi, m, ~ am, entails 6, ~ am, — 0 and, from (A),

/ P /
8 Omy) ~ Ome& Om)) = Ay, 1) — ¥ (£) = —y (D).

Then, Lemma 2 implies that

1/2 log Q(th,m[a t) _d)

N(O, ¥ (£)). 20
2@, D 0, y()°) (20)

(m[‘aMr)

Collecting (19) and (20) concludes the proof after remarking that condition (mio,)?w,(8m,) —> O implies
(M )20, (8m,) — 0. W

Proof of Theorem 2. Since q(., t) is regularly varying with index —y (t), we have under (S.2) that q(1/m,, t)/q(otm,, t) ~
(meay,)”® — ¢7® and the following asymptotic expansion holds

fAJ] (am[’ t) al(amm t) q(l/m[» t)
= log log

Q(Olm[, t) q(l/mtv t) q(amp t)

al(amp t)

= 10g ———

q(]/m[7 t)

Now, recall that in situation (S.2), for n large enough, |m;apm, | = |c]. Thus, from Proposition 1, there exists an event A,
such that P(4,) — 1and

q ,t 1% . T

<log q1(0tm,, £) An) a4 (log qVic)mes Tie)) An) .
q(l/mtat) q(l/m[at)

Mimicking the proof of Theorem 1, we obtain

V , T 1% o b
log qVic).me» Tie)) — log qVic).m )+OP(wn(5mt))-
q(1/my, t) q(1/my, t)
To conclude, one can remark that q(Vcm,, t) is the [c]th uppermost order statistics associated to a heavy-tailed
distribution. In such a case, Corollary 4.2.4 of [17] states that q(V|¢| m,, t)/q(1/m;, t) converges to a non-degenerated
distribution. This asymptotic distribution is explicit even though it is not reproduced here. ®

log

+ v (t) log(c) + o(1).
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Proof of Theorem 3. Observing that

. . . B
10g G2 (tmg , £) = 10g §1 (B, , £) + P (t) log (a—’”

me

leads to the following expansion

QZ(Olm[»t) Io q1(/3m[st) +log<ﬂm[>(f/n(t)—y(t))—log Q(ampt)

Q(ﬁm[ ’ t)

q(am, , t) q(Bm )

o §am + &5.m, — o.my -

First remark that, under (A), as already shown in the proof of Proposition 1,
q(om . 1) _ /ﬂmr yO+Awn

QB ) Jo u

and thus, &, can be simplified as

P A(u, t)
EG,m[ :/ du

u

me

log

3

me

mg
which leads to the bound:

|$6,mr| = A(ﬂmn t) log <@) .

O,

+ y(t) log (

B

me

)

The two additional conditions are now treated separately since, under condition (5), the asymptotic distribution is imposed

by &4 m, whereas, under (7), the asymptotic distribution is imposed by &s ,p, .
(i) Under (5), Theorem 1 entails that
d
(MeBi) *Eam — N (0, Y2 (1)

and

(MeBn) V25 me = Cm U7 (OURO G () — 7(0) = 0,
from (4) and (5). Finally,

(m[ﬁm[)]ﬂ's&mtl S Cm[A(,Bmp t) - Oa
from (5). Collecting (21), (22) and (23) concludes the proof of (6).
(ii) Under (7), Theorem 1 implies
un(t)
log(Bm, /atm,)
Moreover, from (4),
un(t)
log(Bm, /atm,)
and finally,
un(t)
log(Bm, /atm,)
under (7). Collecting (24), (25) and (26) concludes the proof of (8). ®

Eame = n (O (MeB) 4 m, — 0.

Esm = Un(DGn(D) — ¥ () > D

|§6,m[| < A(,Bmp Hup(t) — 0,

References

(21)

(24)

(25)

(26)

[1] L. Weissman, Estimation of parameters and large quantiles based on the k largest observations, Journal of the American Statistical Association 73

(1978) 812-815.

[2] J. Diebolt, L. Gardes, S. Girard, A. Guillou, Bias-reduced extreme quantiles estimators of Weibull distributions, Journal of Statistical Planning and

Inference 138 (2008) 1389-1401.



L. Gardes et al. / Journal of Multivariate Analysis 101 (2010) 419-433 433

[3] L. Gardes, S. Girard, Estimating extreme quantiles of Weibull tail-distributions, Communication in Statistics - Theory and Methods 34 (2005)
1065-1080.
[4] A.Dekkers, L. de Haan, On the estimation of the extreme-value index and large quantile estimation, Annals of Statistics 17 (1989) 1795-1832.
[5] A.C.Davison, R.L. Smith, Models for exceedances over high thresholds, Journal of the Royal Statistical Society, Series B 52 (1990) 393-442.
[6] R.L.Smith, Extreme value analysis of environmental time series: An application to trend detection in ground-level ozone (with discussion), Statistical
Science 4 (1989) 367-393.
[7] J. Beirlant, Y. Goegebeur, Regression with response distributions of Pareto-type, Computational Statistics and Data Analysis 42 (2003) 595-619.
[8] P. Hall, N. Tajvidi, Nonparametric analysis of temporal trend when fitting parametric models to extreme-value data, Statistical Science 15 (2000)
153-167.
[9] A.C. Davison, N.I. Ramesh, Local likelihood smoothing of sample extremes, Journal of the Royal Statistical Society, Series B 62 (2000) 191-208.
[10] V. Chavez-Demoulin, A.C. Davison, Generalized additive modelling of sample extremes, Journal of the Royal Statistical Society, Series C 54 (2005)
207-222.
[11] ]. Beirlant, Y. Goegebeur, Local polynomial maximum likelihood estimation for Pareto-type distributions, Journal of Multivariate Analysis 89 (2004)
97-118.
[12] C.Bernard-Michel, L. Gardes, S. Girard, Gaussian regularized sliced inverse regression, Statistics and Computing 19 (2008) 85-98.
[13] D.Bosq, Linear processes in function spaces, in: Lecture Notes in Statistics, vol. 149, Springer-Verlag, 2000.
[14] F.Ferraty, P. Vieu, Nonparametric functional data analysis: Theory and practice, in: Springer Series in Statistics, Springer, 2006.
[15] J. Ramsay, B. Silverman, Functional Data Analysis, Springer-Verlag, 1997.
[16] J. Ramsay, B. Silverman, Applied functional Data Analysis, Springer-Verlag, 2002.
[17] P. Embrechts, C. Kliippelberg, T. Mikosch, Modelling Extremal Events, Springer, 1997.
[18] N.H. Bingham, C.M. Goldie, ].L. Teugels, Regular variation, in: Encyclopedia of Mathematics and its Applications, vol. 27, Cambridge University Press,
1987.
[19] F.Ferraty, A. Laksaci, P. Vieu, Estimating some characteristics of the conditional distribution in nonparametric functional models, Statistical Inference
for Stochastic Processes 9 (2006) 47-76.
[20] L.de Haan, Slow variation and the characterization of domains of attraction, in: J. Tiago de Oliveira (Ed.), Statistical Extremes and Applications, Reidel,
Dordrecht, 1984, pp. 31-48.
[21] L.Gardes, S. Girard, A moving window approach for nonparametric estimation of the conditional tail index, Journal of Multivariate Analysis 99 (2008)
2368-2388.
[22] M. Falk, J. Hiisler, R.D. Reiss, Laws of Small Numbers: Extremes and Rare Events, 2nd ed., Birkhduser, 2004.
[23] A.K. Gangopadhyay, A note on the asymptotic behavior of conditional extremes, Statistics and Probability Letters 25 (1995) 163-170.
[24] C. Bernard-Michel, S. Douté, M. Fauvel, L. Gardes, S. Girard, Retrieval of Mars surface physical properties from OMEGA hyperspectral images using
regularized sliced inverse regression, Journal of Geophysical Research - Planets (2009) (in press).



	Functional nonparametric estimation of conditional extreme quantiles
	Introduction
	Estimators of conditional extreme quantiles
	Main results
	Examples
	Some conditional tail index estimators
	Illustration on some heavy-tailed distributions

	Finite sample behavior
	Proofs
	Preliminary results
	Proofs of main results

	References


