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1. Introduction

Quasi-twisted (QT) codes over finite fields form an important class of block codes that includes
cyclic codes, quasi-cyclic codes and constacyclic codes as special cases. In this paper, we investigate
issues related to the decomposition and construction of a QT code. The important tool used is the
generalized discrete Fourier transform.

Let IFy denote the finite field of g = p™ elements, where p is a prime and m is a positive integer.
Let € be a linear code of length n over Fq. Let A € Fy and let | be a positive integer. For each
codeword ¢ = (cg, C1,...,Ch_1) in €, if the vector

(ACp—t, ACn—i41, - s ACn—1,€0, ..., Cn_j—1) €C,
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where the subscripts are taken modulo n, then the code % is called a (A, [)-quasi-twisted (QT) code.
It is well known that a (&, [)-QT code of length n =10 over Fy is identified with a (fqu‘i) -submodule
of ().

First, by decomposing the ring Ry, := (f;{’g) into a direct sum of coprime component rings, it is
shown that a (&, 1)-QT code of length 16 over Fy can be decomposed into a direct sum of linear codes
%; over these component rings.

The decomposition of the ring involves the factorization of the polynomial x’ — A over Fq. If
ged(9, ) = 1 (nonrepeated-root case), then the polynomial x? — A is factorized into a product of dis-
tinct irreducible polynomials. It is shown that if gcd(@, q) = p® with a > 1 (repeated-root case), then
all the irreducible factors of the polynomial x’ — A are with multiplicity p“. In this paper, we allow
a >0 and then both cases are included. When x? — A = (f; (x))pa(fz(x))Pa -~~(fk(x))pa, where fi(x)’s
are irreducible polynomials over IFq, the ring Ry, is decomposed into a direct sum of the coprime

component rings R; := « f]F(’;[)’;]p % 1<i<k.

Since the dual code €% of a (A, D-QT code € is a (A~1,1)-QT code, a natural question that then
arises is: given the decomposition of ¥, what is the decomposition of ¢+1Fa? When A =+1, € and

%1% are modules over the same ring (fgﬂ*i) and hence, only in this case, self-dual QT codes make

sense. When A # +1, € and €1¥a are modules over different rings: Ry, and Ry ;-1 respectively.
Since the two rings are isomorphic by identifying x € Rg ; with x™! € Ry -1, we map €*¥4a into the

module R 9 A and get an isomorphic copy of @ Based on the dual defined over two modules over
the same ring, the decomposition of the dual code over R, ;-1 is explicitly described. In particular,
the decomposition of self-dual QT codes is given.

An important tool to study algebraic codes is the discrete Fourier transform (DFT). When
gcd(9, p) =1, i.e, in the nonrepeated-root case, the classical DFT of c(x) € (fg"ﬂ) is defined to be
a matrix

¢ =[Co,C1,...,Co-1],

where

& =c(pg'), foro<i<o—1,
B is a 6-th root of A,

and £ is a primitive 6-th root of unity.

It is well known that the DFT is invertible. However, in the repeated-root case, the classical DFT is
not applicable. Therefore, we adopt the Hasse derivatives to develop the generalized discrete Fourier
transform (GDFT). We also give the inverse formula of the GDFT.

The GDFT also gives an explicit connection between a QT code and its component codes. Therefore,
by the inverse formula of the GDFT, we produce a formula to construct a QT code from linear codes
over component rings. It is further shown that the computation can be done in the field Fy instead
of the extension fields.

This paper is organized as follows. After a brief introduction of the key notions and notations
in Section 2, the decomposition of a (A, [)-QT code is given in Section 3. Section 4 deals with the
decomposition of the dual code of a QT code in two cases: A = 41 and A # £1. In Section 5, the
GDFT and the inverse formula are given. After the construction formula is given in Section 6, some
examples are shown in Section 7. A summary concludes the paper in Section 8.
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2. Preliminaries

Let Fq denote the finite field of g = p™ elements and let Fy denote Fq \ {0}, where p is a prime
and m is a positive integer. Denote by Fy[x] the polynomial ring in indeterminate x with coefficients
from IFy.

A linear code € of length n and dimension k over Fy is a k-dimensional subspace of the vector
space IF‘Z. It is known as an [n, k]q code. The elements of the subspace are the codewords of € and
written as row vectors: ¢ = (cg,C1,...,Ch—1)-

Definition 1. An [n, k]; code € is called cyclic provided that, for each codeword ¢ = (co, C1, ..., Cn—1)
in &, the vector (cy—1,Co,...,Cph—2) is also a codeword in %.
Mapping a codeword (cg,C1,...,Cni—1) € € to a polynomial cg 4+ cix + -+ + cp1x" ! € Fqlx],

a cyclic code € is an ideal in Fg[x]/(x" —1).
Generalized from cyclic codes, we have the following three classes of codes.

Definition 2. Let 4’ be a linear code of length n over Fq. Let A € Fj. For each codeword ¢ =
(co,€1,...,Cp—1) in €, if the vector (Ach_1,Cq,...,Cn_2) € €, then the code ¥ is called a A-con-
stacyclic code and A is called the constant of €.

By the correspondence between codewords and polynomials, a A-constacyclic code can be identi-
fied with an ideal in Fgy[x]/(x" — 1).

Definition 3. Let € be a linear code of length n over Fg. For each codeword ¢ = (co,C1,...,Cn-1)
in €, if the vector (cp—j, Cp—i41s--->Cn—1,C0, ..., Cn—j—1) € € where the subscripts are taken modulo
n and [ is a positive integer, then the code ¥ is called an I-quasi-cyclic (QC) code and [ is called the
index of ¥.

It is easy to check that an [-QC code of length n is also a gcd(l,n)-QC code. Without loss of

generality, we therefore assume that the index [ always divides the length n. Let 6 = . Properly
permuting the coordinates of a codeword (cq, c1,...,cnp—1) in the [-QC code to the vector

€ =(C0,Cly s €O C1s ClTs e oo s CO—T)41s -« + s Cl1s - -+ » COI—-1),
we divide ¢’ to I parts and each part consists of § consecutive coordinates.
It is observed that each part can be regarded as a codeword in a cyclic code of length 6 over Fj.

Therefore, representing each part of ¢’ by a polynomial in Fq[x]/ (x? — 1), the codeword c is equivalent
to the vector in (Fq[x]/(x? — 1))

(Co +cox+---+ C(9_1)1X0_1 1+ + C(9_1)1+1X0_1, ey C21 FC X+ -+ Cg[_lxe_])

(see [4]). Then an [-QC code is equivalent to a submodule of (Fq[x]/(x9 — 1)! over the ring Fqlx1/
@ =1).

Definition 4. Let € be a linear code of length n over Fy. Let A € F; and let [ be a positive integer. For
each codeword ¢ = (cg, C1,...,Cnh—1) in €, if the vector

(ACp—t, ACn_i41, -+, ACn=1,€0, ..., Cn_j—1) €C,

where the subscripts are taken modulo n, then the code % is called a (%, [)-quasi-twisted (QT) code.
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We define an action T, ; on the codewords as

Ty i(co,C1,...,Cn1) = (ACn—i, ACn—i41, - - - ACn—1, €05 - - -, Cn—i—1)-

A (A, D-QT code is invariant as a set under the action T ;.

It is easy to check that a (A,[)-QT code of length n is also a (1, gcd(l,n))-QT code (see [1]). Thus
we always assume | divides n. Let 6 = % When A =1, a (A,)-QT code is an [-QC code. When [ =1,
a (A, D-QT code is a A-constacyclic code. When A =1=1, a (1,)-QT code is a cyclic code. From the
above discussion about constacyclic codes and QC codes, a (A,[)-QT code of length n is a submodule
of (Fg[x]/ *x? — 2))! over the ring Fqlx1/ (x? — 1). For convenience, we use the same notation for both
the code over Fy and its corresponding submodule of (Fg [x1/(x? — 2))! over the ring Fq [X1/(x? — 1.

3. Decomposition of QT codes

Let € be a (1,D)-QT code of length n over Fy. Recall that € is a module over the ring Fq[x]/
(x? — 1). Denote the ring Fq[x]/(x? — 1) by Ry ;.

In order to know more about the algebraic structure of QT codes, we next focus on the ring Ry ;.

Let 6 = p?d, where gcd(@, p) = 1. Since the map x — xP" is a power of the Frobenius automor-
phism of Fy defined by x> xP, it is an automorphism of Fy. Therefore, for any A € F};, there exists a

unique 1 € F}; such that AP" = i. Therefore, we may write
¥ == -1)".

Since ged(d, p) = 1, the polynomial X7 — % is factorized into distinct irreducible polynomials over [y
as follows:

X —i= 100 - fil®).

Therefore, we have

X =a= ()" (20) - (fo)” . (1
By the Chinese Remainder Theorem, we have the following decomposition:

Fqlx] N Fqlx] Fqlx] Fqlx]
(K =) (F10)PY) 7 (f2(0)P") ((frex)P*)’

re) < (r + (1)), ... 100 + (fe®)™)).

Fqlx]

For convenience, we denote the ring —L—
& e

by R; for 1 <i <k. It follows that

k
R}, ~ PR 2)

Then we have the following theorem immediately.
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Theorem 1. Let € be a (A, 1)-QT code of length 16 over Fy. Then €’ is a linear code over Ry ;, of length | and it
can be decomposed as the direct sum

k
%:@‘ﬁ, (3)
i=1

where 6; is a linear code over R; of length | for each 1 <i <k.

4. Dual codes of QT codes

In this section, we discuss the dual codes of QT codes. For our purpose, we give the following
definition about dual codes.

Definition 5. Let K be a commutative ring or a finite field and let N be a positive integer. Let

u=(ug,...,UN-1)

and

v=(Vo,...,VN-1)

be two vectors over K. The inner product of u and v over K is denoted by

-1
(V)K= uvi
i=0

Let € be a linear code of length N over K, then the dual code of € (with respect to the inner product
over K), denoted by €, is defined as

¢ ={veK" | (v,u)x=0, foranyue ¢}.
In particular, if € = €%, then € is a self-dual code over K.

Notice that when K =Fg, the inner product defined above is exactly the Euclidean inner product.
Recall that the index [ always divides the length n for a QT code. The following proposition follows
directly from the definition of QT codes.

Proposition 1. Let € be a (A, )-QT code of length n over IFg and let €4 be the dual code of €. Then ¢tr
is a (A=, 1)-QT code of length n over Fq.

By the above proposition, we know that €17 is a submodule of ]Rg ,—1 over Ry, -1, and hence a

linear code over R ;-1.
Notice that a (2, [)-QT code is an Ry ;-module while its dual code is an Ry ;-1-module. However,
the two rings Ry ; and R, ;-1 are isomorphic:

Ry =Ry -1,

x<x L

where x~1 = 271¥"~1 in the ring Ry and x~ ! =x°~1 in the ring Ry ;1.
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By the above isomorphism, we define the map ¢ as follows.

Definition 6. For all (ro(x),r1(x),...,1_1(x)) € Rg we define the map ¢ : ng,rl — Rg’)\ with

AT

¢ ((ro(0), r1(®), ..., 11 ®)) = (ro(x '), 1 (x71), ... iiza (x71).

Obviously, the map ¢ is bijective since it is induced from the isomorphism between Ry ; and
Ry ;1. Therefore, it immediately follows that:

Proposition 2. The map ¢ gives a one-to-one correspondence between the Ry ; -submodules of Rl@, , and the
Ry, ;-1 -submodules of R , ;.

Although the (A, [)-QT code and its dual code are modules over different rings, by the above propo-
sition, we can consider the image of the dual code of a (1, [)-QT code under the map ¢. Then ¢(<€LFQ)
and € are modules over the same ring Ry ;. Similarly, we can also consider the following two mod-
ules over Ry ;-1: %*" and the preimage of ¢ under the map ¢.

The following lemma studies the dual with respect to the inner product over Ry ;.

Lemma 1. Let ¢ and d be any two vectors in F?, where n = 0. Let the vector c(x) € ]Ri’m be the polynomial
representation corresponding to the vector ¢ and let the vector d(x) € RL 51 be the polynomial representation
corresponding to the vector d. Then (c(x), ¢ (d(x)))r,, = 0 if and only if (Ti 1(©),d)p, =0 foreach 0 <i <
6—1. '

Proof. Assume that (c(x), ¢ (d(x)))g,, = 0. Then we have

i=0

Since the above equation is in the ring Ry ;, the left-hand side can be written as a unique polyno-
mial over Fy of degree less than 6. Denote by [x'] the term in x' in such a unique expression, where

0<i<o—1.
Since ¥’ = A in the ring Ry ;, it immediately follows that

x =20 T =210 for1<j<o—1.

Therefore, each term on the left-hand side of (4) is as follows:

-1 -1 01-1
[xo] = Z ZCi+jldi+jl = Z Cidi ={c, d)Fq7
i=0 j= i=0

-1
[Xk] = Z((Ci+kldi +.-+ Ci+(9—1)ldi+(0717k)l)xk
i=0
+ (cidiy@—ky +---+ Ci+(k—1)ldi+(6—1)l)xk_6)
-1

=27 Z(kcwkldi + o A ACiro—1)dit0—1-k)l
i—0
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+cidit @1 + - F Cipk—1idit@—1)X*

=71 ((Tfjk(c), d)Fq)xk, foreach1 <k<6 —1.

Then the uniqueness of the expression of the left-hand side of (4) implies that each term is 0. Thus,
the above equations imply that (T} ;(c), d)p, =0for0<i<o—1.
It is easy to observe that the converse is also true. O

Applying Lemma 1, we have the following theorem:

Theorem 2. Let € be a (A, 1)-QT code of length n over Fq and 2 a (A1, )-QT code of length n over Fgq. Then
9 is the dual code of € with respect to the inner product on ]FZ if and only if ¢ (D) is the dual code of € with

respect to the inner product on ]Rl& W e

$(€+70) = ¢ o, (5)
where € on the left is the code over Fq while € on the right means its corresponding module over Ry ;.

Proof. Since ¥ is a (A,])-QT code, for any codeword ¢ € &, we have T,"U(c) € %. Then for any code-
word d € €¥1, we have (Ti.l(c),d)]Fq =0. By Lemma 1, it follows {c, ¢(d))r,, = 0. Therefore, we

have ¢(d) € €1%... Then by Definition 5, we have ¢(%1%) C &t
Assume that e € €% Then by Lemma 1, for any codeword ¢ € ¢, we have (Ti‘l(c), ¢! (e))r, =0.

It follows that ¢~1(e) € € F. Then €%+ C (€ Fa). Therefore, (€ F1) = € For. O
By the decomposition of the ring Ry ; in (2), we have the following corollary.

Corollary 1. Let € be a (A, 1)-QT code over Fy of length n = 16. Suppose that € is decomposed as in (2). Then
R s decomposed as follows:

k
& =P, (6)
i=1
where, for each 1 <i <k, 2; is the dual code of €; with respect to the inner product on ]Ri.. In particular, € is

self-dual if and only if €; = @; forall1 <i<k.

By Theorem 2, the above corollary gives the decomposition of ¢ (€F1). Next we discuss the rela-
tionship between the decomposition of ¢tra Rle ,—1 and that of ¢(<€LF4) = ¢t ro - Rl@,x-

Assume that x” — A is factorized as in Eq. (1). Then

¥ =2 = (fF ) (fr®)T 7
where f*(x) := x4e8fi® f,(x~1) is the reciprocal polynomial of f;(x) over Fq. It is easy to check that
fif () is also irreducible over Fy if fi(x) is irreducible. Therefore, we have the following decomposition

of the ring Ry ;-1:

Fqlx] N Fqlx] ® Fqlx] ©... Fqlx]
(K0 =27 ((fF0)P) T ((f5 0P (fEePY’

ro0 < (r0+ ((f700)). 100 + ((fE@)™)). ®)
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For simplicity, we denote the ring ((f]f‘é% by R} for 1<i<k. It follows that
k |
l
B ~P®). 9

i=1
Note that a (x,)-QT code is self-dual only if A = #1. If A £ £1, then the polynomials x? —
and x? — A1 are coprime over Fq. Therefore, the irreducible polynomials f;(x), fj‘(x), 1<i,j<k,
are pairwise coprime where f;(x), f]*(x), 1<1i,j <k are as in Egs. (2) and (7). Thus, no irreducible
polynomial is an associate of its reciprocal polynomial and no reciprocal pair exists in the factorization
of X’ — X, which is different from the case when A = +1.

4.1. Case when A = %1

In this subsection, we focus on the case when A = #1. If A = 1, then xX’ — 1 =x? — 1! and hence
Rg,5. =Ry ;1. With the proper permutation of the irreducible polynomial factors, x? — A is written as

¥ —x=e(g100)" - (8)” (1) (110)P - (he )" (hF )"

where s + 2t =k, € € Fy and, for each 1 <i<s, g(x) is an associate of its reciprocal polynomial,
ie., gi(x) =€;g](x) over Fy for some unit ;. Throughout this subsection, we denote Fq[x]/((g; *)P"
by G;i for 1<i<s, Fglx]/((hj(x))"") by H; and ]Fq[x]/((hjf(x))v“) by H for 1< j <t. Then the
decomposition of Ry 3 =Ry ;-1 is

N t
RQ,X:GBGi@(@(H]’@H?)). (10)
i=1 j=1

Therefore, when A = +1, the map ¢ is an automorphism of R’M. We define same isomorphisms
between the component rings as follows.

Definition 7. For 1 <i < s, define
i (G — (G
by
#i((ne + ((200)™).....nx + (20)")))
= () + (6 0)"). ..o + (i0))).
For 1 < j <t, define
¢ : (H)) — ()
by
#4((r1 0 + (1)), .1 + ((1;00)™))
= () + (W50)™)e o m(x ) + (W50)P)).
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Actually, when A = %1, the maps ¢, ¢; and ¢} are exactly the conjugate maps defined in [5].

Lemma 2. Assume that ). = +1 and the decomposition of the ring Ry 5 = Ry ;-1 is as in Eq. (10). Let r(x) €
Rp, and let its decomposition in Ry ; be

(ri®), ..., rs(), 110, 1{ %), ..., 1{(x), 1] (%))

where for 1 <i<s, ri(x) =r(x) + (g (*)?") € G;, and for 1 < j <t, r}(x) =r(X) + ((h]-(x))pu) € H; and
i) =rX + ((h’j'f(x))pﬂ) € H. Then the decomposition of ¢! (r(x)) € Ry ;-1 is

(r(x ), s () () () () r(x 7).

Proof. For 1<i<s, since rj(x) =r(x) + ((gi(x))P"),

a

i(x ) =r(x) + ()"
Since g(x) is an associate of its reciprocal polynomial,

a

((2:0)”) = ((&i(x")™).
Therefore, we have
n(c) =) + (50)").

i.e., the component of ¢~ (r(x)) =r(x~1) in G; is r;(x V).
For 1 < j <t, we have

i) =r(c) 4+ (i ()7
Then
f (x ) =r(x")+ (h;f(x))pa,

i.e., the component of ¢~ (r(x)) =r(x~1) in H is r;.(xfl).
Similarly, the component of ¢! (r(x)) =r(x~!) in Hj is r}/(x‘1). ]

The following theorem gives the algebraic structure of the dual code of a (A,l)-QT code when
A==1.

Theorem 3. Let € be a (1, 1)-QT code of length 10 over Fq with A = %1. Let the decomposition of the ring Rg .
be as in Eq. (10) and let the corresponding decomposition of € be

%:é%@ (é;(sg;@cg;f))

j=1

Then the decomposition of its dual code €t is



246 Y. Jia / Finite Fields and Their Applications 18 (2012) 237-257
s N t ) L N
1p, ) G; — H* H;
e =@ate ) o (DI6) (4 0si((4) ).
i=1 j=1
where the duality on the left is the duality with respect to the inner product over Iy, while the dualities on the

right are the dualities with respect to the inner products over the respective component rings.
In particular, € is self-dual if and only if

1g.
€ =¢i(€ ),

1
) (11)
¢ =¢((€) ). 1

Proof. This theorem follows from Corollary 1 and Lemma 2. O

When A = +1, the map ¢;’s are actually the conjugates defined in [5]. We can check that the above
theorem is consistent with Theorem 4.2 in [5] which describes the dual with respect to the Hermitian
inner product.

4.2. Case when A # +1

In this subsection, we assume that A # £1. Recall that ¢ is the isomorphism between Ry ; and

Ry ;1. Let the decompositions of ]RlM and Rg 51 be as in Egs. (2) and (9), respectively. Then the

quotient rings R; = Fq[x]/((fi(x))pa) and R} = Fq[x]/((fi*(x))pa) are isomorphic as rings. The corre-
sponding isomorphism is defined as follows.

Definition 8. The isomorphism is
!
¢ R)' — (R)

given by

3/ (0 + ()", ....nx + (()")))
= (r () + (7))ol + (fr@)P)).

By Corollary 1, the following theorem immediately follows.

Theorem 4. Let ). # +1 and let the decompositions of Rg’ 5 and R;’ 51 be as in Egs. (2) and (9), respectively.

Let € be a (1, 1)-QT code of length 16 over Fg, i.e., an Ry j-linear code. Suppose that the decomposition of €
isasin (3):
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Given the decomposition of the code € C Rle’ ,» Theorems 3 and 4 give the decomposition of the
dual code €1 Rl@ o1 for cases A ==+1 and A # %1 respectively.

5. Discrete Fourier transform

In order to deal with the repeated-root case, we introduce a generalized discrete Fourier transform
(GDFT) as in [4]. For our purpose, we define the Hasse derivative as follows.

Definition 9. (See [3].) For a polynomial g(x) =)"; gixi e Fq[x], the j-th Hasse derivative is defined as
) i .
gl =Y (j>gi><’ I
i

Using the Hasse derivative, we define the generalized discrete Fourier transform (GDFT). Recall that
0 = p6, where gcd(9, p) =1.

Definition 10. If c(x) =), _, 107 cixl e Rp,», then the generalized discrete Fourier transform (GDFT) of c(x)
can be described in terms of a matrix

C0,0 o1 0 Cogq

. €1,0 €11 o Cig

C = 3 (12)
Cpe—1,0 Cpr—11 - Cpa_q 51

where

. i i
Cgn= ) ()ci(ﬂgh)' £, foro<g<p’—1,0<h<d—1,
i€Z/07Z

B is a 6-th root of X,
and £ is a primitive 9-th root of unity.
Notice that &g is exactly the value of the g-th Hasse derivative at £", a 6-th root of 1. Let X/ — A
be decomposed as in (1). Then for each 1 < h <8, there is an irreducible factor of X’ — 1, say fi(x),

such that Bg" is a root of f;(x). Then Cg,n is an element in Fq[x]/((fi(x))pa). Mimicking the method
in [5] and replacing the root &" in [5] by B&", then the explicit description of the inverse transform

is given. We give the inverse transform in the following theorem and omit the proof.
Theorem 5. The GDFT (12) is invertible. More precisely, the inverse formula of GDFT is
1 6-1 Pl g )
—ijp g—in
Civjp" = 5 > (8g") ( > (i)(—ﬂéh) Cg,h)» (13)
h=0 g=0

for0<i<p*—1and0< j<0—1,wherepisa0-throot of A and & is a primitive -th root of unity.

Since (B9"1)? =391 =1for x e Fy, 77! is a 6-th root of unity. Then g9~! can be expressed as
a power of the primitive 6-th root of unity &, say
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g =g,

where 0 <8 <6 —1. )
By the definition of Cg p, it is easy to verify that, for 0< g<p?—1and 0<h<6 —1,

= 2 (0) ey

i€Z,/07.

= Z (;)q (’Béqhﬂ?)i—g

i€Z,/07.

= Cg.qh+s-

Given an irreducible polynomial fi(x), if B&% is a root of fi(x), so is B9£9% = B£%%+3, Define a
map T:

1:7/07 — 7./0Z,

Z—>qz+94.

As gcd(@, q) =1, it follows that the map T is one-to-one. Therefore, the map T defines an equiva-
lence relation ~ on Z/6Z where hy ~ h, if and only if there exists an integer i such that hy = ti(hy).
Therefore, there is a one-to-one correspondence between the equivalence classes and the irreducible
factors fi’s. For convenience, we call the equivalence classes orbits of T. From each orbit 0;, we
can choose a representative, say z;. Then there is a one-to-one correspondence between the irre-
ducible factors fj(x)’s and the representatives z;'s. We say the representative z; is corresponding to
the irreducible polynomial f;. In particular, when § = 0, the equivalence classes are known as the
g-cyclotomic cosets modulo 4.

Therefore, using the same notations above, the inverse formula of the GDFT can be further simpli-
fied as follows.

Theorem 6. The GDFT (12) is invertible as follows: for0 <i<p?—1and0< j<06 -1,

1 pi-1 [k R il ip
Cijpr == D (‘f)(_l)gﬂ ( 2 Try (G (BE) T )>, (14)
g=0 y=1

where f is a 0-th root of , £ is a primitive 6-th root of unity, z, is a representative in the orbit corresponding
to f, (x) and Try, is the trace map on the field Fq[x]/(f}, (x)) down to IFy.

Although the choices of g and & in the formula (14) are not unique, the result of the formula (14)
is unique when ¢, ,’s are given. The above theorem gives the trace description of QT codes.

6. Construction formula

Let € be a (A,])-QT code of length 16. By Theorem 1, we know that

k
¢ =P e
i=1

where %; is a linear code over R; of length I for each 1 <i <k.
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]Fq [x]

The ring R; = 7 5

canonical form:

is a finite chain ring. Each element in R; can be written in the following

ao(0) + a1 (0 fi(0) + -+ apa_1 (i (%)

where a;(x) € for 0 < j < p® — 1. Therefore,

Fqlx]
(fi()

Fqlx] N Fqlx] : Fqlx] Fqlx]
((fix)PY) — (fik) it (fi(x) (fix)

Let d; = deg fi(x) and let B&% be a root of fj(x). Then we have the following field isomorphism:

+o (0P

Fqlx] -

; Adi—1
~F Z)Fq + -+ (85%) 'y,
ooy = Fat (B&%)Eq + -+ (B5%) ™ Fg

r(x) < r(BE7).
Then we have the following proposition.

Proposition 3. The following map is a ring isomorphism:

o:Ri— (]Fq + (lgézi)]Fq + -+ (ﬁézi)di_qu) + u(IFq R (ﬂ&-zi)di_]

Fq)
+ e + upa_l (]Fq "F M + (ﬁézi)diill[?q)v
r(x) > r(BE* +u),

where uP” = 0 and B&% is a root of fi(x).

Proof. For convenience, denote fj(x) by f(x), d =deg(f(x)) and B&% by n. Suppose that f(x) =
Z?:o a;x'. Since 7 is a root of f(x) and uP’ =0, we have

o ((fx)") = (Fm +w)”

Therefore, this map is well defined. )

Since 7 is a root of the irreducible polynomial f(x), n" = A" = 1, where 7 is the order of 2 € F3.
Since r divides q — 1, 7 is coprime to pY. Since  is coprime to p? too, p® and 07 are coprime. Then
there exist integers N1 and N, such that

poN1 + Nofr = 1.
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Then we have n?"N1 =y

It follows that xP"N1 is mapped to n and x — xP"M1 is mapped to u. Hence, the map o is a ring
isomorphism. 0O

For simplicity, we denote by J; the chain ring

(Fa + (B )Fq -+ (BE%)" ™ g) +u(Fy 4o+ (%)) -
FuP T (Fy 4o+ (BE5)TR,).

Then we have

and

where % is a code over J; of length L.
Then a codeword x; of %; over J; can be written as

xi = (Xi 00+ (BE")Xio01+ -+ (ﬂézi)d’vflxi,o’di_l)
+u(xi1,0+ (BE#)Xi11+ -+ (ﬂgzi)di_]xi,l,d,-fl) +--
+upt! (Xi,pa—1,0 + (BEZ)Xipa_1,1+ -+ (ﬁfzi)diqxi,p“fl,dﬁl)v

where, for each 1<i<k 0<j<p?—1and 0<w <d;—1, X; jw is a row vector over [Fg of length I.
We vertically joint all the above row vectors X; j v as

- T
Xi = (X,0,0, - -+ » Xi,0,dj—1>Xi, 1,05 - - - » Xi,1,dj— 1+ - - - » Xi, pa—1,05 - - - » Xi, pa—1,d;—1) " -

Then X; is a matrix of size p%d; x I. We vertically joint all the above matrices as

X=(X1,%, ..., %)". (15)

Then x is in fact a matrix of size 6 x | because Zle pid; =6.
By Theorem 5, a codeword in a QT code can be given if the component codewords are known.
With the same notations as above, we have the following result about the construction of a QT code.

Theorem 7. Let 6 = p®d with gcd(p, 6) = 1, where p is the characteristic of Fq. Then, for any positive integer
land any A € I}, the (A, 1)-QT codes over Fy of length 19 are precisely given as follows:

1. Write A = AP" where X € .

2. Write X' — % = f10) f2(3) - -+ fi(x), where for 1 <y <k, fy,(x) are monic irreducible polynomials
over [Fq.

3. Write Fg[x]/((fy (x)P") =Ry, and deg f, (x) = d,,.
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4. Let Oy denote the orbit corresponding to f), (x) and fix z, € 0.
5. Foreach 1 <y <k, let €, be alinear code of length | over R,,. For X,, € €, write

Xy = (Xy.00+ (BE )Xy01+ -+ (ﬂSZV)dyile,o,dy—l)
+u(Xy.1.0+ (BE7 )Xy 11+ + (ﬂEZV)drle,l,drl) +---

P (ky o0+ (BE )Xy po 11+ (BE)Y TRy pa 14, 1),

where, foreach1 <y <k, 0<g<p’—1and0<w < dy —1,Xy g w is arow vector over Fq of length L.
6. Foreach0<i<p®—1and0<j<6—1,let

1 pi-1 ) k sdy—1 i inigw
Citip" = 5 2 (f)(—l)gil ( Z( > (xygTry(B87)5 7 )))> 1o
y=1

g=0 w=0

and hence the codewords X, € 6, 1 <y <k give a vector (co, €1, ...,Cy_1).

Then when the codeword x,, runs through all the codewords in €, for each y, the collection of all the vectors
(€0, €1, ..., Co—1) given by Eq. (16)

€ ={(co.c1,....,€9-1)}

is a (A, )-QT code over Iy of length 16. Conversely, every QT code over Fy of length 16 is obtained through this
construction. Moreover, the construction can be expressed as follows:

T
(co,€1,...,€0-1) =A-X,

where X is defined as in (15), A is a @ x 6 matrix over [Fg such that, for0 <i<p?—1,0<j < —1,0<g<
p"—1,1<y <k 0<w<dy,—1,theentryinthe (i+ jp® +1)-throw and (p* Z}’;: dp+gdy +w+1)-th
column, i.e., the coefficient in front of Xy, g w is

y—1

‘1 ) i aa

A(i +Jp"+1.p%) dy+gdy +w+ 1) = 5(—1)g"<f>rry((ﬁ§y)g R,
h=1

Proof. By the isomorphism in Proposition 3, Cg , in Eq. (14) can be written as Z‘jvcol (BE )Xy g w,
and the y-th component of c(x) is Co,y +uCy,y +---+ u”a—lépa_lqy. Then the theorem follows from
Eq. (13). Obviously, the matrix A is over Fy because the entries are obtained by the respective trace
maps down to Fq. O

7. Examples

The examples in this section are computed by MAGMA [2].
The following example gives a self-dual (2, 2)-QT code of length 24 over F3. We can see that its
decomposition satisfies Eq. (11) given in Theorem 3.
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Example 1. Factorize x'2 — 2 over F3 as follows

X2 -2 = (x*+1)°
= (@+x+2)° (@ +2x+2)°
:=hX)h*(x).

Denote by H the ring W}E{%ﬁ), and denote by H* the ring %.

Let % be a self-dual (2, 2)-QT code of length 24 over F3 with generator (h(x), h*(x)). Then % can
be decomposed as the direct sum of the following two component codes, ¥; and %», where:

1. %1 is generated by (0, h*(x) mod h(x)) over H and
2. > is generated by (h(x) mod h*(x), 0) over H*.

Since h(x) and h*(x) are coprime, the vector (0, 1) is also a generator of %7 over H. For the same
reason, (1, 0) is a generator of ¢, over H*.

It is easy to observe that the dual code %]J‘H of €1 over H is with generator (1,0) over H. Since
the isomorphism between H? and (H*)? is

¢ H? — (H*)z,
(@ + (h®), 20 + (1*®)) = (1 (x1) + (" @), r2(x ") + (h(0)),

the image of (1,0) over H is (1,0) over H*. Therefore, the image of ‘61“{ under ¢’ is generated by
(1, 0) over H*, which is exactly %> over H*. Therefore, Eq. (11) given in Theorem 3 is satisfied.

The next example gives a QT code over F5 as well as that of its dual code where A # £1. We can
see that they satisfy Eq. (5) in Theorem 2 and their decompositions satisfy Eq. (6) in Corollary 1.

Example 2. Factorize x!° — 2 over F5 as follows

X2 = (3 —1—3)5

= (x+2)5( +3x+4)°

5 5
= (f10)(f2)".
Then
Fs[x]  Fs[x] Fs[x]
15 =2) ~ (x+2)5) (B +3x+4)5)
Denote the ring ()Eg[j‘]z) by Ris,, denote the ring ((fj[zx)]_,,) by Ry and denote the ring %

by R;.
Since 21 =3 in Fs, by Eq. (8), we have

Ris,3 ZRT @R;,

where
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Fs[x]
Ri53:= m7
*

_ Fs[x]
U ((x+3)5)
.. Fs[x]
27 (2 2x+ 45
Let
Gi(x) =x*>+4x+4=(x+2)%,

and

Go(0) =x8 +4x° +4x* + 4% + X% +4x+ 4= (% +3x+4)°.

Let ¥ be a (2, 2)-QT code of length 30 over F5 with generator (G1(x), G2(x)). Then we can decompose
% as the direct sum of the following two component codes, 67 and %>, where

1. % is generated by (G1(x) mod (f1(x))°, G2(x) mod (fi(x))>) and
2. 6, is generated by (G1(x) mod (f2(x))°, G2(x) mod (f2(x))°).

Then €% is a (3,2)-QT code of length 30 over [F5 with generator (g1 (x), g2(x)) (over the ring
R15.3) where

g1(x) =3x12 +3x" +2x10 + 4x% + 4x® + 2x7 + 2x% + 2x* + 3% + 4% + 4x + 1
= (x2 +2x+4)3(x6 +2x3 +3),

22(%) =4x® 4 4x" +2x* + 2% + 4
=4(x+3)2 (3 + % +4x+ 1) (x* + 4x% +3x + 4).

The generator (g1(x), g2(x)) of €15 over Ri5,3 is mapped to (g}(x), g5(x)) over Rys, under the
isomorphism defined as in Definition 6, where

g’l(x) =214 42X ax? a1 X B 2T 20 X At A3 1,
20 =xB 4 x11 4 2x8 4247 + 4.

Then the image of %F5 can be decomposed as the direct sum of the following two component codes,
21 and 95, where

1. 24 is generated by (g} (x) mod (f1(x))>, g5(x) mod (f1(x))°) and
2. 9, is generated by (g} (x) mod (f2(x))°, g5(x) mod (f>(x))°).

Notice that
81061 (%) + g®)Ga(x) =x'9 +4x"8 +3x* + 2% mod (x'> - 2)
=0 mod (x'°> -2).

Therefore, Eq. (5) in Theorem 2 is satisfied.
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Since both (f1(x))® and (f(x))° are divisors of (x!> —2) over Fs, we have

(g5, 85(), (G100, G2 ),

= (g1(0G1(®) + g,(0G2(x)) mod (x'° —2)
= 07

(210 mod (f1(0)°, 830 mod (f1(0)°), (G100 mod (f1(0)°, G2(x) mod (f1(x))°)),

= (g/(0G1®) + g,(0G2(0) mod (f1(x)°
= O,

(21 mod (f2(0))°. g0 mod (£2(0)°). (G1(x) mod (f2(x))”, G2(x) mod (f2(0)° )},

= (2,061 + g, (0G2(0) mod (f2(x)°
=0.

Therefore, the decomposition of the image of €15 satisfies Eq. (6) in Corollary 1.

The following example shows the decomposition of a (2,2)-QT code of length 30 over F3 using
GDFT.

Example 3. Factorize x'> — 2 over F3 as follows

X 2= (C+1)] =+ 12 (* + 23 + 2 +2x+ 1) (17)
Let
Gi1(x) = X+ 1D?(x* + 23 + X +2x + 1),
and
Go0 = (x+ D(x* +26¢ + 22 +2x + 1)°
Therefore,

Fs[x]  Fslx] F3[x]
x> =2) " x+1)3 7 K +23 +x2+2x+1)3

~ (]F3 +ulF3 + u2]F3) ® (IF34 + ulf34 + u2]F34).

(j‘}gl_xlz) by R, (F3 + uF3 + u?F3) by J; and (F3a + ulF3a + u?Fs4) by Jo.

Set a root of X’ +1: § =2. Let & be a 5-th primitive root of unity.
Since g3~1=1=¢&, the map

For simplicity, denote

T:72/57 — 7/5Z,

zZ— 3z+5,
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defines two orbits: 01 = {0} and O, = {1, 3, 4, 2}. It is easily checked that g is the root of x + 1 while
BE, BEZ, BE3, BE* are the roots of x* + 2x3 + x2 + 2x + 1. Therefore, the orbit O; corresponds to the
polynomial x 4+ 1 while the orbit O, corresponds to the polynomial x* +2x3 +x% +2x+1 in (17).

Let ¥ be the (2,2)-QT code of length 30 over Fs; and let the generator of its corresponding
R-submodule of R? be (G;(x), G2(x)). Then € can be decomposed as direct sum of a code over J;
and another code over J,.

For the codeword (G1(x), G2(x)) € €, G1, G, are two matrices of size 3 x 5 as defined in Eq. (12),
where

0 0 0 0 0
Gi=|0 24226+ (62 +22¢)° 1+ (26)3 1+42(2¢)2 1+ |,
2 (2¢)3 2¢ 14226) + (26)2 +228)°  2(26)?
and
0 0 0 0 0
Gr=1|1 0 0 0 0

N

1428 +25)° 1425 +228)% 2+2(28) + (26)* 2+2(28) +2(26)°
Let 61 be the Ji-linear code of length 2 with the generator
(2u2, u+ 2u2)
over J1 and let %> be the J,-linear code of length 2 with the generator
((2+228) + )2 +228)%)u + (26)°)u?, (1 + (28) + (26)%)u?)
over J,. Then € ~ €1 ® 6.

The following example shows the construction of 4 from %7 and %> where ¥, ¢} and %, are as
in Example 3.

Example 4. Given the generator Qu2, u +2u?) € 6, its associated matrix X; defined as in (15) is

0
1
2

>

=

Il
N O o

The matrix X, associated to the generator

(24228 + 62 +228)%)u + (2% u?, (1+ 28) + 26)°)u?) € 6

w_[00002212000 1]
*“looooo0oo0oo0o0 1101

Then

_002000022120001T
o1 2000000001101
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By Theorem 7, the matrix A is given as follows

(2 2222121212121 17
0210000221221 21
002000O0OO0OO0ODO0OO0OZ221 2
1112122211122 721
0120000212212 22
00100O0OO0ODO0OO0ODO0OO0OD212 2
22211122212 12172
0210000111211 21
0020000O0OO0OO0OO0CT1TT1TT1 2
11121212 1222111
01200002121 1211
00100O0OO0ODO0OO0OO0OO0OD2T121
222122211 1222172
0210000122222 21

|0 02 000O0O0O0O0O0O0O0T12 2 2]

Then

ax_|1 1000110000000 0]
“l121211212100000]["°
whose columns are exactly the coefficients of G1(x) and G,(x), respectively. (G1(x), G2(x)) is the
generator of the quasi-twisted code ¥ in the previous example.

8. Conclusion

In this paper, we study the quasi-twisted (QT) codes both in the nonrepeated-root and repeated-
root cases. Based on the factorization of the polynomial x’ — A over Fq, the decomposition of a
(A, D-QT code of length 16 over Fy is given as a direct sum of linear codes over the component
rings. Furthermore, the connection between the decomposition of a QT code and that of its dual
code is explicitly described. In particular, the decomposition of a self-dual QT code is given. We
also study the generalized discrete Fourier transform (GDFT) and its inverse formula, which are ap-
plied to both the nonrepeated-root and repeated-root cases. Finally, by the inverse formula of GDFT,
we produce a formula to construct a QT code from linear codes over rings, as shown in Exam-
ple 4.
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