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We construct a U(1) bundle over N(1, 1), usually considered as an SO(3) bundle on CP?, and show that
type IIB supergravity can be consistently compactified over it. With the five form flux turned on, there is
a solution for which the metric becomes Einstein. We further turn on 3-form fluxes and show that there
is a one parameter family of solutions. In particular, there is a limiting solution of large 3-form fluxes for

which two U(1) fiber directions of the metric shrink to zero size. We also discuss compactifications over
N(1,1) to AdSs. All solutions turn out to be non-supersymmetric.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

Compactifying solutions of supergravity theories provide a nat-
ural way of constructing consistent supergravity theories in lower
dimensions. Moreover, some of the solutions turn out to be the
near horizon geometry of M(D)-branes, and thus are of signifi-
cance in AdS/CFT duality. Most of such solutions, however, pre-
serve part of the supersymmetry and usually one needs to break
it to construct more realistic models. Squashed and stretched so-
lutions with fluxes in the compact direction, on the other hand,
provide examples of supergravity solutions in which supersymme-
try is spontaneously broken, and therefore, might be of interest in
building the phenomenological models in the context of AdS/CFT
duality [1].

Recently, we constructed new solutions of eleven-dimensional
supergravity compactifying it to AdSs and AdS; x H2. We employed
canonical forms on S7 to write consistent ansitze for the 4-form
field strength. The twistor space construction of CP> was the key
for identifying the new solutions [2], and as we will see in this
Letter, this construction also proves useful in finding yet more so-
lutions.

In this note, we extend the construction of [2] to the case of
compact manifold N(1,1), and use the twistor space language to
describe it as U(1) bundle over a base which itself is an S% bundle
on CP?; the flag manifold. The first supergravity solutions of this
kind were found in [3,4], and then explicit (squashed) metrics were
constructed [5]. In Section 2, first we consider N(1, 1) as an SO(3)
bundle over CP? and then rewrite the metric as a U(1) bundle
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over the flag manifold. We then show that on this 7-dimensional
manifold there exists a natural harmonic 2-form, the Kéhler form
of CP?, and use it to construct an 8-dimensional twistor bundle:
a U(1) bundle over N(1,1). Interestingly, as the harmonic 2-form
is anti-self-dual, the Ricci tensor of this 8-dimensional metric in
a suitable basis is diagonal with constant components. On the
other hand, in Section 3 we show that on this 8-dimensional man-
ifold there exists a harmonic 3-form which we use to write down
an ansatz for the 5-form field strength of type IIB supergravity.
In this way, we are able to reduce the field equations to a set
of algebraic equations. Among the three solutions we obtain one
is Einstein. In Section 3.1, we generalize our solution by turning
on 3-form fluxes, and show that there is a one parameter fam-
ily of such solutions. In a limit of large 3-form fluxes two U(1)
fiber directions of the metric shrink to zero size. In Section 3.2, we
discuss the supersymmetry of the solutions and show that they
break supersymmetry. Section 4 is devoted to a discussion of com-
pactification on N(1,1) and the supersymmetry of the solution.
Conclusions and the discussion are brought in Section 5.

2. U(1) bundles over N(1, 1)

N(1,1) can be considered as an SO(3) bundle over CP? ad-
mitting two Einstein metrics, and hence providing Freund-Rubin
type solutions of eleven-dimensional supergravity [6,1]. The bun-
dle structure is very similar to that of S7 where it is viewed as
an SU(2) bundle over $*. However, N(1,1) admits a 2-form, the
Kahler form of CP?, which, as we will see, is anti-self-dual and
harmonic. This allows us to construct a U(1) bundle over N(1, 1)
so that the Ricci tensor is diagonal and has constant coefficients.
Therefore, with a suitable ansatz for the form fields we are able to
reduce the field equations to some algebraic equations.
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2.1. N(1, 1) as an SO(3) bundle over CP?

Let us start by taking the following 7-dimensional metric of
N(1, 1) written as an SO(3) bundle over CP? [5,1]:

1 .
dslzva,]) =dpu® + i sin? (27 + X7 + cos® uX3)

+ 22 <(a1 —cos uX1)% + (02 — cos L X2)?

2
+<03—%(1+coszu)23> ) (1)

where A is the squashing parameter. Here 0 < u < /2, and Xj’s
are a set of left-invariant one-forms on SU(2):

Y1 =cosyda +sinysinadg,

Xy =—sinyda +cosy sinadpg,

Y3 =dy +cosadp,

with 0 <y <4m, 0<a <m, 0< B <2m. There is a similar ex-
pression for oj’s:

o1 =sin¢do + sinf cospdr,

09 = —cos¢db +sinf singdr,

o3 = —d¢ + cosfdr,

where they now take value on SO(3), i.e, 0< 7 <27, 0<6<m,
0 < ¢ < 2m. They satisfy the SU(2) algebra; dX; = —%e,ij‘j A Xy,
doj = —%EijkO'j Aoy, with i, j,k,...=1,2,3.

As in the case of S7, we can see that metric (1) can be rewritten
as a U(1) bundle over a base which itself is an S2 bundle on CP?,
the flag manifold, [7,8,2]:

1 .
dsfyq.py =dp® + n sin® u (22 + X7 + cos? L X3)

+ A2(d6 — singA; + cos pA2)?
+ A% sin? 6(d¢ — cotf(cospAq + singpAz) + A3)2

+23(dr - A, (2)
where
A =cospuXy, Ay =cos Xy,
As = %(l + cos® ) 23, (3)
and
A =cosOd¢p + sinf(cospA1 + singpAy) + cosHAs. (4)

In the new form of the metric, (2), we can further rescale the
U(1) fibers to A so that the Ricci tensor, in a basis we introduce
shortly, is still diagonal. So, let us take the metric to be

1.
dsyqq) =du’® + n sin? ju( 27 + X7 + cos® u23)
+ A%(d6 — singpA; + cos pA2)?
+ 2% sin? 0(d¢ — cotf(cos A7 + sinpAz) + A3)2
+22(dt — A)?, (5)

and choose the following basis

1 2

1 1
eozd,u,, e zisinu&, e zisinuzz,

3

1
e = 5 sin p cos X3, e> = A(dh — singA1 + cospAy),

e® = Asin6(dp — cotd(cos A1 + sinpAz) + As),
e’ =it — A). (6)

In this basis the Ricci tensor is diagonal and reads

Roo = R11 = Rz = R33 = 6 — 422 — 232,
Rss = Res = 412 +1/22 — 32/224,
R77 = 432 4+ 32 /224, (7)

For A2 =22 =1/2, and 22 = A2 = 1/10 the metric becomes Ein-
stein, and thus one can get a solution of the Freund-Rubin type [6].
One can also turn on the 4-form flux in the compact direction to
get the Englert type solutions [3,5].

2.2. U(1) bundles over N(1, 1)

To start our discussion of constructing U(1) bundles we need
to borrow some preliminary results, adapted to the N(1,1) case,
from [2]. Let us first introduce the following three 2-forms

Ry = sin¢(em + 623) — cos<;>(e02 + 631),
Ry = cosO cos ¢ (e®! + e??) + cosOsing (e + €31)

—sind(e® +e'?),
K =sin6 cos¢(e®! +e*?) +sin0sing (e + ')

+cosd (e +e'?), (8)
with the angles and basis given in the previous subsection. These
three 2-forms are orthogonal to each other, i.e.,
RiARy=KARi=KAR;=0. (9)
With A in (4) rewritten as

eb

2 cot
A=c0t07+ e

sinf

it is easy to prove that

(cosge' + singe?), (10)

de’> = —e® AA+2AR;,  de®=e> A A+ 2AR,. (11)

Further, if we define

Re2=RiAne’+Ryne®, ImR2=RiAe®—Ryne’, (12)

using (11), we can see that

2
dReQ=8kw4—X656/\K, dim2 =0, (13)

0 1 2

with ws =e9 Ael Ae? Ae3, the volume element of the base, which
is closed; dw4 = 0.

We can now look at an interesting feature of N(1,1) as a bun-
dle over CP?. The base manifold admits a closed 2-form, i.e., the
Kdhler form:

1 1
J= Zda = Zd(sinzuzg) =e%B —el?, (14)

so that dJ = 0. Moreover, we observe that on N(1,1) with met-
ric (5) J is also co-closed:
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dx7 ] =—d(J ne>®)
=-2]Alm2 ne’ — %] e A (2K +e70/2%)

=0, (15)
where we used
de®® =2xIm £,
de’ = —iF = —idA = (2K +¢€°%/32), (16)
and
JAK=]AImS$2 =0, (17)

as K and Im 2 are self-dual, whereas J is anti-self-dual on CP2. All
this indicates that we can use the corresponding U (1) connection
of J to construct a U(1) bundle over N(1, 1) so that its Ricci tensor
is diagonal with constant coefficients. Therefore, for the metric of
this 8-dimensional manifold, M, we take

dsg =dsy; 1, +A*(dz — 0)°, (18)
with A measuring the scale of the new U(1) fiber. Adding

e® =iz —a), (19)

to the vielbein basis (6), the 8d Ricci tensor reads

Roo=R11 =Ry = R33 =6 —4A% — 232 — 832,

Rss = Res = 412 +1/22 — 3%/2)4,

R77=43%4+3%/20%,  Rgg=161°. (20)
We see that as ] is harmonic and anti-self-dual, we do not get
mixed components and the Ricci tensor remains diagonal.

3. Type IIB compactifications to AdS;

We now show that the eight dimensional metric constructed
above admits a harmonic 3-form, and then use this 3-form to
provide an ansatz for the five form field strength of type IIB su-
pergravity. To begin with, we note that on this manifold there are
generally three 4-forms which are closed and self-dual on CP? [2].
On the other hand, since de® = —42 J is anti-self-dual we can write
down a 5-form which is also closed:

xgw3 = (aws + BK A e +ye’ AlmR2) ned +E] Ae®, (21)

with «, B, y, and & being constant parameters. In fact, using (13),
(16), and (17) we can see that d*g w3 = 0. Taking the Hodge dual
(with €01235678 = 1), we have

w3 =—0e’® —BKAe’ +yRe2 —&] Aed, (22)
which we also require to be closed. Using (13) together with

dK =—-Im$2/A, (23)
we see that ws3 is closed if

£ =—3ar%X/A. (24)

B=2ar,  y=-—2aAk,

Hence, on M there exists a harmonic 3-form; dws =d*g w3 =0.
To discuss type IIB supergravity, we take a direct product ansatz
for the metric:

ds3, =ds3 +ds3, (25)

together with the following ansatz for the self-dual 5-form:

F5 = w3 A €3 4+ xg w3, (26)

which then satisfies the equation of motion, d* F5 =0, as ws is
harmonic.

Next, let us consider the Einstein equations. Taking the dilaton
and axion to be constant, in the Einstein frame, they read

1 1
Run = H(FMPQRSFNPQRS - _FPQRSLFPQRSLgMN)

10

-

e 1
+—— Hupo HN"® — —=HporH" R gy

4 12

¢

e 1
+X(FMPQFNPQ—EFPQRFPQRgMN>- (27)

Using (20) and ansatz (26), the Einstein equations reduce to the
following algebraic equations:

6 — 422 —23% — 8% =?/4,

w2y L 2 (2p% —a? +2£%) /4
A2 224 ’

452 + LS (4y? — 287 — o +282) /4,
24

1632 = (4y? + o + 2% — 2£%) /4. (28)

First we note that there is a solution for which the metric is Ein-
stein. Plugging (24) into the above equations, we get the following
solution:

A=32=1/4, Ai*=3/16, a?’=12, (29)
with the Ricci tensor along AdS;:
Ryup =—12g,y. (30)

With the help of Mathematica, we have also found two more
solutions of Egs. (28) for which the metric is not Einstein:

A=A~ 0.4267, S 0.2661, o~ 4.1667, (31)
with Ry, ~ —14.4583g,,,, and

A~ 0.5609, A~ 0.4095, A 0.4480,

o~ 3.3464, (32)

with Ry ~ —11.5538g,,,.
3.1. A one parameter family of solutions

Having found a solution for which the metric is Einstein, we are
interested to see whether we can have solutions with H and F3
fluxes turned on. For this we note that indeed there are two
3-forms which are closed:

H=1tde™® =¢A(2K +e/3%) ne® +4che’ A ), (33)
and
F3=nImQ =nde>®/2x, (34)

with ¢ and 1 two constants. With the above ansdtze for the 3-form
fields, let us now turn to the type IIB equations of motion which,
in the Einstein frame, read:
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1 1 - -
dsd¢ = e?® dc A xdc — ie"”H AsH+ 5e¢F3 A Fs,
d(e*® xdc) = —e?H A  F3,
dx(e”®H — ce?F3) = F3 A Fs,
d+(e?F3) = —H A Fs,

d+Fs=H A F3, (35)
where,

F3=dCs, F5 =dCy4, H3 =dB,

I~:3=F3—CH3, I~:5=F5—C2/\H3, *F5=F5. (36)

First note that because of (9), (12), and (17) we have HA F3 =0,
and hence we can use the same F5 as in the previous section,
namely let

Fs=w3 A€y +x3 w3, (37)

so that the last equation of (35) is satisfied. Taking ¢ to be con-
stant, ¢ = 0, and the form fields as in (33), (34), and (37) we can
see that the rest of equations in (35) are also satisfied if

e?n = v, y2 =832 4232+ XZ/4A4. (38)
This leaves us with four unknown coefficients to be fixed. How-
ever, when we plug these into Einstein equations (27) they collapse
into 3 equations:

z
61212

6—4x? — 252 —8&221 +2b%(32 + 452),

424 L 22y )2 1 +9A2 +b2)7
A2t 2 \32 8a2i2 42 247
45‘24_&:)/2(]_#_&_}_9_)\2)
224 162232 232 8i2
2 2 32 5‘2
b 812 —23% — — ), 39
(s 1) =

with b%2 = e~%72. So, we get a free parameter, b, that is not de-
termined by the equations of motion. Although we have not been
able to find the most general solution of (39), by examining the
pattern of numerical solutions generated by Mathematica we did
derive a particular solution:

1 52_ 1 co 3

4’ 41 +b2)’ T 16(1 4+ b2)’
which can be checked by direct substitution in Eqs. (39). Note that
for b =0, we get the solution in the previous section where we
had only F5 turned on. In the extreme limit b — oo, A and A go
to zero and thus two U (1) directions of metric (18) and (5) shrink

to zero size. Surprisingly, the Ricci tensor of AdS;, turns out to be
independent of b,

Ryv =—-12g,y. (41)

2= (40)

3.2. Supersymmetry

In this section we show that the solution we found in Section 3,
where we had turned on only the five-form flux with constant
dilaton, breaks all supersymmetries. When the dilaton and axion
are constant and there are no 3-form fluxes, the variation of the
dilatino vanishes. However, we need to check whether the super-
symmetry variation of the gravitino vanishes too, i.e.,

i
alffM:VMt‘:‘f‘ﬁFNPQRsrmFNpQRsszo. (42)

To study the Killing equation, (42), on the direct product space
AdS; x M of Section 3, let £ = € ® n, with € and n the supersym-
metry parameters along AdS; and M, respectively. We decompose
the 10d Dirac matrices as

r:u,:);,u,®y9s /\’L:Oalv

Fm+1=1®)/m, m=1,...,8,

where P, and ¥, are the 2 and 8 dimensional Dirac matrices re-
spectively, with yp =ioy, and y; = oy.

We can see that the supersymmetry is broken by looking at the
Killing equation along AdS,. First, note that
Frnpors NP RS = 10F ey TMPHY (1 — I), (43)

so if we choose I'11€ = (03 ® Y9)(€ ® n) = &, with

I''1 = —T0123456789,

then we have

FnporsTNPORS e

=20Fmnppo I™"PP° Iy e

= 40Fmnpo1 (1® y™P) (03 ® 1) (P ® Vo) (€ @ 1)

= 40Fmnpo1 ();/L ® anp)(e ®1mn). (44)
Therefore, to split Killing equation (42) along the AdS; and the
compact direction, we need to require
Fnnpory ™1 =kn, (45)

for k a constant, so that along AdS, we have

V€ + 40kp, € = 0. (46)

But, since Ymnp anticommutes with y9 and since n has a defi-
nite chirality, y9n = 1, Eq. (45) can only have a zero eigenvalue,
i.e, we must have k = 0. On the other hand, if k = 0, then the
integrability of Killing spinor equation V,€ =0 implies that the
2-dimensional Ricci tensor is vanishing which is not consistent
with the AdS, factor that we obtained from solving the equations
of motion. Therefore we conclude that the solution breaks super-
symmetry. The above argument also applies to the solutions of
Section 3.1.

4. TypellBon N(1,1)

Now that we have discussed the compactification of type IIB on
U(1) bundles over N(1, 1), let us look at the related compactifica-
tion of type IIB on N(1, 1) itself. We study solutions with only F5
flux turned on. So, let us take a direct product ansatz for the met-
ric:
dsjo=ds3 + d512\J(1,1)r (47)

together with F5 as

Fs=a(J nes+ ] ne®), (48)

which is self-dual and closed because of (15). Using this ansatz
and the Ricci components of N(1, 1) in (7), Einstein equations (27)
reduce to

6—4r%* —2i%=0,

024 2 & =a?/2
A2 24 '
- 22
4%+ - =a?)2,
o /



A. Imaanpur / Physics Letters B 729 (2014) 45-49 49

which have just one solution;
=x2=1, a?*=09. (49)

Note that in this solution the Ricci tensor along the base manifold,
i.e, CP?, vanishes. The non-compact space is an AdS3 with

Ruv=-9/2g,y. (50)

Finally, let us discuss the supersymmetry of this solution. For
AdS3 x N(1, 1) compactification, we take the 10d Dirac matrices as

FM:J;M®1®G]’
I'mi2=1Q Ym @ 02,

nw=0,1,2,
m=1,...,7,
where P, and y;, are 2 and 8 dimensional Dirac matrices respec-

tively, with pp = ios, 1 = o1, and P, = 03. The supersymmetry
parameter then decomposes

1
8:e®n®<0>, (51)

with I''1 =1® 1 ® o03. As in the previous section, let us first look
at the Killing equation along the AdSs3 factor. Note that

FNPQRSFNPQRSFMS

= IOanvpaanvparu(l +I11)€

. 1
=5!an012(yﬂ®ym”®1)<e®n® <0>), (52)

so, to split the Killing equation along AdS; and N(1,1) we must
have

(y% —y")n =2in. (53)

The integrability of the Killing equation along the base manifold
CP2, on the other hand, requires

(_2)/01 + )/23 _ )/23 + 5)’] ()/03 _ y12))n -0,
(—2)/23 + ym _ )/23 + Ey] ()/03 _ V]Z))Tl -0,
with ¢ a constant. The above equations imply

(Y2 -y?)n=o0, (54)

which is in conflict with Eq. (53). Therefore, we conclude that the
solution breaks supersymmetry.

5. Conclusions

We constructed a U(1) bundle over N(1,1), and showed that
type IIB supergravity can be consistently compactified over it. The
twistor space formalism was crucial in deriving the solutions, spe-
cially when there were 3-form fluxes turned on. This approach has
earlier been used in deriving new eleven-dimensional supergravity
solutions [2], and also in [9] to study new solutions of massive IIA
supergravity.

We noticed that N(1,1) admits a harmonic 2-form and used it
to write the twistor bundle eight dimensional metric. With this
choice of the connection, the Ricci tensor turned out to be di-
agonal with constant components. Furthermore, we saw that this
eight dimensional manifold allows a harmonic 3-form, which was
then employed to write a consistent ansatz for the 5-form field
strength of type IIB supergravity. In this way, we showed that the
field equations could be reduced to a set of algebraic equations.
Among the three solutions we found one was Einstein. The discus-
sion became more interesting when we turned on 3-form fluxes
and obtained a one parameter family of solutions. Amusingly, we
observed that there was a limiting solution for which two fiber
directions of the metric were shrinking to zero size, whereas the
2-dimensional cosmological constant turned out to be independent
of the free parameter. At the end, we further studied the related
compactification over N(1, 1) to AdSs.

Since all the solutions we found in this Letter break supersym-
metry it is interesting to see whether they are associated with
some brane configurations. This would then allow us to study
AdS/CFT in a non-supersymmetric setup.
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