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1. Introduction and main results

In this paper, we consider the following elliptic system

Au+e’(1—e")=4mNqdo, (1)
Av +e'(1—e") =4mN28 '
in Bg with boundary condition
(u,v) =(0,0) on 9Bg, (1.2)

where A = 21‘2:1 % Bgr C R? is the ball centered at the origin with radius R, N7 and N, are two
i

positive constants, and &g is the Dirac measure at the origin. System (1.1) arises from the relativistic
Abelian Chern-Simons model with two Higgs particle. The related Chern-Simons problem with one
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Higgs particle has been intensively studied in the past twenty years, e.g., see [1-6,8-16,18-24]. For
deriving (1.1), we refer the readers to [7,15,17] and the references therein. Recently, Lin, Ponce and
Yang [17] has shown that for each R > 0, (1.1)-(1.2) possesses a solution.

Theorem A. (See [17].) For any R > 0, (1.1)-(1.2) possesses a solution (ug, vg). Furthermore, there exists
a sequence R; — oo such that (ug;, vg,) — (uo, vo) in L (R?) x L} (R?), where (ug, vo) is a topological
solution of (1.1) in R2.

We note that an entire solution pair (u, v) of (1.1) satisfying the boundary condition

ux) — 0, v(x) >0 as |x| - oo (1.3)

is called a topological solution of (1.1). The purpose of this paper is to study the uniqueness and
structures of solutions for (1.1)-(1.2). Let (u,v) be a C2(Bg \ {O}) solution of (1.1)-(1.2). Then by
maximum principle we will have u(x) <0, v(x) <0 for x € Bg \ {0}. Applying the method of moving
planes on system equations, we can show that (u, v) is radially symmetric with respect to the origin.
The proof is standard, and for the reader’s convenience, we present it in Appendix A after Section 2.
Therefore, we now study the structure of radial solutions for (1.1)-(1.2), i.e., (u(r), v(r)) satisfies the
following ODE system

1
u"(n) 4+ —u'(r) +e" (1 —e"") = 47 N1 8o,
r

1 r>0, (14)
VI + v+ "M (1 —e'M) =47 N2éo,
with the boundary condition
u(R) =v(R) =0. (1.5)
We note that if (u, v) is a solution of (1.4), then it is easy to get
=2N11 1
u(r) 1logr+oaq +o0(1), asT— 0t (16)
v(r) =2Nylogr +ay +0(1)

for some o = («1,c2) € R%. Denote the solution of (1.4) and (1.6) by (u(r,®), v(r,«)) or simply
(u(r), v(r)) when there is no confusion. Let

D={a | (u(r,a), v(r,a)) is a solution of (1.4)-(1.5) for some R > 0}. (1.7)
Our main result is the following.

Theorem 1.1. For any positive numbers N1, N, and R, (1.1)-(1.2) possesses one and only one solution (ug, Vg)
and the following properties are valid.

(i) ug and vy are radially symmetric satisfying

ug(r) <0, vg() <0, up()>0 and vi(r)>0 Vre(0,R].
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(ii) For eachr € (0, R] we have

ug(r) > vr(r) ifNy < N2,
ug(r) =ver() ifNy1=Na,
uR(r)<vR(r) l'le >N2,

(iii) There exist two strictly monotone C! functions y1, y» : (0, o0) — R such that

D ={a(R) | «(R) = (y1(R), ¥2(R)) VR € (0, 00)},
Y{(R)-y5(R)>0 VRe(0,00) and

lim a(R) = (10, ®20) = o,
R—o0
where D is defined in (1.7) and (u(r, o), v(r, ap)) is a topological solution of (1.1).

The paper is organized as follows. First, based on the investigations of linearized equations, and
adopting the Pohozaev identity and Implicit Function Theorem, we show the uniqueness and the
structure of solutions in Section 2. Finally, by applying the method of moving plane on system equa-
tions, we prove that for each R > 0 every solution pair of (1.1)-(1.2) is negative and radially symmetric
in Appendix A.

2. Uniqueness and solution structures of the Dirichlet problem
In this section, we will prove the uniqueness and solution structures of (1.1)-(1.2). Let (u, v) be

a solution of (1.1)-(1.2). Then, by Proposition A.1 in Appendix A, (u,v) is radially symmetric and
satisfies (1.4)-(1.6). In order to prove Theorem 1.1, we need the following lemmas.

Lemma 2.1. Let (u(r), v(r)) be a solution of (1.4)-(1.5). Then u’ > 0 and v’ > 0 on (0, R}, and the following
statements are valid.

(i) If N1 < Ny thenu > v on (0, R).
(ii) If Ny > N thenu < v on (0, R).
(iii) If Ny = N thenu = v on (0, R].
Proof. By Proposition A.1 in Appendix A, we have u(r) <0 and v(r) <0 Vr € (0, R). Then the max-
imum principle implies that both u and v cannot attain their local minima inside (0, R). Since

u'(r) > 0 and v/(r) > O for r near 0, we obtain u’(r) > 0, v/(r) > 0 on (0, R).
By (1.1), we have

A(u—v) =41 (N7 — N2)8(0) + (e* —e").

Let N1 < N;. Then, by (1.6), we have u(r) > v(r) for r near 0. If (u — v)(rg) <0 at some rg € (0, Rp),
then we choose ry satisfying (u — v)(ro) = min, g, (1 — v) <0, and we have

0< A(u — v)(rg) = 40 — V()

a contradiction. Hence u(r) > v(r) Vr € (0, R]. By the strong maximum principle, the strict inequality
u(r) > v(r) holds for r € (0, R). This proves (i). Similarly, (ii) and (iii) follow easily. O

Secondly, we need the following identity.
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Lemma 2.2 (Pohozaev identity). Let (u(r), v(r)) be a solution of (1.4)-(1.5). Then we have

r r
[ () -1V (1) 4+ 12 (&40 eV ) — 2eu0+v0)] —2/s(e“(s>+eV<S>)ds+2/se“(s>+V<s> ds
0 0
—4NiN, Vre(O,R]. 1)

Proof. By multiplying rv’ and ru’ on both sides of the first and second equation of (1.4) respectively,
we obtain

vr € (0, R].

rv/(ru’) +rv're’ (1 —e") =rv/ (4 N1r8(0)),
ru'(rv') +ru're! (1 —e") =ru’ (4w Nors (0))

Then adding these two equation together, and using the integration by parts and (1.6), we can get
(21) easily. O

In the following, we investigate the properties for the corresponding linearized equation of (1.4).
Let (u(r,a), v(r,a)) be a solution of (1.4) and (1.6). Denote

U(r,a) =u(r,a) —2Nqlogr,

(2.2)
V(r,a)=v({r,a) —2Nylogr,
and let, fori=1,2,
aU(r, )
@i(r) = T,
1
(2.3)
aV(r,a)
Yi(r) = 8—
0%}

Then (¢, ¥;), i =1, 2, satisfy the corresponding linearized equations

Agi—e' Vg +e'(1—e")y;=0, re(0,R],
Ay —e"yit+et(1—e")gi =0, re(0,R], (24)
$1(0) =1=192(0), $2(0)=0=11(0), ;(0)=0=1;(0).

We have the following monotone property.
Lemma 2.3. Let (u(r), v(r)) be a solution of (1.4)-(1.5). Then the corresponding (¢;, ;) satisfy

{Mbq M0 =20 M =00 <0y gy (25)

Y1) <0, Y1() <0, ¥2(r) >0, ¥5() >0

Proof. By (2.4) and (1.6), there exists rg € (0, R) such that

ry () =— [ s[e"®(1—e"D)p1(s) — e"OTVOyy(s)]ds Vr>0

< —

X

s[C1s*N1 (1 — C252M2) 1 (5) — C3s*N1 N2y (5)]ds Ve (0,10)

O — s O T—

<—Cr*N*2 -0 vre(0,rp). (2.6)
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By ¥1(0) =0, ¥(0) =0 and (2.6), we have v (r) <0 and ¥{(r) <0 ¥r € (0, rp). Also, by (2.4), (1.6),
and the above result, we get

rg1(r) = [ s[e"OTO g (s) +e"O ("D — 1)y (s)]ds Vr>0

O~

> | Cys-s2MT2N2g (syds Ve (0, 1)

O~

>N 2Nt2 S 0 wr e (0, 1g). 2.7)

By ¢1(0) =1, ¢7(0) =0 and (2.7), we have ¢1(r) > 0 and ¢ (r) > 0 ¥r € (0, o). These prove that the
first inequality of (2.5) holds for r € (0, r9). However (2.6) and (2.7) hold as long as the first inequality
of (2.5) is true. This shows that the first inequality of (2.5) holds. The proof for the second inequality
of (2.5) is similar. The proof is complete. O

To prove the uniqueness of solutions for (1.1)-(1.2), the following lemma is a key.

Lemma 2.4. Let (u(r), v(r)) be a solution of (1.4)—(1.5) on (0, Ro] for some Ro > 0. If (¢; (r), ¥i (1)), i =1, 2,
is the solution pair for respectively linearized equation (2.4) associated with (u(r), v(r)), then

det <¢1 1 $2()

Y1) t/fz<r)>7é° vre (0. Rol 28

Proof. Let Ma(r) = —Z;;Eg and Mp(r) = —ﬂgg Then, by (2.4), we have lim,_ o+ Ma(r) = oo,

lim,_, o+ Mp(r) =0, and thus M4 (r) > Mp(r) Vr € (0,r1) for some ry € (0, Rg]. We divide the proof
into the following steps.

Step 1. If Ma(r) > Mp(r) Vr € (0,19) for some ro < Ro, then M/, (r) <0 and M%(r) > 0 Vr € (0, o).

We prove Step 1 by contradiction. Suppose M/, (r) < 0 Vr € (0,r¢) is not true. Then there exist
0 <rq <1y <rg such that

M;‘(ﬁ) <0, M;\(rz) >0, Ma(r) =Ma(r2)(=Cp), and
0 < Mp(r) < Ma(r) <Co Vre(ry,nr). (2.9

For any ¢ > 0 and r € (0, Rg], we define

Ac(N=0¢1(N+c-¢2() and Be(r) =y (r) +c - Y2 (r). (2.10)
Then A. and B, satisfy

AAc—e" VA =e"(e" —1)B. Vre (0, Ry,
ABc —e"tVB.=e"(e" —1)Ac Vre(0,Rol, (211)
Ac(0)=1, B.(0)=c>0.

From (2.9) and (2.10), we easily obtain

Ac,(r) <0 < Bg,(r) Vre(ri,rz) and Ac,(r1) =0=Ac,(r2), (212)
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which imply that Ac, has a local minimum at some 7 € (r1,72) and AAc,(f) > 0. But, from (2.11) and
(2.12), we get

AAc,(F) =e"DTVD A () + "D ("D — 1) B, (7) < 0. (213)

This contradiction proves M’,(r) < 0 Vr € (0, ro).
Similarly, suppose M} (r) > 0 Vr € (0,19) is not true. Then there exist 0 < ry <1, <ro such that
(1) >0, Mp(r2) <0, Mg(r1) =Mp(r2)(=Co), and

Co < Mp(r) < Ma(r) Vre(ri,r). (2.14)

By (2.14) and (2.10), we easily obtain

Bcy(r) <0< Acy(r) Vre(ri,r2) and Bc,(r1) =0=B¢,(r2), (2.15)

and hence B¢, has a local minimum at some 7 € (r1,72) with AB¢, () > 0. However, from (2.11) and
(2.12) we get

ABc,(7) = "D D B (7) + "7 (eVD — 1) Ac, (F) < 0. (2.16)
This contradiction proves Step 1.

Step 2. There does not exist R € (0, Rg) such that M4 (R) = Mg(R).

Suppose Step 2 is not true. Then there exists a smallest R € (0, Rg] such that M4(R) = Mg (R)(=C)
and Ma(r) > Mp(r) > 0 Vr € (0, R). Let Ac and B, be defined in (2.10). Then, in this case, by Step 1
we obtain

Ac(r) >0, Bc(r) >0 Vre(0,R),

Ac(R) =Bc(R) =0,

“(R) <0, L(R) <0 if R <oo. (217)

Taking the differentiation w.r.t. ¢j, i =1, 2, on the both sides of Pohozaev identity, (2.1), then, for any
¢ >0 and r € (0, Rg], we obtain

rzA’C(r)v/(r) + r2 Bé(r)u/(r) + r2 [eu(r)AC(r) + ev(r)BC(r)] _ r2€u(r)+v(r) (Ac(r) + Bc(r))
r r

—2fs[e“AC+eVBC]ds+2/se“+"(Ac + Bo)ds =0. (2.18)
0 0

By replacing ¢ and r with C and R in (2.18) respectively, we easily have

0=[RPAC(R)V(R) + R*BL(R)u'(R)] + [R*Bc (R)e"® (1 — ") 4 R Ac(R)e"® (1 — e )]
R

+2|:/rAce”(e"—1)dr+

R
rBce” (e" — 1)dri|. (2.19)
0 0

Then, combining (i) of Lemma 2.1, (2.17) and (2.19), we deduce
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0> R2AL(R)V'(R) + R*BL(R)U'(R)
R

R
= 2[/r/\ce”(l —e")dr+ [ rBce’(1— e”)dr] >0,
0 0
which yields a contradiction. This proves Step 2.

#1(R) ¢2(R)
V1(R) ¥2(R)

¢1(R)> (qbz(R)) (0)

+C = . 2.20
<w1<R> *\vaw)) = o (2:20)
By (2.20) we obtain M4(R) = Co = Mp(R). This contradicts to Step 2 and proves Step 3. The proof is
complete. O

Step 3. Suppose det( ) =0 for some R € [0, Ro]. Then, w.l.o.g., there exists Co > 0 such

that

Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. We divide the proof into the following steps.
Step 1. By Proposition A.1 in Appendix A and Lemma 2.1 we obtain the results of parts (i) and (ii).
Step 2. Let (u(r, a1, a2), v(r,aq, a)) be a solution of (1.4) and (1.6). Define the function F by

_( Fi(r,a1,00)

_(u@, o1, a2)
F(r,ou,az)—( )_(Fz(r,oq,otz)

2
V(T o, y) ) Vr >0, V(x, o) eR. (2.21)

Denote the zero set of F by

@={(r,a1,az)’F(r,auaz):(g)}. (2.22)

Then if (Ro, e, a9) € ©, we have @ = (&9, «2) € D and (u(r, @), v(r,&)) is a radial solution of (1.1)-
(1.2) on Bg,, where D is defined in (1.7). By Lemma 2.4, we obtain

9Fi 0 0 _ ¢1(Ro)  ¢2(Ro)
det(aaj (Ro,oq,ocz))zxz_det<wl(Ro) lMRO)) £0, (2.23)

where (¢, ¥i),i = 1,2, is the respective solution of linearized equation (2.4) associated with
(u(r,a), v(r,a)). Applying the Implicit Function Theorem, we obtain that there exist € = &(R) > 0
and a unique C! function curve (v1,72) 1 (Ro—¢&,Rp+¢) = R? such that (R, ¥1(R), 2(R)) € © VR e
(Ro — &, Ro + ¢). Hence we have (y1(R), y2(R)) € D VR € (Rg — €, Rg + ¢). Furthermore, by Proposi-
tion A.1, we deduce that y; and y; are defined on the whole domain (0, co).

Step 3. ¥{(R) - ¥5(R) > 0, R € (0, 00).
Suppose Step 3 is not true. Then there exists Rg > 0 such that one of the following cases occur:

(@) ¥{(Ro
(b) ¥{(Ro

and y,(Ro) >0,

)<0
)>0 and y;(Ro) < 0.
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By (i) and (2.21) we respectively obtain

"(R 0
U/( 0 ¥1(Ro), ¥2(Ro)) > 0, (224)
v/(Ro. y1(Ro). ¥2(Ro)) > 0,
and
{ UI(R, Y1(R), ¥2(R)) + ¢1 (R))/ll(R) + ¢2(R)J/2/(R) =0, VR = 0. (225)
V/(R.¥1(R). ¥2(R)) + Y1 (R)y{ (R) 4+ ¥2(R)y5(R) =0

Suppose case (a) happens. Then, by (2.24), the second equation of (2.25) and v (Rp) > 0, we obtain
that

0 < Vv'(Ro, ¥1(Ro), ¥2(R0)) = —¥1(R)¥{(R) — ¥2(Ro)¥3(Ro) < 0.

If case (b) happens, then, by (2.24), the first equation of (2.25) and ¢2(Rg) < 0 we obtain that

0 < u'(Ro, ¥1(Ro), 2(Ro)) = =61 (R)Y{(R) — ¢2(Ro)¥5(Ro) < 0.
We all get a contradiction. This proves Step 3.

Step 4. By Steps 1-3, we obtain the solution of (1.1)-(1.2) is unique, and (iii) holds. This completes
the proof. O

Appendix A

In this appendix, we will prove the radial symmetry of solutions for (1.1)-(1.2).

Proposition A.l. For each R > 0, every solution (ug, vg) of (1.1)-(1.2) is radially symmetric and satis-
fies ug < 0, vg < 0 in Bg \ {O}. Furthermore, there exists a sequence R; — oo as i — oo such that
(ug;, Vg;) — (uo, vo) uniformly on any compact subset of (0, c0), where (ug, vo) is a radially symmetric
pair and a topological solution of (1.1).

Proof. Let R > 0 be any given number and Bgr = Bg(0) be the ball centered at O with radius R.
Then, by Theorem 3.1 in [17], (1.1)-(1.2) possesses a solution pair (ug, vg). We divide the proof into
the following steps.

Step 1. ug <0 and vg <0 in Bg \ {O}.
We use the maximum principle to prove Step 1. Suppose ug(Xo) = MaXyepg\{0} UR(X) > 0. Then
Aug(xp) <0 and thus

0= Aug(xg) + €'k (1 — k%)) — o,

which yields a contradiction. Hence, ug <0 in Bg\ {0}. The strong maximum principle implies ug <0
in Bg \ {O}. Similarly, it holds for vg.

Step 2. For any fixed R > 0, (u, v) = (ug, vg) is a radially symmetric pair.

We will apply the method of moving plane with some modifications to prove Step 2. It suffices
to prove u and v are increasing when the point x = (x1, x2) changes its position along the xi-axis
from the point O to point (R, 0). Let Ag = {x: 0 < |x|] < R}. For 0 < 0 < R, define the sets X, =
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{xeBg: x1 >0}, To ={x € Bg: x1 =0}, and us(x) =u(x?), vy (x) = v(x°) for x € X, where x? is
the reflection of x with respect to the line x; =0, i.e., X° = (20 — X1, X2).

Set Wg () = u(x) — Uy (x) and z5 () = v(X) — vo () for x € Y. Then w, and z, satisfy the fol-
lowing equations respectively:

{ Awg —e"7 (" —e'7)=—(e" —e'")(1 —e") —4mN18(20,0) in Xy, (A1)
Ws >0 onodXy, )
and
{ Az —e' (eV —e") =—(e" —e")(1—e") —4mN28(20,0) in Xy, (A2)
Ze 20 on dX,,
where §(20, 0) is the Dirac measure at the point (20, 0). Define
Su={p€©,R): wo >0in X, for o € (p,R)},
pu= inf {p}, (A3)
pPESyY
and
Sy={p € (0.R): z; >0 in X, for o € (p.R)}.
py = inf {p}. (A4)
pPESy
First, we show that S, #0 and S, # ¢. By Step 1 and the Hopf Boundary Lemma, we have
au av
—(x)>0 and —(x)>0 for |x| =R, (A.5)
v av
where v is the unit outer normal to dBg at x. In particular,
u) >u(x’)=us(x) and v(x) >v(x’)=vo(x) forxe X, (A.6)

if o is sufficiently close to R. This shows that w, (x) > 0 and z5(x) > 0 in X if o is sufficiently close
to R. Hence the sets S, and S, are all nonempty.

Next, we prove p, = 0= p,. Suppose this is not true. Then, w.l.o.g., we can assume 0 < p, < POy
and py > 0. Then v(x) > v, (x) in X), and, by continuity, we have w, (x) >0 in X,,. Now, by (A.1),
it is easy to see that

{Awpu +C)wp, < —4mN16(2py,0) in Xy, (A7)

Wp, 20 in Xy UdX,,,

where C(x) = —eVru % <0 Vxe X,,. Thus, if wp, (x1) =0 for some x; € ¥, then by (A.7) and

the strong maximum principle, we have w,, =0 in > oy However, this contradicts to the fact that
Wp, (X) =u(x) —u(x?) = —u(xPv) >0 for x € 3%, \ {x1 = pu}. Therefore we obtain that

Wp,(x) >0 forany xe X, \ Tp,.
Wp, =0 ondX, NTy,.
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By (A.7)-(A.8) and Hopf Boundary Lemma, we obtain

ow
—PL 50 ondX,, NTp,. (A.9)
0X1

On the other hand, since p, > 0, there exists a positive sequence ¢, such that p, — & > 0 and
(ou — &k) = pu as k — oo. By the definition of py, for each &, we obtain that w,, ¢, is non-positive
somewhere in X, ., . By the way, we have w,,_ >0 on 90X, _¢ \ Tp,—¢ and wy,_g =0 on
0%, —e, N Tp,—e,. Hence, for each g there exists x, € Xy, _¢, such that

{ Wp,—g, (Xk) <0, (A10)

VW p,—g (%) = (0, 0).

Since {x} is a bounded sequence, there exists a convergent subsequence, we still denote it by x, such
that x;, — xg. By (A.10) we obtain that

0> lim wp,—g (x) = lim [u(x) — u(x” %) ] = u(xo) — u(xf") = wp, (x0).
k— o0 k—o00
Hence, by the above inequality and (A.8), we conclude that xo € X, N Ty, and, by (A.10),

OWp, ¢ ou ou _ ou ou ow
0= lim —2=% (x) = lim | — (X)) — — (x**7%) | = — (x0) — — (x*) = —2% (x0).
kioo 0X1 *0) kl>00|:8X1( k) 0X1 ( k ) 0X1 (x0) X1 ( 0 ) X1 (x0)

This contradicts to (A.9). Thus, oy, =0 = py, and u and v are radially symmetric.

Step 3. Let {(ug,VRr)}r=0 be a sequence of solution pairs for (1.1)-(1.2). Then, by Theorem 3.1
in [17], there exists a subsequence {(ug;, Vg;)}i>; such that (ug,, vg;) — (uo, vo) uniformly on any
compact subset of R*\ {0} as i — oo, and (ug, vq) is a topological solution of (1.1). By Step 2, each
(ug;, Vg;) is a radial symmetric pair, we have (ug, vo) is also a radial symmetric pair. This completes
the proof of Proposition A.1. O
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