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Abstract

Universality limits are a central topic in the theory of random matrices. We establish universality limits
in the bulk of the spectrum for varying measures, using the theory of entire functions of exponential type.
In particular, we consider measures that are of the form W,%" (x)dx in the region where universality is
desired. W), does not need to be analytic, nor possess more than one derivative—and then only in the region
where universality is desired. We deduce universality in the bulk for a large class of weights of the form
w2n (x) dx, for example, when W = e~ where Q is convex and Q’ satisfies a Lipschitz condition of some
positive order. We also deduce universality for a class of fixed exponential weights on a real interval.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction and results

Let M(n) denote the space of n by n Hermitian matrices M = (m;;)1<;, j<n- Consider a
probability distribution on M (n),

PO (M) =ce "M gy

n
= ce” FnMD) ]‘[ dmj; (]‘[ d(Rem i) d(Immjk)>.

j=I Jj<k
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Here F,,(M) is a function defined on M(n), and c is a normalizing constant. The most im-
portant case is

Fo,(M) =2ntr Q,(M),
for appropriate functions {Q,} defined on M (n). In particular, the choice
Fu(M) = 2ntr(M?),

leads to the Gaussian unitary ensemble (apart from scaling) that was considered by Wigner. One
may identify P above with a probability density on the eigenvalues x| < xp < --- < x, of M,

P™(x1,x2, ..., x,) = ce” Lim1 210n) [T —xp
i<j
See [15, p. 102 ff.]. Again, c is a normalizing constant.
It is at this stage that orthogonal polynomials with a respect to a sequence of measures arise
[15,41]. For n > 1, let u, be a finite positive Borel measure with support supp[x,,] and infinitely

many points in the support. If the support of p, is unbounded, we assume that at least the first
2n 4 1 power moments

fxfdunoc), 0<j<2n,
are finite. Then we may define orthonormal polynomials
Pnm ) = Yumx™ 4+ -+ Yam > 0,
m=0,1,2,...,n, satisfying the orthonormality conditions
/ Dn,jPnjditn = 8.

Throughout we use w,, to denote the Radon—-Nikodym derivative of u,. The nth reproducing
kernel for w, is

n—1
Kn(x, ) =Y puk(0) pai(y) (1.1)
k=0
and the normalized kernel is
Kn(x,y) = 1, ()20l )V K (x, y). (1.2)

When

dpun(x) = e "0 ™) dy,
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there is the basic formula for the probability distribution P [15, p. 112]:

1 ~
() _ -
P™(x1,x2, ..., %) = o det(Kn(x,,x]))lgi’jgn.

One may use this to compute a host of statistical quantities—for example the probability that a
fixed number of eigenvalues of a random matrix lie in a given interval. One particularly important
quantity is the m-point correlation function for M (n) [15, p. 112]:

n!
Rm(xl,xZ’--wxm):7/~--/P(”)(x1,x2,...,x,,)dxm+1dxm+2-~-dxn
(n—m)!

= det(kn (xi, xj))lgi,jérn'

The universality limit in the bulk asserts that for fixed m > 2, £ in a suitable subset of the
(common) supports of {u,}, and real ay, az, ..., a,, we have

. 1 ai a, am
lim ~7Rm<s+ = ,S—'— = ,,$+~7>
=0 Ky (8, 6™ K, (§,8) K (§.8) K (§.8)

sinz(a; —a;
:det<#> .
m(ai —aj) Jigij<m

sinr(a;—a;)

Of course, when a; = aj, we interpret w(ai—a;)

as 1. Because m is fixed in this limit, this
reduces to the case m = 2, namely

K+ 206+ =20 G-
- K8 ° T Kup _sinm(a—b) (1.3)

n=o0 Kn(€.6) m(a—b)

Typically, this is established uniformly for a, b in compact subsets of the real line. Thus, an
assertion about the distribution of eigenvalues of random matrices has been reduced to a technical
limit involving orthogonal polynomials.

As suggested above, in many of the most important applications, Q, = Q, and we consider
measures of the form

din(x) = e 2120 gx.
In analyzing this case, Riemann-Hilbert methods have yielded spectacular advances—
asymptotics of orthogonal polynomials, with complete asymptotic expansions for remainder

terms, that can be substituted directly into the Christoffel-Darboux formula

Yn,n—1 pn,n(x)pn,nfl(y) — Pn,n—1 (X)Pn,n()’)
Yn,n X =Yy ’

Ky(x,y)=

(1.4)

For example, if Q is real analytic on the real axis, and Q(x)/log(1l + x2) has limit oo at 00,
then Deift et al. [17] established (1.3), and they can derive remainder terms in the limit as well.
Subsequently, McLaughlin and Miller [39,40] used the 9 technique to replace analyticity by
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conditions on the second derivative of Q. There is an extensive literature on random matrices
and Riemann—Hilbert methods. A (very!) partial list is [2-4,8-14,16,25,27-29,38,57].

Another established approach that has yielded very useful results involves classical analy-
sis and operator theory, especially Toeplitz and Hankel operators [5,6,54-56,58]. Further ap-
proaches, often with a mathematical physics origin, appear in [1,18-20,22,43,44]. Again, this
list is incomplete. The online book by Forrester [20] and the lecture notes by Deift [15] may be
used as an introduction to the subject. The recent conference proceedings of the 60th birthday
conference of Percy Deift will contain up to date references [4].

In [36] and [37] two new approaches were presented for proving universality for fixed mea-
sures on a compact set. The first new approach [36] involved a comparison inequality, and applied
to regular measures (in the sense of Stahl and Totik [48]) on [—1, 1]. It required only absolute
continuity of the measure w in a neighborhood of the point where universality is desired, together
with positivity and continuity of u’ at that point.

It was subsequently extended to regular measures on arbitrary compact subsets of the real
line using a host of other ideas by Barry Simon [47] and Vili Totik [53]. Totik used polynomial
pullbacks for the extension to general sets, and showed that continuity of 1’ may be weakened
to a Lebesgue point type condition. Moreover, when logu is integrable in an interval, then
universality holds a.e. in that interval. Simon used the theory of Jost functions for the extension
to general sets. The approach of [36] has been applied at the edge of the spectrum [35], on the
unit circle [32], and to spacing of zeros of orthogonal polynomials [33]. It has also been applied
to fixed exponential weights [34], together with other ideas. There new ways were introduced
to prove universality for exponential weights, showing that first order asymptotics of orthogonal
polynomials suffice.

The second new approach [37] is more powerful, and direct, and uses the theory of entire
functions of exponential type. It avoids the assumption of regularity of the measure, and shows
that universality is equivalent to universality along the diagonal—namely that (1.3) holds with
a = b. In this paper, we use that method to handle varying weights, and subsequently fixed
exponential weights. The hypotheses involve the nth Christoffel function for 1, , namely,

An(x) = Ay (n, x) = 1/Kp(x, x). (L.5)

When p,, is absolutely continuous, we shall use also the notation A,(u),, x). There is the well-
known extremal property

[ P2(t)du, ()

A(x) = n
n(x) deg(P)<n—1 P2(x)

In addition, we need some concepts from potential theory for external fields [45]. Let X be a
closed set on the real line, and

W (x) =exp(—Q(x))

be a continuous function on X. If X is unbounded, we assume that

li w =0.
im _ W(x)lx|

|x]—o00, x€
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Associated with X' and Q, we may consider the extremal problem

ir‘}f(//log |x1—t| dv(x)dv(t)+2/de>,

where the inf is taken over all positive Borel measures v with support in X' and v(X) = 1. The
inf is attained by a unique equilibrium measure vy, characterized by the following conditions:
let

V”W(z)=/10g dvw (t)

lz — 1]

denote the potential for vy . Then

VW 4+ 0>Fy onX;
VW 4+ Q= Fy in supp[vw].

Here the number F is a constant. Usually vy is denoted iy, but we use a different symbol to
avoid confusion with our measures of orthogonality {u,}.

Our first result imposes similar hypotheses to those of Vili Totik [51], who studied asymptotics
for Christoffel functions for varying weights.

Theorem 1.1. Ler W = e~ be a continuous non-negative function on the set X, which is as-
sumed to consist of at most finitely many intervals. If X' is unbounded, we assume also

lim  W(x)lx| =0.
oo, xeX

[x|—

Let h be a bounded positive continuous function on X, and for n > 1, let
diin(x) = (hW?") (x) dx. (1.6)

Moreover, let K,, denote the normalized nth reproducing kernel for (.

Let J be a closed interval lying in the interior of supp[vw |, where vy denotes the equilibrium
measure for W. Assume that vy is absolutely continuous in a neighborhood of J, and that vy,
and Q" are continuous in that neighborhood, while vy, > 0 there. Then uniformly for & € J, and
a, b in compact subsets of the real line, we have

Ral + 25 5 225 innta—b
. Ky ° " Kyep’ _sinm(a—b) (1.7)

n=o0 Kn(€.6) m(a—b)

In particular, when Q’ satisfies a Lipschitz condition of some positive order in a neighborhood
of J, then [45, p. 216] vy, is continuous there, and hence we obtain universality except near zeros
of vy, Note too that when Q is convex in X, or x Q'(x) is increasing there, then the support of
vy consists of at most finitely many intervals, with at most one interval per component of ¥
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[45, p. 199]. More generally, if exp(Q) is convex in X, it is still true that the support of vy
consists of at most finitely many intervals, with at most one interval per component of X [7,
Theorem 5].

The proof of Theorem 1.1 depends heavily on Totik’s asymptotics for Christoffel func-
tions [51]. We note that prior to this result, the most general universality result for varying
weights places global conditions on Q” [40]. That paper is based on the 8 Riemann—Hilbert
method. The original powerful Riemann—Hilbert methods required Q to be real analytic [17].
Theorem 1.1 follows easily from the following general result:

Theorem 1.2. For n > 1, let i, be a positive Borel measure on the real line, with at least the

first 2n 4+ 1 power moments finite. Let 1 be a compact interval in which each w, is absolutely
continuous. Assume moreover that in I,

din(x) = h(x)W2" (x) dx, (1.8)

where

W, =e (1.9)

is continuous on I, and h is a bounded positive continuous function on I. Let vy, denote the
equilibrium measure for the restriction of Wy, to 1. Let J be a compact subinterval of 1°. Assume
that

(a) {vW } ~ | are positive and uniformly bounded in some open interval containing J;
b . are equicontinuous and uniformly bounded in some open interval containing J
o) q y P g

(©) for some C1,C2 >0, and for n > 1 and & € I, the Christoffel functions A, (-) = A (in, -)
satisfy

a EWE)/n < Co (1.10)
(d) uniformly for & € J and a in compact subsets of the real line,

ME+D  W2E)
1m =
o 1) W2E+D)

(1.11)

Then uniformly for & € J, and a, b in compact subsets of the real line, we have (1.7).

Remarks. (i) We note that we think of W,, as defined only on the interval 7/, and vW is the
equilibrium density for W, defined only on /. In contrast, x, is typically defined on a larger
interval. In applications, W, might also be defined on a larger interval, and in this case the
equilibrium measures vy, should be thought of as equilibrium measures for the restriction of
W, to I. This can also be seen from our hypothesis (1.10), that the bounds for the Christoffel
functions for u, hold on all of I, which in applications forces I to be a proper subset of the
support of iy,.
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(ii) We can weaken the equicontinuity assumption (b) on {Q),}. We actually need only that for
some open interval J, containing J, and each fixed a > 0,

sup
t€s, |h|<a

Q;(r)—Q;<r+%)’—>o asn — 0o. (1.12)

In fact, we shall need this weaker hypothesis in Section 7, where we consider fixed exponential
weights.

(iii) Under mild additional conditions on {Q},}, such as them satisfying a uniform Lipschitz
condition, of some positive order, on some open interval containing J, one can establish (a) and
(c) in Theorem 1.2, using methods in [31] or [51]. Moreover, one can use the methods of [31],
or perhaps in greater generality, those of [50,51], to establish (d). However, we omit these here,
as this would substantially lengthen the paper, and distract from the new techniques that are used
here.

(iv) Our proof actually establishes the following limit, uniformly for £ € J and a, b in compact
subsets of the complex plane, not just the real line:

K (§+ ' & ’€+ > b ) n / . —
fim a6 Reh) e Qe _ sinrla —b)

n—00 K,(&,8) a w(a —Db)

(1.13)

This paper is organised as follows. In Section 2, we present some of the main ideas of proof.
In Section 3, we present notation and background for Sections 4 through 6. In Section 4, we
use normality to establish some elementary properties, and in Section 5, we prove Theorem 1.2.
In Section 6, we deduce Theorem 1.1. In Section 7, we shall establish universality for fixed
exponential weights.

2. The ideas of proof

We start with the hypothesis (c) from Theorem 1.2. It may be reformulated as

1
C < ;Kn@,s)W,%”(s) <G 2.1)

forn > 1 and € € I. Using Cauchy—Schwarz’s inequality, we obtain

1
;!Kn@, D|WirE Wy (1) < C

forn > 1 and &, € 1. The elements of potential theory for external fields enable us to extend this
bound into the complex plane. For this, we also use the uniform boundedness of the equilibrium
densities { v’Wn }. Applying these methods in each variable &, ¢ above leads to the estimate

E‘Kn (5 + ey ﬁ)‘W: (5 n @)W: (E n @) < CyeC2mal+imb).
n n n n n

Here a, b € C and C| and C; are independent of n, a, b, &. However, for a, b in a given compact
subset /C of the plane, the estimate holds for n > no(K). Using (2.1) again, and recalling our
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notation (1.2), we obtain

W” Rea Wn Reb
Kn (S &’ & Ka (., é)) ¢+ Kn(, E)) ¢ + §.6) ) < Clecz(llma|+\lmb|)

K, (§.8) Wi (&)

Kn(§ +

Of course, the constants C| and C, might be different. Our assumptions on {Q,} ensure that

Wn(§+ Rea )Wn(f—i- Reb )

Kn(&,6) W (&,n)(Rea+Reb)
=e 1+ o(1)),
W2 () ( )
where
V(E ) =—=—-0,.
K, (s g "
Define
K, + E+ )
fula,b) = AEEY Kn@ 7 WEnatd)

K, (§.8)

an entire function of exponential type in each variable a, b. Given A > 0, we obtain forn > ng(A)
and |a|, |b] < A, that

| fula, b)| < CpeC2itmaliimbh, (2.2)

Thus { f,(a, b)};2 , is a normal family for a, b in the complex plane.
Let f(a,b) be the limit of some subsequence {f,(:,")}nes of {fu(:,)}°
function in a, b, but (2.2) shows more: for all complex a, b,

el It is an entire

’f(a, b)‘ < C]ecz(llmaHIImbl). (2.3)

So f is bounded for a, b € R, and is an entire function of exponential type in each variable. Our
goal is to show

sint(a — b)

flap) ==

Our main tool is to scale up properties of the reproducing kernel K,,, and after taking limits, to
deduce that an analogous property is true for f. Let us fix a. Since for each real £, K, (£, t) has
only real zeros, the same is true of f(a,-). Moreover, f(a,-) has countably many such zeros.
Using elementary properties of the reproducing kernel K,,, we can show that for all a € C,

o0

/If(a,s)lzds < f(a, a).

—00
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If o is the exponential type of f(a, -), we can show that o is independent of a, using inter-
lacing properties of zeros of K. Using the fact that *7* is a reproducing kernel for the entire
functions of exponential type that are also in L, (R), we can establish the useful inequality

OS/(f(a,s) _sino(s—a))zds< 1 _Z. (2.4)
fla,a) o(s—a) fla,a) o

R

From this we deduce

ozmsup f(x,x) > m.
xeR

For the converse inequality, we use Markov—Stieltjes inequalities, and a formula relating expo-
nential type of entire functions and their zero distribution, to obtain

o < msup f(x,x).

xeR
Thus,
o =msup f(x,x),
xeR
and (2.4) becomes
00 . 2
/ <f(a,s) B sino (a —s)) ds < 1 3 1 ‘ 2.5)
f(aaa) U(a_s) f(ava) SuprRf(x7-x)

Assuming the hypothesis (1.11) of Theorem 1.2, we immediately obtain
f,x)=lim _f,(x,x)=1
n—00,nesS
for all x, and then ¢ = 7. Substituting this back into (2.5), completes the proof of Theorem 1.2.
3. Notation and background
In the sequel C, Cy, Ca, ... denote constants independent of n, x, y, s, f. The same symbol
does not necessarily denote the same constant in different occurrences. We shall write C = C ()
or C # C() to respectively denote dependence on, or independence of, the parameter «. We use
~ in the following sense: given real sequences {c,}, {d,}, we write
cn ~ dy
if there exist positive constants Cy, Cp with
Ci <cn/dy < Ca.

Similar notation is used for functions and sequences of functions.
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Throughout, w1, denotes a finite positive Borel measure on the real line, having at least the
first 2n 4+ 1 power moments finite. The Radon—-Nikodym derivative of w, is denoted w,,. The
corresponding orthonormal polynomials are denoted by {py k};_» so that

/Pn,kpn,j diy =3k
We denote the zeros of p, , by
Xnn < Xp—1n <" <X2p < Xln- 3.D

The nth reproducing kernel for w, is denoted by K, (x, t), and is defined by (1.1), while the
normalized reproducing kernel is defined by (1.2). The nth Christoffel function for w,, is

2
An(X)=XAp(p, x) =1/K,(x,x) = inf M

3.2
deg(Pl)‘lgnfl P2Z(x) (3.2)

When p, is absolutely continuous, we shall often write A, (u;, x). In particular, A, (h an", X)
will denote the nth Christoffel function for the weight A W2".
The Gauss quadrature formula asserts that whenever P is a polynomial of degree < 2n — 1,

> hnxjn) Pl = [ P, (3:3)
j=1

In addition to this, we shall need another Gauss type of quadrature formula [21, p. 19 ff.]. Given
areal number &, there are n or n — 1 points ¢, =t;,(§), one of which is &, such that

S haltn) Pt = [ P, (3.4)
J

whenever P is a polynomial of degree < 2n — 3. The {¢;,} are zeros of

wn (és t) = pn,n(é)pn,n—l(t) — Pn,n—1 (é)Pn,n(l), (35)

regarded as a function of . Note that only the finiteness of the first 2n + 1 moments is required
for the existence of {t;,}. This is well known, and obvious from the proofs in Freud [21].

In order to prove that universality holds uniformly for &£ in J, we shall fix a sequence {&,}
of points in J, rather than a fixed &. At the nth stage, we shall consider the quadrature that
includes &, so that

tin =tjn(&,) forall j. (3.6)

Because we wish to focus on &,, we shall set fy, = &,, and order the {t;,} around §,, treated as
the origin:

e <togp <ltolp <lon =& <t <---. 3.7
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The sequence of {t;,} consists of either n — 1 or n points, so terminates, and it is possible that
all ¢, lie to the left or right of &,. However in the limiting situations we treat, where &, lies in
the interior of the support, this will not occur. It is known [21, p. 19, proof of Theorem 3.1] that
when (pp,n pnn—1)(&n) # 0, then one zero of ¥, (§,,1) lies in (xj,, x;1,,) for each j, and the
remaining zero lies outside [x,;,, x1,].

Throughout / and J will be the intervals in Theorem 1.2. Recall that

w,=hW>" inl.

We shall often abbreviate the equilibrium measure vy, of W, as v,. In addition to / and J, we
shall need compact intervals J; and J> such that

I°>J, and J7DJi and J{DJ. (3.8)

We assume that our hypotheses (a) and (b) in Theorem 1.2 hold in the following more detailed
form:

0<v, (x)<C; forn>1andx € Jy; (3.9)
{Q;} are uniformly bounded in J5. (3.10)
For each fixed a > 0,
/ / h
sup Qn(t)—Qn(t+—)‘—>0 asn — oo. (3.11)
tedy, |h|<a n

Of course, this is the condition (1.12), which is weaker than the equicontinuity assumed in The-
orem 1.2(b), but is all we shall use in our proofs.
For the given sequence {£,} in J, we shall define forn > 1,

K& +=—=2 e+ = b )
fn(a, b) — Ky (&n.6n) Ky (8n.6n) el]/(g”’n)(a_‘_b)’ (312)
K (8n,6n)
where
n
VE,n)=——=——-—0 &). (3.13)
’ Knen&) "
The zeros of
Kn(§0, 60+ #)
Ja0,1) = KnEn 5n)” W (&)t

Ky (§n,8n)

will be denoted by {05} jx0. Thus, recalling (3.5) and (3.6), if ¢, = t;,(§,), we have

Pjn = Kn(Ens E)(tjn — &n).
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We also set, corresponding to tp, =&,

Pon = 0.

For an appropriate subsequence S of integers, we shall let

fla,b)= lim f,(a,b). 3.14)
eS

n—o0,n

The zeros of f(0, -) will be denoted by {p;} -0, and we set pp = 0. Our ordering of zeros is

< pasp-1<p=0<pr<p2p<---

We shall denote the (exponential) type of f(a,-) by o,—it will be defined shortly. We shall
show that o, is independent of a, and then just use o to denote the type. Initially, this type will
be associated with the specific subsequence S.

We next review some theory of entire functions of exponential type. Most of this can be found
in the elegant series of lectures of B.Ya. Levin [30]. Recall that if g is entire of order 1, then its
exponential type o is

maxj;— log|g(z)|

o = limsup (3.15)

r—00 r

We say that an entire function g belongs to the Cartwright class and write g € C if it is of
exponential type and

o0
log® |g(¢
[wdt<oo. (3.16)
I+
—00

Here log™ s = max{0, logs}.

We let n(g, r) denote the number of zeros of g in the ball center 0, radius r, counting multi-
plicity. It is known [26, p. 66], [30, Theorem 1, p. 127] that for g € C that is real along the real
axis,

lim &0 _ 7 (3.17)

r—oo 2r T

When f is entire of exponential type < o and bounded along the real axis, we have [30, p. 38,
Theorem 3]

f@| <™ fllL @), zeC. (3.18)

When g is entire of exponential type o and g € L>(R), we write, as did B.Ya. Levin, g € Lg.
Here, we have instead of the last inequality [30, p. 149]

2\ 1/2
|g<z>|<<;> eIy o) ), zeC. (3.19)
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An important identity is the reproducing kernel identity [49, p. 95], [24, (6.75), p. 58]
00 .
—t
g(x) = / eSO X D L eR, (3.20)
w(x —1)
—0o0

when g € L(Z,. We shall also use [23, p. 414, No. 3.741.3]

o0 . 2
sSIniws
/( ) ds=1. (3.21)
s

—0o0

sinmt
T

- and x =0.

Of course this integral may be deduced from (3.20) by choosing o = 7, g(¢) =
4. Normality
We start by bounding the growth of weighted polynomials in the complex plane. Recall our

assumption from Theorem 1.2 on the equilibrium measure vy, of W, restricted to /, which we
abbreviate as v,. For some C > 0, and some J, satisfying (3.8),

0<v,(x)<C, n=1,xel. .1

Also, by definition,

/dv,,:l, n>l. 4.2)

Inasmuch as v, is the equilibrium measure for the continuous function W, on I, we have then
supp[v,] C I and [45, Lemma 2.2, p. 36]

V" (x) 4+ Qn(x) =c, on supp[vy]. (4.3)

Here ¢, is a characteristic constant, called the equilibrium constant. Moreover we have equality
in (4.3) for all x € J,, since J> C supp[v,], as (4.1) shows.

Lemma 4.1. There exists C, such that for n > 1, for polynomials P, of degree < n, for x € J;
and a real, we have

.a
Py (x +1;>'W,’l’(x) < Pwil, o) (4.4)

Proof. Itis an easy consequence of the maximum principle for subharmonic functions [45, The-
orem 2.1, p. 153] that for z € C\/,

|Pn(z)|enlvv"(l)*cn] < || Pnen[‘/vn,cnl

Leo(D) — ”PW; “LOO(I)'
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Then, using (4.3),

a vn vn -a
P, <x —}—i—)‘ng’ (x) < V@)=V (i )] ” PW" ”L o 4.5)
n oo

Here, for x € Ji,

VU (x) — VU (x +i%>

1 a ?
:5/10g(1+(m) )dvn(t)
1
<C flo (1 + (L)z) dt +lo (1 +<L>2> / dvy (1)
<€ [log( 14+ (o ST Wndistor, 1) !

J INJ,

oo
<ol [t )asvor( 0
sG g 52 P\ ndist(J1, 1\ )

_ o lal
<Cr—.
n

Here we used (4.1) and (4.2), and made the substitution x — ¢ = % We also used the inequality
log(1 + xz) < Clx|. Now the result follows from (4.5). O

Next, we prove
Lemma 4.2.

(a) Uniformly for a in compact subsets of the real line, and & € J,,

P E+ =4—=) (AW (E + =2—)

K. (6.8) Ku(.5)
= —exp(2W (£, n)a + o(1)), 4.6
1, () (W) (@) exp(2¢/ (€. ma +o(D) 0
where, as in (3.13), ¥ (§,n) = -z (néé) 0,&).
(b)
sup |¥ (&, n)| < o0. 4.7
telr,n>1

Proof. Since # is positive and continuous in compact I, we have, uniformly for a in compact
subsets of the real line,

h(E+K(“w
) +o(1)
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We have for some ¢ between & and § + =—— a (S 5

Wi (& +

)
K, (5 &
W) _e"p( 10O

K (s, $)>
=exp([2¥ (€, n) + 8]a),

where

L(E) — Qh(0)
K@QQS 0,(0)).

Recalling that I%n is defined by (1.2), and that du,, is defined by (1.8), while 2 ~ 1 in I, we may
reformulate (1.10) as

K,(&,€) ~n uniformly innand € € I. (4.8)
As |¢ — &| < =, our hypothesis (3.11) gives, uniformly in &,

2n

Kn(E £)
=o0(1).

———(0,&) — 0,(0))

Finally (4.8) and the boundedness of {Q),} give (4.7). O

Next, for the given sequence {£,} in J, we let

Kl‘l (%_n éi'l
fula,b) = K;j o

for all complex a and b. Note that f, (a, b) is actually an entire function of exponential type in
each variable a and b. Moreover, by Lemma 4.2, and (4.8), uniformly for a, b in compact subsets
of the real line,

Kn (En &n) ) ¥ En.m)(a+b) 4.9)

K (&, + B+ =L
fn(a,b)z Kn(?na%‘n) Kll(gllsén) +0(])' (4‘10)
K, (n, &)

Lemma 4.3.

@) {fu(u,v)};2, is uniformly bounded for u, v in compact subsets of the plane.

d) If f(u,v) is the locally uniform limit of some subsequence { f,(u, v)},es of { fn(u, v)}n r
then for each fixed real number u, f(u,-) is entire of exponential type. Moreover, for some
C1 and C; independent of u,v € C,

|f(l/l, U)| < CleC2(|Ile|+|Imv|). (411)

(c) For each fixed real number u, f(u,-) has only real zeros.
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Proof. (a) By our bound (4.8) and by Cauchy—Schwarz, we have

1/2

1 1 172 rq
;|Kn($,t)|W,f(E)W£'(t)<(;Kn(S,S)Wf"(S)> (;Kn(t,t)an”(t)> <C

for £, € I and n > 1. By Lemma 4.1, applied separately in each variable, we then have for
&,te Jy,andreal a,b,

1 a b
— Kyl §+i—t+i—-
n n n

Because (3.8) is the only restriction on J; and J>, we may relabel, and assume that (4.12) holds
for &,t € Jp, and real a, b. Let A > 0. Note that for n > ng(A), for & € Ji, and complex u, v
with |u|, [v] < A, we may then also recast (4.12) in the form

l‘Kn (s +2 e+ 3>‘W; (s + @>W; (s + M) < CeCrlltmul+imed 4 13)
n n n n n

TEW (1) < CeCalHbD, (4.12)

Here C1 and C; do not depend on A. The threshold ng is designed to ensure that § + == Re“ JE+
Re” € J. Next, recall that

Kn(€,8&) ~n,

and by Lemma 4.2(a), uniformly for & € J;,

Reu
Wi (& + Ka(E, S)) — oY EmReuto(l) _ | ¥ (E nuto(l)

Wi (§)

Thus (4.13) implies
|fn (u, v)| < C]ecz(llmul-&-llmv\)’

forn > ng(A) and |u|, |v] < A, where C1, C; are independent of n, u, v, A (and of &).

(b) Now { f, (u, v)}72 ; is a normal family of two variables u, v. If f(u, v) is the locally uni-
form limit through the subsequence S of integers, we see that f (u, v) is an entire function in u, v
satisfying for all complex u, v,

|f(u, v)| < Cng(lImu|+|Imv|)-

In particular, f(u, v) is bounded for u, v € R, and is an entire function of exponential type in
each variable.

(c) It is shown in [21, p. 19, proof of Theorem 3.1], that for each real §,, K, (§,, t) has only
real simple zeros. Hence for real u, f,(u,v) has only real zeros as a function of v. Hurwitz’s
theorem shows that the same is true of f(u,v). O
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Lemma 4.4.
(a) Uniformly for u e R,

f(u,u)~1. 4.14)
(b) Foralla eC,

/|f(a,s)|2ds<f(a,c‘z). (4.15)

(c) Foreacha €R, f(a,-) has infinitely many real zeros.

Proof. (a) We have uniformly for a in compact subsets of the real line,

Kn(sn + 15,,:& é)vén +

Kn(n,&n)

kn(én‘i‘ﬁmsgn‘l‘%)
= LAk R 14+o0(1)) 2 Ci(14+0(1)),
Ko (En. ) ( )zal )

where C; is independent of the compact set in which a lies, and comes only from the upper
and lower bounds on the Christoffel functions implicit in (4.8). From this we deduce that for all
real a,

)

a
Kn(£,6) o Enm)(2a)

fla,a) = Cy.

The corresponding upper bound is similar.
(b) We use the identity

Ko(5.5) =/|Kn(s,r)|2dun(r),

valid for all complex s. Let a € C, and

a

s = n‘;:n + =—-".

Ky (§ns &n)
Let r > 0. We drop most of the integral and make the substitution r =&, + m:
S Y K »
s,
1> Mu; (t)dt
Ky (s, s)
5 Bt )

- /‘ KnG: o+ ) | KnEn &) 06+ By
K Ky (&, &) K, (s,5s) N;,(En)



760 E. Levin, D.S. Lubinsky / Advances in Mathematics 219 (2008) 743-779

— 7| fn (a7 y)|2 |eiw(§n,n)(2a+2Y*a76_l) | Hn (én + [en(énssn))
J ha@a 12, )

[ ManP

=| Faa (14+0(1)dy.

—r

Here we have used Lemma 4.2(a). As n — oo through a subsequence, the last right-hand side
has lim inf at least

[ 1f@ P

d )
fa.a

—r

by Fatou’s Lemma. Finally, let » — oo.

(c) We note first that f(a, -) is non-constant, and moreover, is not a polynomial. Indeed, it
belongs to Ly (R) and satisfies f(a, a) # 0. It also lies in the Cartwright class, because of (a),
and is real along the real axis. We can then write [30, p. 130]

Z
= li [1 1—-2).
fla.z+a)=f(a.a) lim < b) O
b: |b|<R and f(a,b+a)=0

5. Proof of Theorem 1.2

It follows from Lemma 4.3(b) that for each real a, f(a, -) is entire of exponential type o,,
say. We first show that o, is independent of a. We note that o,, does possibly depend on {£,} and
the subsequence S.

Lemma5.1. Fora e R, let n(f (a, -), r) denote the number of zeros of f (a, -) in the ball center 0,
radius r, counting multiplicity. Then for any real a, we have as r — 0o,

n(f(a,~),r)—n(f(0, ~),r)=0(1). 5.1
Consequently,
0, =00=0, say. (5.2)
Moreover, foralla e R, f(a,-) € Lg.

Proof. Let K,, denote the reproducing kernel for w,,. We use the following basic property of

Yn,n—1

-1
Y, 1) = ( ) K, t)E -1 = pn,n(é)pn,nfl(t) - pn,nfl(%-)pn,n ().

n,n

For real &, with p, ,—1(§)pn.n(§) # 0, ¥, (&, t) has, as a function of ¢, simple zeros in each of
the intervals
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(X, xn—l,n)’ (xn—l,na xn—Z,n), cooy (X205 X10).

There is a single remaining zero, and this lies outside [x,,, x1,]. When p, n—1(§)pn.n(§) =0,
Y (€, 1) is a multiple of p, , or p, ,—1. As the zeros of the latter polynomials interlace, we see
that in this case, there is a simple zero in each of the intervals

[xnnaxn—l,n)’ [xn—l,naxn—Z,n)a cees [x2m, X10).

For all this, see [21, proof of Theorem 3.1, p. 19]. It follows that whatever £ is, the number j of
zeros of K, (&,t) in [x;,,,, Xkn] satisfies

j—m -k <1.

Consider now K, (&, + Ien(;“én) &+ 13,1(5[,1,5,1)) and K,,(&,, &, + M) as a function of 7. In

any fixed interval [—r, ], it follows that the difference between the number of zeros of these two
functions is at most 2. Hence the same is true of f;(a, -) and f,(0, -). Letting n — oo through S,
we see that (5.1) holds. Then (5.2) follows from (3.17). Finally, f(a,-) € L2(R), by (4.15), so
also f(a,-) e L(Z,. O

In the sequel, o denotes the type of f(a, -) for all real a.
Lemma 5.2.

(a) Foralla eR,

f(f(a,s) _sincr(a—s))zds< 1 _z' (5.3)
f(a,a) o(a—s) fla,a) o
(b)
o>msup f(a,a) > m. 5.4)
aeR

Proof. (a) The left-hand side in (5.3) equals

L 2 [ ino(a—s) [ (sino(a—s)’
) sino(a —s sino(a — s
T —— ,8)°ds — , ) ———d — ] d
fla ) / @ ds =50 / A I /( c(@—s) ) '
—0oQ —0oQ —0oQ
1 T 7
< —2—+ -,
f(a,a) o o
by Lemma 4.4(b), and the identities (3.20) and (3.21). Recall that f(a,-) € L%, so (3.20) is
applicable.

(b) Since the left-hand side of (5.3) is non-negative, we obtain for all real a,
o=>nf(a,a).

As f(0,0) =1, we then obtain (5.4). O
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Recall from Section 3, the Gauss type quadrature formula, with nodes {¢;,} = {¢;,(§,)} in-
cluding the point &,:

ZM:,»H)P@,-”)=fP(r>du(t),
J

for all polynomials P of degree < 2n — 3. Recall that we order the nodes as

e <toop <t-1np<Ilon =&, < Ihn<fhp<--

and write
Pjn
tin=& +—=—"—. 5.9
K (§n, 8n)
We need a Markov—Stieltjes inequality:
Lemma 5.3. Let 1 <k <l <n.Let BeR. Then
1 Ten ¢
> altjmre Biin < / e Bldp, (1) <Y hnltjn)e B (5.6)
j=k+] ten /:k
Proof. We begin by assuming that
At
/ e du,(t) (5.7

is finite for all real A. Now let B > 0. By the classical Posse—Markov—Stieltjes inequality [21,
(5.10), p. 331,

ten

Z )‘n(tjn)eBtjng/eBthn(t)g Z )Ln(fjn)eBtj".

Jt tin<ten 0 Ji tin<ten

A similar inequality holds if B < 0. Indeed, consider the reflected measure du,, (t) = du,(—1).
The quadrature points for du,; including —&, will be {—t;,}. Let us assume that there are n
quadrature points {z;,} (the case of n — 1 points requires trivial changes). Applying the inequality
above to y,, , making a substitution, and then taking account of our ordering, gives, with B > 0,

oo
X et [ Mo N ae

Jitin>tnt1—t.n bat1—ton JitinZth1—tn
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Setting k =n 4+ 1 — £ gives

e¢]

Z )L”(tj”)e_Btjn g/Ae_Bt dpn (1) < Z )‘n(tjn)e_BIj"~

Jitin>ltkn tin 'E t_jn?’kn
Now let £ > k and subtract this last inequality for k and ¢: for B > 0,

—1 tin

3 haltj)e B < / B A (£) < 3 dnltjn)e B

14
j=kt i =k

For B < 0, the same inequality follows from the first Markov—Stieltjes inequality above. Thus
(5.6) is valid for all real B, provided we assume the convergence of all the integrals in (5.7). We
now drop that condition by a limiting argument. Throughout this argument, n, k, £ are fixed. Let
&> 0and

doe(t) = e dpn(1).
Then the analogue of (5.7) holds for w, and so the analogue of (5.6) holds for w. Let us denote

the quadrature points and Christoffel numbers for w, respectively by {#;,.} and {A,:(¢jne)}. We
must show that as ¢ — 0+,

tine —> tjn and }Lns(tjne) g )Ln(tjn)'

To see that this is indeed the case, we note that for each 0 < j < 2n,

lim tjdwg(t):/tjdun(t).
e—>0+

Hence from the well-known determinantal representation for orthogonal polynomials involving

power moments [21, (1.6), p. 57], [46, p. 15], the orthogonal polynomials for w, of degree k,
0 < k < n, converge to those of u, ase — 0+. O

Lemma 5.4.

(@) f(0,z) has zeros {p;} o0, with

< p2Sp-1 <0< <2< (5.8)
and for j = +1,+£2,43, ...,
= lim .
Pi n—)oo,nespjn

There are no other zeros of f. We also set pg = 0.
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(b) Given £ >k, we have

-1

o~

1

—\ < 5.9
foj.pj) pepES Zf(pj,pj ©:9)

j=k+1

(c) The zeros {p;} are at most double zeros of f(0, z), and there exist Cy, C, such that for all j,

Ci<pj—pj2<Ca. (5.10)

The constants are independent of j. Moreover, zeros are repeated in the sequence {p;} according
to their multiplicity.

Proof. (a) We know that f,,(0,s) = [K, (&, & + z (E s ))/K(Sn, £,)]e*¥ €™ has simple zeros
at s = pj,, j #0, and no other zeros. Moreover as n — oo through S, this sequence converges
to f(0, z), uniformly for z in compact sets. As f (0, 0) = 1, the function f (0, z) is not identically
zero. In particular, as n — oo through our subsequence S, we obtain that necessarily p;, — p;,
the jth (possibly multiple) zero of £ (0, z). There can be no other zeros because of Hurwitz’s
theorem.

(b) We use the Markov—Stieltjes inequality (5.6) above, with

B = Ku(§n, £)29 (60, 7).
Recall that ¥ (&, n) is defined by (3.13). From (5.5), we deduce that for all j,
Btjn = B&y + pjn2¥ (64, n).

We multiply (5 6) by K, (&, &,) and cancel e~ B from both sides. We also make the substitution
t=E&,+ = Bt = B§, +2¥ (§,, n)y in the integral. We deduce that

KV[(%"Z E”)
i—1 Pe.n / _ y
1 < / o= 2% Enm)y P (6 + Kn(sn,sn))
~
ekt 1 fn(pjnvpjn) b M;,(%_n)
- 1

S L (ins pin) 5.11
=k S (pjnv ,Ojn) ( )

Here by Lemma 4.2, and (a) of this lemma, for fixed ¢ and k,

Pln / -y
prn(En + 7 )
e_zw(g’:’n)} : n(Ensén) dy =py — pr + 0(]),
wy,(5n)

Pkn

as n — oo through S. Thus letting n — oo through S in (5.11), and taking account of the uniform
convergence of f,(-,-) to f(-,-), gives (5.9).
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(c) From (b),

k+2

1
<per—p< Y
J=k

S (okt15 pr+1)

1
fpj.pj)
Since f(t,t) is bounded above and below by positive constants for real ¢, (5.10) follows. Of
course, we also deduce pj 2 # pj, so there are at most double zeros. Since the {p;,} are sim-

ple zeros of f,, it follows that p; can only be a double zero of f(0,-) if it appears twice in
the {p;}. O

Next, we deduce:
Lemma 5.5. Let

A =sup f(x,x). (5.12)
xeR

For each real a, f(a,-) is entire of exponential type o = 1w A.

Proof. Because of Lemma 5.1, it suffices to show that f(0,-) is entire of exponential type
o = An. To do this, we use (b) of the previous lemma. We have for each £ > k,

-1

1
————— < P — Pk (5.13)
S f g pj)
Since f(pj, pj) < A for each j, we obtain
L—k—1< A(pe — pr)- (5.14)

Next, recall that {0} ;+o are all the zeros of f. Moreover, each zero is at most a double zero, and
is repeated in the sequence {p;} if it is a double zero. Thus the total number of zeros of f(0, -) in
[ox,pelis€ —k+1orl—k+2orf—k-+3if 0does not belong to [k, £], and £ —kor £ —k + 1
or £ — k + 2 if it does. Thus the total number of zeros of (0, -) in [px, p¢], is at most

(l—k—=1)+4< Alpe — pr) + 4

Recall that n(f (0, -), r) denotes the number of zeros of f(0, -) in [—7, r] (or equivalently in the
ball center 0, radius r). In view of (5.10), we can choose p; a bounded distance from r, and p; a
bounded distance from —r. We obtain that n( f (0, -), 7) is at most the number of zeros in [k, o¢]
plus O (1), and hence at most A(p; — pr) + O(1). So

n(£(0,),r) <2Ar + 0(1).
Then by (3.17),

0,-),
o _ fim MO0
T r—00 2r
Together with our lower bound o > 7 A from Lemma 5.2(b), we obtain the result. O
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Proof of Theorem 1.2. Since K, (&4, &) ~ n, our hypothesis (1.11), with its uniformity in a,
implies also that for all real a,

a
ot e -1

K+ +2—,
lim Kn(é:nagn)
00 Ky (8n, 6n)
and hence (cf. (4.10)), for all real a,
lim f,(a,a)=1.
n—oQ
So
f(a,a)=1 forallreala.

Hence

A=sup f(x,x)=1.
xeR

By Lemma 5.5, for each fixed a, f(a, -) is entire of exponential type o = 7. By Lemma 5.2(a),
we then obtain, for each real a,

°°< ) sinn(s—a)>2d ~ m(f(a,s) sinn(s—a)>2d o
/ J@n === s‘/ faa ws-a )T

So for real a and s,

. sin(s —a)
lim fu(a,s)= fla,s) = ————
n—00,neS n(s —a)
By analytic continuation,
. sinm(a — b)
1 by=——,
i s D) = )

uniformly for a, b in compact subsets of the plane. (Recall that the left-hand side is uniformly
bounded for a, b in such sets.) As the limit function is independent of the subsequence S, we
obtain

sinm(a — b)

7(a—>b) ’

lim f,(a,b) =
n—od

again with the appropriate uniformity in a, b. Finally, using (4.10) again, and as {£,} can be any
sequence in J, we obtain the conclusion (1.7) of Theorem 1.2, uniformly for £ € J, as well as
the limit (1.13). O
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6. Proof of Theorem 1.1
In this section, we show that the hypotheses of Theorem 1.1 imply those of Theorem 1.2.

Proof of Theorem 1.1. Let / be an open interval containing J in which vy is absolutely con-
tinuous while vy, and Q' are continuous and vy, > 0. In particular, this implies that I lies in
supp[vw]. Forn > 1, we let

Wn =W,
It is known [45, Theorem 1.6(e), p. 196] that the equilibrium measure v, for W, satisfies

A

Vn = Vw,

where Dy is the balayage measure of vy onto /. This balayage measure is obtained by sweeping
out (vw)r\s onto /, and adding it to (vw);. Thus

bw = (ww)ir + Wwr\D)-

Moreover, (‘m) is absolutely continuous and its density is infinitely differentiable in the
interior of I [45, (4.47), p. 122], [52, p. 9, (2.28)]. Hence v, = by is absolutely continuous in 7,
and its density v,’1 is bounded in J, and of course this holds uniformly in n. Since Q,’l = Q/,
our hypothesis that Q’ is continuous in J shows that {Q},} are equicontinuous in J. Totik [50,
Theorem 1.2, p. 326] proved that

lim n= ', (hW2, x) R W2 (x) = vy (x), 6.1)

n—oo

uniformly in a neighborhood of J, say in I. It follows that uniformly in » and x € I,

Cr <A W (x)/n < Ca.

Finally, the asymptotic (6.1), and the continuity of vy, also give

M(hW2M E+ %) (hW2)(§)
m f—
n—00 Ay (hW2, &)  (hW?)(E + %)

3

uniformly for a in compact subsets of the real line, and £ in a neighborhood of J. As 4 is
continuous (and uniformly so in the region desired), (1.11) follows. So we have verified all the
hypotheses of Theorem 1.2, and that theorem gives the result. O
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7. Fixed exponential weights

In [34], the authors substituted first order asymptotics for orthogonal polynomials for fixed
exponential weights into the Christoffel-Darboux formula, and used a Markov-Bernstein in-
equality to control the tail. This led to universality in the bulk for a class of exponential weights
considered in [31].

In this section, we show how universality for fixed exponential weights can be deduced from
Theorem 1.2. One definite advantage over the method of [34] is that one does not need pointwise
asymptotics for orthogonal polynomials, so one may treat a more general class of weights. We
begin by recalling the result of [34].

Definition 7.1. Let W = ¢~ €, where 0 :R — [0, 0o0) satisfies the following conditions:

(a) Q' is continuous in R and Q(0) =0.
(b) Q" exists and is positive in R\{0}.

()
mlim () =o0.
(d) The function
1Q'(1)
T(t)= , 0,
O=%0" 7

is quasi-increasing in (0, 00), in the sense that for some C > 0,

O<x<y = TxKCTOH).

We assume, with an analogous definition, that T is quasi-decreasing in (—oo, 0). In addition,
we assume that for some A > 1,

T(t)>A inR\{0}.

(e) There exists C; > 0 such that

0w _ . QW

< e. R\{0}.
0w S ow rereRo

Then we write W € F(C?).
Examples of weights in this class are W = exp(—Q), where

AxY, x €[0, 00),

Q=1 Bl x e (—00.0),
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where o, 8 > 1 and A, B > 0. More generally, if exp; = exp(exp(:--exp( ))) denotes the kth
iterated exponential, we may take

expy (Ax%) —exp,(0), x €[0, 00),
o) = p
expy(Blx[”) —expy(0), x € (—00,0),

where k, £ > 1,0, 8 > 1.
A key descriptive role is played by the Mhaskar—Rakhmanov—Saff numbers

a_, <0<ay,

defined for n > 1 by the equations

dn
1 /
n:—/ xO' ) dx: (7.1)
na \/(x_a—n)(an —Xx)
dap ,
1
0=— / oW dx. (7.2)
7w ) x—an)(an —x)
In the case where Q is even, a_, = —a,. The existence and uniqueness of these numbers is es-

tablished in the monographs [31,42,45], but goes back to earlier work of Mhaskar, Rakhmanov,
and Saff. On [a_,, a,], the orthonormal polynomials p,(W?2, x) behave much like Szeg6 poly-
nomials on [—1, 1].

We also define,

1 1
Bn = E(an +a—,) and §,= E(an + |a7n|)a (7.3)

which are respectively the center, and half-length of the Mhaskar—-Rakhmanov—Saff interval
Ay =[a—pn,ayn]. (7.4)

The linear transformation

x_:Bn

Ly(x) = (7.5)
maps A, onto [—1, 1]. Its inverse
LEzil](u) = By +ué,

maps [—1, 1] onto A,. For 0 < ¢ < 1, we let

(&) = LN 1 e, 1 —el=[a_, + €84, an — €5,). (7.6)
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We let p, (W2, x) denote the nth orthonormal polynomial for W2, so that

/ DPn (Wz, x)pm(Wz, x) Wz(x) dx =6u,.

Moreover, we let

n—1
Ka(W2.1) = Y py (W2, 2) (W2, 1)
j=0

and

Kny(W2x,1) = W)W Ky (W2, x,1).

Thus, in this section, the parameter W2 inside pn or K, is used to distinguish these fixed weight
quantities from the corresponding quantities for the varying weights an".
The first result of [34] was:

Theorem 7.2. Let W = exp(— Q) € F(C?). Let 0 < ¢ < 1. Then uniformly for a, b in compact
subsets of the real line, and x € J,(¢), we have as n — 00,

. . , |
lim KW g * v _sinn(b—a)

n—00 K,(W2, x,x) - wb—a)

(7.7)

In particular, if W is even, this holds uniformly for |x| < (1 — &)ay.

In [34], we also established universality for weights of the form 2#W?2, when h does not grow
or decay too rapidly at £o00.

In this section, we shall deduce universality for a more general class of weights than in Theo-
rem 7.2. Our class is [31, pp. 10-11]:

Definition 7.3. Let I = (¢, d) be an open interval containing 0 in its interior. Let W = exp(—Q),
where QO : I — [0, co) satisfies the following properties:

(a) Q' is continuous in I and Q(0) = 0.
(b) Q’ is non-decreasing in 1.

(©
tgrgr @) = lli:}l— Q(1) = oo. (7.8)
(d) The function
T(t):tQ(t) t#0,

JJON
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is quasi-increasing in (0, d), and quasi-decreasing in (c, 0). In addition, we assume that for
some A > 1,

T()>A inI\{0}.

(e) There exists g9 € (0, 1) such that for y € I\{0},

0}
T ~T 1— .
2 (y[ T(y)D

(f) For every € > 0, there exists § > 0 such that for all x € 7\{0},

/ Q(?)—Q(X)

S—X

<e|Q' ). (7.9)

S\YI

Then we write W € F (dini).
Note that [34, p. 13] F(C?) C F (dini). The term dini refers to the Dini type condition in (7.9).
In particular, Definition 7.3 does not assume pointwise estimates for Q”. We shall deduce the

following result from Theorem 1.2:

Theorem 7.4. Let W = exp(— Q) € F (dini). Let 0 < ¢ < 1. Then uniformly for a, b in compact
subsets of the real line, and x € Jy,(¢), we have as n — oo,

K,(W2, x +

b .
i %, (W2 " + IZ,I(WZ,x,x)) sinz (b — a)
1m =

= (7.10)
n—00 K,(W2,x,x) w(b—a)

In particular, if W is even, this holds uniformly for |x| < (1 — &)ay,.

Remarks. (a) Using the techniques of [34, Theorem 1.3], one can extend this to weights of the
form hW?2, where h does not grow or decay too rapidly.

(b) Theorem 7.4 implies asymptotics for spacing of zeros of orthogonal polynomials as
in [33].

We shall apply Theorem 1.2 with
Lo(r-
Qn(x)=;Q(Ln (x)), x€Ly); (7.11)

W, (x) = exp(= 0, (), x € Ly(D); (7.12)

dun(x) = W2 (x)dx. (7.13)



772 E. Levin, D.S. Lubinsky / Advances in Mathematics 219 (2008) 743-779

Observe that with the notation (7.5),

w2 =w?o L7 (7.14)
We emphasize that [ in this section is used in a different sense to that in Theorem 1.2. There
I was the interval in which all {u,} are absolutely continuous, and in which the Christoffel

functions admitted a uniform bound. Here, to accord with [31], I is the (possibly unbounded)
interval of orthogonality of W?2. We shall fix

0<ée <e<l1
and let
I'=[-14+¢,1—¢'] and J =[-1+¢,1—¢]. (7.15)

These intervals will play respectively the roles of / and J of Theorem 1.2. We shall verify the
hypotheses of Theorem 1.2 in a series of lemmas:

Lemma 7.5. Let v, denote the equilibrium measure of Wy forn > 1. Let J, C (I')°. Then {v,,}
are positive and uniformly bounded in J».

Proof. We use estimates for equilibrium densities from [31] together with properties of balayage

measures. The equilibrium measure o, (t) dt for W,, is a measure of total mass n, with support
on the Mhaskar—-Rakhmanov-Saff interval A, = [a_,, a,], such that

Var(x)+0(x)=C,, x€A,.

Here C,, is an equilibrium constant. The contracted density
* 8n [—1]
o, (x)= ;o(Ln (x))
has support on [—1, 1] and total mass 1, and has the property that

Vo (x) 4+ Q,(x) =C¥,  xe[-1,1].

Again, C} is an equilibrium constant. For further orientation, see [31, pp. 16—17]. To obtain the
equilibrium measure v, for (W), we use Theorem 1.6(e) in [45, p. 196]. We have

dv, (1) =6, (t) dt,

where 6,°(¢) dt denotes the balayage measure of o,"(¢) dt onto I’. Moreover, this balayage mea-
sure is obtained by sweeping out (o, (t) dt)(—1,17\ 7 onto /', and adding it to (0, (¢) dt)|;. Thus

—

6y = (o), + (O 1-1.mr7)- (7.16)

Now we apply estimates for o, from [31, (6.11), Theorem 6.1, p. 146]:
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C
Civl—t2<o*(t) < , te(—1,1), n>1.
" Vi-12

773

(7.17)

There the upper and lower bounds in (7.17) were proved in stronger forms, and for the slightly
larger class of weights F (Dini), which satisfy a less restrictive Dini condition than (7.9). In

particular, then,
0< (a;f)ll,(t) <C, tel, n>1.

Next, we need the formula [45, (4.47), p. 122], [52, (2.28), p. 9], valid for t € I':

[

(@xi=1.mr) s

o (s)ds.

1
= /(1 —s/)Z—ﬂ[

—1,IN

Since the interval [—1, 1]\ 1’ is independent of 7, our upper bound (7.17) shows also that

—

(oF 1) <C, teh, n>1.
Now (7.16) gives the result. O
Lemma 7.6. Let J, C (I')°.

(@) {012, are uniformly bounded in I'.

(b) For each fixed a > 0,

sup
1€y, |h|<a

Q;(f)—Q;,(I+Z>‘—>O asn — oo.

Proof. (a) We use the bound [31, (3.40), Lemma 3.8, p. 77]

Cn
/O (an _x)’

|0'(0)] < x €0, ay).
This readily yields
10'(0)| < C(g’)al, x € [0, max{a, — £'8,, 0}].
n

A similar bound holds for negative x, and we deduce that

n

0| <C—, xeLlU—1+¢ 1—e1=lay+¢8y an— &8y

Sn

Then, recalling (7.11),

|0, )| = %”|Q’(L,Q—”(z))\ <C, te[-1+&,1-¢1=T1".

(7.18)

(7.19)
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(b) This is the most technical estimate in this section. We first establish the estimate

o) 100l (n i
W— 0() _0(811)’ tela_, + &by, an — 8, \[—n, n]. (7.20)

Here n > 0 is any fixed positive number. Indeed for ¢ € [a—, + €85, ay — €8n]\[a—10gn> Alogn],
we have by (7.19) and the monotonicity of Q that

T) n n
< C =0\ — )
|7] n Q(a:tlogn) On

since Q(axiogn) — 00 as n — oo. This latter limit follows from (7.8) and the fact that
Alogn —> d, A_10gn —> ¢ as n — 00 [31, Theorem 2.4(iii), p. 41]. Next, for 7 € [a—10gn, Alogn]\
[—n, n], we have that Q is bounded below, so

T(t)
el

C|Q (azl:logn)| C(logn)2:0<8£>.

Here we used (3.17) in [31, p. 69] and (3.38) in [31, p. 76] for the upper estimate on | Q” (a+1og.) |-
Also, if A > 11is asin Definition 7.3, we used the fact that §,, increases with n and that [31, (3.30),
Lemma 3.5(c), p. 72]

8, =0 (n'").
So (7.20) is established.
Let us now fix small p > 0. By (7.9) of Definition 7.3, we can choose o > 0 so small that for

all X € 1\{0},

2a|X\

f Q (S) (X)

<p|Q' X)) (7.21)

2a|X\

Suppose thata > 0,n > land x,y € I’ withx <y <x + %. Let

X=LIUx) and v =LYy

Then
0<Y—-X=6Q—x)<a—

Consequently for n > ng(a, «), we have, by (7.20), as long as X, Y ¢ [—n, n],

(7.22)
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The threshold ng does not depend on n, x, or y. We use the fact Q' is monotone increasing, and
the integral

Y+3(Y=X)

/ ds _103
s—X gZ

Y

to deduce that

Sn /
0,(») — 0,(x) = ;(Q (¥) - 0'(X))

Y+i¥-X)
_ / QW) - QX
nlog% J s—X
X+20 7455
b Q) -0
b nlog% ¥ s—X
)
< ——=p|Q'(X)|.
nlog3

In the next to last line, we used (7.22) and the monotonicity of Q’, and in the last line, we
used (7.21). Finally our bound on Q' from (7.19) gives for n > ng and x,y € I’ with x < y <
X+,

0< Q,(») — 0,x) <Cp,
as long as also X, Y ¢ [—n, n]. It is crucial here that C is independent of n, x, y, p, so we may

choose p as small as we please provided n > ng(p). Finally, if X, Y € [—n, ], we can use the
boundedness of Q' in [—n, 1] to deduce that

/ / 8" I / 8"
0,(y) — Q,(x) = ;(Q (¥) - 0'(X)) < C; =o(D).

The case where one of X,Y belongs to [—n, 1], and the other does not, may be handled by
considering X, n and Y, n. Thus uniformly for x,y € I’, withx <y < x + %, we have

0,(y) = 0, (x) =o(D).
The range x — % < y < x is similar. So we have (7.18). O
Lemma 7.7.
(a) Forsome Ci,Cy >0, andforn>1and & € I', we have

Ci <A EOWTE) /n< Co (7.23)
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(b) Uniformly for a in compact subsets of the real line, and & € I,

ME+LD W)
1m = 1.
n—>oo Aa(§)  WH(E+ L)

(7.24)

Proof. (a) Let 0 < @ < 1. By Corollary 1.14 in [31, p. 20], we have uniformly for n > 1 and
X € [a—an, aunl,

A (W2, x) ~ 0a () W2(x).
Here

|x —a—onllaz, — x|
nJ[|x —a_p|+la_un—nlllx — an| + anny] '

on(x) =

and

[
Ntn = | nT (A4n) 5 =0(8,).
n

If « is close enough to 1, it follows from [31, (3.50), Lemma 3.11, p. 81] that
L) =L (=14 €. 1 = £]) C [a—an. an]. (7.25)

Moreover, forn > 1 and x € [a—, + &'8,, a, — €'8,] = LL_”(I’), we have
1)
Pn(x) ~ =
n
Thus forn > 1 and x € LS 11",

b
(W2 x) ~ ZW2(x). (7.26)
n
Next,

(€)= ha(W,", &)
[(P2W2)(1)dt

m —_—
deg(P)<n—1 P2(§)
_ . JPP0exn(-200 L)) dr
© deg(P)<n—1 P2(§)
B [ R*(s)exp(=20(s))5, ' ds
 deg(R) <ol RA(LE V@)
=5, ha (W2 L) (7.27)

Then (7.23) follows from (7.26).
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(b) Let 0 < @ < 1. By Theorem 1.25 in [31, p. 26], we have as n — oo

A (W2 x)/WHx) = 0,7 () (1 + 0(D)),

uniformly for x € [a_qy, Gun]. Then (7.27) and (7.14) show that uniformly for & € I’,

M)W E) =8, o (LE®) (1+ (D)
=n"'o 7 &) (1 4+ 0(D). (7.28)

It is shown in Theorem 6.2 in [31, p. 147] that {o,’} are equicontinuous in each compact subset
of (—1, 1). Then the desired conclusion (7.24) follows from (7.28). To deal with the possibility
that & + % lies outside I’, we use the arbitrariness of ¢ € (0, 1) in (7.15). O

Proof of Theorem 7.4. By Theorem 1.2, we have universality for the varying weights {an”} at
each & € J/, uniformly with respect to &. Indeed, the four hypotheses of Theorem 1.2 were estab-
lished in Lemmas 7.5-7.7 (except that we established (7.18) rather than equicontinuity of {Q/,}).
As noted after Theorem 1.2, this is what we used in the proof of Theorem 1.2. The orthogonal
polynomials p, (x) = pn(an", x) are related to those for W2 by the identity

Pa() = pua(W2', x) =83/ p (W2, LIV (x)).

This is easily established by a substitution in the orthonormality relation for {p, (x)}. Hence
the reproducing kernel K, (x,t) = Kn(WnZ”, x,t) for an" is related to the reproducing kernel
Kn(Wz, x,t) for w2 by the identity

Kn(x, 1) =8, Kn(W?, Ly(x), Ln(1)).
Then the result follows from Theorem 1.2. O
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