L=
View metadata, citation and similar papers at core.ac.uk brought to you by., CORE

provided by Elsevier - Publisher Connector

Computers Math. Applic. Vol. 34, No. 2—4, pp. 333-354, 1997
Pergamon Copyright©1997 Elsevier Science Ltd
Printed in Great Britain. All rights reserved

0898-1221/97 $17.00 + 0.00
PII: 50898-1221(97)00131-4

Approximating of Unstable Cycle
in Nonlinear Autonomous Systems

A. BABLOYANTZ
International Solvay Institute for Physics and Chemistry
ULB, C.P. 231, Boulevard du Triomphe, 1050 Brussels, Belgium

N. A. BoBYLEV, S. K. KOROVIN AND A. P. Nosov*
Department of Computational Mathematics and Cybernetics
Moscow State University
Vorobyovy gory, Moscow 119899, Russia (permanent address)

Abstract—Numerical procedures for approximate construction of cycles in nonlinear systems are
studied. The procedures are based on functional parameter methods combined with mechanical
quadratures, Newton’s, and gradient methods. The convergence rate of the procedures is studied,
as well as their range of applicability, and their stability with respect to small perturbations of
the parameters. The results obtained can be applied to nonlinear problems described by ordinary
differential equations, to the systems with delay, and to distributed systems.
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1. INTRODUCTION

The problem of approximate evaluating oscillatory conditions for nonlinear systems is studied
in numerous papers (see [1-5] and their references). The most complete investigation for this
problem was led in the case of the forced oscillations, when the period of the oscillatory mode is
equal (or multiple) to the period of the external action. General theorems were proved for real-
izability and convergence of different types of iteration schemes: the harmonic balance method,
the collocation method, the method of mechanical quadratures, methods of finite elements, and
finite differences; ranges of validity for the above methods were studied. Applications of these
methods for various mechanical, physical, and engineering problems are known {6-10].

The problem of approximate evaluating oscillatory conditions for autonomous systems as com-
pared with the same problem for nonautonomous systems is more complicated. There are at
least two reasons explaining specific features of autonomous problems. First, a period of an au-
tonomous system is unknown a priori; second, a periodic solution of the autonomous system is
nonisolated, i.e., the same cycle in the phase space is corresponding all phase lags of the peri-
odic solution. Therefore, the special methods working in these conditions are necessary for the
autonomous case.

The powerful method of investigating oscillatory conditions for autonomous systems was pro-
posed in [11]. The parameter’s functionalization method allows us to derive special integral
equations which determine isolated periodic solutions for autonomous systems and their periods.
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In this paper, the parameter’s functionalization method is applied to the problem of approx-
imating cycles for autonomous systems. For this purpose the combination of this method with
the mechanical quadrature’s method and Newton method is used. The iteration scheme based
on this combination is considered in Section 4.

Moreover, two more iteration schemes for approximating oscillatory modes of autonomous
systems are analysed in the paper. One of them is based on the method of auxiliary relations [8]
and the gradient method. The other solves the problem of approximating oscillatory modes for
delay systems and is based on the gradient method of nonlinear minimization in Hilbert spaces
(Section 3).

It should be noted that the gradient iteration scheme proposed in this paper has common
features with the Sparrow algorithm [12]. However, the gradient algorithm differs in principle from
the Sparrow algorithm. There are at least two main distinctions between these algorithms: first,
the realization of the gradient method does not require solving of auxiliary equations which may
have no solutions; second, the gradient algorithm is robust with respect to initial approximations
(the Sparrow method requires more precise initial approximations). The lack of the gradient
method is that its convergence is slower than the one for the Sparrow method, but often it is
compensated by the above advantages.

2. AN ITERATION SCHEME
BASED ON THE GRADIENT METHOD

Suppose the dynamical system

% =f(z)) zeR” (2.1)

has a cycle I' C R™. Consider a question on approximate evaluating the cycle I for system (2.1).
Assume that I' is orbital asymptotically stable. If we compute the solution p(t, z¢) of (2.1)
with the initial condition zo from the attracting set of I', we obtain

Jim min lp (¢, z0) — yll = 0.

So, we can get an arbitrarily exact approximation for the cycle I'. In this case, we use a priori
information about the location of the cycle I' in the phase space of (2.1) to choose the initial
condition zg.

However, even if we have an exact localization for I', the above procedure is not effective when
I' is unstable.

We propose an iteration scheme for the approximate evaluating of an isolated unstable cycle
of nonlinear autonomous systems.

2.1. Main Result

Let R be the set of real numbers, R be Euclidean real space with the scalar product (-, -); for
any z € R", t € R by {z,t}, we denote the couples in R™t1; by T, we denote the operation of
transposition.

Suppose the right-hand f(z) of equation (2.1) is continuously differentiable; by p(t, z) denote
the solution of (2.1) with the initial condition p(0,z) = z.

Take any vector a € R™ and number b € R; consider in the space of couples {z,t} the system
of equations

z = p(t, z), (2.2)
(a,z) = b. (2.3)
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It is evident that the solution {z*,t*}, t* # O of system (2.2),(2.3) is a point of some t*-periodic
cycle of system (2.1). Therefore, the problem of evaluating cycles for system (2.1) is equivalent
to the problem of computation of solutions for system (2.2),(2.3).

Let us use the following iteration scheme for computating solutions of (2.2),(2.3):

Thar =2k — Yk (T~ V7 (txr2h)) - (T — Dk, 2x)) + ({@, 2k) — b) - a), (2.4)
terr =tk + pi - (f (P (tks k) s 2k — P (86 k), kK =0,1,..., (2.5)

where V(t,z) is the solution of the linear matrix equation

av

Fri fo(p(t,2)) -V, (2.6)

with the initial condition
V(0,z) =1,

and 7k, 4k are control parameters of the iteration scheme (2.4),(2.5).
Assume that T is an isolated cycle of system (2.1) with period T*, z* € T, and

(a,z*) =b. 2.7)

Consider the hyperplane 7, which is determined by equation (2.3). If 7 is transversal " at the
point z*, then the couple {z*,T*} is an isolated solution of system (2.2),(2.3).
The main result is the following.

THEOREM 2.1. Let the couple {z*,T*} be an isolated solution for the system of equations

((1- VT, z)) - (z - p(t, z)) — ({a,z) = b) - a) =0, (2.8)
{£(p(t, )}, - p(t,T)) =0, (2.9)

and control parameters i, ug of iteration scheme (2.4),(2.5) be satisfied inequalities

0 < ap <7 < Bo, (2.10}
0<a; < Mk < ,31, (2.11)

where numbers [y, 51 are fairly small.
Suppose the initial approximation {zg,to} is nearly of {z*,T*}, then the successive approxi-

mations {Z,tx} of iteration scheme (2.4),(2.5) converge to {z*,T*}, i.e.,

lim (|zx — 2| + ltx — T*[) = 0. (2.12)
k—00
PRrROOF. In a neighborhood of the point {z*,T*} € R™*!, we consider the function

W(z,t) = 5 (Il - p(t, 2)I* + ((a,z) — )*); (213)

N

here by || - ||, we denote the vector or matrix norm which corresponds to the scalar product.
Using a simple calculation, we get

W(x + h,t+7) — W(t,x) = (h—pi(t,z)r — pl(t,z)h,z — p(t,x))

+ ((2,2) = b) - (0, h) + o((Ihl} + I71). (2:14)

Since
pi(t, x) = f(p(t, ), (2.15)
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it follows that dol (4. )
o s T
= f(p(t o)) - Pt ) (2.16)

Therefore the matrix p/,(t, z) satisfies the linear matrix equation (2.6) with initial condition (2.7).
Hence, (2.14) may be written in the form
W(.’l: + hat + T) - W(ta .’E) = <(I - VT(t,:l:)) ) (IL' - p(tv (L‘)) vh> - (f(p(tvx)),x - p(t,:z:)) T
+ ({a,z) — b) - (a, h) + o(|[h|| + I7]).
Let us introduce the following notation. By V, we denote a gradient along variables z,t; by V

we denote a gradient along z, and by V,, we denote a gradient along ¢.
Now, from the last expressions we get

T

VW(z,t) = {(I-VT(t,2))-(z-p(t,2)) + ({a,z) — b) - a,

(“f(P(t, 1,‘)),.’1,' - p(t’ 1‘))}, (217)
VoW (z,t) = (I -VT({t,2)) - (z — p(t,z)) + ({a,z) ~ b) - a, (2.18)
VtW(m7t) = -—(f(p(t,:l:)), T — p(t,.’l:)). (2.19)

Now, by (2.7) and (2.13) it follows that {z*, T*} is a minimum of the function W(z, ). If we recall
that {z*,T*} is the isolated solution of system (2.8),(2.9) we can say, by virtue of (2.17)-(2.19),
that {x*,T*} is an isolated critical point of the function W(z,t). Hence this point realizes a
strong minimum of the function Wz, t).

Therefore, there exists a spherical neighborhood B C R™*! of the point {z*,T*} containing
a unique critical point of the function W(x,t), and the point {z*,7*} is an absolute strong
minimum over the ball B.

Denote
€= {z’xglenaB W(z,1). (2.20)
Let 6 < € be a positive number such that
i - , 2.21
(=32 VW (z,t)| < (oin {z,t} = {y, 7} (2.21)
{y,7}€dB

where L(6) is a Lebesgue set of the function W({z,t)
L(8) = {{z,t} € B: W(z,t) < 6}. (2.22)

Now, we shall prove that successive approximations {x,tx} of the iteration scheme (2.4),(2.5)
converge to {z*,T*} for any initial approximation {zq,t0} € L(6).

LEMMA 2.1, If {zy,tr} € L(8), then

{zk+1,tk41} € B, (2.23)
W($k+1,tk+1) s W(xk,tk) . (224)

PROOF. Suppose the assumption of Lemma 2.1 is true with some k; then by virtue of (2.4),(2.5),

lzet1 — zicll < WVeW (2, i)l (2:25)
tit1 ~ tel < |VeW (ks te)| - (2.26)

From estimations (2.25), (2.26), and inequality (2.21), we get

{zk+1,tk41} € B.
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Let the numbers K3, K3, L, Ly be satisfied inequalities

VoW (z1,t1) = VoW (z2,82)|| < Ky - [|z1 — 22]| + K2 [t1 — t2], (2.27)
VW (z1,t1) = VeW (22,12)| < L1 - |21 — 22| + L2 - [t1 — 12, (2.28)

for any {z1,t1}, {z2,t2} € B.
Suppose the numbers Gy, 51 < 1 from (2.10),(2.11) satisfy

1 1
§K1ﬂo+Z(K2+L1)-ﬂ1 <1 (2.29)
1 1

§L1ﬂ1 +7 (K2 +Li1)-Bo <15 (2.30)

then
W (zk41,tkt1) — W (i, th)

1 .
= [T (ot (1 = 200 b4 7 g = t0) 2 = )
1
+ / v.wW (:Bk + T (:L‘k+1 — .’L‘k) i + T (b1 — tk)) <(tkg1 — tx) dr
0
1
= —Y - / (VW (zk — 76V W (zk, tk) stk — Tux VW (Tk, ti)) , Ve W (T, tk)) dT

0
— U+ 01 VW (zk — TV W (T, te) s te — Tk ViW (zk, tr)) - (ViW (2, 11)) d7
= k- [VaW (@i, te)ll” ~ ik - (VoW (2:t4))°,
and, finally,
-k /01 (VoW (zk — 71V W (zk, te) 5 Bk
—Tp VW (zg, tk) — VoW (2k, k), Vo W (Tk, ) dT (2.31)
- ‘/01 VW (xk — TV W (@k, te), te — Tk Ve W (2, te)

— VW (zk, tr)) - ViW (Tk, tic) dT
< = - IVaW (@, t)|1% = pae - (VoW (zk, 8))?

1
+ 5 (K17k - Ve W (i, te) || + Kop - [VeW (g, te)]) - [V W (i, te)

1
+ 5 he (L17k - IVaW @k, )| + Lok - [VeW (i, tio)l) - | VeW (e, i) |

1 1

< - (1= 3K = o+ L) ) - [V (o o)
1 1

- Pk (1 - §L2#k - Z(Kz + Ly) "7k> VW (ks t) |2

1 1
< -ap- (1 - §K1ﬁo - Z(Kz + L) '/51) VW (ks te) )

1 1
—ay - (1 - §L2ﬁ1 - Z(Kz + Ly) 'ﬂo) VW (e, tie) |2

Using this estimation and inequalities (2.29),(2.30), we obtain inequality (2.24). This completes
the proof of Lemma 2.1.

Now, by introduction on k we get that

{zk,tk} € L(6), forall k=1,2,.... (2.32)
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Suppose
. 1 1
v = min {ao : (1 - §K1ﬂo 1 (K2 + L) - ﬁl) )
1 1 (2.33)
ay - (1 - §L2ﬂ1 - Z(K2+L1) 'ﬁo)},
then for any k, the inequality is true
W (Ths1,te41) — W@k, te) < v - [VW (zx, k) || (2.34)
Summing these inequalities over k£ from 0 to m, we get
m
W (@mi1stmt) = W (30, t0) < ~v - D VW (2, ta)|I%. (2.35)
k=0
Since (2.24) is true for all k = 1,2,..., it follows that the series
o0
Y IVW (zk, ti)?
k=0
is convergent. Therefore
Jim [ VW (i, te)]| =0. (236)

Finally there is a unique critical point {z*,T*} of the function W(z,t) in the ball B; hence,
by (2.36), it follows the convergence (2.12). This completes the proof of Theorem 2.1.

2.2. Stationary States of Dynamical Systems

Let us use the iteration scheme (2.4),(2.5) for detection of stationary states of system (2.1). In
this case, the iteration scheme is very simple.

Let z* € @ C R™ be a unique stationary state of system (2.1).

Suppose z* is asymptotically stable; then

tl_l.ngolp(tamO) - t=0

for solution p(t, zo) of (1) with any initial condition z¢ from the attracting set of the point z*.
Therefore p(t, zo) is arbitrarily close to z* as t — oo.

In general, this is not true if * is not asymptotically stable. In this case, using the idea of
scheme (2.4),(2.5) we can reduce the problem to the one of a detection stationary states for the

system d
% =~ (f@) - ). (2.37)
Suppose the equation

fo(@) - f(2) =0 (2.38)

has a unique solution z* in the domain Q; then z* is a unique stationary state of (2.37) in Q.
The following result is true.

THEOREM 2.2. Suppose equation (2.38) has a unique solution z* € ). Then z* is an asympto-
tically stable stationary state of system (2.37).
ProOF. The function

We) = 3 f @)

is a Lyapunov function for system (2.37) in Q. Theorem 2.2 is proved.
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So, we see that a detection of unstable stationary states for system (2.1) may be reduced to a
detection of asymptotically stable stationary states of system (2.37).

We can use the same approach for a detection of saddle points of smooth functions. Let w(z) be
a smooth function, z* be a saddle point with a complex topological structure of the function w(z).

Consider the differential equation

dg”ti = ~V2u(z) - Vu(z). (2.39)

Under natural conditions, the point z* is an asymptotically stable stationary state of equa-
tion (2.39). By Theorem 2.2, it follows immediately.

THEOREM 2.3. Suppose the equation
V2w(z) - Vw(z) =0 (2.40)
has a unique solution z* € Q. Then z* is the asymptotically stable stationary state of sys-
tem (2.39).
2.3. Estimations for Iteration’s Parameters
In this section, we give estimations for control parameters of the gradient algorithm (2.4),(2.5).
THEOREM 2.4. Let a point =* belong to cycle I and the next relationship
{a,z*) =D
holds. Suppose that the pair {z*,T*} is an isolated solution of the following equations:
((I-VT(t,2)) - (z - p(t,z)) — ({a,z) — b) - a) =0,
{(f(p(t,2)), x — p(t, )} = 0.

Let the controllable parameters 7, pi of the iterative procedure (2.4),(2.5) satisfy the following
inequalities:

0<ag < v < B, (2.41)
0<a; <ux LB, (2.42)
and
-;-K1ﬁo + % (K24 L1) B < 1,
1

sLib+ i (K24 L1)Bo <1,
where Ky, Ky, L1, Ly are Lipschitz constants so that
VW (z1,t1) — VoW (z2,t2)|| < K1 - |21 — 22l + K2 - [t — B,
|VW (z1,t1) — VeW (z2,t2)] < L1 - l|lz1 — x2|| + La - [t1 — L2 .

Above we used the next notations: V,—a gradient operator with respect to z,V,—a differential
operator with respect to t, and

W) = 5l - plt,2)IP + ((@,z) = b?)..

Let us suppose finally that an initial approximation {xo,to} is rather close to {z*,T*}. Under
these assumptions, an iterative process {zk,tx} generated by the iterative procedure (2.4),(2.5)
converges to {z*,T*}, or in other words, we have

lim (||lzg ~ z*|| + |t — T*|) = 0.
k—oo

When we solve a tracing problem for concrete nonlinear systems, it is very important to know
numbers By, 81 in inequalities (2.41),(2.42), the vector a € R, the quantity b € R in (2.4),(2.5),
and also to have an initial pair {z,t0}.

In this paper, we will suggest estimations for numbers G, 61 and indicate a procedure for effec-
tive calculating parameters a,b and the initial pair {z¢,to} for interactive procedure (2.4),(2.5).
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2.4. Subsidiary Inequalities

Suppose Ry is a ball’s radius ||z|| < Ry which has inside a cycle I'; a quantity Tp > T* is an
arbitrary number. Moreover, later, the following inequalities are fulfilled for some collections of
constants Ry, M, My, N1, Na:

I(l)w;ﬁ:%? lp(t, )|l < Ry, (2.43)
ymax IF (=)} < M, (2.44)
jmax If (@)l £ Mz, (2.45)

(If (x1) = f(z2)| < N1 flza — 22l (lz < R1), (2.46)
£ (1) = f (x| < N2 -1 — 22l (llz] < R1). (2.47)

Under these assumptions, we will prove five lemmas.

LEMMA 2.2. If inequalities ||zi1]}, |z2]] < Ro, and 0 < t < Ty take place, then we have the
following estimation:
lp (¢, 21) = p (¢, 22)|| < |21 = zaf| €M% (2.48)

PRrOOF. It is evident that we have inequalities
t
p(t,T1) =21 +/ f(p(7,21)) dr,
0
i
p(t,x2) = 22 +/ f(p(r,z2)) dr.
0

From the above relationships and (2.43),(2.44), we have

lIp (¢, 21) = p (¢, z2)l| < [|21 = 22|l + Ny - /0 lip (s 21) — p (7, z2)|| dr. (2.49)

Using (2.49) and Gronwall-Bellman’s lemma finally, we may get the estimation (2.48). This
proves Lemma 2.2.

LeMmMA 2.3. If inequalities ||z|| < Ry and 0 < t1,t3 < T hold, then we have an estimation
p (t1,2) — p(t2, 2)|| < |t2 —ta] - My (2.50)

PRrOOF. Directly from the differential equation, we have
t1
pne)=o+ [ fiotra)dr
0

121
p(ts,z) =z + A f(p(r, z)) dr.

Using that we may get ,
1
p(t10)~plta,2) = [ fp(ra)dr, (251)
2

Finally from (2.51) and (2.44), we obtain the required estimation

Ip(t1,9) = p(t2,2) < max 1S (p(r, 2D 16— 2] < 61 = tal - M.

This proves Lemma 2.3.
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LEMMA 2.4. If inequalities ||z|| < Ry and 0 < t < Tp hold, then the following estimation takes
place:

IV, )]l < e, (2.52)

PROOF. By virtue of (2.41),(2.42), we may write

Vit,z) =1 +/(; fL(p(r,2))V(r,z)dr.

Using (2.45), we obtain first an inequality

t
IVt o) <1+ M- / V(7,2 dr, (2.53)
0

and finally, after using Gronwall-Bellman’s lemma, we get the required the estimation (2.52).
This proves Lemma 2.4.

LEMMA 2.5. If inequalities |z|| < Ro and 0 < tg,t1 < Ty hold, then the following estimation
takes place:

IV (t1,2) = V (t2,2)]| < Mo - ™70 |ty — ). (2.54)

PROOF. By virtue of (2.41),(2.42) we have

V(t1,z) =V (ts,z) = l f(p(r, 2))V (7, z) dr.

t2

Using this relationship (2.46) and (2.51), we finally obtain the required estimation

t
IV (t1,2) = Vit,z)| < / M, . M7 dr
t

2
- |eM2t1 _ eMztzl < M,- eMaTo t1 — ta].

This proves Lemma 2.5.

LEMMA 2.6. If inequalities ||z1]|,||z2|| € Ro, 0 < t < Ty hold, then the following estimation is
valid:

IV (t,z1) -V (t,22) N2 | (e(N‘+M’)T° - 1) ceMat . ||zy — . (2.55)

| € —=+
Ny + M,

PRrOOF. From the beginning we have the relationships

t
Vita) =1+ /0 F o(rz)) -V (r,31) dr,

t
Vitas) =1+ /0 f (0 (r,22)) -V (r,29) dr.
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By virtue of (2.45), (2.47), and (2.48), we may write the sequence of inequalities
[V (¢ 21) =V (&, z2)|

t
S/O \fz (P (7 21)) - V (1,21) = £L (P(T,71)) - V (1, 32)|| dT
t
+ /0 172 ((r,20)) - V (r,22) — £ (p (7, 22)) - V (7, 22)| dr
t
<M. /0 IV (r,22) = V (7, 22)]| dr
t
+ N, / Ip(r,21) - p(r,z2)|| - |V (7, 22)] dr
t t
<M. / IV (r,21) + V (7,2)|| dr + Ny - 21 — o] - / eMiTeMar 7

i
< M. /0 IV (r,21) = V (7,25)]| dr

P2 (MM 1) gy — ).

+N1+M2

The last inequalities and Gronwall-Bellman’s lemma give us the required relationship (2.55). This
completes the proof of Lemma 2.6.

2.5. Estimation of Parameters

Direct calculations show us that

VW(z,t) = (I -V (t,2) - (z - p(t, 2)) + ({a,z) ~ b) - a, (2.56)
VW (z,t) = —(f(p(t, z)), = - p(t, T)). (2.57)

Using Lemmas 2.2-2.6 for the transformation’s last relationships, we have the following sequence
of estimations:

VW (z1,t1) — V2 W (22, 82)||

< =VT (t1,21)) - (21— p(t1,21)) = (I~ VT (b2, 22)) - (w2 — p(t2, 22))|
+ llal® - lz1 — 22l < (1 + llall?) - llz1 — =2
+llp (t1,21) — p(tr, @)l + [lp (81, 22) — P (B2, 72) |
+ VT (1) 1~ VT (G 31) 32| + |V (t1,21) 32 ~ VT (t2,22) - 22|
+ VT (t1,21) - p(t1,31) — VT (f1,71) - P (ta, T2)|
+ VT (t1,21) - p(ta,x2) — V" (t2,%2) - P (t2, z0)|

< (14 lal®) - llzy — 2l + |70 — 2]l - €M7 + [t — ta - My + |21 — zo|| - €20
FVT (t21) -2 = VT (b, 22) 2| + VT (t1,22) - 22 ~ VT (t2, 22) - 72|
+1lp (t1, 1) — p (t2, x2)]| - €270
+||VT (t1,22) - p(ta,32) = VT (1, 22) - p(t1, 22)||
+||VT (b1, 22) - p(ta, @2) — V7 (t2,22) - p(t1, 72|

< (1 +lall® + M7 + MiTe) - 2y — zyf| + b2 — bl - My

N.
+ l|z2| - m - (e(N*’fM?)'To - 1) Mo ||y — )|

+ ||z2ll - Mz - €¥2T0 - |ty — to] + Jt1 ~ to| - My - €30 4 ||zy — | - M2 T
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+|lp (¢ | Ny (Ni+Mz) T2 _ ¢ M;3To
Ip el a7, (¢ ~1) My -
lp (2, 2)l| - My - Mty — 1)
Ny (Ro + Ry) - (eWN1+Ma)To _ 1) . ¢MaTo
Ny + M,

_<_ (1 + “a“2 + eN;To + eMzTg +
+ e(M””*)'T") Ny ~ 2l + (My + (RoMa + My + RiMy) - eM2T0) |ty — ty].

Thus the gradient VW (x,t) satisfies to Lipschitz conditions with respect to variables = and ¢
with approximate constants

Ky=1+ ”0"2 +eM1To | MaTo | o(M2+N1)To
No - + Ry (eM+M2)To _ 1) . ¢M2To
G Mo (Bt By ) e (2.58)
Ny + M,
Ko = My + ((Ro + Ry) - My + M) - 270, (2.59)

Analogously we may obtain

|V W (z1,t1) — VoW (z2,12)|

= [{f (p(t1,21)), 21 — p(t1,71)) — {f (p(t2,22)) , T2 — P (L2, z2))|

< Kf (p(t1,31)),21) — {f (P (t2,22)) , T2}
+ (f (p(t1,21)), p (t1,71)) — (f (p(t2, 22)) , P (22, 72))|

< Kf (p(t1,21)) = £ (p(t2,22)) , 21} + [{f (P (E2,22)) , 1) — (f (p (t2, 22)) , 22}
+ [{f (p(t1,21)),p (t1,21)) — (F (P (t2,72)) , p (b1, 1))
+ [(f (p(t2, 72)) , p (t1,21)) = (f (P (t2,22)) , P (t2, 72))]|

< lzgfl - N1 - llp (t1, 21) = p (b2, 22) || +11f (P (b2, 22))] - 2 — 2]
+ lp (b1, z1))) - Na - Jlp (1, @1) — p (B2, 22) || + || f (R (t2, 22))| - [|p (21, 21) + p (t2, z2)|

< (Ro- €M™ 4 My + Ry - Ny - €M + My - €M) - iz — 23l
+(R0-N1-M1+R1-N1-M1+M12)'|t1 —~tg].

The last relationship shows us that the derivative V,W (z, t) satisfies to Lipschitz condition with
the following constants:

L1 = (Ro+Ry) - M7 4 My - (1 4+ M) (2.60)
L2=M1‘(R0'N1+R1'N1+M1). (2.61)

Thus we proved that if constants 8o, 8; for the iterative procedure (2.4),(2.5) satisfy the following
inequalities:

1
~K1'ﬂo+Z(K2+L1)'ﬁ1<1,

N N

1
'Ll'ﬁ1+Z(K2+L1)'ﬂo<1,

where constants Ki,Ka, L1, Ly were defined in (2.58)—(2.61), that for the appropriate initial
approximation pair {zo,tp}, successive approximations {x,tx} converge.
2.6. Determination of the Required Initial Approximation

The reasonings given below have a heuristic nature and may be used only as a recommendation.
Consider one parameter family of autonomous systems
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d
d_’: =h(z;)), (z€R" 0<A<1) (2.62)

having the following properties:
(1) h(z;1) = f(z),
(2) for every value of the parameter A, the system (2.62) has an isolated cycle I'y, continuously
depending on A,

(3) the cycle I'g for the system

Z—f = h(z;0) (2.63)

is known.

Under these assumptions for finding the parameters a, b and the initial approximation {z¢, %o}
for the iterative procedure (2.4),(2.5), we may be use the following consideration.
Divide segment [0, 1] with the help of points A1,..., Ax so that

O< A< dp< < 1 < e <1,

As far as the cycle T'g for system (2.63) is known, we may find a vector ap and a number by such
that the hyperplane {ag, ) = bp intersects Tg transversally. Then, for arbitrary A; from the small
vicinity of zero, this hyperplane will transversally cut the cycle I'y, for the system

%"’ti —h(z;\). (2.64)
For tracing the cycle I'y, for system (2.64), we suggest using an analog of the iterative procedure
(2.4),(2.5) with the initial pair z¢ = z*, to = Tp, where z* is an arbitrary point of I'y, and T is
the period of I'g. Moreover, we recommend choosing the parameters ag, by, as was done in the
previous section.

After obtaining a good approximation of the cycle I'y, we have to repeat the procedure for

tracing a cycle Iy, for the system

dzr
i h{z;A2). (2.65)

After m iterations, we may obtain good approximations of parameters a,b and an initial pair
{z0,t0} which are appropriate for tracing the required cycle I in system (2.1).

3. APPROXIMATING UNSTABLE CYCLES IN NONLINEAR
DELAY SYSTEMS

The problem of evaluating periodic solutions for ordinary differential equations is well known.
There are a lot of different methods for approximating periodic solutions: the harmonic balance
method, the method of finite differences, the method of mechanical quadratures, and the col-
location method. The rates of convergence for these methods and the ranges of their validities
were studied in various papers [2-4,8-11,13,14]. The problem of evaluating periodic solutions in
delay systems is more complicated than the similar problem for ordinary differential equations,
and has specific features.

3.1. Abstract Theorems for Convergence

Let H be a real Hilbert space with a scalar product (u,v). Suppose f(u) is a Frechet differen-
tiable functional, the gradient V f(u) satisfies the Lipschitz conditions and Browder condition (S).
(S)-condition: if the sequence u, weakly converges to the point ug and

'En;(w (tn) 2 — ug) <0, 3.1)
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then u,, strongly converges to ug and
lim |lu, — ul| = 0. 3.2)
n-=00

Suppose that the point u* € H is a minimum of the functional f. Consider the following
procedure for approximating the point u*:

Unt1 = Up — TV f (Uy), n=0,1,.... (3.3)

Let «* be a unique critical point of functional f(u) in the ball B(r) = {u € H : |u|| <r}. By L
denote the Lipschitz constant for the gradient V f(u) of the functional f(u) on the ball B(r). In
Section 2, the following theorem was proved.

THEOREM 3.1. Suppose the control parameters 7y, in procedure (3.3) satisfy inequalities

2
OSaSWnSf,

and the initial approximation ug in (3.3) is sufficiently close to u*. Then, iteration scheme (3.3)
converges to uyp, i.e.,
lim |u, —u*|| =0. (3.4)

n—0o0

Theorem 3.1 will be used in the future for the proof of iteration scheme’s convergence. In the
space H, we consider the equation
u = A(u), (3.5)

where the operator A : H — H is completely continuous and differentiable; its Frechet derivative
A’(-) : H — H satisfies the Lipschitz condition

lAu1) — Al gmy S L llur —u2llg - (3.6)
Now, solving equation (3.5), we find the minimum points of functional
Flw) = 5 -~ AGw)I. (37)
LEMMA 3.1. Let the operator (I — A’(u1))* be a positive definite at the point uy € H, i.e.,
((I = A (u1))" b, k) > a- (h,h), a>0, he H. (3.8
Then the gradient V f(u) of the functional f(u) satisfies condition (3.5) in a ball
B(r,u;) ={u € H: |us —ug| <r}.

PROOF. Suppose

K= sup [JA(u), (3.9)
uGB(l,u;)
r=min(1 a (3.10)
- 2L(1+{wm||+ K) /)’ '

Now, we prove that the gradient V f(u) of the functional f(u) satisfies the Lipschitz condition in
the ball B(r,u;). The gradient V f(u) of the functional f(u) is Vf(u) = (I — A'(u))*(u — A(u)).

CAMA 34-2/4-L
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Because the Frechet derivative A’(u) of operator A(u) is continuous, we can always decrease the
radius r of the ball B(r,u,), and without loss of generality, we can suppose that

sup  {((I— A (u1))" h,h) > a- (h,h), he H. (3.11)
u€B(r,u1)

Suppose the sequence u, € B(r,u;) weakly converges to some point ug. The sequence A(uy)
is compact by boundedness of the sequence u, and complete continuity of the operator A(u). So,
without loss of generality, we suppose that the sequence A(u,) converges to some point v € H:

Jim A (un) =] =0. (3.12)
By virtue of (3.9),
vl < K. (3.13)
So, we get
(Vf (un),un —uo) = {( = A" (un))" (un — A (tn)),un — uo)
=(I-4A (un))” (tn — up) , un — to)
+ <(I -4 (un))‘.r (U‘U - A(up)), tn — u0>
= ((I = A" (un))" (tn — o), Un — o)
+{(I = A" (un))" (o — v) , up — u0)
+ <(I - A (un))* (’U -A (un)) yUn — u0> .
Estimating each of the terms in the right-hand side of the latter expression, by (3.11) we get
(I = A’ (u1))" tp = 0, n — o) < a- flus — ua||” . (3.14)
Further, by (3.10)
[{(I = A" (un))" (0 — v) ,un — u0)| = [{( = A’ (o))" (w0 — v) , tn, — uo)]
+ [{(4' (u0) = A (un))" (w0 — v) ,n — uo)|
S en + | (A" (u0) = A" (un))"| - w0 = vl - lum — waol

3.15
< en+L- llun — ol - (fuoll + o) (3.15)
< e+ L-lun— ol (1 + flua + K)
a 2
S5n+§‘”un"u0” ,

where
en = [((I - &' (u0))" (w0 — v) , un — uo)|,

and by weakly convergence of uy, to ug,

lim e, =0. (3.16)

Finally, by (3.12)
Jim [{( — A" (un))* (v — A (tn)) , tn = uo)|
<lim sup |[(I—A (u)']|llv—Aun)ll-7=0. (3.17)

n=00 y&B(r,u*)

From (3.14)—(3.17) we get

(V£ (un) s tn = U0) 2 8 + 5 - fun — ol (3.18)
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where
nlggo 6, — 0. (3.19)
Therefore, if
Jim (Vf (un),un - ug) <0, (3.20)
then, by (3.18) and (3.19)
Jim Jlun —uoll = 0. (3.21)

This completes the proof of Lemma 3.1.

Let u* be an isolated extremal of functional (3.7) realizing its local minimum. Let L be the
Lipschitz constant for the gradient V f(u) of the functional on a ball B(r,u*). Consider a gradient
procedure for approximating the minimum »* of the functional f(u):

Ung1 =Un — Yo (T = A (ua))" (un — A (un)), n=0,1,.... (3.22)

From Theorem 3.1 and Lemma 3.1, Theorem 3.2 follows.

THEOREM 3.2. Suppose the control parameters v, of gradient procedure (3.22) satisfy inequal-
ities 9

0<a<m<, (3.23)
and the initial approximation ugy of algorithm (3.22) is sufliciently close to u*.
Then, the convergence
nllrrgo |t —u*]| =0 (3.24)

is valid.
3.2. Periodic Solutions of Delay Systems

In this section, Theorem 3.2 is applied to the proof of a convergence for the iteration scheme
of approximating periodic solutions for delay systems.
Consider the problem of finding periodic solutions for the equation

dz(t)
_C-lT = ax(t) + f(:l,'(t - h’)), (325)‘
z(s) = 9(s), —h <s<0.

By p(t;9(s)) we denote the solution of equation (3.25) with initial condition ¥(s), —h < s <0,
and by F, we denote the space of initial conditions for (3.25). The operator

U(t;9() = p(t +59(s)), —-h<s<0, (3.26)

is called the translation operator along solutions of equation (3.25). The translation operator is a
mapping E x Ry — E. The problem of finding periodic solutions of equation (3.25) is equivalent.
to the problem of finding initial conditions ¥(s) and a time ¢ such that the operator U(t; ¥(s))
has a fixed point.

Let us choose some function ¢(s), —h < s <0, and consider the functional

2

0 0
®(t; 9(s)) = % /;h(ﬁ(s) —U(t;9(s)))? ds + % . ([-h p(s)d(s)ds — t) . (3.27)

Obviously, the points of global minimum of the functional are the approximate solutions for the
periodic problem. In this case the first component 7* of the minimum point {T™*,9*} is a value
of the period, and 9* is its initial condition.
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Let us use a gradient method for solving a minimum problem with functional (3.27). By direct
calculations, we get

0
Vo®(t;9(s)) = (I-Ug(t; 9(s)))" (9(s) ~ U (£;3(5))) +1(s) ( / p(s)d(s)ds — t), (3.28)

0 0
Vi®(t;9(s)) = —/h(ﬂ(S) = U(t; 9(s))) Uz (t; 9(s)) ds — (/h p(s)0(s) ds - t>, (3.29)

where
Ug(t;9())7(s) = e*+9)7(0) + /_ sh e+ £(p(t + pu — h; 9(s))) 7 (1) dps, (3.30)

0 0
v2(t9(6) = - [ (906) - Ui o6)ds - [ o(opptsras=t). @3y
The conjugation operation in (3.28) demands an extension onto Lz[—h, 0] space. This extension
is connected with an introduction of distributions. Therefore, at first, we make a regularization
of operator’s derivative to simplify the numerical realization of the gradient procedure, then we
use a conjugation operation for regularized operator in (3.28). Suppose

Ac(t;9(8)) = 0(8) — p(t + 5;9(s)) — Be[9(s) — p(t + s;9(s))]

0 3.32
- clo(e) - pte + ;96N +o0) ([ wtspoas—e),
where the linear operators B, and C' are defined by formulae
1 0
—e"'*/ e dp, for —e<s<0,
Blg(s)| =4 ¢ J-n o(u) d (3.33)
0, for —h<s< —g,
and
0
Clg(s)) = / ok £ (p(t + p — h; 9(s)))g(1) dp, (3.34)

where £ > 0 is a parameter of regularization.
The iteration scheme of approximating the minimum points for functional (3.27) is the follow-
ing:
"9n+1(3) = 19,1(3) —Tn: Asn (t; 19(3))’

3.35)
totl = tn — Ve 2(t; 9(8)). (

The next theorem follows from Theorem 3.2.

THEOREM 3.3. Let z*(t) be a periodic solution of equation (3.25) with period T*. Suppose the
pair {T*,9*(s)} is the isolated critical point for functional (3.27) over the solution z*(t), and
with some a and 3, the inequalities

/ ’ (p(s), 2" (s +a)) ds <T%, (3.36)

~h

/ 0 (p(s),z*(s + B)) ds < T, (3.37)
-k

hold.
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Suppose, in addition, that control parameters v, and pyn, in (3.35) satisfy inequalities
0<ay <y, £ by, (3.38)
0<as <, < by (3.39)
the initial condition {to,Yo(s)} satisfies inequalities
lto — T™| < 61, (3.40)
_max [9"(s) = do(s)| < 62, (3.41)

and finally, numbers by, bo, (51, B2 are sufficiently small, and

lim e, = 0. (3.42)
n-—+00
Then
lim |t, — T*| =0, (3.43)
n—oo
nler;o _max (9% (s) ~ 9.(s)| = 0. (3.44)

4. PARAMETER’S FUNCTIONALIZATION METHOD FOR
APPROXIMATING CYCLES IN AUTONOMOUS SYSTEMS

The problem of evaluating periodic solutions for autonomous systems as compared with the
same problem for nonautonomous systems has some specific features.

First, a period of an autonomous system is unknown a priori. Second, the periodic solution
for an autonomous system may be nonisolated; namely, if zo(t) is a T-periodic solution of the
autonomous differential equation

® - ), (41)
then all functions z,(t) = zo(t + k), 0 <t < T, are also T-periodic solutions for equation (4.1).
These two arguments essentially complicate the problem of evaluating periodic solutions for
autonomous systems.

The parameter’s functionalization method was proposed in [11] for a qualitative analysis of an
autonomous system.

Let us recall a procedure of this method. Consider an equation
L;—:: =X f(z). (4.2)
Obviously, the problem of searching T-periodic solution of equation (4.1) is equivalent to the
problem of finding values of A such that equation (4.2) has a periodic solution with fixed period 1.
The latter problem, in turn, is equivalent to locating the values of parameter A such that an
integral equation

t
z(t)=z(1)+ A /0 f(z(s)) ds, (4.3)

has a solution.
The parameter’s functionalization method is based on substituting integral equation (4.3) by
equivalent integro-functional equation

2(t) = 2(1) + Mz(®)) - /0 f(a(s)) ds, (4.4)

where A(z) = A(z(t)) is a functional. Equation (4.4) does not include a parameter.
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Moreover, if function zp(t), 0 < ¢ < 1, is a solution of (4.4), then function zo(Tot) is a
Ty-periodic solution of (4.1), where
To = A (20 (¢))-

Note that solutions of (4.4) are in most cases isolated.

Thus, the parameter’s functionalization method reduces the periodic solutions problem for
autonomous systems to the problem of evaluating isolated solutions for an equation which does
not include any parameter.

In this paper, the parameter’s functionalization method is applied to the problem of the approx-
imating of cycles for autonomous systems. For this purpose the combination of the mechanical
quadrature’s method and the Newton method is used.

4.1. Description of Algorithm

Suppose equation (4.1) has a periodic solution zo(t) with period Tp. Then the function z;(t) =
zo(Ty 1t) is a solution of integral equation (4.3) with A = Tj. Note that, for this A, all functions
zp(t) = 21(t + h), 0 < h < 1 are solutions of equation (4.3).

Choose the functional A(z) in (4.4) in the form

1
Na) = [ (ats)z(s)) ds, (45)
0
where a(t), 0 <t < 1, is a vector-function; and (-,-) denotes a scalar product. The equation
1 1
o) = a(1) + [ {a®)a(e))ds- [ S(als))ds, (46)
0 0

is solvable, if the function a(t) is such that the scalar function
1
a(h) = / {(a(s),z1(s + h)) ds — T, 0<h<1, (4.7)
0

is alternating in sign over the interval [0, 1].
In this case, the function
z*(t) =z (t + h*), (4.8)

where h* is a zero of scalar function c(h) over [0, 1], is a solution of (4.6).

In practice, in most cases, the vector-function a(t) determining functional (4.5) may be a
constant vector a € RV,

Choose a discretization for equation (4.6) by the mechanical quadrature’s method. Let oy,
«++y Omm be positive real numbers and

0<tim <+ <tmm =1,

be points of the interval [0, 1].
Define a quadrature process by the sequence of quadrature formulae

/1 z(s)ds = iajmz (tim) + Rm(z), m=1,2,.... (4.9)
0 =1

Here the numbers iy, ..., @mm are the coefficients and points ¢, ...,tmm are the nodes of
quadrature formula (4.9). The difference

1 m
R.(z) = /0 z(s)ds — Zajmz (tjm) (4.10)

=1

is a remainder term of quadrature formula (4.9).



Approximating of Unstable Cycle 351

DEFINITION 4.1. Quadrature process (4.9) is called convergent if for each continuous func-
tion z(t)
lim R,,(z)=0. (4.11)

MO

For example, the quadrature process defined by rectangular formula with uniformly distributed
nodes, i.e.,

. k=1,...,m, (4.12)
. k=1,...,m, (4.13)

is convergent.
Let us fix a positive integer m and denote by £; € RY successive approximations for periodic
solution z*(¢) in the nodes tky,
& =¥ (thm) - (4.14)

Substituting integral (4.6) by finite sums (4.9) without the remainder term, we get a system cf
equations

LL=En+ Zakm ' (a';cn:Ek) : almf(gl) s
k=1

E2=Lm+ D okm (a7 &) - (amf (§1) + 2mf (€2)),

k=1 (4.15)
m m
m=Em+ > m(QF &) Y thmf (k)
k=1 k=1
where a}* are the values of vector-function a(t) in the nodes tiy,.
System (4.15) is a system of mN scalar linear equations with mN variables {jk, 7 =1,...,N;
k =1,...,m. The variables §;. are the components of vectors
37
&= |, k=1,...,m (4.16)
Enk

Let us use a Newton method to solve system (4.15). For this system, a procedure of the Newton
method is the following.
Successive approximations £f, n = 0,1,..., to the solution &; of system (4.15) are

et = €7 —yp, k=1,...,m; n=12,..., (4.17)

where y? are solutions of linear system
Yk !

m 01 (&) o &
OF 08 i (€)D"t (a7 0E) i G073 (0 8)

—er—En - FED) S o (T 1) 45 — 4 — (Camf (1) + a2 (€5)) - S ko (0, 40)

k=1 k=1
af (&7 of (&% =
- (can et + am g )5 e (7.2
= €5 — €8 — (oumf (€F) + camf (63)) - D_ okm (A}, ), (4.18)

k=1
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Y — U — (Zakmf(az:))-(xakm (", ) ) (Za af (sk) ) (zakm % ,fk>)
k=1 k=1
=& —&m - (Z km f (5;:)) : (Z Okm <a;:‘,sz:>) :

In (4.18) by if_é%;'), we denote the Jacobian of the map

fl (mla'-',xN)
f(z) = : ; (4.19)

fN(zlv-":xN)

at the point

3
g= |, (4.20)
Enk
e Bfy (€0, .., EYL) 3f1 (€, -+ ERe)
OfEp) _ 91 o Ozw . (4.21)
92 OfN (Es - -+ ERk) D1 (€10 ERue)
£ v dzy

4.2. Convergence’s Proof

The proof of convergence for the above algorithm is based on the following statements.

Let the right-hand side of equation (4.1) be continuously differentiable function of its argu-
ments. Suppose equation (4.1) has a Tp-periodic solution zg(t) and the corresponding orbit is an
isolated cycle in the phase space RY. Suppose

z1(t) = 2o (T71t), (4.22)

and by h* denote a zero of function (4.7) over the interval [0, 1].

PROPOSITION 4.1. Suppose

1 .,
[ (a6 £ o1 (o+ w0 s #0, (4.23)

Then the function
z*(t) =z (t+ h*), (4.24)

is an isolated solution of equation (4.9} in C([0,1]).
Consider the linearization of equation (4.1) along the solution xo(t):

dy _
i "(zo(t)) y. (4.25)
By p1,..., 1N, denote the multiplicators of equation (4.25). Because equation (4.1) is autono-

mous, there is the multiplicator 4 = 1 among them.

PROPOSITION 4.2. Let p = 1 be the simple multiplicator of equation (4.25) and the other
multiplicators do not lie on the unit circle. There exists € > 0 such that for a sufficiently large m,
there is a unique solution

£ ={€Ivv6:n}
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of system (4.15) in the ball

Be,n*)={£eR ™ |¢ —n"| <€}, (4.26)

and
Jim (e |z* (tkm) — &kl = 0. (4.27)

Here

N ={z" (tym), ..., T" (tmm)} . (4.28)

In addition, if m is sufficiently large and the initial approximation £° = {€?,...,£%} of method
(4.17) is fairly close to the solution £* = {£7,...,&},} of (4.15), then the linear system (4.16) is
solvable and the convergence

lim ||§" - €| =0

n—oo
is valid.
Proofs of Propositions 4.1 and 4.2 are based on the global theorems from monograph [8].

5. BIBLIOGRAPHICAL COMMENTARY

A large portion of the bibliography is devoted to iteration schemes for approximate computa-
tion of solutions of nonlinear systems. There is the literature on basic directions of this theory
in the references of monograph {14]. Papers [11,15-17] are devoted to some results for the ap-
proximate evaluation of oscillating regimes in the autonomous systems. One may see theorems
on convergence of projective methods for approximate evaluation of auto-oscillations in [8].

A large portion of the bibliography is devoted to the analysis of approximate procedures as
the gradient descent method (see, for example, [18-21] and the references therein). The proof
of convergence for the simple iteration methods in the case of regular critical points was given
in [22]. In the paper [23], the convergence for the method of steepest descent under (S)-condition
was proved. (S)-condition was introduced by Browder [24]. In [25], Skrypnik independently has
formulated (S)-condition for solvable boundary-value elliptic problems. Classes of operators with
properties like (S)-condition were considered in [26,27).

The algorithm of approximating cycles for nonlinear systems is based on three methods: the
parameter’s functionalization method, the mechanical quadrature’s method, and the Newton
methods,

The parameter’s functionalization method was proposed in [11]. The detailed description of
this method and of its applications for qualitative and approximate analysis of nonlinear systems;,
one may see in [8].

The mechanical quadrature’s method was studied in [28-35]. In [13,14], this method was
applied to approximating periodic solutions of ordinary differential equations. There are applica-
tions of the mechanical quadrature’s method for approximate solving general integral equations
in [6,36,37].

The Newton method is well known and was described in several monograph and handbooks.
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