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Abstract—Of concern is the Cauchy problem for semilinear integrodifferential equations with
nonlocal initial conditions. Under general and natural hypotheses, we establish some new theorems
about the existence and uniqueness of solutions for the Cauchy problem. As a consequence, we unify
and extend the corresponding theorems given previously for the Cauchy problem for differential
equations or integrodifferential equations with nonlocal initial conditions. Moreover, we present two
examples, one of which comes from heat conduction in materials with memory, to show that the
existing results are not applicable to them, in contrast with ours. © 2004 Elsevier Ltd. All rights
reserved.
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1. INTRODUCTION AND PRELIMINARY

Let X be a Banach space, L(X) the space of bounded linear operators from X to X, A the
generator of a Cy semigroup on X, D(A) the domain of A, and [D(A)] the space D(A) with the
graph norm.

Of concern is the following Cauchy problem for a semilinear integrodifferential equation with
a nonlocal initial condition:

u(t)=A {u(t) —l—/ F(t — s)u(s) ds] + f(t, u(t)), t € [to,to + T,

to

(1.1)
uto) + g(t1, ..., tp, u) = uo,
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where {F(t)}iepo,r) C L(X) is a family of operators such that

F@)([D(A)) < [DA)), te[0,T],
AF(Ju() € LX([0,T], X),  u() € C([0,T), [D(4))), (1.2)
F()u e CY{([0,T], X), ue X;

f,) € C{fto,to +T] x X, X) and
£ z) = fE I < Lz -yl t€[to,t0+7), z,y€X, (1.3)

for a constant L > 0 and 0 < tg <y < --- <t < tg+T. The X-valued function g(t1,...,tp,-)
on C([to, to + T, X) satisfies

lofts,--- b 8) = 0(t1,-. )] < K _max 0(6) = 0(0)] »

¢, ¢ € C([to, to + T, X),

for a constant K > 0.

Interest in the Cauchy problem for differential equations with nonlocal initial conditions stems
mainly from the observation that nonlocal initial conditions are more realistic than the usual
ones in treating physical problems. From [1] and the references given there, one can find more
detailed information about the importance of nonlocal initial conditions in applications. There
have been many papers concerning this topic (cf., e.g., [1-7] and references therein), especially
since the work [1] in 1991.

However, much of the previous research was done under the condition “M (K +TL) < 17 or its
analogues (cf., e.g., [1,3,6]). This condition turns out to be quite restrictive. In particular, limited
by it, the results obtained for nonlocal problems cannot cover the classical results regarding the
case when F' =0 and g =0, i.e., the following differential equations with usual initial conditions:

u(t) = Au(t) + f(t,u(t)) (io <t<to+T), u(to) = up (1.5)

(cf. [8, Chapter 6]). Thus, there naturally arises a question: “Can the condition above be relaxed
in such a way that the results for nonlocal problems cover the corresponding ones for (1.5)7” In
this paper, among others we will give an affirmative answer to this question (see Corollary 2.2(1),
Theorem 2.7, Remark 2.3(c), and Remark 2.9(a)).

In Section 2, we first study the existence and uniqueness of solutions for a general integral
equation ((2.3) below), and then investigate the corresponding problems for (1.1). The theorems
formulated are unifications and extensions of those given previously for the Cauchy problem for
differential equations or integrodifferential equations with nonlocal initial conditions. As the
reader will see, the hypotheses in our theorems are reasonably weak and the proofs provided are
concise. Moreover, following every main result, we append a remark with a detailed analysis
of how the result extends and improves the known ones. Finally, in Section 3, we apply our
theorems to two concrete problems, one of which comes from heat conduction in materials with
memory. It is shown that the existing results are not applicable to them, in contrast with ours.

To begin with, we recall that there is a strongly continuous {R(t)}:cjo,r; C L(X) such that
R(0) = I, R(Jy € CY([0, 7], X) N C([0, 7], [D(4))) (y € D(4)), and

%R(t)y =A [R(t)y + _/0 F(t —s)R(s)yds w9
= R(t)Ay + /t R(t — s)AF(s)yds, te[0,77],
0

(ct. [6] or [9]).
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DEFINITION 1.1. A mild solution of (1.1) is a function u € C(lto,to + T), X) satisfying

u(t) = R(t — to)[uo — g(t1,. .., tp,u)] + /t R(t — s)f(s,u(s))ds,

te [to,to + T]

(1.7)

A classical solution of (1.1) is a function
u € CY([to, to + T, X) N C([to, to + T}, [D(A)])
satisfying (1.7).

2. RESULTS AND PROOFS

Assume that
(H1) {S(t)}tejo,r; € L(X) is a strongly continuous family, and IS@)] < Me=* (¢ € [0,T)),
where M and w > 0 are constants;
(H2) A : C([to,to + T}, X) — X and there exists a nonnegative function ® on C([to,to +
T71,[0,00)) satisfying
O(kp) <k®(n), Vk>0, wpeC(lto,to+T],[0,00)),
s 2 € C([to, to +T1, 10, 00)), 2.1
B(1m1) < B(a), v{u% p2 € C([to, to + T1, [0, 00)) (2.1)
with 4 () < pa(t) (¢ € [to, 0 + T1),
such that
1a() = A < ®(llo = #l), 4,9 € C(lto, 20 + T1, X). (2.2)

We first look at a general integral equation
t

v(t) = S(t — to)(ug — h(v)) + / S(t—s)f(s,v(s))ds, t € [to,to + TJ. (2.3)
to

THEOREM 2.1. Let (1.3), (H1), and (H2) hold and M®(eML~)(=%)) < 1. Then, for allu € X,
(2.3) has a unique solution v € C([to, to + T, X).

Proor. Let u; € C([to,to + T, X) be fixed, and u1,0 = ug — h(u1). Define an operator F on
C(lto,to+ 17, X) by

(Fu)(t) = S(t - to)uro + t S(t—s)f(s,u(s)) ds, t € [to,t0 + TV (2.4)

to

Clearly, F(C([to,to + T}, X)) C C([to,to + T],X). By a standard argument, we see that F has
a unique fixed point uy € C([to,to + T, X). Using mathematical induction, we infer that there
exists a sequence {un }oey C C([to,to + T, X) such that

t
un(t) = St —to)un—1,0+ [ S(t—8)f(s,un(s))ds, tefto,to+T], n=2, (2.5)
to

where
Un—1,0 = Uo — A(un-1). (2.6)

A combination of (1.3), (H1), (2.2), (2.5), and (2.6) shows

“us(t) ~ua@)] < < MB(ur() Q)+ ML [ e fua(s) ~uas)lds, b€ froto +T]
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By Bellman-Gronwall’s inequality,
[lus(t) — uz(t)|| < MM (flug(-) —wa()l), £ € [toto +T)-
Using (2.1) and mathematical induction, we have for each t € [to, o + 17,
Jun(®) = s ()] < MM (11 (M=) B(fua() ~wa (), 23,
According to the assumption, we obtain for any m >n > 3

llum(t) — un(t)]

t€(to to
_ztegﬂzﬂc b0 =0}
m~—1 §—2
< max {M, Me(ML—w)(T-—tg)} &(Jluz(-) — us()]) Z (Mq) (e(ML—w)(-wto))) —s 0,
as 1 — oQ;

that is, {u,}52., is a Cauchy sequence in C([to,to + T, X). Therefore, there is a u € C([to,to +
T}, X) such that
nlirgo un () = u{t), uniformly for ¢ € [to, %0 + T1.

This together with (2.4)—(2.6) implies that u(t) is a continuous solution of (2.3).
Let u(t) and v(t) be the solution of (2.3). Then, by (1.3), (H1), (2.2}, and (2.3),
e lu(t) — vl < e ME(|[u(-) —v()ll) + ML/ e llufs) —v(s)lds,  t€ [to,to+T],
to
which implies, by Bellman-Gronwall’s inequality and (2.1}, that

Ju(t) —v(e)]| < M=) (3@ (PME=6=0) )" g(ju() —u(]),
t€fto,to+T], n=>1.

Letting n — oo, we have u(t) = v{t) on [to,to + T). This means that the solution of (2.3) is
unique,.

COROLLARY 2.2. Let (1.3), (H1), and one of the following assumptions hold.
(1) There is a constant K > 0 such that

Ih(¢) =R < K cphax o l1#() = ), (&9 € C(fto, 2o + T], X)),

and KMeTmax{z\JL—w,O} < 1.
(2) There are constants K > 0, tg < ¢ < r <ty + T such that

1h() — R < Kfr l¢(s) —o(s)lds,  {($% € C(fto, to + T}, X)),
and
KM{r—q) <1, fML=w,

KM
(ML~w)(r—to) __ (ML—-w)(g—to) ;
ML_w(e e )<1, ML # w.

(3) There are ¢1,...,cp € C (the set of complex numbers) such that

I17(8) = R < D leillig(ts) — vl (6% € Cllto,to +T), X)),

i=1
and M}:f___l |ci|e(ML““-')(ii*io) <1.
Then, for all up € X, equation (2.3) has a unique solution v € C([to, to + T}, X).
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Proor. Applying Theorem 2.1 to the functions

[to,to+T]

B =K _max ps) S =K [ ps)ds, 80 = lelu(e),

respectively, we get the desired conclusions.
REMARK 2.3.
(a) The proof of Theorem 2.1 shows a way to compute the continuous solution of (2.3).
(b) Corollary 2.2(1) gives a generalization of [6, Theorem 3.2], because
(1) the operator family {S(-)} and the mapping A(u) in Corollary 2.2(1) are more gen-
eral than the operator family {R(-)} and the mapping g(t1,...,tp, u(t1),...,u(tp)),

respectively;
(2) if we let

to = 0, w =0, S(-) = R(+), h(u) = g(t1, ..., tp, ult1), ..., u(tp)),

then, Corollary 2.2 says that (1.10),(1.11) in [6] has a unique mild solution for any
ug € X provided MK < e"MTL. But, Theorem 3.2 in [6] is not applicable for any
K >0 when MTL > 1, since

MK+ MTL > 1, for any K > 0;

(3) for M,K,T,L > 0, the inequality MKeMTl < 1 does not imply M(K +TL) < 1
even if MTL < 1 (for example, let MK = 3/4 and MTL = 1/4, then MTL < 1
and MKeMTL < 1, but M(K + TL) = 1), however, the converse holds, in fact, for
M,K,T,L > 0, the inequality M (K + TL) < 1 implies

MEKeMTL « MKel=ME 1,

by noting that the function & — £e'~¢ is increasing on [0, 1].
(¢) Corollary 2.2(1) covers naturally and directly the “existence and uniqueness” part of [8,
p. 184, Theorem 6.1.2], because if A = 0, then K = 0 which means that the assumption
K MeTmax{ML-w,0} <1 always holds.

Using the idea in the proof of Theorem 2.1, we can also get the following theorem.

THEOREM 2.4. Let A generate a strongly continuous semigroup {T'(t)}i>o. Write Qp = {u;
u € X and |jul] <7} (r > 0). Assume that

(i) there exists a constant Lo > 0 such that
“f(t,.’l?) - f(tvy)H < LOHI - y”v te [t07t0 + T], z,y € Oy

(ii) there exists a constant Ko > 0 such that

”g(tlv . 7¢) ——g(tla---atpad})” SKOtE[glaX “Qs(t) ¢(t)”7 QS’,‘J)E C([t0>t0+T]7QT)7

(iii) the inequality Mo(||uo|| + G+ T(rLo + F)) < r holds with

MO = se[to to+T] “T(S)“ = E[t Jto +T ”_f(S 0)”

and G := SUDgec((to,to+T],%) lg(ti,-- -\t D)5
(IV) MoKoeMoTLO < 1.
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Then,
U/ (t) = Ault) + f(t,u(t), to<t<to+T,
u(t()) -f—g(tl, . ,pr,'u,> = ug,
has a unique mild solution u € C([to,to + T, Q).

(2.7)

REMARK 2.5.
(a) Theorem 2.4 is an extension of [1, Theorem 3.1] for the same reasons in (1) and (3) of
Remark 2.3.
(b) The conclusion of Theorem 2.4 is also true replacing Assumption (iii) with the following
weaker one.
(iii') The inequality Mo(|luol| + G + TFy) < r holds with
My = IT(s)ll,  Fo:= sup (s, ¢(s)II,

S*E[to *'°+T s€lto,to+T]4EC [to,20+T],0x)

and G 1= SUPgco(to to+11,0,) 19(t1; - -1 Tpy B)]-

For the case of h(-) taking the form h(¢) = 37, e;p(t;) for every ¢ € C([to,to + T, X),
c1,...,¢p € C, we present the following Theorem 2.6 which is sharper than Corollary 2.2(3).
Furthermore, this result unifies and extends both of [6, Theorem 4.3] and [3, Theorem 3.1] (see
Remark 2.9 below).

THEOREM 2.6. Let (1.3) and (H1) hold and for some c1,...,¢cp € C,
P
$)=> cd(t) (¢€C(lto,to+ T, X)).
=1
Assume that B = (I + 3.0_, ¢;S(t; — 1))~ € L(X) and

p
IBIM Y [esfembte) (ML) _ 1) <1,
i=1
Then, for all ug € X, equation (2.3} has a unique solution v € C([to, to + T}, X).

Proor. By the standard arguments, we see that for every = € X, there is a unique v,(-) €
C(fto, to + T, X) satisfying

¢
vp{t) = S{t — o)z + / S(t — 8)f(s,v,(s)) ds, t € [to,to + T (2.8)
to
Hence, .
valts) = S(ti —to)z + | S(ti—8)f(s,v0(s))ds,  i=1,...,p, (2.9)
to

and (1.3) implies that for every z1, 23 € X,
i
vz, (2) — vz, (1) < e Mljz1 — 22| + ML / €% vz, (8) — Vo, (s)| ds.
to

Thus, Gronwall-Bellman’s inequality shows that
vz, (£) — vz, ()] < ML)z gl 2,23 € X. (2.10)

Fix ug € X and define an operator G: X — X by

g:r:—Buo—Bzcz St —38)f(s,vz(s)) ds, zeX. (2.11)

=1 to
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Then, by virtue of (1.3) and (2.10), we obtain for every z1,z2 € X,

P t;
ngxl—-gmzuszuanijhz!j/ Me“E=IL [lug, (s) = vz, (s)] ds
i=1 to

14
= “B”MZ il t—to) (eML(ti—to) _ 1) 21 — ]|
i=1

This means that G is a contractive operator on X. Therefore, G has a unique fixed point z, € X.
Thus, from (2.11) and (2.9), it follows that

p
m*:uo—Zci (t; —to)z Zcz St —8)f (3,v5,(s)) ds
=1

P
=y — Zcivx* (t:)
i=1

This together with (2.8) shows that v, () is the solution of (2.3) as desired.
We now return to the nonlocal Cauchy problem (1.1).

THEOREM 2.7. Let (1.2)—(1.4) hold. Suppose that M and w are constants such that |R(t)|| <
Me=*t (t € [0,T)) and X := MK T max{ML-w,0} <1 Then, for every ug € X, (1.1) has a unique
mild solution wu.

Moreover, (1.1) has a unique classical solution provided

uo — g(t1,. .- tp,u) €D(A), e CY[to,to +T] x X, X). (2.12)

PrOOF. From Corollary 2.2(1) and the plain fact that a classical solution of (1.1} is also a mild
solution of (1.1), we deduce that (1.1) has at most one classical solution.

On the other hand, Corollary 2.2(1) says that for every up € X, (1.1) has a mild solution u(t).
Next, we show that u(t) is continuously differentiable on [tg,to + T]. The proof of this fact is
almost standard (cf. [8]). We give it here for completeness.

For s € [to,to + T and z € X, denote

0 3]
yl(S,fE) = "é;f(s?z)v y2(37$) = -0—:1:_)"(8,33) (213)
By (1.3), we have
e, ()] < o (214

and
f(s,u(s +0)) — f(s,u(s)) = ya(s, u(s))(u(s + o) — u(s)) + wi(s,0),

fls+o,u(s+0))— f(s,u(s + ) = y1(s,u(s + 0))o + wa(s, o), (2.15)

where lim,_,o(||wi(s, 0}||/o) = 0 uniformly on [to,to + T for i =1,2.
Let (2.12) hold. Then,

d
%(R(t —to)(uo — glt1,...,tpu))) € C([0,T7], X).
Thus, by the standard arguments we deduce that the integral equation

z(t) = {(—%(R(t —to)(uo — g(t1, ..., tp,u))) + R(t — t0) f(to, u(to))
+ /0 R(t — s)y1(s, u(s)) ds} + /0 R(t — s)ya(s, u(s))a(s) ds

te [tO»tO +T]a
has a unique solution z(t) € C([to,to + T, X).
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Making use of (1.7), (2.13)—(2.15), we obtain

w —xz(t) = %[R(t + 0 —tg) — R(t — to)][uo — g(t1,...,tp,u)]

—I—% ‘ R(t — 8)[w1(s,0) + wa(s,0)] ds

to

+ [ R s)lals,uls + )~ va(o,u(s)) ds (2.16)

to

1 to+0o
+——/ R(t 4+ 0 —s)f(s,u(s))ds — R{t —to) f(to,u(to))

T Jto

u(s+ o) —u(s)

. —z(s)| ds.

+ /t: R(t — s)ya(s, u(s)) [

By virtue of the fact that the norm of each of the four terms on the right-hand side of (2.16)
tends to 0 as o — 0, in conjunction with the Gronwall-Bellman inequality, we see that u(t) is
continuously differentiable on [to,to + T}, and its derivative is z(t). This implies that (¢, u(t)) €
C*([to,to + T}, X). Thus, by (1.6) and (1.7), we conclude that u(-) satisfies

u(t)=A [u(t) + tt F(t — s)u(s) ds] + f(t,u(t)), t € [to,to + T,

i.e., u(-) is the unique classical solution of (1.1).

Likewise, by Corollary 2.2(2),(3) and Theorem 2.6, we get the following result.

THEOREM 2.8. Let M and w be constants such that |R(t)| < Me=** (t € [0,T]), and let one of
the following assumptions hold.

(1) There are constants K > 0, g and r with to <q <r < to+ T such that

lg(t,. s tpy @) = gltrs- . tp, )| < K/T l#(s) —v(s)llds (8,9 € C([to, 20 + T, X))
and

KM(r—-¢) <1, ifML=w,

KM
(ML-w)(r—to) _ ,(ML—w)(ato) -
ML_w(e e )<1, it ML # w.

(2) For someey,...,cp €C,
P
9lt, .oty 8) =D _cd(t) (¢ € C(lto,to +T1, X))
i=1
Suppose that B := (I + Y %_, ¢;R(t; — to)) ™! € L(X) and

P
IBIM Y |eile™ o) (eML@i-to) ~1) <1 (2.17)
i=1
Then, the conclusions of Theorem 2.7 hold.

REMARK 2.9.
(a) Theorem 2.7 covers naturally and directly [8, p. 187, Theorem 6.1.5].
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(b) Theorem 2.8 unifies and generalizes [3, Theorems 3.1 and 4.3] and [6, Theorems 4.3 and 4.4].
Let us illustrate this point in detail.

(i) Specialized to the case of F = 0 and w = 0, Theorem 2.8(2) extends [3, Theorems 3.1
and 4.3]. Actually, in this case, inequality (2.17) becomes

p
IBIM D lei] (M54 —1) < 1. (2.18)
Suppose that the hypotheses in [3, Theorems 3.1 and 4.3] hold. Then,

P
MLT (1 +BlM D Ici|> <1. (2.19)

i=1
So MLT < 1, ||BHMZP lei] < (MLT)™t -1 (if MLT #0), and hence,

HBHMZ lel (MF% —1) < llBHMZ Jeat (MFT — 1)
i=1
< ((MLT)™ —1) (M —1) < 1.
Thus, (2.19) implies (2.18).
Clearly, the converse is not true.
Moreover, we mention that the assumption on initial data in [3, Theorem 4.3] was

Bug € D(A), B : R(t; — s)f(s,uls)) ds € D(A), i=12...,p (2.20)

to
Write wy 1= uo — Y 5_; c;u(t;). Then, by
1
ut) =Rt —tojur + [ Rit=9f(su(o)ds (€ ltoto+T)
to
and (2.20), we have

wy = BUO—ZQB/ R(t; — s)f(s,u(s)) ds € D(A).

=1

(ii) Taking to = 0 in Theorem 2.8(2), we get

14
IBIIM D lesle™% (eMI% —1) < 1. (2.21)
We say that (2.21) is implied by the hypotheses
P
w=ML>0, MY |efeME=)t <1, (2.22)
=1

given in [6, Theorems 4.3 and 4.4], and (2.21) is indeed much weaker than (2.22).
In fact, if o := M 7 |e;|eME=9)t < 1 then =M S7_, |e;le™* < 1. This implies
| 3% 1 ciR(t:)|| <1, so that B € L(X) and ||B|| < 1/(1 — ). Therefore,

P
||B||M; |esle™% (GML“ -1) < 1—}——(01 B8) < 1—1—-—(a —aff)=a<l.

This shows that (2.22) implies (2.21). On the other hand, for

= Z e R(t;)

i=1

<B<l, 1<a<l+4+8-7,

we have

1

IBIIM Y fesle™ (M4 —1) < T(a B) <
=1

i.e., (2.21) holds but not (2.22).

In addition, similar to Theorem 2.4, we have the following extension of [1, Theorem 5.1].
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THEOREM 2.10. Let A generate a strongly continuous semigroup {T'(t)}s>0. Assume the follow-
ing.
(i) The function f : [to,tq + T) x X ~» X is continuously differentiable and there exists a
constant Lg > 0 such that

I}f(tvx)“'f(t?y}n SLOHJ"J“‘?;‘H, te {tU:tO +T}1 $>y€Qr§

where Q,. is as in Theorem 2.4.
(i) The function g : [to,to + T1* x C([te,to + 1], X) — D(A) and there exists a constant
Ky > 0 such that

”g(tla""tm‘ﬁ)_"g(tl?"wtpﬂw)n < Ko W( ) TP(S)H, ¢’¢€O({t0>t0 +T}797‘)'

te[t t +T
(iii) The vector ug € D(A) and the inequality Mo(||uol| + G +TFo) < r is true for

My = max T(s y Fy = u i 5,0(3)[l,
* el Tl iR man

and G := SUPye o((to,t0+T1,0,) 191, -+ Tp D).
(iv) MoKoeMeTlo < 1.

Then, (2.7) has a unique classical solution.

3. APPLICATIONS

ExaMPLE 3.1. Let us consider an operator A on a Banach space X, which generates an analytic
semigroup {R()}+>0 on X such that

IR <™, [AR@)| < 7/ (62 0).

Clearly, the operator A = A — (1/3)I in the Banach space X = L?(R") with D(4) = H?(R") is
an example for such A and X. From [8,10-14], one can find many other examples.
Suppese that f : [0,3] x C([0, 3], X) — C([0, 3], X) is continuous with

I7t) Sl < Flo—yl,  tel03), myeX

and

9(1,2,¢) = *(75 1) - —¢>( ) (6€C([0,3], X))
Settg=0,T =3, L=w=1/3, M=1,p=2,¢1 =1/2, cp = —1/2, ty = 1, and t3 = 2. Then,

M - (M L—w)t; 1w 2(L~w)
o= Zlci]e =§(e +e )::1,

je=l
P
ety L _
ﬁzM;I@ie ' ~—2-<e 3 1e 2/3) <1

and

= —HR(2) Rl =3

Z ciR(ts)

i=1

1 [2es/? 1
<= < Ze 312,
< 2/1 p, ds < 5¢ In2

/ AR(s)d
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Hence,
B-v25e L -1 [(1+e'1/3) —an] >0,

and 1 =a <1+ f—~. By Remark 2.9, (2.17) holds. So the nonlocal Cauchy problem

W' (t) = Aut) + f(t,u(®))  (0<t<3),
u(0) +g(1,2,) = wo

873

has a unique mild solution u € C([0,3], X) by Theorem 2.6. But [6, Theorem 4.3] is not applicable

since o = 1; neither is [3, Theorem 3.1] since

P
MTL <I+M||B|| > [cil) =1+|B|| > 1.

i=1

EXAMPLE 3.2. Let Q be a bounded open connected subset of R® with C* boundary, and let o
and 8 be in C?([0, cc), R) with a(0) and B(0) positive. We consider an equation arising in the

study of heat conduction in materials with memory

(iiii) N (a(gm 61;0)1) (5%2)

*/ot (a'(t ’ 5)A —ﬁ’(tI— )1 > (iéi) dot (a(t%(t))) '

Set X = H}(Q) x L2(9),

A:< 0 ! ) D = (H?(Q) n HA:Q)) x HA(Q).

a(0)A —B(0)]
From [15], we know that A generates a Cp semigroup {T'(t)}:>0 on X with
IT@OIl < Me™,  ¢20,
for constants M,~ > 0. For any given | > 0 and each t € [0, 4{] set
F(t) = (Fi;(1))

where

Fll(t) = F12(t) = O, ng(t) /((g)).[

Fy(8) = =B'(6)] + B(0) Faz ().

Assume that

[ Fa2 @), [ Far (8] < me ‘ t e [0,4l],

IFL @ 1P < e™,  te 0,4,

Then, from [9, p. 344], it follows that the resolvent operator R(t) for (3.1) satisfies

[R@®)| < Me™/2,  te(0,4l]

(3.1)
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Suppose that a(t, ) : [0,00) x H3(Q) — L%(Q) satisfies
lalt,2) = alt, ) sy < srzlle — vy, @y e HY@), telo4l], (32

and define b(6) : C([0,4l], H}(Q)) — L3(Q) by
4l

2—¢)! (4—e)l

2
b(9) = (MD)~* </( (grad 8)(s)ds -I—/ (grad 6)(s) ds) , (3.3)

where £ < 1/2. Then, by virtue of Theorem 2.7, we infer that for each 8, € H3(Q), no € L*(Q),
equation (3.1) (for t € [0,4!]) together with the nonlocal initial data

0
(2&2;) () ( /( " (erad0)(s) ds + / " fgrado)(s) ds) = (iﬁ) (34)

2—¢)l (4—e)l

has a unique mild solution

(%DEO@AMWmXﬁm»

In fact, if we write

f(t,u):(a(zg)), for t € [0, 41), u:<f]>eX,

9(21, 41, ) = (b(%)) . forg= (z) € C([0,41), X),

then by (3.2) and (3.3),

1t w) = £ ) < 5rzllu—vl, wveX, tel04l,

3.5
lo(2,41,6) — (21, 4] < 2~ mex [60) ~ wCOl, B0 € C0, LX)

Clearly, A (in Theorem 2.7) = 2¢ < 1. Therefore, by using Theorem 2.7, we get immediately the
desired conclusion for any -y and [ > 0. Nevertheless, Theorem 3.2 in [6] is not applicable to the
nonlocal Cauchy problem (3.1) and (3.4) if 4! > (1/2)(1 —¢€) > 1/4. From (3.5), it is plain that
the larger - is, the larger the set of admissible f.
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