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Abstract

The group of volume preserving diffeomorphisms, the group of symplectomorphisms and the group of
contactomorphisms constitute the classical groups of diffeomorphisms. The first homology groups of the
compactly supported identity components of the first two groups have been computed by Thurston and
Banyaga, respectively. In this paper we solve the long standing problem on the algebraic structure of the
third classical diffeomorphism group, i.e. the contactomorphism group. Namely we show that the compactly
supported identity component of the group of contactomorphisms is perfect and simple (if the underlying
manifold is connected). The result could be applied in various ways.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

Let (M, ) be a contact manifold, i.e. M is a C*> smooth paracompact manifold of dimension
m=2n+1,m>3,and o is a C* 1-form on M such that @ A (da)" is a volume form. A con-
tactomorphism f of (M, a) is a C* diffeomorphism of M such that f*a = A ya, where A7 is
a smooth nowhere vanishing function on M depending on f. In other words, a contactomor-
phism f is a diffeomorphism whose tangent map 7' f preserves the C* contact hyperplane field
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‘H = kera. Notice that contactomorphisms of (M, «) are determined by the contact hyperplane
field H.

Let Cont(M, ) denote the group of contactomorphisms of (M, ), and let Cont.(M, ) be
its compactly supported subgroup. Observe that Cont(M, «) carries the structure of an infinite
dimensional Lie group (see, e.g., [9]). Then, in view of the local contractibility of Cont.(M, «),
its identity component Cont.(M, )¢ coincides with all f € Cont(M, o) which can be joined
with the identity by a smooth isotopy in Cont. (M, o). Our main result is the following

Theorem 1.1. The group Cont.(M, o) is perfect, that is Cont.(M, a)g is equal to its own com-
mutator subgroup.

Epstein in [4] proved that the commutator subgroup of a group of homeomorphisms satisfying
some natural conditions is simple. It is easily checked that Epstein’s conditions are satisfied by
Cont.(M, a)g (Section 10). Therefore we have

Corollary 1.2. If M is connected then the group Cont.(M, o) is simple.

The contactomorphism group is a classical group of diffeomorphisms. Since the well-known
results of Herman [8], Thurston [17] and Mather [12] on the simplicity of Diff..(M)o, r =
l,...,00, r #dim(M) + 1, the problem of the perfectness (or of computing the first homol-
ogy group) of groups of diffeomorphisms have been studied in several papers. First of all such
studies have been done on the classical groups of diffeomorphisms.

An essential feature of the geometry and topology of manifolds with a volume or a sym-
plectic form is the existence of invariants, called the flux homomorphisms. According to the
celebrated results by Thurston [16] and Banyaga [1] (see also [2]) the first homology groups
Hy (Diff.(M, w)o), where w is a volume or a symplectic form, can be expressed by means of the
flux homomorphism and other invariants, and they depend also on the compactness of the under-
lying manifold. Notice that the results and the methods of their proofs in both cases are similar.
In general, the compactly supported identity components of the volume preserving diffeomor-
phism group and the symplectomorphism group are not perfect. Note that Banyaga’s theorem
was generalized to the locally conformal symplectic structures in [7].

A basic reason that Cont.(M, «)g is perfect is the fact that in the contact case there do not
exist invariants analogous to the flux homomorphism and, consequently, a fragmentation property
holds in its usual form. In view of this fact Theorem 1.1 was conjectured, e.g. in [2]. A main
obstacle to find a proof similar to that of Thurston [16] is the lack of a canonical contact structure
on the torus 7™, a clue ingredient of a hypothetical proof by this method. Canonical contact
structures do exist, however, on the cylinders W = (SHE x R™* k=1,...,n+ 1, and this
fact is essential in our proof.

The fragmentation property (Lemma 5.2) is, in fact, an indispensable ingredient of the proof.
Nevertheless, it is probably not a sufficient tool to prove Theorem 1.1. My idea is to use
in the proof also a fragmentation of contactomorphisms in a neighborhood of the identity of
Cont, (R™, agr)o (Section 5). I call it a fragmentation of the second kind. An essential advantage
of such fragmentations is that the factors of the resulting decomposition are uniquely determined
by the initial contactomorphism. Moreover, the norms of these factors are controlled by the norm
of the initial contactomorphism in a convenient way.

The proof consists in an application of Schauder-Tichonoff’s fixed point theorem to some
operator in a functional space. The origins of this method were explained in Epstein [5], where
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it was used to give an alternative proof of the perfectness of Diff>°(M)o. We would like to
stress, however, that several parts of the proof for diffeomorphisms cannot be carried over to
the contact case and some new ideas and technical refinements in the proof of Theorem 1.1 are
indispensable. Our construction of a fixed point operator consists of ten steps (cf. Section 9) and
functional spaces on various domains must be considered in it.

A crucial step in the proof is the use of a rolling-up operator ¥4 defined in Section 8 (Propo-
sition 8.7). Such operators are used in [12] and [5], and analogous operators exist for the group
Cont.(R™, agr), but only with respect to the first n 4 1 variables. However, they are useless since
the property

VfedomWy), [Wa(f)]=Lf1 inH(Cont(R", ay),),

a clue part of the proof in [12], does not hold in the contact category for very basic reasons. In this
situation we construct a new rolling-up operator ¥4 for Cont.(R™, as)9 by means of auxiliary
operators acting on contactomorphisms on the subsequent contact cylinders W', k =1, ..., n.
An essential fact is that a “remainder” contactomorphism living on the last cylinder W,", | pos-
sesses a representant in the commutator subgroup of Cont. (R, s )o (Lemma 8.6). This ensures
the above property for ¥4. Such an argument is no longer true for Dift]. (R™)g and, consequently,
the proof of Theorem 1.1 cannot be carried over to the case of diffeomorphisms.

The contact topology and geometry are intensively studied nowadays, cf. [6]. Theorem 1.1,
which is a contact analog of the theorems of Thurston and Banyaga, could be possibly applicable
in various ways. In the last section we indicate two directions of such applications. The most
important seems to be the fact that due to Theorem 1.1 the commutator length is a conjugation-
invariant norm on Cont.(M, ot)g. For the significance of Banyaga’s theorem in the symplectic
topology, see, e.g., [14] and [3].

In Appendix A it is observed that the universal covering group of Cont.(M, o) is also perfect
by an argument similar to that for Cont.(M, o).

2. The group of contactomorphisms

Let M be a smooth manifold with dim(M) = m = 2n + 1 and let @ be a contact form
on M. A contact form « can be put into the following normal form. For any p € M there
is a chart (xg, X1, ..., Xy, Y1,---,Yn) : M DU — u(U) C R™, centered at p, such that «|y =
dxp — yrdx; — -+ — y, dx,.

The symbol X(M,«) will stand for the Lie algebra of all contact vector fields, i.e. X €
XM, ) iff Lya = uxa for some function uy € C>°(M), where L is the Lie derivative. Let
Xc(M, a) be the Lie subalgebra of compactly supported elements of X(M, «).

Let h € Cont.(M, @)g and {h;};c; be a smooth isotopy such that 4| = h, hg = id and each h;
stabilizes outside a fixed compact K C M. Of course, such a smooth contact isotopy determines
a smooth family of contact vector fields X; € X.(M, o), namely for p € M we have

oh
8—;(17) = X, (h:(p)). 2.1)

In fact, one has Lx,a = x,a with ux, = (91n Ay, /91)h; " where h*a = Ay, a.
Let X, denote the unique vector field satisfying ix, o =1 and iy, doe = 0. X,, is called the
Reeb vector field. A vector field X is called horizontal if ixa = 0. A dual concept is a semibasic
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form, i.e. any 1-form y such that y(X,) =0, and the duality is established by the isomorphism
do : X +— ix da. It follows the isomorphism of vector bundles

Io:TM > X — ixda +a(X)a € T*M. (2.2)

As a consequence we have the existence of the isomorphism Z, below (cf. Libermann [10]),
an important tool in the contact geometry.

Proposition 2.1. There is an isomorphism Ly, : X(M,a) — C®°(M) by To(X) = ixa. For H €
C*® (M) we have

I, (H) = HXq + (da) " ((ix, dH)a — dH).
We will deal with the standard contact form oy = dxg — Z?:l y; dx; on R™. Then we have

KXoy = Bx and dag; = ) dx; Ady;.
Notice that the isomorphism I, : TR™ — T*R™ is independent of the variables x;,

i =0,...,n. Likewise, the isomorphism Z,_, : X(R™, ay) — C*(R™) sends vector fields in-
dependent of x; to functions independent of x; and Vice versa.
Observe that H = ker(ay;) is generated by ¥; = T and X; = 5~ +yi%, wherei =1,...,n.

Next it is easily seen that dog (Y;) = —dx; and dog (X;) = dy, Every contact vector field X =
uoﬁ + 2?21 Uj 3%, + Upti d‘% € X(R™, ay) is identified by Z,, with the function H =iyoay =
uo — y_r_y yiuj € C*°(R™). Conversely, in view of Proposition 2.1 and the above equalities, we
have

n n
oH 0 oH oH\ 9
Xy = — — i— | —, 2.3
" < ;y >8x0 ;ay,- axi+;(8xi+yl8xo) i 2.3)

i

where Xy =7, tl (H) for all H € C*°(R™). Now we wish to specify some elements in
Cont,(R™, agr)o. The following contact vector fields on R™ and their flows will be of use.
Throughout we will often write x instead of (x, ..., x,) and y instead of (y1,..., yn).

(1) Let Hy be the constant function 1. Then X g, = aixo = Xg,, and its flow takes the translation

form Fl{io(xo,x,y)z(xo—i—t,x,y). (
(2) Put H;(xg,x,y)=—y; (i=1,...,n). Then Xp, = % and its flow consists of the transla-

tions Fl,Hi (x0,x,y) = (x0, x +t1;, y).
(3) Let Hy1i(x0,x,y) =x; (i =1,...,n). From (2.3) we obtain Xp,;, = 337 + x; ax . Hence

FI (x0, X, y) = (x0 + 1x;, X, y + 11;). ‘ ‘ ‘

(4) For H(xp,x,y) =2x0 — > iy Xiyi, we have Xy = 2x03670 + Z?:l(xiaix,- + y,-aiyl_), and
its flow assumes the form Fl (x0, X, y) = (e¥xp,€'x,¢e'y). By xq : R™ — R™, where
Xa(x0,x,y) = (a?xp, ax, ay), i.e. xa = Fl]n o> We will denote the resulting contact homo-
thety.

(5) Let H(x,y,2) = x0 — Y+ xiyi- Then Xz = Z?:Oxiaix,-’ and its flow satisfies

Flﬁ(xo,x y) = (e'xp, e'x, y). Let n, : R™ — R™, where n,(xo, x,y) = (axg, ax,y), i.e.

1o = FIZ  denote the resulting map.

Ina>
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Denote 7;,; = FI,H", i=0,1,...,n,and 0;; = FI,H”“, i =1,...,n. The supports of t; ;, o;,
Xa and 7, are not compact. But if we take the product of H;, H, or H with a suitable bump
function we will obtain elements of Cont.(R"™, s)9 Which are equal to the previous contacto-
morphisms on a sufficiently large interval. Abusing the notation we will denote all these elements
of Cont.(R™, as)o by the same letters as before. This ambiguity will not matter in the proof and
we will not mention it in the sequel.

Observe that the translations along the y;-axes are not contactomorphisms since they do not
preserve the contact distribution.

Proposition 2.2.

(1) A diffeomorphism f of R™ is a contactomorphism if and only if for f = (fo, f1,--- fon)
we have

2) If f € Cont(R™, ayy) is independent of x (i.e. a(gx id) _ =0) then Af =1 If in addition, f is
independent of x;, i =1, ...,n, then f,1;(xo,x, y) yjforj=1,.

Proof. (1) This is the equality f*as = X porg written in coordinates.
(2) It follows immediately from the first n 4 1 equalities. O

A crucial idea in the proof of Theorem 1.1 is to consider groups of contactomorphisms on
cylinders which admit standard contact structures. Let us denote

Wi = (") x R, 2.4)
and for a constant A > 0
EW = (8" x[—4, A", k=1,....n+1. (2.5)
It will be often convenient to write
Wr=R",  EQ =E,:=[-A, A" (2.6)
The coordinates of W will be written (&, &1, ...,&,, y1,..., Yu), where &; is the natural coor-
dinate on S! fori =0,...,k — 1, and & =x; fori =k, ..., n. For short, we will often write &

instead of (&1, ..., &,), that is the natural coordinates on W,i" will be denoted by (&g, &, y). On
the cylinder W}" we have the standard contact form given by oy, = d&g — y1 d&; — - -+ — y, d&,.
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If E C W the symbol Contg V)", ay;) stands for the totality of elements of Cont. V)", as)o
with support included in E. The description of a chart in Cont. (W}", a5 ) at the identity will be
given in Section 4.

Observe that the translations t; ; still live on W,i” whenever k <i <n.

3. Basic estimates

Let r be a nonnegative integer. For g € C*°(R™, R™") we define

|D7g|= sup |D"g(p)|=sup  sup  [D"g(p)(ur,....ur)| < o0,
peRm peR™ Juy|<1,...,|u, <1

where D’g = g. Next, for a diffeomorphism f € Diff>(R™) we put for any r > 0

’

w(f) = | D7 (f —id)]
M, (f) = max{ o (), 11 (F)s s it ()}

Iff=(f1,..., fr) then we define

Mr(f): Slupk:ur(fi)v Mr(f): SlupkMr(fi)-

We have w1 (f) <IDfI+ 1, IIDFI < i (f)+1and . (f) =D fll forr >2.Let EC R™
be a closed set. We define

Re = sup dist(p,R" \ E) < o0. 3.1
peE

Proposition 3.1. Let Rg < oo. If f is a diffeomorphism and supp(f) C E, then
H/r(f) < Cﬂr+l(f),
where r > 0 and the constant C depends on Rg.

In fact, the inequality is obtained by integrating partial derivatives of the map f — id.
Let f, g € C°(R™,R™) and r > 1. Then we have

D(fog)=(Dfog)Dg, (3.2

D'(fog)=(D"fog)(Dgx-xDg)+ (Dfog)D'g
+ D Citjiei(D' f 0 8)(D/1g x --- x Dig). 33)

It follows from (3.2) and (3.3) the equalities

D(f )= or (3.4)
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D (f ) =D(f)(D fofT)D(f") x - x D(f71))
+D(f7) Y Ciijioi (D f o f7) (DI (f7!) x - x DI(f71)). (3.5)

In (3.3) and (3.5) the sum is taken over 1 <i <r, 1 < js, j1 +---+ ji =r and C;,j, .. j are
positive integers. Note that in each term of the above sum there exists j; > 1.

Definition 3.2. By polynomials we will understand polynomials with nonnegative coefficients.

An admissible polynomial is a polynomial without constant and linear terms. Admissible
polynomials will be denoted by F with some indices. We will also consider polynomials without
constant term. Such polynomials will be designated by P with some indices.

Convention 3.3. In order to avoid repeating that either polynomials, or constants depend on some
values, we adopt the following convention. If, e.g., a polynomial P depends on v, r, and A, then
we will write Py ;. 4, i.e. all the values determining a given object will appear as subscripts. The
only exception is that we will not mention explicitly the dependence on m = dim(M).

In the sequel we will often omit the sign of composition o.

By using (3.2)—(3.5) and the induction argument we have the following lemma (cf. [12]).
Lemma 3.4.

(1) Forany fi,..., fr eCC°®R™",R™) and f=(f1,..., fr)

r(fio--o fi) <km M1+ p1 ).

(2) For r,k > 2 there exists an admissible polynomial F, ) such that for any fi,..., fx €
C®[@®R™,R™), f=(f1,..., fr), one has

r(k—1)

pr(fro---o fi) <kp (B)(1+ p1(H)

3) If f € Diff(R™) with 1 (f) < 1, then

+ Fr,k(Mr—l (f))

-1 wi1(f)
STy

(4) Foranyr > 2 there exists an admissible polynomial F, such that for any f € Diff(R™) with
) <3

() <O+ 20 (D) + Fo (M1 (f)).

In the group Cont, (R, azr)g we will need more specified norms. For any f € Cont.(R", o)
and r > 0 we put

i (f) = max{ | D" (f — id)

D"y = DI}

’

and

M (f) = max{us(f), i ()i ()}
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Here A € C*°(R™) such that f*oy = A ray. We define w(f) and M (f) for £ = (f1,..., fi)
analogously as above.

Proposition 3.5. Let Rg < oo. If f € Cont.(R™, o), and supp(f) C E, then

wr(f) < Cuyyy (),
where r > 0 and C depends on RE.

Indeed, the inequality follows from the definition of x) by integrating partial derivatives of
the maps f —idand Ay — 1.

Lemma 3.6.

(1) Forany f1,..., fx € Cont.(R™", agy) and £ = (f1, ..., fx) we have

Wi(fiomo fi) <kui®((1+ @) (1 + wid)) .

(2) For r,k > 2 there exists an admissible polynomial F, ) such that for any fi,..., fx €
Cont.(R™, ay), £=(f1,..., fr), one has

r(k—1)

WE(fro-o fi) <kwr®(1+ui®) " (1 + 13 ®) “ 0 + Fa (M 0).

(3) If f € Cont.(R™, ag) with ug(f) < % and py(f) < %, then

wi (1) <8uth.

(4) Foranyr = 2 there exists an admissible polynomial F, such that for any f € Cont.(R™, ag)
with ug(f) < % and pi(f) < % one has

() <2 (4 2uiH) T+ (M (D).

Proof. First notice that

Afioofy = (A 0 fro--0 fr)- (Ap o0 fzo-rofr)...- A fy 3.6)
and
A ! (3.7
1= Afof 1 :

for any f, fi,..., fk € Cont.(R™, asr). For £ = (f1,..., fi) denote Af = sup;_;
order to show (1) observe that in view of (3.6) and (3.2) we have

1Az In

.....
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I DA fioo0f
<M (| DOg o fro-o fO| + DG po fro--0 fi)| +---+ IDALI)
<A (DA DA IDfell + 1DA D3N - IDfill + - + 1 DA Il)
O (14 wi®) T + (1w ®) T+ + 1)
< ki (1 + o) (14 i)

Here we used the inequalities ||A 7 || < 14 ug(fi), IDAg | < ui(fi), and [[Dfill <1+ uj(fi),
for i = 1,..., k. Combining this with Lemma 3.4(1) we obtain (1). (2) follows analogously
by (3.3), (3.6) and Lemma 3.4(2).

w1 (f) 1)

Next, (3) follows from the trivial inequality e < =50 and
11U

IDx =1 < [ DA/Ap)||| DF ] < 4IDA£I(1+ i (F71))
<A (O (1 +2u1 () <8pi()

in view of (3.7), ||A sl > % and Lemma 3.4. Finally, in order to show (4) observe, in view of

(3.7), (3.3) and Lemma 3.4, that

[0 3 <D A |Df 7 + | DA/ [D7 7 | + E (M7 ()
S e | T et L2 | o By (A TE)

1
<22 (125 H) ™+ B (M (),
as |A 7] > 4. Now (4) follows from the above inequality and Lemma 3.4(4). O

Remark 3.7. Note that Lemma 3.6 remains true for contactomorphisms on W}, cf. (2.4), from
a sufficiently small C!-neighborhood of the identity. The reason is that if we estimate the norms
of these elements at a point then the r.h.s. of the inequalities in question may be written locally,
that is in R™.

By a subinterval of EXC) C W,’(", cf. (2.5), we understand a subset of W,’fn of the form
(SH¥ x E’, where E' is a subinterval of [—A, A" X, If we put

Rp = sup dist(p, W E), (3.8)
peE

then Proposition 3.5 still holds for Cont.(W;", ats) instead of Cont. (R™, ot )o.
4. Description of a chart
It is well-known that Cont(M, o) admits an infinite dimensional Lie group structure (see

Lychagin [11], or the elegant proof in Kriegl and Michor [9]). In particular, this group is locally
contractible.
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Observe that for an arbitrary diffeomorphism f of M endowed with a contact form o we may
define A y € C*°(M) by

hp=ixrpa=ix, (ffe) = fFlfx,0), “.D

where i designates the interior product. The construction of charts on the group Cont(M, o)
is based on the fact that a diffeomorphism f is a contactomorphism if and only if the graph
of (f,45),

{(p. F(p). s (p)): peM},

is a Legendrian submanifold of (M, «), where M=MxMxR \O, &= tpr’]“a — prga, pr; :
Mx MxR\0— M,i=1,2, is the projection onto the i-th factor, and ¢ is the coordinate
inR\ 0.

Theorem 4.1. (See [9,11].) If L is a Legendrian submanifold of a contact manifold (M, o) then
there exist an open neighborhood U of L in M, an open neighborhood V of the zero section Oy,
in (T*L x R, o), where ag = 0, — dt and 6y, is the canonical 1-form on T* L, and a diffeomor-
phism ¢ : U — V such that | =idy and ¢*ag = a.

Consequently, there is a smooth contactomorphism from a neighborhood of the graph of
(idas, 1) onto a neighborhood of zero in the space J 1 (M, R) of 1-jets of elements of C*°(M).
A Legendrian submanifold C'-close to the graph of (idy, 1p7) corresponds to the I-jet of a
smooth function on M C2-close to zero.

Let k=0,1,...,n + 1. We denote the coordinates in Wi" x R"+1 = (Shk x R2=k+1 x

R>"*1 x R by (£, &, v, X0, %, y, 1), where we write X = (X1, ..., %), ¥y = (J1, ..., y»). We iden-
tify W' x R™+ with T*L x R, where L = W x0x0C W x R™*! Then for the canonical
1-form g on T*L x R we have

n
oo = Fodgo + ) (% & + 5i dyi) —dr.
i=1
Next, let U be a small open neighborhood of L = W}" x 0 x 0 C W}" x R™ x R. We have an
embedding Syym : U — W' = W' x W x R\ 0 given by
Swr (50,8, y, X0, X, y,1) = (0. &, y, 60+ X0, § + X, y+y. 1+ 1).
Since
n n
O??t:l<d€0—2yid§i> —dio+ Y i d,
i=I i=I
we obtain on U
n n
Gyt = Sy @ = (1 + 1)<d$0 - i da-) —d(& +%0) + Y _(vi + 31) d(& + %)
i=1 i=1

Then L is a Legendrian submanifold w.r.t. both ag and a;.
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Observe that a diffeomorphism f of W}, C I and CO-close to the identity, is a contactomor-
phism iff its graph

rr W) ={(p. f(p) = p. 2y (p) = 1): pe W'}

is a Legendrian submanifold of (U, a;).
From now on we will write for A > 0

EV = [-42, A2 x [—A, A" x R™ . EQ = (SY x[—4, A" F xR 42)
where k =1, ...,n + 1. First we consider the case k =0. Let ¢ : U — V be as in Theorem 4.1,

where U € R™ x R”*! is an open neighborhood of L as above and ¢*ag = @y;. Throughout we
set

Kyr= sup max{”DSg0|
s=0,...,r+1

un EEO))* I}- (4.3)

We have Vr > 1, K, , < 00, as we may assume that U N E iO) is relatively compact.

Proposition 4.2. Under the above notation we have:

M e goo may be chosen so that it is independent of the variable x;, i =0, 1,...,n, that is
8 (p—id
dx; =0.
(2) For any A > 1 there is a contactomorphism @ : U' — V', where U', V' are open neigh-
borhoods ofL such that |1, =idy, and goflao = Qy. Moreover, forr =0,1, ..., one has

Ko ra< < A? Ky r, where

Kora= sup max{|[D'alyz vz
+1 A A

(3) @4 isindependent of x;, i =0,1,...,n

Proof. (1) We appeal to Section 43.18 in [9]. Observe that the contact forms « and &j; are inde-
pendent of the variables x;,i =0, ...,n, and L is a Legendrian submanifold w.r.t. both of them.
By an algebraic argument there is a vector bundle isomorphism y : TR?"*1|; — TR¥"+1|,
such that y*ag = ay; and y is independent of x;. Therefore there exists a diffeomorphism v :
U — V,where U, V are open neighborhoods of L in R2m+1 guch that d¥|p =y, V|, =id, and
¥ is independent of x;. Denote o; = ¥*a. Then ) and the contact form oy = (1 — f)ag + tog
existing on a possibly smaller V are still independent of x;.

Let fo =id and let f;, t € R, be a smooth curve of diffeomorphisms in an open neighborhood
of L such that d f;|7;, = idygom+1]7L. Let X, be the corresponding time dependent vector field,
ie. 38):’ X; o f;. It follows that

0 0
Eft*at = Efz*as

= fLx,o: + f/ (o1 — ap)

s=t

d
+ £ o
o=t 0

= f"(ix, doa; +dix,a; + a1 — o).
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Therefore the proof consists in a construction of X; such that
ix, do; +dix, o +0op —og=0 “4.4)

and such that X; is independent of x;. Indeed, then ¢ = fl_1 o Y satisfies the claim.
We have oy =« along L and Xy, = % is not tangent to L. Therefore X,, = X4, along L

and X, is not tangent to L. Consequently, there exists a submanifold N of codim 1 in R2m+1
containing L = R™ x 0 such that N is transversal to the flow FlX« for all 7 € [0, 1]. Define a
time dependent R-valued function u; by

ur (FIX () = / (@1 — o) (Xa))(FIX (p)) d
0

for p € N. Hence u; does not depend on x; and it satisfies
dut(Xeo,) =ix,, (€1 — o).

Now for the time dependent 1-form 8; = @g — o) + du; — us, due to the existence of the iso-
morphism I, , see (2.2), there is a unique time dependent vector field X;, independent of x;, such
that iy, do; + o (X;)o; = B;. Since u; =0 on L and du,|r; =0, f; is defined in a neighborhood
of L in RZ"t! forall ¢ € [0, 1]. It follows that X, satisfies (4.4).

(2) Let 14, v4 be the diffeomorphisms of R*"*! given by

[La (X0, x, y, Xo, X, 3, 1) = (Axo, Ax, Ay, A%Xo, A%, Ay, 1)
and
VA (X0, X, y, X0, %, 3,1) = (A’xo, Ax, Ay, Ko, AX, Ay, A%t).

We have u'ay = A%ay; and Vicg = A2qq. That is, 14 and vy are contactomorphisms w.r.t.
oy and ap, resp., with A, = A,, = A%. We have /LA(E}O)) = Eg()) and vA(Efo)) = Eio). Put
U'=pusU),V =va(V),and g =vp09@ ouzl. It follows that ¢* atg = & Since || D*pa || =
[D¥v4ll =0 for s > 1, it is apparent from (3.3) that the inequality Ky , 4 < AZK(N holds.

(3) It is clear by definition that ¢4 is independent of x; if ¢ isso. O

Proposition 4.3. Consider the contact form &y in a neighborhood of L C Wi* x R"+1,
k=1,...,n+ 1. Then we have:

(1) For any A > 1 there is a contactomorphism ¢s = @y : U — V', where U’, V' are
open neighborhoods of L, such that p4|p =idy, ¢}ao = @y, and for r =0, 1, ... one has
Kyra< A2K¢,,, where

Ky ra= sup sup  max{|| DS¢A|U/mE£f>| ) DS(<pA|U,m,;2k>)_l I}
1
cf. (4.2), (4.3).
(2) @4 can be chosen so that it is independent of the variables &;,i =0, 1, ..., n.
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Proof. We will apply ¢4 defined in Proposition 4.2. Since it is independent of x;, it determines
uniquely the map @4 x which verifies all the requirements. O

Following the proof of Theorem 43.19 in [9] we can construct a chart at the identity in
Contg (W,’C”, o), Where E is a subinterval of E X() , by means of ¢4 from Propositions 4.2 and 4.3,

@y : Contg (W', o) DUL D f>uy €V CCEW),

where CZ*(W)") is the totality of R-valued functions on W} compactly supported in E. Here

UyisaC 1-neighborhood of the identity in Contg (W,Z”, og), VoisaC 2-neighborhood of zero in
C%o (W]Zn), and QDA (id) = OWIZVL .

Convention 4.4. In the subsequent steps of the proof of Theorem 1.1 the C! neighborhood 2/; and
the C? neighborhood V> will be possibly shrunk several times and the resulting neighborhoods
will depend on r, A, k, ¢ as above, and a smooth function .

The chart @4 in the proof of Theorem 1.1 will be actually @45, so in the sequel we will use
in inequalities the coefficient AB, B being a constant, rather than A2, A%, and so on.

The construction of @4 is the following. Let /] be a small Cl-neighborhood of id in
Cont. (W}, atgr)o. In particular, if f € Uy then ug(f) < }—1. For any f € Contg (W', o) N U
let I'y =(@d, f —id, Ay — D) : W — W x R™*! be the corresponding graph map, that is
T'r(p)=(p, f(p) — p,Ap(p) — 1) forall p e W;". Then we set

Pu(f)=us=przopsolfo(pryopsoly)~", (4.5)

where pr; is the projection of W,’(" x R™ x R onto the i-th factor (i =1, 2, 3), and we have

duy=pryopaolyo(priopsoly)™", (4.6)

since g o I'r o (pry o @ o I“f)_1 is a section of pr; and a Legendre map w.r.t. zg. Conversely,
ifu=uy €, then

@ ) —id=f —id=pryop;' o [0 (pry0p; o)™ 4.7)
and
_ _ —1
kf—1=pr3o<pAloFudo(prlo(pAloFud) . (4.8)

Here I'd : W — Wi x R is given by I'3(p) = (p,du(p), u(p)) for u € C*(W;") and
p € Wi, Itis easily seen that (Dgl given by (4.7) is actually the inverse mapping of @4 given
by (4.5).

From now on for a smooth function / : R?*+1 — R?"+1 and r > 1 we denote by Dy h (resp.
D(’z)h) the totality of partial derivatives of order r w.r.t. the first m variables (resp. the totality of
partial derivatives of order » which contain at least one derivative w.r.t. the last m + 1 variables).
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Consequently, we can write
D'h= (D{l)h, Diyh). 4.9)

Lemma 4.5. Suppose r > 2 and k =0, 1,...,n + 1. Under the notation of Propositions 4.2
and 4.3, there are constants p and Cy r, and U' = Uy ;. A, an open neighborhood of L, such that
fori=1,2,3

|D{y) (pri 0 0a)(p)| < APCy 11 pal

forany peU'N EXC). Here we denote p = (p1, p2) € W' x R™*1. The same is true if gy is
replaced by gogl.

Proof. Observe that Dfl)(pri o @4) is a locally Lipschitz map and that in view of Proposi-

tions 4.2 and 4.3 the Lipschitz constant may be written in the form AZCW’ r» since 4| =idy and
D(I)(pri o@s) =0 on L by definition of ¢4. Consequently, Dfn(Pri °oeMlyn B is Lipschitz,

where U’ is an open neighborhood of L. The same is true for (pzl. This implies the lemma. O

Proposition 4.6. Let E be a subinterval of EX(). Under the above notation, for any r > 2 there
is a C'-neighborhood U, of the identity in Contg WY, ag) such that for any f € Uy one has

(D) 1D upll < Cops (f) + AP Py (M (),

.....

where Py, has no constant term and 8, C, are constants.

Proof. Set 91 =prj o@a, 2 =pr,opa.
(1) By (4.5), (4.6), (3.3) and Propositions 4.2 and 4.3 we have for 2 <s <r

1D (02l p) || < Cor (f) + AP Py s(ME_ (). (4.10)

In fact, the only nontrivial thing is to estimate ||(D*@z 0 I'f) - (DI’ x --- x DI'f)|| but, due to
decomposition (4.9) and Lemma 4.5, we have

[(D620 1) - (DI x - x DI < | Diyyea o Ty | + | Digyga o Ty a1
SAPC) () + Cl i (f)
< AﬁC<p,sM:_1(f)~

‘We have

ID™uys| = | D" (Dup)| =D (p20I'ropiol)™ )|

< Cy () + AP Py (M ().
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Indeed, in view of (3.3), (3.5), (4.10) and Lemma 3.6(4), denoting ¢17 = ¢1 o I'y, the only
nontrivial term to estimate is

’

|Def - (D@10 T) - (DTf x -+ x D)) 091 }) - (Dgy} x -+ x Doy })|

and this can be obtained as above.
(2) We proceed analogously as in (1) and, in addition, we have to show that

N A L R (e )
i=0,...,r

This can be done as above in view of (4.8), (4.9) and Lemma 4.5. O
5. Two Kinds of fragmentations

In most papers on the simplicity and perfectness of diffeomorphism groups a clue role is
played by fragmentation properties. These properties enable usually to reduce the proof to the
case M = R™. Contrary to the volume element case and the symplectic case (cf. [2]), in the
contact case the fragmentation property takes its general form.

The following fragmentation property for infinitesimal contact automorphisms is a conse-
quence of Proposition 2.1.

Lemma 5.1. Let X € X, (M, o) with supp(X) C Ule Ui, where U; are open. Then there is a
decomposition X = X1 + -+ - + Xy such that X; € X, (M, «a) and supp(X;) C U;. The same is
true for smooth curves in X.(M, «) instead of elements of X.(M, «).

It follows the fragmentation property for Cont. (M, o).

Lemma 5.2. Let f € Cont.(M, «)o and let {U,'}f.‘:1 be an open cover of M. Then there exist
fi€Conte(M,a), j=1,...,1, with f = fi0---0 fj such that supp(f;) C Uj(;) for all j. The
same is true for isotopies of contactomorphisms instead of contactomorphisms.

The proof exploits the correspondence between isotopies in Cont. (M, ) and smooth curves
in X.(M, ) given by (2.1) combined with Lemma 5.1.

The fragmentation in Lemma 5.2 is said to be of the first kind. This lemma enables to replace
Cont.(M, a)g by Cont.(R™, ag)o in the proof of Theorem 1.1. However, we need in this proof
also the second kind of fragmentations. Such fragmentations exist in a C'-neighborhood of the
identity in the groups ContC(W,T, os)0, k=0,1,...,n+ 1. Moreover, we claim that the norms
of the factors of a given fragmentation are estimated by the norm of the initial contactomorphism
in a convenient way and that the fragmentation itself is uniquely determined.

Definition 5.3. Suppose E is a subinterval of EXC). Let y : W — [0, 1] be a smooth function.
It follows from Proposition 4.6 that there exists a C'-neighborhood of the identity Uy, y,a CUL
such that for any f € Uy y 4 with supp(f) C E the contactomorphism

V=0 (voa()) =0, Wuy)

is well-defined and supp(f¥) C E.
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In fact, for any r > 1 there is a polynomial without constant term Py, , such that for all u €
CEWE

r+l
D | <[Pl + Y Crj | DIy [D7 ]
j=1

<o a4+ Py sup | Du]). .1)
s=0,...,r

In particular we may ensure that Yu ¢ € V5. The following is obvious.

Proposition 5.4. One has supp(f¥) C supp(¥) and f¥ = f on any open U C W such that
Yv=1lonU.

Lemma 5.5. Under the above notation, for any r > 2 there are polynomials Py y , without
constant term and constants B, Cy y such that

(V) < Cop () + AP P,y (MF_ (),

whenever f € Uy . 4 and supp(f) C E. In particular, if Rg <2 (cf. (3.1) and (3.8)) there exists
a constant Cy ., such that WX (V) < APCy y i (f) for all f € Uy y, a with supp(f) C E.

Proof. The first assertion follows from Proposition 4.6 and (5.1). The second is a consequence
of Proposition 3.5. 0O

In particular, we obtain fragmentations of the second kind on large intervals in R™.

Proposition 5.6. Let 2A > 1 be an even integer, and let  : [0, 1] — [0, 1] be a smooth function
such that =1 in a neighborhood of |0, %] and ¥ =0 on [%, 11. Then there exists a C!-
neighborhood Uy y 4 of the identity in Contg,, (R™, ag)o, cf. (2.6), such that for any f € Uy y, A
there exists a decomposition f = f1... faay1, uniquely determined by ¢, ¥ and A, where each
supp( fi) is contained in an interval of the form ([k — %, k + %] x R2M) N Ep4, with k € 7,
|k| < 2A, and the inequalities

(D) w15 (f) < Cy i (f) + AP Py y (M (),
Q) ui(fo) < Aﬁcw,w’ruf(f), whenever supp(f) C E C Ex4 with Rg <2,

hold for all k =1, ...,4A + 1 and r > 2. Analogous decompositions can be obtained w.r.t. the
variables x; and y;, i =1,...,n.

Proof. By abusing the notation we extend ¥ to the function v : [—1, 1] — [0, 1] given by
¥ (x) =¥ (—x) on [—1, 0], and, finally, to the periodic function ¥y : R — [0, 1] of period 2.

Let ¥y = ¥ o pry : R™ — [0, 1], where pr(xo, x,y) = xo. Let f € Contg,, (R", o) be
sufficiently C'-close to the identity and let ¥ be defined as in Definition 5.3. Then we have
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(1) fY =TI _ 4 for, with supp(fax) C [2k — 3,2k + 3] x R?", and
@) FU =TT, forer with supp(fors1) C [2k + 1,2k + 7] x R?”.

The inequalities follow from Lemmas 3.6 and 5.5. For convenience we renumerate f,. 0O
By applying Proposition 5.6 consecutively to all variables we get

Proposition 5.7. Under the above assumptions, there exists a C'-neighborhood of the identity
Up,y, 4 C Contg,, (R™, ay)o such that for any f € Uy y a there exists a decomposition f =
fi... fa,, uniquely determined by ¢, Y and A, where a,, = (4A+ 1) and where each supp( fi)
is contained in an interval of the form ([k; — %, ki + %] X oo+ X [k — %, ky + %]) N Es4, with
ki €Z, |ki| <2A, fori=1,...,m. Moreover, forallk =1,...,a, andr > 2

(D) @i (f) < Coyi(f)+ AP Py y (MF (),
2) ui(fe) < Aﬂ(m)C(pV,/,,ruj‘(f), whenever supp(f) C E C Exp with RE < 2.

6. Shifting supports of contactomorphisms

From now on we set for A > 1

Ip=[-2,21"" x [-24,24]". (6.1)

In this section we will describe the procedure of shifting supports of contactomorphisms
on R™ in the y;-directions. Fortunately, this can be done by using the contactomorphisms o ;,
i =1,...,n, introduced in Section 2. Fix 1 <i < n and put o; = 0; ;. Recall that o; (xp, x, y) =
(xo + txi, x, y + t1;). Notice that for any t € R we have || Do;|| =1+ |¢|, and || D"o;|| = 0 for
all » > 1. Next we define ps,; =14 o xa o oy, see Section 2.

Under the assumption A > 5n, observe that

supp(paio fopyh) CJa, (6.2)

where

Ja=[-A% A" x 24,247, (6.3)
forall f € Cont.(R™, argr)o with supportin [—2, 21" x [k—1,k+1]x [—2,2]"~ with |k| < 2A
and suitable ¢. Likewise, the inclusion (6.2) holds for any f € Cont;, (R™, asr)o With supp(f) C

R x (k) — 1,k + 11 x -+ x [ky — 1,k, + 1] and lki| <2A, wherei =1,...,n, with p4 ;
replaced by p4 ¢ given by

PAt=1AO XA ©Ot,

where t = (t1,...,1,), and 6t = 0,1, 0 - -+ 0 0 4,, With suitably chosen #; so that || < 2A for
i=1,...,n.
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Proposition 6.1. If |t;| <2A fori=1,...,n and f € Cont;, (R™, og)o then, for any r > 2
i (Bago fobgh) <A G ().
Proof. We have
(,OX,];)(XO, xX,y)= U—t(A_3xo, A"%x, A_ly) = (A_3x0 —tA 72X, A2, Ay — t1;).

It follows that ||DpA t|| 3nA7!, as |t| < 2A. Likewise IDpatll < < 3nA*. Therefore for r > 2

wr(Baco fobyy) <IDBarl|D || DL
<3nAY D7 (3nAT") < AT G (),
in view of (3.3) and the fact that D’p4 ¢ = 0 whenever s > 1.

Next, notice that A,, = A2, Ayy = A and A4, = 1. Consequently, A
Aparofopas = f © Pat. It follows from (3.3) that

= A3 and by (3.6)

PALL

10725, oot I =10 Gur 0 53 ) < D721 [ [ DA ]
<D as|(3nATY) < AT G k().
Combining the above inequalities we obtain the claim. O

7. Construction of a correcting contactomorphism on W

In this section for any sufficiently C L_small contactomorphism on W,:’:_ 1 k=0,...,n, we
construct a correcting contactomorphism which is indispensable in the construction of auxiliary

rolling-up operators llff(\k) (Proposition 8.5). The reason is that, given f € Cont £ (W,T, 0sr)0s
A

we wish to ensure that the norm g (llllgk) (f)) of the rolled-up contactomorphism llllgk) (f) would
be controlled by 1) ( f). The procedure of rolling-up contactomorphisms will be described in the
next section.

For a smooth function 7 : W}, | — R! by D[’k]h we denote the system of all partial derivatives
of order r of h with at least one derivative w.r.t. &.

Lemma 7.1. Let h € C*° (W R!). Then we have ||D[k]h|| < ||D[’k]h||f0r all1<s<r

(48D
Proof. Let h = (hy,..., ;) and y = (yo,...,y2n) € N with |[y| =5 and y; > 0. Set y =
¥ + 1;. Then |7| = s + 1 and we may integrate D" h;,i =1, ...,1, w.r.t. £ and use the fact that
DY h; vanishes at a point (&, &, y) for any fixed (&, ..., Ek—1, &k+1, - - -, Yn) to Obtain || DY h;|| <
| DY h; ||. Tt follows ||DY h|| < ||Ds+lh||. The claim follows by induction. O

However, Lemma 7.1 does not hold for s = 0.

Observe that we may lift uniquely any g € COHtE(k+l)(Wk ag)o sufficiently C'-close to

+10
the identity to a contactomorphism g € Cont £® o, aS,)o which is periodic with period 1 (that
A
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is, g — id is periodic as a function with period 1) w.r.t. the variable &. Notice that g depends
continuously on g and u}(g) = u(g).
Letusdenote fori=1,...,n+1

Conte (W}, agr) = { f € Conte (W', atst)o: Des (f —id) =0, i =0,1,...,1—1}, (7.1)

where Dg, = %. That is, Cont, (W,t”, aS,)(()l) is the subgroup of Cont, (WZ", ag)o consisting of all

©0) _

its elements which are independent of &;,i =0, 1, ..., [ — 1. Further, denote Cont, (W,Z", Ast)y =

Cont. (W}, atgr)o.-

m
Let f € CO“tE§f+1)(Wk+1’

chart @4, weputu s =®@4(f). Thenuy € CSO(W,:"H) is independent of &, ..., &_1 in view of
Proposition 4.3. Define vy € C° (W,Z’:L 1), independent of &, ..., &, by fixing & to be equal to 0,
that is

as,)ék) will be sufficiently C!-close to the identity. By using the

vf($k+17 ---aénv)’)=“f(0a5k+17~~-»§na )’)

Then u s, vy € V> and we define

f=o ). (7.2)
Notice that f is independent of &, ..., & as vy is so. Next we put
wr=o4(ff7). (7.3)

Observe that the equality

FErsts o 0, 3) = FO, &1y Ens ¥)

is not true, since f defined by it does not fulfil the equalities in Proposition 2.2, provided f does.
Finally, denote for r > 1

V() =CoK " wi(f) + Fpr (M) (),
where K, C,, are constants, Fy, , is an admissible polynomial and F, | = 0.

Proposition 7.2. Let E be a subinterval ofEX(-H) C W]TH, k=0,1,...,n. There exist constants
and polynomials as above and a constant B such that if f belongs to a sufficiently small C'-
neighborhood Uy = Uy a of the identity in Contg (W,:”H, (xst)(()k) then we have forall r > 1:

(1) f € Contg Wy, ), e and 3 ;= 1.
Q) VI<s<r+1, [IDjurll < Couf(f).
() YO s <r, i (ff 71 <.

@) pi(f) <vi).
(5) VO<s <r+1, [|DSwyl| < APv(f).
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Proof. For short we will write ¢; = pr; o ¢4 and ¢; = pr; o (pgl fori =1,2,3, that is ¢4 =

(¢1, ¢2, ¢3) and <,0;1 = (@1, ¢2, ¢3), cf. (4.5)—(4.8). Further we will denote ¢;r = @; o I'r, @iy
gioldi=1,2,3.

Let M,, be the set of all nonsingular matrices of degm. By the Lipschitz property of the
inverse mapping in M,, there are a neighborhood U of id in M, and a constant L such that for
allmy,mr, e U

—1

‘ml —m;1|<L|m1—m2|. (7.4)

(1) As we stated above f is independent of &, ..., &. Since X, = %, we have f*X% =
Xq,,. Consequently, by (4.1), )‘f = fH(ix,,os) = 1.

(2) First note that Dixj¢y f = 1 + 1, where for any p € W}, 17(p) € R™ is such that || || <
Cyll Dy (f —id)||. Then by Lemma 7.1 ||I¢|| < Cou;(f) < vi(f). Thanks to (7.4) and the

formula for inverse matrix, the same property possesses D[k](pl_fl.
Observe that

(Dg,pa)i =8ik, i=1,....2m+1, (7.5)
due to Proposition 4.3. It follows that
1Dwess | = | (Dgs o I'p) - Dy Iy | < D@3l + 1 Desl || D (f —id) |
= Cy|[De(f —id)]| < Coni () <7 (),

by using (7.5) and Lemma 7.1. Now, due to (4.5), (7.4) and the above arguments,
IDgu sl = [(Desf o ¢17) - Drier | < UDwgspll + sl < Cop (f) < v,

where [ corresponds to D[k]goffl.

For s > 1 we have ka](pA =0 by (7.5). We use (4.6), (3.3), (3.5), (7.4), and the proof is
similar.

(3) From the definition of vy we have

lup —vell <l Dgurll, IDuy — Dvyl|l = || Dgurll. (7.6)
First we show (3) for s = 0. Observe that ||ff’1 —id|l=I|f-— f||. By (4.7) we obtain
Lf = F1l =62, b1, — P20, 01, |
Uf¥luy vy lvy
e A=l = o] |
= @2 @1, — oy 1y, | + P2, 01, — @20, 01, |
<Ly I = T | < Coni (),

due to (2), (7.6) and the Lipschitz property.
Next, in view of (1) and (3.6) we have ||A fF1 H=Ayr— )‘f'” . Hence by (4.8) and a similar
argument, |14 7y — 11| < Couf(f)-
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By (4.7) and (3.2) we get
D(f = f) = (D¢, ©@y,,) - Dy, — (D2, 0 @1,,) - Doy,
- -—1 -—1 - -—1 -
= (D@, o (pluf) Doy, — (D@2 o ‘Plu,-) : Dﬁ"luf)
- ——1 ——1 - ——1 ——1
+ ((D¢2uf 0(01vf) ’ D(plvf - (D§02vf Owlvf) ’ D(plvf)' (77)
It follows that | D(f — f M < Couf(f), due to (2), (7.6) and the Lipschitz property.

Let1 <s < r.Inview of (3.3), (7.6), (7.7), the Leibniz rule, the Lipschitz property and, again,
(2) we have

ID*(f — H| < sup | DY (D(f = H)| <vihH. (7.8)

lyl=s—1

Likewise

|D*Gop =2 p)

< Vi) (7.9)

Now, since we have

D (f 7" —id) =D (D(f ! —id))
= ((Df o /") - Df ' = (Df o f71) - DFY),

(3) for s > 1 follows from (3.3), the Leibniz rule, (7.8) and (7.9).
(4) It is an immediate consequence of (7 8) and (7.9).
) To s1mp11fy notatlon let g =f f . In view of (4.5) and (7.3) we have wy =

@3l (o1 Tg) ™! —<,03g(,0l .For 1 <5 <r we have

[ D 3| < Coi(8) + A*15(9) + Coussup|| (D' g3 0 I) - (D' Ty x - x DI T ) |
<APVE(P),

where sup is taken overi =2,...,s — I, with j1+---4+ji=s, > 1forl=1,...,i,and j; > 1
for some /. In fact, it follows from (3) and (4) above, (3.3) and Lemma 4.5. In order to obtain (5)
for s > 2, in view of (3.3) and (3.5), it suffices to show that | D¢l < AP v*(f), and this can
be done analogously as above.

Finally, to obtain (5) for s =0 and s = 1 we integrate D*w £ W.ILL. y1 twice or once, bearing

in mind that supp(w ) C EXCH). O

Corollary 7.3. If f belongs to a sufficiently small C"~'-neighborhood U; = Uy, r, o of the identity

in Contg (Wk ot;,)(()k) then we have for all r > 1:

+10

(1) w*(f) < Cyru(f).
Q) YO<s <r+1, [DYws|| < APCy 1 (f).
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In fact, we can rewrite (4) as

Wi () < CoK W) + Fyra (M1 ()
and use Definition 3.2. Similarly, we can proceed with (5).

8. Rolling-up contactomorphisms

A possible application of Mather’s rolling-up operators ¥; 4 (cf. [12]) to the contact case fails
completely in the y;-directions. But even in the “good” directions x;, i =0, ..., n, the operators
¥; 4 do not apply verbatim. The next and greater difficulty is that for a contactomorphism f
the class [W; 4 (f)] need not be equal to [ f] in the abelianization Hj(Cont.(R™, as)0). Roughly
speaking, the reason is that given f € Cont(R", as)o with supp(f) C R x [—A, A]*", any g €
Cont, (R™, agr)o such that g = f on [—A, A]" must depend on y;, cf. (2.3). This fact seems to
spoil any possible proof that [¥ 4 (f)] =[f], and the same is fori =1, ..., n.

In the present section we define a new rolling-up operator which works in the contact cate-
gory (Proposition 8.7). To this end we will use the contact cylinders OV}", ag), k=1,...,n+1.
The correcting contactomorphisms defined in the previous section enable us to define auxiliary
rolling-up operators lI/f(‘k) acting on Cont:(W}", ast)o. A clue observation is that a “remain-
der” contactomorphism living on W;’ﬂr | admits a representant in the commutator subgroup of
Cont.(R™, as)o.

Observe that the application of the rolling-up operator is indispensable in the proof. In fact,
we cannot apply the procedure described in Section 5 (the fragmentation of the second kind) to
the group Conty, (R™, ors)g, considered in the proof of Theorem 1.1 (Section 9), since in this
case a coefficient of the form AC” would appear in Proposition 5.7(2) and the proof would be no
longer valid.

In this section A is a large positive integer. Throughout we denote

JO =gy =[-4%, A" x[-24, 247",

I0 = (s x[-a%, 4] x[—24,24)", k=1,...,n,

KO = Ky =[-2,2] x [-4%, A%]" x [-24,24]",

K =8N x[=2,21 x [-A4%, A" x [<24,241", k=1,...,n. (8.1)

Observe that RK(k) =2 and R](k) =2A (cf. (3.1) and (3.8)).
A A

Denote by 7 : W' — W,?’Jr],

induced by the canonical projection 7 : R — S! on the (k + 1)-st factor of Wi
Let f € Cont J/(‘k) WV, as)o N UL, where U is a sufficiently C L_small neighborhood of the

k=0,1,...,n, the canonical projection. In other words, 7y is

identity in Conte(W}", asr)o. with po(f) < 3. For g € Wi, we choose p = (§.£,y) € W}
with mx(p) = ¢q and & < —AS. Let i = Tk,1 be the unit translation along the xj-axis (cf. Sec-

tion 2). Then we choose / € N such that ((zx f)! (p))x > A°. We define @X‘)(f) WL > WL
by

oL (@) =m (@ N (p).

The definition is independent of the choice of / and p.
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Proposition 8.1. Let k =0, 1, ..., n. Possibly shrinking U, the mapping

k
@15\) :Contjf(‘/o we, ast)o NnU — Contjlgk+1) WL, oas;)o

satisfies the following conditions:

@))] @(k) is continuous and it preserves the identity.
©) o( (Cont, i V")) € Cont ey OV . ety of: (7.1).
(3) There exist constants B, K, and admzsszble polynomials Fy s for all r > 1 such that

k
1 (08 (9) <APK" Wi (g) + Fra(M}_ ().
forany g € dom(@flk)). Moreover, we may have Fi 4 = 0.

Proof. (1) and (2) are obvious. A standard proof for (3) follows by virtue of Lemma 3.6 and
Remark 3.7. O

In order to define the rolling-up operator ¥4 first we introduce

"'(k) Contj(m)(WkH, ag), N U — ContK<k> o ’O‘St)o
where k=0, 1,...,nand i) isa C! -neighborhood of id in Cont,( k1+1 , 0st)0-

Let ¢ :S! — [O, 1] be a smooth function such that ¢ = 1 in a neighborhood of [—%, %] and
¥ =0on [g g] Abusing the notation, let ¢ : W} | — [0, 1] such that ¥ (%o, &, y) = ¥ (). For

g€ Cont1<k+1) (VVkJrl , )0 NU; we define

gV =0 (Yoa(e) =D, (Yuy),

as in Definition 5.3. For short, set 4 % = [—A>, AS]”*" x [-2A,2A]". Then g¥ = g on
(SHk% x [—- 1% 5A .k and supp(g¥) C (SH* x [=3, 21 x Ea nk, in view of Proposition 5.4.
Let g (resp. g, ) be the unique lift of (g¥)~'g (resp. g¥) to WY'. Then g1 and g;p are
periodic contactomorphisms supported in (S! )k X R x €4 p.k. For small enough U thereise > 0
such thatg;/’ =gon (SH* x [% —¢, %—i—s] x Ean.k and g;p =gon(SH*x[1—¢, 14+¢]x EAank-
Next we put E; = {(§.£.y) e Wi": —1 <& <0} and E; = {(§0.&,y) e W § <& <

2} and we define A_,/g )(g) by the conditions
—~(k I~
()(g)‘E’_gl ’E ’ ()(g)’E+_gz|E+’ (8.2)
and 2 (¢) =id on W \ (Ef UE}).
Proposition 8.2. Taking U, small enough, the mapping = f(‘k) satisfies the following conditions:

H & "(k) is continuous and it preserves the identity.
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~(k k k

@) &4 (Cont juny V. et)y”) C Contyearr OV ety -

(3) There are constants Cy y, B and K, and for any r 2 2 there is a polynomial with no constant
term Py y , such that for any g € dom(Elf‘k)) one has

~(k
1 (B8P (@) SK'Cyyul () + AP Py y  (MF_(2)).

In particular, /L;‘(Ef(‘k) (g) < Aﬁcw,v,,,u;‘ (g) whenever supp(g) C E with Rg < 2.

(4) Forany g € dom(EIE‘k)) one has @E‘k) Ef(xk) () =g

Proof. The properties (1) and (4) can be deduced from the definition. To check (2) we use

Proposition 4.3. Finally, as uf(Ef\k)(g)) < max{u) (g}b), wr (g;ﬁ)}, (3) follows from Lemmas 5.5
and 3.6. O

It will be useful to introduce operators

O® : Conte (Wi, asr), NUy — Conte (W1, ), k=0,....n,

0’

obtained by gluing-up @X‘), oW = (H')f‘k). Now, let us return to the “hat” operation defined by

(7.2). For f € Cont,w (W, ast)(()k) N, denote @X‘)(f) = @f(lk)(f). We set O = (:)gk) and
A
we have operators

O® : Conte (W), agr) S MUy — Conte (W1 )T, k=0,...,n.

Likewise &® = U Ef(\k), that is we have

g0 Conte WP,y a)y N UL — Conte (W), ar) . k=0,...,n.

0’

Lemma 83. If fg € dom@®) and OV (f) = W (g) then [f] = Ig] in
Hy(Conte OV, as)o).

Proof. Let us define a contactomorphism Ay = Ax(f, g) by

Ar(p) = @we) (w )7 (p), (8.3)

where p € W', © = 7,1 is the translation, and [ is a positive integer so large that
(o )Nk < —AS. Clearly, A does not depend on I, and Ay € Cont.(W}", asr)o in view
of the definition of ®® and the assumption. From (8.3) we have Agty f Ak_1 = 1 g and, conse-
quently, [f1=[g]. O

Lemma 84. Letk=0,1,...,n.

(1) If@)(k)(fi) =g, i =1,...,1, then there are f, € Contc(W}", agr)o such that @(k)(f) =
g1...81, where f = f] fl, and [ﬁ] =[fi] in H (Contc(WZ’, og)o) for all i. Moreover,
we can have fi = fi.
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) If g1.82.8182 € dom(EX) then [EX (g1g2)] = [EW(1)EW(g2)] in the group
H, (COntC(W;(n,O[S;)()).

(3) If g € Conte OV, |, aesr)0 with [g] = e in Hi(ConteOV}", |, o)) then there is f €
Conte I, ) such that ® O (f) = g and [ f1= e in Hi(Conte V)", ag)o).

Proof. (1) We may shift supports of f; by the translations  ; to obtain f; such that the family
{fi} has pairwise disjoint supports. Clearly [ f;] = [f;]. Moreover, by definition of ®® we can
arrange f; in the way that O(k)(f) =g1...gfor f=fi...fiand fi = f1.

(2) Put f; = 8®(g), i =1,2. In view of (1) there is f € dom(®@®) such that [ f]1=[f1 f>]
and @ ® (f) = g1 g5. By Proposition 8.2(4), @® 5®) (g, g5) = g1 g2 = @ X ( f). Therefore, from
Lemma 8.3

[2® 18] = 11= 11121 = [EP (e E X (52)].

(3) First we define an operator

M Conte (W, a)y NUy — Conte (W), ar) . k=0,....n,

07
with dom(& ®) = dom(& ®) such that for any g € dom(& ®) we have [£® (g)] = [E® (g)~"]
and @V E® (g) =g~

Namely, let us return to the definition of Z® (g) = E;k) (g). We have the decomposition

g= g;p gY’, where 1 is a suitable smooth function. Now, we define & ® (g) by changing (8.2) as
follows

r—-(k)(g)|E ]:30(g;//)_l‘Ek+OTk,%’ H(k)(g)’EJr—rk?o(gl )_ ’Eiorké’

and £ (¢) =id on W \ (Ef UE}).
By assumptlon there are i ; € Cont, (WIQ”H ,0s)0, j =1, ..., 2L, such that

=[h1,h2]...[hy—1, hyl.

For all j we may write a decomposition & = hj 1 -+ hj (), where the factors are C!-small.

Put fj; = E®(h;,) and fis = E®m;s), j=1,...,21, s =1,...,1(j). Let us define
fi=fi1- fi and fi= f]*z(J) fj*l as in the proof of (1). In particular, ®® (f;) = h;,
e®( H=hny ' and [ [FF1=1f7 Y for j =1,...,2l. Therefore, in view of (1), the claim fol-
lows. O

Next we introduce the auxiliary rolling-up operators.

Proposition 8.5. Let r > 2 and let k = 0,1,...,n. There exist a C"-neighborhood U, =
Uy, y.r.Ak of the identity in Conte W, o) and a mapping llllik) =Wy y.r Ak Such that

(k)

k (k
lI/f(1 ) :Contj/gk) we, Olsr)o 'nUy — ContK/(‘k) we, ozst)o ,

cf. (7.1), which satisfies the following conditions:
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@)) E[//gk) is continuous and llflgk)(id) =id.
(2) There are constants Cy, B and K, and for any p > 2 polynomials with no constant term
Py y,p such that for any g € dom(llllgk)) one has

k
W (W40 (9) SAPKPCop(8) + AP Pyy o (M7_1 ().

(3) There is a constant Cy y,  such that for all g € dom('l’lgk)) one has

k
1w (@) < APCyy  1i(0).

4) For any g € dom(d’lgk)) we have [lI/fgk)(g) . E(k)@(k)(g)] = [g] in the group
Hy(Contc V", ats1)0)-

Proof. Let g € Cont S0 wy, as,)(()k) NU;. Define
A

v(0) =200 ) 6y (") =500 6® )™,
cf. (7.2). By virtue of Propositions 8.1 and 8.2 the definition is correct and (1) holds true. To

show (2) and (3) denote h = @® (g) - O®® (g)~1. Then uy, = Weh(g)» cf. (7.3). According to
(5.1) and Propositions 4.6 and 7.2(5) we have

wh(h") S APKPCo (047 (9)) + AP Pyy (M1 (0 (9)))- (8.4)
Next, by (5.1) and Corollary 7.3
VO<s<r+1, D @un| < APCyy 1 (047 (2)). (8.5)

Now, (2) follows from (8.4), Lemma 3.6 and Propositions 8.1 and 8.2. On the other hand, by
(8.5) with Propositions 4.6 and 8.1 we obtain

Wi (hV) < APCy 1t} (9) + Froa (M7 (9)).

In view of the definition of Elgk), Lemma 3.6 and Definition 3.2, the claim (3) follows by shrink-

ing possibly U .
(4) We have by Lemma 8.4(2)
[vi"()- 2P0V (@] =[2% (00 () -6V (@) ")- VO (g)]
= [2We®(g)]. (8.6)

Notice that in view of Proposition 8.2(4) we get @ ¥ 50 ® (g) = ©® (g). It follows from
Lemma 8.3 that [£® ©® (g)] = [g]. Combining this with (8.6), the claim follows. O
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From now on we setfork =0,1,...,n

OP —o®o...000, W _HP,...,00  FO_gO, . . ,g®
(k+1)
0o -

Notice that the image of @ik) is in Contc()/\/,’(’jr1 , Q)
In the proof of Theorem 1.1 the following fact is crucial.

Lemma 8.6. Suppose Uy is a sufficiently small C'-neighborhood of the identity in
Cont.(R™, atgs)g. Then for all f € Uy:

(1) If O™ (f) = f then [ f1=[E" (/)] in H(Conte(R™, asr)o).
@) [EMOL (f)] = e in Hi(Conte(R", as1)o).

Proof. (1) In view of Proposition 8.2(4) and Lemma 8.3 one has [~V (f)] = [E™ ()].
Hence there is s, in the commutator subgroup of Cont. (V)" as)o such that (:)(”’1)( h, =
Zm (f). By the above argument and Lemmas 8.3, 8.4(3) and 8.4(1), there is &,_1 in the commu-
tator subgroup of Conte(W™ |, atsr)o such that @2 (f)h,_1 = 8"~V E®(f). Continuing
this procedure we obtain the claim.

(2) For f el put

fr=00(f) ad g=5"01"(f)=5"(f").

Notice that in view of Proposition 2.2, f*(£0,&,y) = (6o + f5'(»), & + f7 (), y). It follows
from the definition of £ that g(£0, &, y) = (5o + f5 (). § + fF (1), ) if (50, §) € (=5 — &,
—% +e]U[l —e, 1+ &])"t! for some & > 0. Furthermore, supp(g) C ([—1,0]U [%, %])”Jrl X
[-2A,2A]" and, due to Proposition 8.2(4), @(")(g) = f*. We have to show that [g] = e.

Let us define g2 € Cont.(R™, ag)o such that

[el=1lg]=[g>""] (8.7)

in H;(Cont.(R™, ag)o). In the definition we will use the contactomorphisms ny, 7;; €
Cont.(R™, ag)o, i =0, ..., n, defined in Section 2.

First let h = nz_lgnz. Then supp(h) C [—%,0] U [%, %] X In 4, Where I, o = ([—%,O] U
[1,3])" x [-2A, 2A]". Let us denote

1 1

To simplify notation, put J; = ([—% —e, —% +e]U [% —e, % +¢&])! x R". There is ¢ > 0 such
that for (§0, &, y) € Ju+1,¢ one has h(§0. &, y) = f{,(0. &, ).

We can write h = l_zofzo, where ig = h on [—%, 0] x R?", ho = id off [—%, 0] x R22, fzo =h
on [4,31x R, hy =id off [1, 2] x R*". Put ho = ﬁoroi%ﬁoro_é. Clearly [ho] = [h]. Observe

that g = fl*/2 on [% —¢, % + €] x Jn.e and supp(ho) C [0, %] X Tn A
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In view of the equalities 7, ! ffm=ff 7 (here f* isregarded as an element of Cont(R", ay))
and nz_lro,mz =Tp,1, We have h()‘l,'o’%ho = fl*/2 on [0, %] X Jn.e and, moreover, by the def-
inition of £™ we get hoto’%ho = nz_l.’:;(”’l)(f*)nz on [0, i] x R?". Here Ej'(”’l)(f*) €
ContOWV!", agy) is viewed as an element of Cont(R™,ay) with period 1 w.rt. xo, so that
ny lg@=1 (f*)ny is well-defined and can be also regarded as an element of Cont(W{", «s;) with
period % w.r.t. &.

Next we define kg = hOTO,%hOT(;i' We have supp(kg) C [0, %] X Iy 4 and ko = fl*/z on

[% —¢&, 1 4+ €] X Jn¢. Analogously as above, ko7o,1ko = fl*/2 on [0, %] X Jn.e and koo, 1ko =
ny ' ECD(f*)ms on [0, 1] x R

It follows from the definition of ®© that ®©@ (ky) = 1*/2 on S! x Jn.e and OO (ky) =
15 ' EUD(£*)n on W', One has also that [ko] = [h2] = [h*] = [¢].

Next, starting with kg, we define hi, sz ,h1 and k; analogously as before, but now with re-
spect to the variable &;. It follows that @M (k;) = fl*/2 on (SH? x Tn—1., and OW (k) =
ny ' E=2(f*)n on Wi, Moreover, [ki1= [k3] = [h*] = [g*].

Continuing this procedure we obtain h», k2, ..., hy, k, € Cont.(R™, ag)o such that [k,] =
[k;%—l] = [kifz] =..= [ké"] = [gz"+1 1. Nforeover, we have that ©®® (k,,) = fipon Wi,

Thus, in order to define g, satisfying @™ (g,) = f* we have to double k, and we set g» =
Tk, Yk,, where 7 is a suitable translation, as in Lemma 8.4(1). It follows that [g2] = [k,2l] and,
in view of (1) of the present lemma, the equalities (8.7) hold.

Observe that the above procedure may be repeated for any integer a > 2 by making use of 7,
and suitable translations 7; ;. As a result there exists g, € Cont.(R™, otsr)o such that O (g,) =

f*and [g“nﬁ] = [g4]. Moreover, by (1) we have [g,] = [g].

Let [y > 0 be the least positive integer such that [g/] = e. Then for any integers a, b > 0 the
number a"*2 — b"*2 is divided by ly. If Io > 1 then Iy divides ;™ — 1, a contradiction. Thus
lp =1, asrequired. O

Proposition 8.7. Let r > 2. If Uy = Uy yr 4 is a small C"-neighborhood of the identity in
Cont.(R™, ag)o, there is a mapping Wa = Wy y.r A, called the rolling-up operator,

W, : Conty, (R™, asr), NUy — Contg, (R™, atye),,

which satisfies the following conditions:

(1) W4 is continuous and W4 (id) = id.
(2) There are constants Cy, B and K, and for any p 2> 2 there are polynomials with no constant
term Py y o such that for any g € dom(¥y)

1w (Wa(9)) S APKPCyrils(9) + AP Py y o (M1 (8)).

(3) There are constants B and Cy y r, and an admissible polynomial F s such that for any
g €dom(¥y)

1E(Wa(9)) S APCyy i () + Fra(MP_(9)).

(4) For any g € dom(¥4) one has [W4(g)] = [g] in H;(Cont.(R™, ag)o).
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Proof. Let g € Conty, (R, ay)o N Ui. Define Wy (g) = gog1 - .- &, where go = ¥\” (g) and,
fork=1,...,n

= (k— k _
g =84l ol V).
In order to show (2) and (3), our first observation is that it suffices to have for k =0,1,...,n
1w (gr) S APKPCou(9) + AP Py y o (M3_1 (). (8.8)
for all p > 2, and

Wwi(gr) < APCyy 1k (), (8.9)

and to apply Lemma 3.6(2). For k = 0 it is just Proposition 8.5.
For k=1, ...,n,in view of Propositions 8.2 and 8.5 we get

105(20) < APKPCo (087D () + AP Py y (M5 (68 (9))). (8.10)
On the other hand, by Propositions 7.2(4) and 8.1(3) we have

s (04D (@) <K Cun (@t Dol (g)) + Pop(047V0L D (9)

SAPKR{CLun (0872 () + P, (M_1 (62 ()))

SAPKICour(9) + Py, (M_(9)-

Combining this with (8.10) we obtain (8.8). In order to show (8.9) for k =1, ..., n we proceed
analogously, using Propositions 8.2, 3.5, 8.5 and 8.1, and Corollary 7.3, and possibly changing
constants and shrinking U]

b
=
A
s

<

=
S %

wr(gk) <

VAN
=
=
@)
s
s
5
=
N %
~_~ o~ —~
©)
* o~
=
|
~
oq
N
~

<APCyy i (00(9)

< AﬂC(p,gb,}’ﬂf(é’)

(4) By Lemmas 8.6(2) and 8.4(2), and Proposition 8.5(4), we have
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[Wa(g)] =lg0g1--&nl

2081+ gn - EMOM(9)]

2081+ gn1- EO VU OI N (g) BN EMHMW D (g)]
g0g1 -+~ gn-1- EM V(00D (g). EMWOME D (g))]

081+ gn—1 - E"VOI V()]

=[20-500L(9)]
=[PV 8060 (@)] =gl O

Remark 8.8. It is easy to check that the proof of Lemma 8.6(2) and, consequently, of Proposi-
tion 8.7(4) fails in the case Diff/.(R™)g, since Proposition 2.2 is not true for diffeomorphisms.
Thus the proof of Theorem 1.1 is not valid for Diff,.(R™)o.

9. Proof of Theorem 1.1

Let A be a large positive integer which will be fixed later on, and let 74, J4 and K4 be the
intervals in R™ given by (6.1), (6.3) and (8.1), resp. Let us define

L= {u GCC;j(Rm): HDr'HuH <€, Vr 2r0},

where rg (large), €,, (small), and ¢, for r > r( (large) will be fixed in due course.

Observe that £ is a convex and compact subset of a locally convex space. Consequently, in
view of Schauder—Tichonoff’s theorem every continuous map ¢ : £ — L has a fixed point.

Let fo € Cont.(R™, ag)o. We have to show that fy belongs to the commutator subgroup of
Cont,(R™, agr)o. According to Lemma 5.2 we may assume that supp(fo) C /4. Furthermore,
since Cont(R™, ats)o is a topological group, we may have w; (fo) arbitrarily small.

Now we will define a continuous operator ¥ : £ — L in the following ten steps:

(1) Forany u € L take f € Conty, (R™, as)o such that @4 (f) =ur =u.

(2) Compose f with fp.

(3) Use a fragmentation of the second kind for g = ff{y (Proposition 5.7). We have a decom-
position g = g1 - - - g4,, Where a, = (4A 4+ 1)", and each g, is supported in some interval

([=2.21" s et = 1k + 11 x - X [k — 1, kg + 10) N 1,

with integers k; such that |k;| <2A4,i=1,...,n.
(4) Use the operation of shifting supports of contactomorphisms described in Section 6. For
any k =1, ..., a, define

~ -1 -1 -1
gK - Un,tnan—l,tn_| 0 'Ul,tl gKgl’tl 0 'Unfl,t,,,lan,tn’

for suitable (¢, ...,1,) € R" depending on « in such a way that supp(g,) C [—A2, A%] x
[-2, 2]2” for all k. Here we assume that |t;| <2A,i=1,...,n,and A > 5n.
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(5) Forany k =1,...,ay, define h, = nAXAg,(X;anl. It follows that supp(h,) C J4.

(6) Use the rolling-up operator ¥4 described in Proposition 8.7, and define he = Wa(hy). Ob-
serve that supp(h,) C K 4.

(7) Make a fragmentation of the second kind in K 4 in the x;-directions, i =1, ..., n, cf. Propo-

sition 5.7. We write for @, = a)

2

he = | | e

=1

(8) Use the operation of shifting supports of contactomorphisms in the x;-directions by means

of the translations ti,i=1,...,n(cf. Se~cti0n 2). For any « and ¢ define ﬁ,”_ instead of /1,
with supp(hy,) C I4. All the norms of &, are the same as the norms of h,, as we used
translations.

(9) Take the product 2 = [T ?il R,
(10) Take up = ®4(h).

Then we put ¥ (1) = uy,. In view of the description of particular steps of the construction, ¥ is
continuous. It remains to show that for a suitable choice of ry, A, and €, for r > ry, the operator
¥ takes L into itself.

In fact, suppose that u = u y € L is a fixed point of ¥, i.e., up = u . Then h = f and we have
in H{(Cont.(R™, as)0)

[ffol=lgl=lg1 ga,1=181] - [ga,] =811 [8ay]
=[] -Tha, 1 = [h1]---Thg, 1 = [h11]- - - [haya, ]
=[h]- - Thaya,1 = k11 - haya,1 = h] = [f],

and therefore [ fo] = e. This means that fj is a product of commutators.

Now we wish to define ry, A and €, for r > rg. This will be done in view of the properties of
the consecutive operations in the construction of .

Suppose rg > 2. In view of Propositions 4.6, 3.5, 5.7, 6.1 and 8.7, and Lemma 3.6 it follows
the existence of a C?2 -neighborhood V; =V y 1o, 4 of Zero in C°o (R™), of constants Cy s,

and g = B(m) > 0, and of admissible polynomials F 0. A i=1,3, and F2 o0, A such that for a
sufficiently small €,, we have

HDro+1uh H §Aﬂ_mC(p oo HDro-Hu” +Fr10 A(:U“;ko(f))

+FZ A(supuro(h ))+F A(supuro(hkl)> ©.1)

for all u € V5 with || D70ty < €r,- Here we assume that ufo (fo) is small enough. We assume as

well that sup, , u} (he)) < (A2"rp)=1 where i = 0, 1, by choosing €y, sufficiently small. Then
we have

A2()n ro

(14 supssg i) (1 + sup i)™ <6, 92)

and we may apply Lemma 3.6(2) in order to obtain (9.1).



3322 T. Rybicki / Advances in Mathematics 225 (2010) 3291-3326

Fix ro > B and choose A so large that AP0 Coyrg < 4 It follows from Definition 3.2 that,

possibly taking €, smaller we have F A(,um(f)) < ﬂ, (p Vro. 4 (sup, /Lro(h ) < %, and
Fy 3 a(sup, . i (he)) < 22, whenever ||D’0+1u|| €r,- We may also assume that || D0y <
€r, yields u € V5. Then by (9 D) [|D7F || < €, if | DO Ul < €
Next, we define ¢, for all r > rg inductively. Suppose we have defined €,, ..., €—1.

In view of Propositions 4.6, 3.5,5.7, 6.1 and 8.7, Lemma 3.6, and the inequality (9.2) rewritten
for r with 6" on the r.h.s., there exist constants § > 0 and K = K, y, and polynomials Py y , A
without constant term such that for all u € ), we have

|D" || < AP~ KT | D" | + Pw,l//,r,A< S‘TP I Ds”“)' ©-3)
s=0U,1,...,r

Enlarging A if necessary, suppose A > K"0. Hence we have AP~ K" < %. Put b, = Py y ra X

(sups—o.1.....r | D*ull), where D5t u|| < e for s =rg,...,r — 1. Then (9.3) can be rewritten
as

|0 | < 307l + .

Define €, = 2b,. It follows that | D"t 1u;,|| < €, whenever || D" Tlu|| < ¢, as required.
10. Proof of Corollary 1.2

We have to check Epstein’s axioms [4] for some basis of open sets &/ of M and G =
Cont.(M, a)o:

(1) f U eld and g € G then g(U) € U.

(2) G acts transitively on U.

(3) Let ge G, U €U and let V C U be a covering of M. Then there are s > 1, g1,...,8, € G
and Vi, ..., Vs € Vsuchthat g = g; ... g5, supp(g;) C V; and supp(g;)Ugi—1 ...gl(U) +M
fori=1,...,s.

In fact, let U be any open ball in M and U/ = {g(U): g € G}. By using x4, 7is,i =0,...,n, and
oir, i =1,...,n, see Section 2, it is easily seen that I/ is a basis and (2) is fulfilled. In view of
Lemma 5.2 a standard reasoning shows (3). Thus, due to [4] and Theorem 1.1, Cont.(M, ) is
simple.

11. Final remarks

Let G be a group and let g € [G, G]. The commutator length clg(g) of g is 0 if g = e,
and is the least positive integer N such that g = [g1,h1]---[gn, hn] for some g, h; € G, i =
1,..., N, otherwise. Then clg is a conjugation-invariant norm on [G, G], cf. [3]. In the paper
[3] by Burago, Ivanov and Polterovich and in certain references therein a description of a role
played by conjugation-invariant norms on groups of geometric origin is given.
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As a trivial consequence of Theorem 1.1 we have
Corollary 11.1. The commutator length is a conjugation-invariant norm on Cont.(M, t)g.

It is known from several recent papers that the theorem of Banyaga [1] plays a clue role in the
symplectic topology and geometry in the sense that some invariants are expressed in terms of the
commutator length of related groups. It seems that, thanks to Corollary 11.1, a similar role could
be played by clcont.(M,a), in the contact topology and geometry.

Recall that a group is said to be bounded if it is bounded w.r.t. any bi-invariant metric on
it or, equivalently, any conjugation-invariant norm on it is bounded. Recently, the problem of
boundedness was solved in many cases of Diff.(M)g, and the solutions depend on the topology
of M (cf. [3,20]). In view of Corollary 11.1 it is interesting to know whether Cont.(M, «)g is
bounded and how it depends on M.

Another possible applications are related to Haefliger’s classifying spaces of contact folia-
tions. Let B Cont.(M, ) be the classifying space for the foliated C* products with compact
support with transverse contact form. It is well-known that B Cont.(M, «) is the homotopy fiber
of the mapping

B Cont.(M, @)} — B Cont.(M, a)o,

where the superscript § denotes the discrete topology. By an argument similar to the proof of
Theorem 1.1 we have the following

Theorem 11.2. H{(B Cont.(M,a); Z) = H; (Com, «)) = 0, where tilde indicates the uni-
versal covering group.

For the proof, see Appendix A.

Up to my knowledge no version of the Thurston—-Mather isomorphism (cf. [15,13,2,18,19])
is known for Cont.(M, a)p. It seems likely that such a version could be established, but a pos-
sible proof seems to be hard. This would give information on the connectedness of Haefliger’s
classifying space for contact foliations.

In [18] and [19] Tsuboi discussed the problem of the connectedness of the Haefliger classify-
ing spaces. It is likely that Theorem 1.1 is still true for the group Cont..(M, ) of contactomor-
phisms of class C” with r large.

Observe that Theorem 11.2 reveals further fundamental difference between the symplectic
and the contact geometries. As it was mentioned in the introduction the flux homomorphism
plays a crucial role in the geometry of symplectic forms [1,2,14] (as well as in case of regular
Poisson manifolds, cf. [15], and of locally conformal symplectic manifolds, cf. [7]). The domain
of the flux is the universal covering group of the group in question. In view of Theorem 11.2 a
possible analog of such a homomorphism is necessarily trivial in the contact case.
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Appendix A. The proof of Theorem 11.2

Since the first equality is well-known it suffices to show the second.

Let G be a topological group. Denote by PG the totality of paths y : I — G with y(0) =e,
where I = [0, 1]. The path group PG is a topological group with the compact-open topology.
Likewise, for a locally convex vector space V let PV be the totality of paths y : I — V with
y(0) =0. Then PV is a locally convex vector space. If X C G (resp. Y C V) are subsets con-
taining e (resp. 0) then the subsets PX C PG (resp. PY C PV) are defined in the obvious way.

Next, the symbol PyG (resp. PoV') will stand for the totality of { f;};e; € PG (resp. { fi}ier €
PV)such that f; =e (resp. fy =0)for 0 <z < % The elements of PoG and PyV will be called
special paths. Note that the subsets Py X C PoG (resp. PoY C PyV) are well-defined for subsets
X CG (resp. Y CV)withe e X (resp. 0 e Y).

We have to show that Cont.(M, «a) = P Cont.(M, a)o/~ is a perfect group. Here ~ de-
notes the relation of the homotopy rel. endpoints. It is clear that for every [{g;}]1~, [{#:}]~ €
Cont.(M, «), the classes of them in H;(Cont.(M,«)) are equal whenever [{g;}] = [{h}] in
Hy(PCont.(M, «)). Take arbitrarily [{h;}]~ € Cont.(M, o), where {h;} € P Cont.(M, a)p. In
view of Lemma 5.2 we may and do assume that {h;} € P Cont;, (R", as)o. Observe that
Lemma 5.2 is still valid for the group P Cont.(M, «)g instead of P Cont.(M, )o and this fact
is also used in the proof of Lemma 8.4(3) for special paths.

In order to show that [{/;}]~ belongs to the commutator subgroup of Cont.(R™, ag)o we
introduce suitable changes in the subsequent sections.

In Section 2 we single out special elements of P Cont.(R", as)o as follows (cf. (1)—(5) in
Section 2). Abusing the notation they will be designated as before. Namely, 7; ; = {(Ti.1)s}ser,
oi,r = {(0i,0)s)sel> Xa = {(Xa)s)sel> Na = {(Na)s}ser are fixed elements of P Cont.(R™, as)o
such that (t; )s = Ti s, (0i,1)s = 0it> (Xa)s = Xa @and (nq)s = 1, for all % <s <1

In Section 4 the chart @4 : Contg V', o) DU 3 f > uyp € Vo C CF (W) induces the
homeomorphism

P, : P Conte (W), agr) D PUL S L fi) > {up,} € PVa C PCE (W)

Notice that P& 4 preserves the subspaces of special paths. We may and do assume that U, Lu
is contained in a contractible neighborhood of the identity.

In Section 5 by making use of P® 4 we define { f;}¥ for {f;} € PU, by putting { f;}¥ = {f,l//}.
Observe that { f;}¥ € Pold; whenever { f;} € Pold;, and Proposition 5.4 holds. Proposition 5.7
holds for isotopies in the sense that there is a decomposition for isotopies and the estimates
(1), (2) are satisfied for the corresponding members of isotopies with the same constants and
polynomials. Next, Proposition 6.1 and the inclusion (6.2) are still valid for Py Cont;, (R™, o)
in view of our new definition of t;;, 0; ;, x, and 1, (with an analogous remark as for 5.7). Also
for any {f;} € Po ContEXm)(W,:"ﬂ,ast)gk) there is {f,} e Py ContEX<+1)(W,Z”+l,ast)(()k+l) as in
Section 7.

In Section 8 we have the operators PO® and P& ® on the relevant spaces of paths induced
by ©® and Z® | resp. It is important that these operators descend to the operators Po@®) and
Po&® on the corresponding spaces of special paths. Lemmas 8.3, 8.4 and 8.6 remain valid on
the spaces of special paths and their proofs are completely analogous. All these prerequisites lead
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to the rolling-up operator

Po¥y : PoConty, (R™, ast), N Poldy — Po Contg,, (R™, asl)o,

which satisfies an analogue of Proposition 8.7 (with a similar remark as the above for 5.7). In
particular, for any {g;} € dom(Py¥,) one has [PoW4({g:})] = [{g:}] in H{ (P Cont.(R™, as)0)-

In the proof of Theorem 11.2 we will use spaces of special paths and the proof is completely
analogous. Fix A, rg and €, for r > rg as in Section 9. Suppose that £ is as in Section 9. Then
PoL is a convex subset of the locally convex vector space POC‘I’: (R™). We may and do assume
that sup, ., ,u,j‘o ({h:}) is sufficiently small since P Cont;, (R™, cs)g is a topological group. More-

over, there is {fzt} € Py Conty, (R™, agy)o such that sup,; M;"O ({fzt}) is also sufficiently small and

[{A)]~ = [{h )]~

We define Pyt : PoL — PoL by the formula Pod? ({us}) = {9 (ur)}, where 9, : L — L is
determined by /,. Then there exists { f;} € (P®4) ™' PoL such that uyp = Pa(f1) is afixed point
of ¥, and there is {g;} in the commutator subgroup of P Cont.(R"™, a)o such that

{ke) = (PO PodPA(f)) = (i) - 1he} - {gr)

is an isotopy in ;. Since @Xl D1PA(f1) = f1, it follows that {fl}_1 - {k;} is a contractible loop.

Therefore, [{ﬁ,}]w = [{g,}’l]w so that the class of [{fl,}]N is equal to e in Hj (Contc/(ﬁli’"/,as,)o),
as claimed.
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