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ABSTRACT 

In this paper we develop a method for generating non-isomorphic solutions of 
balanced incomplete block designs belonging to the series of symmetric designs with 
parameters (4t + 3, 2t q- 1, t) and to the series with parameters (4t q- 4, 8t + 6, 4t q- 3, 
2t + 2, 2t + 1). We also prove a result about the number  of non-isomorphic solutions 
of these designs as the parameter t tends to infinity. 

1. INTRODUCTION 

A balanced incomplete block design (BIBD) is an arrangement of  
v symbols called treatments, in b subsets called blocks of size k < v 
such that any two treatments occur together in A blocks. Then each 
treatment occurs in r blocks and the following relations are satisfied 

vr = bk,  

A ( v -  1) : r ( k -  1). 

Besides these necessary conditions we also have the inequality 

b ~ v ,  

which is due to Fisher. We shall use the term "design" generally to indicate 
a BIBD. By a (v, b, r, k, A) design we will mean a BIBD with these param- 
eters. By a symmetric BIBD we mean a BIBD with v ~- b and hence 
r : k. We shall call such a design a (v, k, A) design. 

Two BIBD's  D 1 and D2 with the same parameters are said to be 
isomorphic if  there exists a bijection of the set of  treatments of  D1 into 
that of  D2 such that under this bijection the set of  blocks of D1 goes into 
the set of  blocks of  D2 �9 Otherwise they are said to be non-isomorphic. 
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In this paper we develop a technique for generating non-isomorphic 
solutions of: 

(i) a (4t + 3, 2t + 1, t) design, and 

(ii) a (4t q- 4, 8t -? 6, 4t + 3, 2t q- 2, 2t + 1) design. 

We also prove that if for any t a solution exists for a (4t q- 3, 2t q- 1, t) 
design, then the number of  non-isomorphic solutions to a 

(2-(4t + 4) --  1, 2~(2t -5 2) - -  1, 2~(t + 1) - -  1) 

design tends to infinity as ~ tends to infinity. Under the same conditions 
the number of  non-isomorphic solutions to a 

(2~(4t + 4), 2~+1(4t + 4) - -  2, 2~(4t q- 4) --  1, 2~(2t q- 2), 2~(2t + 2) - -  1) 

design also tends to infinity. We illustrate the use of this technique by 
giving a number of  non-isomorphic solutions to some balanced incomplete 
block designs. 

2. PRELIMINARY RESULTS 

Number  the treatments and blocks of  a design by 1, 2,..., v and 
B1, B2 .... , Bb. We define the usual incidence matrix N = (n~j) of  a 
(v, b, r, k, A) design by 

ni~ = l or 0 

according as block Bi contains or does not contain the treatment j .  
Obviously N is a (0, 1) matrix and if N '  is the transpose of N, then 

N ' N  = (r - -  A ) I  + Kl, (2.1) 

where I is the identity matrix of  order v and J is the square matrix of  
order v with all elements 1. 

Two BIBD's D1 and D2 on the same set 1, 2,..., v of  treatments and 
with the same parameters will then be isomorphic if  and only if the 
corresponding incidence matrices N~ and N~ are such that each can be 
obtained from the other by a suitable permutation of its rows and 
columns. 

Corresponding to any design D with incidence matrix N, there exists 
the complementary design D with incidence matrix N which is obtained 
from N by interchanging 0 and 1 in N. I f  D is a (v, b, r, k, 2 0 design then 
obviously/~ is a (v, b, b - -  r, v - -  k, b - -  2r + A) design. In case v = 2k, 
it is obvious that D a n d / )  have the same set of  parameters. 
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For a (v, b, r, k, h) design D with incidence matrix N consider the 
configuration of b treatments in v blocks with incidence matrix N'. This 
configuration D' is called the dual of D and in general D' is not a BIBD. 
However in the case of a (v, k, I) design it is known that any two blocks 
intersect in exactly )t treatments and hence the dual of a (v, k, 2t) design 
is again a (v, k, A) design. These two (v, k, ;~) designs in general are 
non-isomorphic. 

It is well known that the existence of a (v, k, A) design implies the 
existence of the residual design which is a (v --  k, v -- 1, k, k -- 1, t)  
design and the derived design which is a (k, v -- 1, k --  1, 1, ?~ -- 1) design. 
They are obtained by omitting an initial block of the (v, k, A) design and 
retaining, respectively, in the remaining blocks only those treatments 
which do not (do) occur in the initial block. The parameters of a 
(v, b, r, k, A) design which is the residual of  a symmetric BIBD satisfy 
the following relations 

r = k q - A ,  A v = k ( k q -  A - -  1), b A =  ( k - [ - ~ ) ( k §  A - -  1). (2.2) 

For A = 1 or 2 a (v, b, r, k, I) design satisfying (2.2) can always be 
embedded as a residual design in the corresponding symmetric BIBD [3]. 
For  higher values of A the embedding is possible if and only if certain 
conditions on the structure of  the design with parameters given by (2.2) 
are satisfied [3]. 

A design is called resolvable if the set of its blocks can be partitioned 
into subsets such that each subset is a complete replication of all its 
treatments. For  a resolvable BIBD Fisher's inequality b ~ v can be 
sharpened [1] to 

b ~ v + r - - 1 .  

A resolvable BIBD is called an affine resolvable BIBD (ARBIBD) 
if any two blocks coming from different replications intersect in the same 
number of treatments. Bose [1] has shown that, if in a resolvable BIBD 
b = v § r -- 1, then the design is an ARBIBD and any two blocks of 
different replications intersect in k2/v treatments. It then follows that, 
if in a design with b ~ v + r --  1, the number k2/v is not an integer, 
the design cannot be resolvable. He has also shown that the parameters 
of an ARBIBD can be expressed in terms of two integers n ~ 2, and 
t ~ 0 b y  

v = n k = n 2 [ ( n - -  1) t +  1], b = n r = n ( n 2 t q - n §  A = n t + l ,  

where the number of treatments common to any two blocks of different 
replications is (n -- 1) t + 1. 



NON-ISOMORPHIC SOLUTIONS 177 

Consider the series of 

(2A + 2,4A + 2,2A + 1, A +  1, A) 

designs. They satisfy the condition b = v + r --  1. Since k2/v = (A § 1)/2 
such a design can be resolvable and hence affine resolvable only if A is odd. 
Bose [2] has given two non-isomorphic solutions of such a design when 
A > 1 is odd and 2A + 1 is a prime power. One of these is non-resolvable 
while the other is resolvable and hence affine resolvable. 

In the rest of this section we prove a number of  lemmas that will be 
needed later on. 

LEMMA 2.1. The existence of  a (4t + 3, 2t + 1, t) design is equivalent 
to the existence of an (4t § 4, 8t + 6, 4t + 3, 2t + 2, 2t + 1) ARBIBD. 

PROOF: Let N be the incidence matrix of a (4t § 3, 2t § 1, t) design. 
Then N is the incidence matrix of a (4t + 3, 2t + 2, t + 1) design. It is 
then easily verified that 

where 1 and _(2) are column vectors with all elements 1 and 0, respectively, 
is the incidence matrix of an ARBIBD with the required parameters. 
Conversely the incidence matrix of  an ARBIBD with the above parameters 
can be put in the above form by suitable permutations of its rows and 
columns where Nis  a square matrix of  order 4t + 3 having 2t + 1 elements 
1 in each row and column. If  x is the scalar product of any two columns 
of N, then the scalar product of the corresponding columns of  IV is 
4 t - t - 3 - 2 ( 2 t +  1 ) - t - x = x - ?  l a n d h e n c e 2 x +  1 = 2 t +  1 o r x = t .  
It now follows that Nis the incidence matrix o f a  (4t § 3, 2t + 1, t) design. 

LEMMA 2.2. I f  N and M are the incidence matrices of two (4t q- 3, 
2t + 1, t) designs, then 

is the incidence matrix ofa (4t + 4, 8t + 6, 4t -}- 3, 2t -? 2, 2t + 1) design. 

Proof  is obvious. 

LEMMA 2.3. If(without loss of  generality) 
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is the incidence matrix of  an (4t -4- 4, 8t Jr 6, 4t § 3, 2t + 2, 2t § 1) 
ARBIBD and M is the incidence matrix of  a (4t q- 3, 2t q- 1, t) design, then 

'N ! M)  
o_ 

oo_ o ! 

is the incidence matrix of  a (8t + 7, 4t + 3, 2t + 1) design. 

ProoF: We need only check the value 2t = 2t -4- 1 for two treatments, 
one from the set of first 4t § 3 and the other from the set of last 4t + 3 
treatments. From the structure of P it is obvious that this is equal to the 
number of unities in each column of M which is equal to 2t + 1. 

COROLLARY. 

~en 
I f  N is the incidence matrix of  a (4t + 3, 2t + 1, t) design, 

' 

is the incidence matrix o fa  (8t q- 7, 4t -4- 3, 2t q- 1) design. 

We note that the above corollary implies that an (4 t -?  4, 8 t - t -6 ,  
4t + 3, 2t -? 2, 2t q- 1) ARBIBD is always embeddable as a residual in a 
(8t + 7, 4t q- 3, 2t q- 1) design. Using the fact that any two blocks of the 
ARBIBD coming from different replications intersect in t + 1 treatments, 
it is obvious that Lemma 2.3 gives the most general method of embedding 
such a design in a corresponding (8t -4- 7, 4t q- 3, 2t + 1) design. 

We have seen that the dual of a (v, k, A) design is again a (v, k, 2t) 
design. In general these two designs are non-isomorphic. If, however, 
there is a unique (up to isomorphism) solution of a (v, k, A) design, 
then the dual of such a design is isomorphic to the design. We now prove 

LEMMA 2.4. Let G be an additive Abelian group with elements 
% =- O, c~ i ..... c%_ i and let (without loss of  generality) (%,  cq 1 ,..., 0%_) 
be a difference set generating a (v, k, )t) design D. Then the dual D' is 
isomorphic to D. 

PROOF: Let the treatments and blocks of D be numbered 
a 0 , c~ 1 ,..., c%_ i . Then the block aj of D contains the treatments 

(a j ,  %- Jr c% ,..., at + ai~_~); j = 0, 1,..., v --  1. 

The design D' is seen to be generated by the difference set 

( ~ o ,  - - ~ 1  .... , - ~ - 1 ) .  
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It is easily seen that the permutation ~ i - -+- -~ i ,  takes the block 
numbered ~j of D into the block numbered --~j of D'. Thus D and D' 
are isomorphic. 

Now consider a (4A + 3, 2A q- 1, A) design, say, D. Any two blocks 
of D intersect in A treatments. We note that there cannot exist 4 blocks 
in D containing the same A-tuple. For  suppose there exist 3 blocks of D 
containing the same A-tuple S, then we can write these 3 blocks as 
B~ : (S, S i )  , i = 1, 2, 3, where each Si is a (A + 1)-tuple and S, $1, $2, Sa 
are mutually disjoint and account for all the treatments of D. It there is 
any other block of D containing S then it is obvious that this block 
cannot contain any other treatment, violating the condition k = 2A + 1. 
The number ~ of  such A-tuples occurring in 3 blocks of D is then a 
characteristic of D and we shall call c~ the characteristic number of D. 
We shall call such Z-tuples special A-tuples and the corresponding 
blocks in which they occur as B-triples. 

It is easily verified that the characteristic number c~ is always zero for a 
(4A § 3, 2A + 1, A) design D when A is even. If A = 1, then D is the 
unique (7, 3, 1) design for which c~ = 7. 

It is obvious that two solutions of a (4A q- 3, 2A + 1, A) design having 
different characteristic numbers are non-isomorphic. Even if the two 
solutions have the same characteristic number ~, it may still be possible 
to prove that they are non-isomorphic. For example, this will be so if 
we can prove that the 2 sets of  ~ special A-tuples are non-isomorphic. 

We have already seen that any (4t + 4, 8t + 6, 4t + 3, 2t + 2, 2t q- 1) 
ARBIBD has the incidence matrix 

where N is the incidence matrix of a (4t § 3, 2t § 1, t) design. It is easy 
to verify that in the ARBIBD there is no (t § 1)-tuple occurring in more 
than 3 blocks of the design. We will call a (t + 1)-tuple occurring in 
3 blocks of the design a special (t -5 1)-tuple and the blocks in which 
they occur as the corresponding B-triples. The number /3 of  special 
(t + 1)-tuples will be called the characteristic number of the design. 

We now consider how these special (t § 1)-tuples arise. Obviously 
any special t-tuple in N gives rise to a special (t + 1)-tuple in (N 1). 
Again no special (t + 1)-tuple can arise in (IV 0), since there are no 
special (t § 1)-tuples in N. Again a special (t + 1)-tuple cannot arise 
from 2 blocks of (N 1) and one block of (IV 0). The only case left is 
when such a (t + 1)-tuple arises from 2 blocks of (_N 0) and one block 
of  (N 1), i.e., from 2 blocks of N and 1 block of  N. It is easily seen that 
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such a situation arises only in the following case, where Bi and Bi are the 
corresponding blocks of N and K r, i = 1, 2, 3: 

B1 ---- (S, S0, B~ = (S, S~), B~ = (S, S~), 

B1 ---- (S~, &), B2 = (& ,  Sl), B~ = ( & ,  &), 

where S is a t-tuple and Sa, S~, Sz are (t + 1)-tuples such that all these 
tuples are mutually disjoint and account for all the treatments of N. 
If  we denote the last treatment in the ARBIBD by 0% then it is obvious 
that the only (t + 1)-tuples of the ARBIBD are of the form (S, oo), 
$1, Sz, and S~ where S is a special t-tuple in N. We have thus proved 

LEMMA 2.5. I f  the characteristic number of a (4t + 3, 2t + 1, t) 
design is ~, then the characteristic number fl of the corresponding 
(4t + 4, 8t + 6, 4t + 3, 2t § 2, 2t § 1) ARBIBD is given by fl = 4c~. 

LEMMA 2.6. I f  the characteristic number of a (4t + 3, 2t + 1, t) design 
with incidence matrix N is o~, then the characteristic number 7 of the 
(8t + 7, 4t + 3, 2t + 1) design with incidence matrix 

P =  _0 
0_ 0 _ 

is given by ~, ~ 4t -1- 3 + 4o~. 

PROOF: We note that the special (2t + 1)-tuples of P are of one of 
the two types. In the first type the corresponding B-triples do not contain 
the last block of P and the number of such tuples is obviously 4~. In the 
special (2t + 1)-tuples of the second type, the corresponding B-triples 
contain the last block of P. The number of such tuples is obviously 
4t + 3 and these special (2t q- 1)-tuples are the subsets of the first 4t + 3 
blocks of P corresponding to the last 4t q- 3 treatments. 

LEMMA 2.7. I f  the characteristic number of a (4t %- 3, 2t + 1, t) 
design with incidence matrix N is o~, and M is the incidence matrix of any 
(4t + 3, 2t + 1, t) design, then the characteristic number x of the (8t -r 7, 
4t + 3, 2t + 1) design with incidence matrix 

o o 1 
satisfies the inequaBty 

4t + 3 <~ x <~ 4t + 3 + 4o~. 

Proof is obvious. 
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REMARK. We note that the maximum value of x is attained if and 
only if the characteristic number corresponding to M is ~ ~ and if for 
each special t-tuple of N occurring in blocks numbered i~, i~,/3 there is 
a special t-tuples in M occurring in the same 3 blocks. In particular, 
if M = N the number x attains the maximum value 4t + 3 § 4~. In 
general, if 3 is the number of common B-triples in M and N then the 
characteristic number of the design corresponding to P is given by 
x ---- 4t -k 3 Jr 4& By suitable permutation of the rows of M it is possible 
to make ~ assume different values between 0 and ~. This helps in obtaining 
a large number of non-isomorphic solutions to a (8t + 7, 4t + 3, 2t -k 1) 
design. 

Now consider the (4t -k 4, 8t Jr 6, 4t -k 3, 2t + 2, 2t -k l) design with 
incidence matrix 

when N and M, N @ M; are incidence matrices of two (4t + 3, 2t § 1, t) 
designs. This design cannot have any (t + 1)-tuple occurring in more 
than 3 blocks. Any special (t + 1)-tuple of this design arises in two 
distinct ways. Any special t-tuple of N obviously gives a special (t + 1)- 
tuple of this design. Any other special (t + 1)-tuple arises from 2 blocks 
of M and 1 block of N and this happens when the intersection of any 
two blocks of 2~ is contained in a block of N. The number of special 
(t + 1)-tuples in the design will be called its characteristic number. 

3. SOLUTIONS OF (15, 7, 3) DESIGNS 

Nandi [4] proved that there exist, in all, 5 non-isomorphic solutions 
of a (15, 7, 3) design which he denoted by (alma')l, (~lo~')z, (c~2~2'), 
(fld31'), and (yT'). We will denote these designs by C1, C2, C3, (74, 
and C5, respectively, where the blocks in Ci,  i = 1, 2, 3, 4 are identical 
with the corresponding blocks in (o~1~1')1, (c~1~1')2, (o~2c~2'), (/31fl1') 
whereas C5 is isomorphic to (7~') and is given by the difference set 
(1, 2, 4, 5, 8, 10, 15) mod 15. This will be the first block of C~ and the 
block numbered i is obtained by adding (i -- 1) to each element of the 
difference set and reducing rood 15. For the sake of future reference 
we write (Table 3.1) down the designs in which the blocks are numbered 
from 1 to 15. We will denote the incidence matrix of Ci by Ni ; i = 1, 2,..., 5. 

It is easily verified that these designs have respectively 7, 11, 7, 19, 
and 35 special 3-tuples. We show these special 3-tuples and the corre- 
sponding B-triples in Table 3.2. 
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TABLE 3.1 

Block No. 6"1 Cz 

1 1, 2, 3, 4, 9, 10, 11 1, 2, 3, 4, 9, 10, 11 
2 1, 2, 3, 5, 12, 13, 14 1, 2, 3, 5, 12, 13, 14 
3 1, 2, 6, 7, 10, 13, 15 1, 2, 6, 7, 10, 13, 15 
4 1, 3, 7, 8, 9, 12, 15 1, 3, 7, 8, 11, 14, 15 
5 1, 4, 5, 6, 11, 12, 15 1, 4, 5, 6, 11, 12, 15 
6 1, 4, 6, 8, 9, 13, 14 1, 4, 6, 8, 9, 13, 14 
7 1, 5, 7, 8, 10, 11, 14 1, 5, 7, 8, 9, 10, 12 
8 2, 3, 6, 8, 11, 14, 15 2, 3, 6, 8, 9, 12, 15 
9 2, 4, 5, 7, 9, 14, 15 2, 4, 5, 7, 9, 14, 15 

10 2, 4, 7, 8, 11, 12, 13 2, 4, 7, 8, 11, 12, 13 
11 2, 5, 6, 8, 9, 10, 12 2, 5, 6, 8, 10, 11, 14 
12 3, 4, 5, 8, 10, 13, 15 3, 4, 5, 8, 10, 13, 15 
13 3, 4, 6, 7, 10, 12, 14 3, 4, 6, 7, 10, 12, 14 
14 3, 5, 6, 7, 9, 11, 13 3, 5, 6, 7, 9, 11, 13 
15 9, 10, 11, 12, 13, 14, 15 9, 10, 11, 12, 13, 14, 15 

Block No. C3 C4 

1 1, 2, 3, 4, 9, 10, 11 
2 1, 2, 3, 5, 12, 13, 14 
3 1, 2, 6, 7, 9, 13, 15 
4 1, 3, 7, 8, 11, 14, 15 
5 1, 4, 5, 6, 11, 12, 15 
6 1, 4, 6, 8, 10, 13, 14 
7 1, 5, 7, 8, 9, 10, 12 
8 2, 3, 6, 8, 10, 12, 15 
9 2, 4, 5, 8, 9, 14, 15 

10 2, 4, 7, 8, 11, 12, 13 
11 2, 5, 6, 7, 10, 11, 14 
12 3, 4, 5, 7, 10, 13, 15 
13 3, 4, 6, 7, 9, 12, 14 
14 3, 5, 6, 8, 9, 11, 13 
15 9, 10, 11, 12, 13, 14, 15 

1, 2, 3, 4, 9, 10, 11 
1, 2, 3, 5, 12, 13, 14 
1, 2, 6, 7, 10, 13, 15 
1, 3, 6, 8, 11, 12, 15 
1, 4, 5, 6, 9, 14, 15 
1, 4, 7, 8, 9, 12, 13 
1, 5, 7, 8, 10, 11, 14 
2, 3, 7, 8, 9, 14, 15 
2, 4, 5, 7, 11, 12, 15 
2, 4, 6, 8, 11, 13, 14 
2, 5, 6, 8, 9, 10, 12 
3, 4, 5, 8, 10, 13, 15 
3, 4, 6, 7, 10, 12, 14 
3, 5, 6, 7, 9, 11, 13 
9, 10, 11, 12, 13, 14, 15 

F r o m  the character is t ic  n u m b e r s  o f  the above  designs it is obvious  
tha t  C2,  C4,  C5 are mutua l ly  n o n - i s o m o r p h i c  as also non - i somorph ic  
wi th  Ca and  C3.  W e  no te  t ha t  the  special tuples in Ca f o r m  a (7, 3, I )  
design, whereas  those  in (73 con ta in  t rea tment  n u m b e r e d  5, 7 t imes an d  the 
rest  exactly once.  Ca and  C3 are, therefore,  non- i somorph ic .  I t  is easy 
to  verify that ,  if D is a (15, 7, 3) design, then  D and  D '  b o t h  have the 
same  character is t ic  numbers .  T h u s  (72, C4,  (75 are i somorph ic  to their 
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TABLE 3.2 

Special 3-tuples B-triples 

c1 

3 
3 

10 
3 
4 
4 
5 

3 
3 
1 
2 

10 
3 
4 
5 
4 
5 
5 

4 10 1 13 
5 13 2 14 

13 15 3 15 
8 15 4 8 
5 15 5 9 
8 13 6 10 
8 10 7 11 

c~ 

4 10 1 12 
5 13 2 12 
5 12 2 5 
5 14 2 9 

13 15 3 12 
8 15 4 8 
5 15 5 9 
6 I1 5 11 
8 13 6 10 
7 9 7 9 
8 10 7 11 

c~ 

12 5 2 5 
14 5 2 9 
13 5 2 12 
15 5 5 9 
11 5 5 11 
9 5 7 9 

10 5 7 I1 

c, 

5 15 5 9 
4 9 5 1 
5 14 5 2 
6 15 5 3 

14 15 5 8 
6 14 5 10 
6 9 5 11 
4 11 9 1 
5 12 9 2 
7 15 9 3 

12 
12 
12 
12 
12 
12 
12 

13 
14 
7 

11 
15 
12 
12 
14 
12 
14 
12 

7 
11 
14 
12 
14 
14 
12 

12 
6 
7 
4 

15 
13 
14 
10 
11 
8 

( Table continued) 

582/9/2-6 
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TABLE 3.2 (continued) 

Special 3-tuples B-triples 

11 12 15 9 4 15 
4 7 12 9 6 13 
5 7 11 9 7 14 
3 4 10 12 1 13 
3 5 13 12 2 14 

10 13 15 12 3 15 
4 8 13 12 6 10 
5 8 10 12 7 11 
3 8 15 12 4 8 

Ca 

1 6 11 2 7 12 
2 7 12 3 8 13 
3 8 13 4 9 14 
4 9 14 5 10 15 
5 10 15 1 6 11 

and and 

15 each generated by 15 each generated by 

1 4 15 1 12 15 

and and 

2 8 15 1 8 14 

mod 15 mod 15 

own duals, whereas it is easy to verify that  C1 is isomorphic to the dual 

of C~. 
Start ing f rom the un ique  solut ion of a (7, 3, 1) design given by the 

difference set (1, 2, 4) mod  7, we apply L e m m a  2.6 to obta in  the solut ion 
of a (15, 7, 3) design with characteristic n u m b e r  7 -~ 4(7) = 35. This 
solut ion is then isomorphic  to C~. We now illustrate the remark  at the 
end of Lemma 2.7. The special 1-tuples and  the corresponding B-triples 
of the (7, 3, 1) design are given below. 

Special 1-tuple B-triples 

1 1 5 7 
2 2 6 1 
3 3 7 2 
4 4 1 3 
5 5 2 4 
6 6 3 5 
7 7 4 6 
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Now consider the design with incidence matrix P of Lemma 2.6 by 
taking M = N ,  when N is the incidence matrix of the above (7, 3, 1) 
design. The characteristic number of this design as already seen is 35. 
The value of 3 under the permutations (1, 2), (2, 6, 5, 4, 3), and (1, 2) 
(3, 4) (5, 6) is easily seen to be 3, 1, and 0, respectively, and hence the 
corresponding solutions have 19, 11, and 7 as the characteristic numbers. 
The first two of these solutions are isomorphic to C4 and C2, respectively. 
In the last solution the special 3-tuples form a (7, 3, 1) design and hence 
this solution is isomorphic to C~. The solution C3 cannot be obtained by 
this method. However, it is obtained by taking the dual of C~. 

4. SOLUTIONS OF (16, 30, 15, 8, 7) DESIGNS 

The 5 solutions of  (15, 7, 3) designs with the use of Lemma 2.2 give 
rise to 25 designs with parameters (16, 30, 15, 8, 7). 

Consider a block of a (v, b, r, k, ,~) design. Iff~ is the number of other 
blocks having i treatments in common with this block, 0 ~< i ~< k, we 
express the pattern of  intersection of  this block with the remaining blocks 
by the notation (0Iol I1 ..-klk). If  bl is the number of  blocks with the 
pattern of block intersection (0101 fl ... k1*), b2 is the number of blocks 
with the pattern (0g01 gl ... k ~) etc., we express the block intersections 
for the design by the notation 

(010111 ... k ~ ) b l  (0golgl ... kg~)b~ . . .  

Wheneverf~ = 0 we omit the term i s*. We use the following notation for 
some of the possible patterns of block intersections of  a (16, 30, 15, 8, 7) 
design: 

a = (01428), b ---- (2342561), c = (113442153), d = (223'41954), 

e = (21364195261), f = (233142253), g ----- (22334225161), 

h = (233142253). 

Table 4.1 gives the pattern of block intersections as well as the character- 
istic numbers of these 25 designs. If  even one of them is different for two 
solutions then these solutions are non-isomorphic. The converse, however, 
is not necessarily true. 

The four pairs of  solutions corresponding to characteristic numbers 
33, 34, 56, 60 have the same block intersections and hence cannot be 
distinguished by our method. We have not made any attempt further to 
analyze these solutions for non-isomorphism. The solutions E 1 , E 7 , 
E13, E19,/?25 are affine resolvable. We distinguish the two solutions with 
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TABLE 4.1 

Characteristic 
Design N M number Block intersections 

E1 N1 Art 28 a 8~ 
E2 NI N~ 44 a~b s 
E3 N1 N3 33 al~ 
E4 N1 N4 56 alSb TM 

E5 Art N5 48 b2cl~ 

E6 N~ N1 42 a~b s 
E, N2 N2 44 a ~~ 
Es N2 N3 34 aX4c 1~ 
E9 N~ N4 60 alab TM 

El0 N2 Ns 50 bcedllel~ 

Ell N3 N1 33 al~ 
Ex2 N3 N2 34 al4c 16 
E13 N3 N3 28 a 3~ 
El4 N3 N~ 46 aOb4cOd'~e2f2g ~ 
EI5 N3 N5 44 bc4d14egf 2 

E16 N4 N1 56 alsb TM 

Ex7 N4 N2 60 alab16 
ElS N4 N3 49 anb4cSd2e~f2g e 
E19 N4 N~ 76 a 8~ 
E2o N4 N5 59 b3c6dl~ 

E21 N5 Art 70 b2cl~ 
E22 No N2 73 bcedllel~ 
E23 N5 N3 68 bc'dXae9f ~ 
E~4 N~ N4 76 b3cndX~ 
E25 Nn N5 140 a a~ 

characteristic number 28 as follows. From the nature of special 3-tuples 
in CI it is obvious that the pair (3, ~ )  occurs thrice in the corresponding 
4-tuples of  the ARBIBD corresponding to N1. The 4-tuples of  the 
ARBIBD corresponding to N~ are given by the 4-tuples (Sg, St), 
i < j =  1 ,2  ..... 8, where $ 1 =  (1,12), $2 = ( 2 , 1 4 ) ,  $ 3 = ( 3 ,  13), 
$4 = (4, 15), $5 = (6, 11), Se = (8, 9), Sv = (7, 10), Ss = (5, m). I t  is 
obvious that these 4-tuples form a group divisible design with parameters 

v =  16, b = 2 8 ,  r = 7 ,  k = 4 ,  A 1 = 7 ,  2 ~ =  1, 

where any two treatments belonging to the same S~ occur together 7 times, 
whereas those coming from different S~'s occur together only once. I t  is 
now obvious that the two ARBIBD's  with characteristic number 28 are 
non-isomorphic. 
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Therefore we have at least 21 mutually non-isomorphic solutions 
for a (16, 30, 15, 8, 7) design among which 5 are affine resolvable. The 
block intersections show that  these 21 solutions are different f rom the 
30 solutions given by Preece [5]. 

5. SOLUTIONS OF (31, 15, 7) DESIGNS 

Starting f rom the 5 solutions of  a (15, 7, 3) design and using Lemma 2.7 
one can obtain a large number  of  non-isomorphic solutions of  a (31, 15, 7) 
design. We indicate some of  these solutions in Table 5.1, where we take 

TABLE 5.1 

Characteristic 
Design N M number 

F1 N1 (1, 2 ..... 15)NI 15 
F2 N1 (1, 2 ..... 7)N1 15 
F3 N~ (2, 3 ..... 7)N1 19 
F, N1 (3, 4 ..... 7)N1 23 
Fs N1 (4, 5 ..... 7)N1 27 
Fe N~ (5, 6, 7)Nx 31 
F7 N1 (6, 7)Nx 35 
Fs N1 N~ 43 
F9 N3 N3 43 
F10 N2 (1, 3, 4)N2 47 
Fll N2 (1, 3)Nz 51 
F~ N2 Nz 59 
F13 N5 (2, 7, 12, 13)N5 63 
F14 N4 (1, 2)N4 67 
F~5 N, (4, 8)N, 75 
F18 N5 (5, 10, 15)N5 83 
F1, N4 N~ 91 
F~8 N~ (1, 2)N5 107 
F19 N5 N~ 155 

N = Ni and M to be either Ni or the incidence matrix obtained by taking 
suitable permutations of rows of N~. Thus, in the design/71, we take 
the incidence matrix P obtained by taking N = N1 and taking M to be 
the matrix obtained by applying the cyclic permutation (1, 2,..., 15) on 
the rows of N~. The designs with different characteristic numbers are 
obviously non-isomorphic. 

We now show that designs F8 and F 9 are non-isomorphic. I f  the 
treatments of  these designs are oo and 1, 2 ..... 15 corresponding to N 
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and 16, 17,..,, 30 corresponding to M, then it is easily verified from the 
nature of special 3-tuples of Nx that, in the 43 7-tuples of F 8 , treatments 
numbered 18, 19, 20, 23, 25, 28, and 30 occur 19 times whereas the 
remaining 24 treatments occur each 7 times. On the other hand, it is 
easily verified that, in the corresponding 43 7-tuples of F 9 , treatment 
numbered 20 occurs 35 times. This proves our assertion. 

It is evident that corresponding to a special t-tuple occurring 3 times 
in a (4t + 3, 2t + 1, t) design there is a 3-tuple occurring t times in the 
dual design and conversely. Therefore, the number of 3-tuples occurring 
t times in a given (4t + 3, 2t + 1, t) design is precisely the characteristic 
number of its dual design. We use this fact to prove that F 1' and F2' are 
non-isomorphic which, in turn, will prove that F1 and F2 are non- 
isomorphic. We note that, in the design P given by Lemma 2.7, a 3-tuple 
of M occurring in its t blocks occurs in 2t q- 1 blocks of P. The number 
of such 3-tuples is the characteristic number of the design corresponding 
to M'. Besides these, the other possible 3-tuples occurring in 2t + 1 
blocks of P contain either two treatments of N and one treatment of M 
or else contain ~ and one treatment each from N and M. It can be 
verified that Fx has in all 13 such 3-tuples. They are (1, 10, 29), (4, 10, 25), 
(5, 13, 25), (6, 8, 26), (8, 15, 25), (3, 25, oo) besides the 7 special 3-tuples 
of M. But F2 has besides these 7 special 3-tuples of M only the 3-tuple 
(1, 16, oo). Thus FI' and 1;'2' have the characteristic numbers 13 and 8, 
respectively, showing that F~', F~' and hence F~, F2 are non-isomorphic. 

Besides these 21 non-isomorphic solutions we have another solution 
to a (31, 15, 7) design which is obtained from the difference set containing 
the 15 quadratic residues mod 31. This solution has characteristic 
number 0. We thus have at least 22 non-isomorphic solutions. 

We note that C1 and C2 are isomorphic to duals of each other whereas 
Ca, C~, and C5 are isomorphic to their own duals. Hence Fs', Fg', F;2, 
Fs and FI~ do not provide any new solutions. Further, the quadratic 
residue solution, being a difference set solution, is isomorphic to its 
own dual. The duals of the remaining solutions may be tried for non- 
isomorphisms by calculating the 3-tuples occurring 7 times in these designs. 

One can conceivably obtain a much larger number of non-isomorphic 
solutions by taking N ~ Ni and M = N~, i =/= j,  or the matrix obtained 
from Nj by taking a suitable permutation of its rows. We have, however, 
not attempted this. The number 3 in these cases can be calculated by making 
use of the B-triples of the Table 3.2. 

We note that 20 of the above solutions for a (31, 15, 7) design have 
different characteristic numbers. From Lemmas 2.5 and 2.6 it then 
follows that the number of non-isomorphic solutions to a (32, 62, 31, 16, 15) 
ARBIBD or a (63, 31, 15) design is at least 20. 
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6. AN ASYMPTOTIC RESULT 

Let Do be an existing (4t -[- 3, 2t + 1, t) design. Then, from Lemma 2.6 
for each ~ >/ 1, there exists a solution to a design Do with parameters 
(2~(4t + 4) -- 1, 2~(2t + 2) -- 1, 2~(t + 1) -- 1). We actually show that 
the number of non-isomorphic solutions for D~ tends to oo as ~ tends to oo. 

Assume that for ~ ~> 1 there exist solutions D~.I, D~.z ,..., D~,~ of a 
design D~ with characteristic numbers x~.l >x~.s  > "'" >x~,~ > 0 .  
Using these solutions and Lemma 2.6 we obtain solutions D~+la ,..., D~+~.~ 
having characteristic numbers x~+~,l > x~+a,2 > "'" > xc~+l,a ) 0 .  We 
now use Lemma 2.7 with N as the incidence matrix of D~,~ and M as the 
matrix obtained from N by permutation (il,  j~), on its blocks where 
( h ,  is, is)is a B-triple o f N a n d  j~ :/= l'1,/2, is. Since (/1, i~, is)is a B-triple 
of  N, ( j r ,  is,/3) is not a B-triple of N, for otherwise there will be a special 
tuple o f a  (2~(4t -1- 4) -- 1, 2~(2t + 2) -- 1, 2~(t + 1) -- 1) design occurring 
in 4 of its blocks. This is, however, a contradiction. The number ~ of 
common B-triples of N and M is then strictly less than x~.~. The solution 
D~+~,~+~ thus obtained has the characteristic number X~+l,~+x which is 
strictly less than x~+L ~ . We thus obtain ~ + ! non-isomorphic solutions 
to a design D~+~ corresponding to characteristic numbers 

x~+1,1 > x~+l,s > "'" > x~+l,~+l > 0. 

We note that the existing solution of  Do with the help of  Lemma 2,6 
gives a solution Da.~ of D1 with characteristic number /> 4t + 3. It then 
follows by induction that there exist at least ~ non-isomorphic solutions 
for D~ and hence the number of non-isomorphic solutions of D~ tends 
to oo with oL. 

It also follows from Lemma 2.5 that the number of non-isomorphic 
solutions to a (2~(4t + 4), 2~+a(4t + 4) -- 2, 2~(4t + 4) --  1, 2~(2t + 2), 
2~(2t q- 2) -- 1) ARBIBD also tends to oo with ~. 

7. SOLUTIONS OF (23, i 1, 5) DESIGNS 

There exists a unique solution of a (11, 5, 2) design given by the 
difference set (1, 3, 4, 5, 9) mod II. We write this design in Table 7.1. 
We note that the characteristic number of this design is 0. 

Let N be the incidence matrix of this design. We now apply Lemma 2.7 
to obtain solutions G1, G2, G3, G~ of a (23, 11, 5) design. In G1 we take 
M = N and in G2, Gs, G4, respectively, we take for M the matrix 
obtained by applying permutations (6, 7)(9, 10), (6, 7)(9, 10, 11), and 
(6, 8, 11, 9, 7) to the rows of N. All 4 designs have the characteristic 
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TABLE 7.1 

Block number Block 

1 1, 3, 4, 5, 9 
2 1, 4, 6, 7, 8 
3 1, 5, 8, 10, 11 
4 1, 2, 6, 9, 11 
5 1, 2, 3, 7, 10 
6 2, 4, 5, 6, 10 
7 2, 5, 7, 8, 9 
8 2, 3, 4, 8, 11 
9 3, 5, 6, 7, 11 

10 3, 6, 8, 9, 10 
11 4, 7, 9, 10, l l  

number 11. The dual designs GI', G~', G3', G4' are easily seen to have the 
characteristic numbers 11, 3, 2, and 1 and hence are non-isomorphic. 
The designs Gi ,  G2, G3, G4 are then also non-isomorphic. It is obvious 
from the nature of G1 that GI' is isomorphic to GI.  We also have the 
quadratic residue solution mod 23 which is easily seen to have the 
characteristic number 0. Thus there exist at least 8 non-isomorphic solu- 
tions of a (23, 11, 5) design. 

8. CONCLUDING REMARKS 

The concept of a special t-tuple of  a (4t q- 3, 2t q- 1, t) design can be 
generalized to the series S~ of (n (nt § 1) + 1, nt q- 1, t) designs. It can 
easily be verified that any t-tuple occurs at most in (n § 1) blocks of  
such a design. We call such a t-tuple a special t-tuple and the number 
of such t-tuples the characteristic number of this design. Correspondingly 
we may consider (n + 1)-tuples occurring in t blocks of  the design. The 
number of such (n § 1)-tuples will be the characteristic number o f  
the dual design. For  n = 2, the series S, reduces to the class o f  
(4t -t- 3, 2t -t- 1, t) designs. 

We note that, if a design S, contains a special t-tuple, then any other 
block besides the (n § 1) blocks of the t-tuple can contain only t + in 
treatments where i is a non-negative integer. If  n and t are both even, 
then t + in and the block size nt q- 1 are of opposite parity, which is 
impossible. Thus the characteristic number of S, is always 0 when n and t 
are both even. 
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The character is t ic  number  o f  designs o f  the  series Sn can be uti l ized to  
dis t inguish two solut ions for  non- i somorph i sm.  

Some addi t iona l  techniques to generate non- i somorph ic  solut ions o f  
designs will be given in a fo r thcoming  sequel to this paper .  
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