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Let k£ be a commutative ring, W = W(k) the ring of Witt-vectors over k& and
W, = W, (k) the ring obtained from W by truncation at {1,...,n} C N (see [1]).
Attempts to compute higher K-groups of k [¢]/t" have shown the need to learn
something about the W-modules Q(W,,) (the Kihler differentials of W,)). It is the
purpose of this note to construct continuous derivations of W (if the target module
is discrete these are precisely the derivations factoring through W, for some n)
powerful enough to answer some of the questions arising in K-theory (see [2]). The
construction is based on higher derivations of k.

1. Let n be a positive integer, p a prime and y = (¥, 7;,...) With 7; a non-negative
integer and v; = O for all but finitely many i. We put

1.1. (i) n,, = largest power of p dividing n, n, = p” (n),

() 171 = Z; v, iyl = Z;dv;, {v} = GCD(7g, 715 --);

(iii) (3) = n!/T1; ;! (this notation will be used only if |71 = n);

(iv) x7 = IT; x; 7 if x = (x(,x,, ...) is a sequence of elements in some (commuta-
tive) ring; xP = (x,?, x,P,..). '

\
Lemma 1.2. G) [f pl{7}, then () = () mod n,,.
(ii) If p {7}, then (f;) =0 mod n,.

Proof. Suppose v; =0 fori > s and let X5, X, ..., X be indeterminates over Z. Now
(Xg + ..t X )P = XoP +...+ X,P mod p implies (X + ...+ XY = (XoP + ...+ XPY!IP
mod n,,. Hence Z,. |-, (z)X'Y = E|5\=n/p (nép)Xpa mod 7, and we deduce the
lemma comparing coefficients.

Corollary 1.2. () = 0 mod np/{'y}p.

Corollary 1.3. Let d, e be positive integers such that e|nd. Suppose |y| = nd/e and
{v}n.
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) e("‘.’;/") 0 mod d.
(i) If p1 {7}, then ﬂ/d("d/e) e/d("d/p") mod ,,.

(iii) If p¥ {7}, then e/d(”‘,iy/ €)=0mod ny,.

Definition 1.4. Let X = (X, Xy, ...) be a sequence of variables and m, n non-negative
integers. We put

D, (6)= 2(TXY,
where I = {y||yl=m, |yl =n}.

Lemma 1.5. Let n, d, e be positive integers such that e|nd.

(i) e/d ¥, , 4/e(X) EZ[X].
(ii) Let p be a prime such that p|n and pe|nd. Then

eld &y g (X)=eld g appe(XP) mod n,

Proof. (i) If |1yl = n, then {y}|n and eld (”d/") € Z by 1.3().

(i) e/d ®,, , g1o(X) = Z; e/d (" leyx + E eld ("‘ '“’)XP8 where I = {yIp/{v},
¥l =ndle, |yl =n} and J = {§| |5I = nd|pe, IIS I = n/p} The result follows from
1.3 (ii) and (iii).

Proposition 1.6. Let T};, i =0,1,2, ..., j=1,2, ... be variables. Put T; = (T, Ty, -..)
and T = (T,-jli =0,1,..,j= 1 2,...). Let d be a positive integer. There exist unique
polynomials wj(d )(T) €Z[T], j=1,2,...,such that forall n

3;3 eld y, a1e(T,) = Em(d)(T)”/’

Proof. Let ¥, =2, seld &, ,4.(T,), ¥ jin, j<n ]‘Pj(d)(T)"/’ Since we can
solve uniquely for ny,, ¢ (@)(T) once the ;i (az)(T) have been determined forj <n, it
will be enough to show that ¥, = ¥, mod n,, for all prime d1v1sors p of n.

Fix p. Note that if j|n, then either ny,|j or j|n/p. Hence W, =X, ]¢(d)(7)"/’
mod n,,. Also ¢; ATy = =¢; {d)(TP) mod p implies je; (d)(T)"/] =]y {d)(pr’/p/
mod np 1f/ln/p Hence ¥, =Z; jinfp }xp](d)(TP)" li mod np and by mductlon on i1
(the statement of the proposition is trivial for n = 1)

v, = o%/p eld @y, ajpe(TE) mod .
Again, if e|nd, either e, = npdy and ny le/d (i.e. e/dny, is a rational number without
pin the denommator) orelnd|p. Hence ¥, = zclnd/p eld ®, ngje(Te) mod np, and
by 1.5Gi) Wy =2, q7p €ld Dy, pgjpe(TF) mod ny,
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Remark 1.7. ¢, @ gepends on the T;; withi<n andj|nd only.

2. Let & and K be commutative rings. Let D:k— K be a higher derivation of k into

K, that is a sequence D = (D, Dy, ...) of additive maps from & to K such that for
n=0,1,..andallx,y €k

D,(xy)= ié?n D;(x) D;(y) .

Lemma 2.1. Let m, n be non-negative integers and x € k. Then

D,(x™m)= ®, 1 (Dy(x), D1(x),...).

Proof. D,,(x") = Z 4(D,, (x) Dy, (x))...(D, am (x)) where the ¢; are non-negative
integers and 4 = {(a, .- ,am)l Z, o; =n}. Leta=(ay, ..., 0, ). Suppose i appears ;
times among the a;, i =0, 1,2, ..., and put ¥ = (g, 7y, ---)- Then |y} =m and ||yl = n.
Conversely, a 7y with this property determines & up to order of the ;.

For any commutative ring R let W(R) be the ring of Witt-vectors over R and
w=(w,): WR)->RN

the Witt homomorphism defined by w,(x) = Z;, jx; "l for x = (x1,%5,..) EW(R)
andn =1,2, ... (see [1]). The following now is a stralghtforward translation of 2.1
and 1.6.

Definition-Proposition 2.2. Let d be a positive integer and 9, @, n = 1,2, ..., as de-
fined in 1.6. Let
04 : W(k) > W(K)
be given by
6 (), = ‘pn(d)(Di(xj))
for x =(xy, x5, ...) € W(k). Then
w,8,=1/d D
forn=1,2,...
Lemma 2.3. Let k = Q[1), let A be the usual derivation on k and put D; = AYi!.

Then D = (D, Dy, ...) is a higher derivation from k to k and the maps D;:k—kare
algebraically independent over Q.

Proof. This is all obvious except, maybe, for the last statement, for which, though,
we may appeal to well known facts from the theory of differential equations.
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Proposition 2.4. 6 ; is additive.

Proof. Let 4;(X,Y) € Z[X,Y],j=1,2,.., X=(X}, X, ), Y=(Y,Y,,..) be the
universal polynomials defining addition of Witt-vectors. There exist polynomials

Vi (T,S) EZ[T,S], T=(Tyy), S=(Sppy), i ,I'=0,1,.., j,m,m =1,2,...such
that D;(4;(x, y)) = ¥;;((D;(x,,)), (Dy(y,,))) whenever R is a ring, x = (x},%5, ...)
and y = (4,5, ...) are sequences of elements in R, and D = (D, Dy, ...) is a higher
derivation on R. Now additivity for 6 ; means

ad(A](x’y))n = An(ad(x)a 6d (y))
or, equivalently,
O DDy (X)), Dy (7)) = 4y, (DD (xp ), (05 DDy (1))

forn=1,2,...and x, y € W(k). Now if char k =0=char K, then w is injective on
W(k) and W(K) and clearly 8 ; is additive. In view of 2.3 we deduce that there is an
identity

‘Pn(d)(ll’,-,-(T, S')) = An((‘ps(d)(T))9 (‘ps'(d)(s))) ’
and this in turn implies additivity for 6 ; in general.
Now let F;: W(R) > W(R) (R a commutative ring) be the functorial endomor-
phism satisfying
Wn F, d~Wnd
forn=1,2,...(see [1]).

Proposition 2.5. Let ¢ : W(k) X W(k) > W(K) be given by
Y(x,¥)=84(xy) — F3Dy(x) 8 4(») — F3Do(») 8 4(x) .

(Here we use the same symbol for the homomorphism D : k > K and the homo-
morphism W(k) - W(K) obtained by applying D componentwise.) Let p be a
prime. Then for n < dpand n = pd,, we have

¥(x,y), =0modp
forany x,y € W(k).

Proof. We will show that in fact the coefficients of the polynomials used to define
¥(x, y), are divisble by p if n is as in the statement of the proposition. We claim
first that w,{{(x, ¥)) = 0 mod pn,. Now

w,(U(x, yP = 1/d H]E,:n D;(w,, 4 () D; W, 4(»))

— lld WndDo(X)D"(Wnd(y)) — I/d WndDO(Y)Dn(M)IId(x))
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=1d 27  Diw, dONDjw,q(»)

i+y=n,0<i,j
= 2efld ("J) "y ugrops

where I = {(e, f, 7,8)| elnd, fInd, 1| = ndle, 18| = nd[f, 0<Ilyll, 0 < II5 1,

“7“ + "6" = n} and U, = (Do(xe), Dl(xe), ...), Uf = (Do(yf), Dl(yf), ...). By 1.2 (ll)
we have

efld ("%) ("U)=0 modp?,

where a = r(e) +r(f) — r(d) + 2r(n) + 2r(d) — r(e) — r(f) — r({v}) — r({6}). Now
ifn <d, =p"d), then r(d) > max {r({y}), r{6 D} (we use 0<|iyli, 151l and

n =yl +{18]). Also, r(n) = min {r({y}), r({6)}. Hencea=r(n) + 1. If n = pdy, =
p" D ther r(n) =r(d) + 1 and r({y}) <r(d), r({6}) <r(d). Hence a=>r(d) +2 =
r(n) + 1. This establishes the claim. Now w, (¥(x, y)) =ny, (x,y) + U, where Uis a
sum of terms ey, (x, y)'le with e|n and e < n. We may assume by induction that

Y (x,y) =0 mod p for eln,e <n. Since ny = ep(n/e) < epp"/e, we have U=0
mod pn,,. Hence ny, (x,y) =0 mod pny, and ¥,(x,») =0 mod p.

Summarizing we obtain

Theorem 2.6. Let k and K be commutative rings and suppose char K = p, p a prime.
Let D =(Dgy, D,, ...) be a higher derivation from k to K, d a positive integer and
dy, =p’. Consider W(K) as a W(k)-module via F3Dy. Then the map

84 : W(k) > W(K)
of 2.2 induces via truncation (see [1]) continuous derivations W(k) > Wa,z,....n)K)
forn<p" and W(k) ~> Wa Do ps)(K)fors <r+l.

Proof. Additivity and the derivation property follow from 2.4 and 2.5, the con-
tinuity from 1.7.
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