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Abstract

With a basic varying space–time cutoff �̃, we study a regularized and quantized Einstein–Cartan gravi-
tational field theory and its domains of ultraviolet-unstable fixed point gir � 0 and ultraviolet-stable fixed 
point guv ≈ 4/3 of the gravitational gauge coupling g = (4/3)G/GNewton. Because the fundamental op-
erators of quantum gravitational field theory are dimension-2 area operators, the cosmological constant is 
inversely proportional to the squared correlation length � ∝ ξ−2. The correlation length ξ characterizes an 
infrared size of a causally correlate patch of the universe. The cosmological constant � and the gravita-
tional constant G are related by a generalized Bianchi identity. As the basic space–time cutoff �̃ decreases 
and approaches to the Planck length �pl, the universe undergoes inflation in the domain of the ultraviolet-
unstable fixed point gir, then evolves to the low-redshift universe in the domain of ultraviolet-stable fixed 
point guv. We give the quantitative description of the low-redshift universe in the scaling-invariant domain 
of the ultraviolet-stable fixed point guv, and its deviation from the �CDM can be examined by low-redshift 
(z � 1) cosmological observations, such as supernova Type Ia.
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1. Introduction

As one of fundamental theories for interactions in Nature, the classical Einstein theory of grav-
ity, which plays an essential role in the standard model of modern cosmology (�CDM), should be 
realized in the scaling-invariant domain of a fixed point of its quantum field theory, analogously 
to other renormalizable gauge field theories in the standard model of particle physics. It was 
suggested [1] that the quantum field theory of gravity regularized at an ultraviolet (UV) cutoff 
might have a non-trivial UV-stable fixed point and asymptotic safety, namely the renormalization 
group (RG) flows are attracted into the UV-stable fixed point with a finite number of physically 
renormalizable operators for the gravitational field. The evidence of such UV-stable fixed point 
has been found in the different short-distance regularization frameworks of dimensional contin-
uation [2], the large N (the number of matter fields) approximation [3], lattice methods [4], the 
truncated exact renormalization group [5–7], and perturbation theory [8], as well as our approach 
to the quantum gravity [9,10] that will be discussed below.

The regularized and quantized gravitational field theory, see for example the bare action AEC
of Eq. (4) below, must be well-defined in a space–time and gauge independent regularization 
(cutoff) scheme for controlling quantum field fluctuating modes at short distances. In the scaling-
invariant domain of the UV-stable fixed point, the operators of AEC obey RG-equations, the 
irrelevant operators are suppressed by the cutoff, whereas the relevant operators become renor-
malizable operators at long distances. It is expected that the classical Einstein theory would be 
realized as an effective theory with two relevant and renormalizable operators

Aeff
EC =

∫
d4x

2κ
det(e)(R − 2�) + · · ·, κ ≡ 8πG, (1)

where R is the Ricci scalar, � and G are the cosmological and gravitational constant, and “· · ·” 
stands for matter fields and possible high-dimensional operators (see Ref. [11]).

It is a nature and important issue to study the asymptotic safety of quantum gravitational field 
and their applications to the universe evolution. Some attempts have been made [12,13]. We 
present our preliminary study of this issue in this article.

2. The quantum gauge theory of gravitational field and its correlation length

By the analogy of quantization of non-abelian gauge field theories, we adopted [9] the diffeo-
morphism and local (Lorentz) gauge-invariant regularization scheme, which is a background-
independent simplicial complex with a unique space–time running cutoff �̃ = π/�̃cutoff, to 
regularize and quantize the Einstein–Cartan field theory for gravitational field, massless fermion 
and gauge fields.1

The basic gravitational variables in the Einstein–Cartan theory constitute a pair of tetrad and 
spin-connection fields [eμ

a(x), ωab
μ (x)], whose Dirac-matrix values are eμ(x) = eμ

a(x)γa and 
ωμ(x) = ωab

μ (x)σab with Dirac matrices γa , σab and γ5. Analogously to the Wilson-loop defined 
in non-abelian gauge theories, we introduce the vertex field

vμν(x) ≡ γ5σab(e
a
μeb

ν − ea
ν eb

μ)/2, (2)

and define the diffeomorphism and local Lorentz gauge-invariant holonomy field [9]

1 In this article, we do not explicitly show the matter section of fermion and gauge fields.
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XC(e,ω) =PC tr exp

⎧⎨
⎩ig

∮
C

vμν(x)ωμ(x)dxν

⎫⎬
⎭ , (3)

along the loop C on the four-dimensional Euclidean manifold, where g is the gravitational gauge 
coupling. We introduced the SO(4) group-valued spin-connection field Uμ(x) = eig�̃ ωμ(x), and 
the smallest holonomy field Xh(v, U) along the closed triangle path of the 2-simplex h(x) in the 
simplicial complex with the basic space–time cutoff �̃. We regularize and quantize the Euclidean 
Einstein–Cartan theory (see Eqs. (120), (124) and (134) in Ref. [9]),

AEC(v,U) = 1

8g2

∑
h∈M

Xh(v,U) + H.c., (4)

where 
∑

h∈M is the sum over all 2-simplices h(x) of the simplicial complex, and the partition 
function

ZEC[�̃, g(�̃)] =
∫

DeDU exp−AEC. (5)

Henceforth, we will use “the theory” as the abbreviation of the regularized and quantized the 
Euclidean Einstein–Cartan field theory of Eqs. (3), (4) and (5). In this theory there are only two 
fundamental fields: the connection field-strength gωμ and dimension-2 area-operator �̃2 (eμ ∧
eν)/2 with two fundamental parameters: the gravitational coupling g and unique dimensional 
scale �̃. In the naive continuum limit of �̃ g ωμ � 1 or �̃ → 0, Eq. (4) formally reduces to Eq. (1)
with the gravitational gauge coupling

g = (4/3)G/G0, (6)

the cosmological constant � = 0 and high-dimensional operators are naively suppressed by 
O[(�̃ g ωμ)4]. The G is the running gravitational “constant” and G0 is its present value, i.e., 
the Newton constant GNewton = �2

pl.

Instead of taking the naive continuum limit (�̃ → 0), one should first find the critical points 
of phase transitions. In the neighborhood of these critical points, one should then adopt the 
Kadanoff–Wilson approach to find an effective action at the scale of the correlation length ξ̃
by integrating over short-distance modes at the space–time cutoff �̃. Namely, in the simplicial 
complex of the cutoff �̃, one integrates the partition function ZEC[�̃, g(�̃)] of Eq. (5) over short-
distance modes at the cutoff �̃ to obtain the effective partition Z ′

EC[�̃ ′, g(�̃ ′)] in the simplicial 
complex of the cutoff �̃ ′, where ξ > �′ > �. By comparing Z ′

EC[�̃ ′, g(�̃ ′)] to ZEC[�̃, g(�̃)], one 
could possibly obtain the running gravitational gauge coupling g(�̃), i.e., β(g)-function, and an 
effective quantum field theory in the continuum space and time.

We integrate the partition function ZEC[�̃, g(�̃)] of Eq. (5) over the short-distance quantum 
degrees of freedom (e, U) of small loops of the length C

�̃
∼ �̃ and area A(C

�̃
) ∼ �̃2 so as to obtain 

an effective partition function ZEC[ξ̃ , g(ξ̃ )] in terms of larger loops of the correlation length Cξ̃ ∼
ξ̃ and area A(Cξ̃ ) ∼ ξ̃2 (ξ̃ > �̃). For the reason that the holonomy fields Xh(v, U) are dimension-2 

area-operators in Eq. (4), the leading contribution to the effective action AEC[ξ̃ , g(ξ̃ )] contains a 
new volume term, i.e., the cosmological term

A(Cξ̃ )/ξ̃
2 ∝

∑
C

A(C
�̃
)/ξ̃2 ∝

∑
x

�̃4/(�̃2ξ̃2) ∝
∑
x

�̃4ρ̃�̃, (7)
�̃
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where the energy density reads

ρ̃�̃ ∝ 1/(�̃2ξ̃2), (8)

and the related cosmological constant is given by

�̃ ∝ ξ̃−2. (9)

Note that this preliminary discussion does not demand ξ̃ � �̃ and Eq. (9) can be �̃-dependent.
We have to confess that the result (9) bases on the dimensional analysis. The rigorous cal-

culations by both analytical and numerical approaches are necessarily required to obtain the 
cosmological term (7). This is a difficult task of the theory. Nevertheless we argue that because 
the fundamental operators in the theory AEC of Eq. (4) are the dimension-2 area operators, rather 
than dimension-4 density operators, the dependence of the cosmological constant on the correla-
tion length has the form of Eq. (9).

3. The UV-unstable fixed point and its domain

In this section, we discuss the UV-unstable fixed point gir and its domain (gir-domain) of the 
theory of Eqs. (4) and (5). The regularized action (4) at the space–time cutoff �̃ is actually the 
ratio of activation energy per the fundamental area operator Xh and squared gravitational gauge 
coupling g2, the latter acts as if it is a “temperature”.

In the weak coupling limit g ≈ 0, all quantum fields of gravity and matter are asymptoti-
cally decoupled. Moreover, quantum fields {e, U} are frozen to the configurations of completely 
randomly fluctuating and uncorrelated fields at the cutoff scale �̃ and the fundamental oper-
ators Xh have activation energies at the cutoff scale �̃−1. This “random” configuration is a 
maximal-entropy configuration. It corresponds to the 〈Xh〉 = 0, where the expectational value 
〈· · ·〉 is evaluated with respect to the partition function (5). The reasons are that the partition 
function (5), i.e., the amplitude of configurations {e, U}, is dominated by the “random” config-
uration 〈Xh〉 = 0, and other configurations with 〈Xh〉 �= 0 are exponentially suppressed by their 
weight exp−〈Xh〉/g2 for g ≈ 0. This implies [10] that (i) there is a disorder phase 〈Xh〉 = 0 at 
g ≈ 0, where the fundamental operators Xh are suppressed by their activation energies ∼ �̃−1, 
and (ii) the correlation between two fundamental operators Xh is limited in their neighborhood 
and the correlation length ξ̃ � �̃.

As the coupling g deviates from g ≈ 0 and increases for g � 0, the more and more funda-
mental area operators Xh start to activate and correlate each other. As a result the long-ranged 
order (e, U)-configurations of 〈Xh〉 � 0 are excited by the probability ∼ exp−〈Xh〉/g2. This 
means that in a length scale larger than the cutoff �̃, more and more degrees of freedom of quan-
tum fields {e, U} are correlated and the activation energy (per Xh) decreases. This implies the 
occurrence of a phase transition at the critical coupling

gir = (4/3)(Gir/G0)� 0, Gir � 0. (10)

On the other hand, as the coupling g increases and moves away from the critical coupling gir, 
the ratio (ξ̃ /�̃) of the correlation length ξ̃ and UV-cutoff �̃ increases, indicating that the critical 
coupling gir should be a UV-unstable fixed point. This feature can also be seen from the per-
turbation result [8] of positive one-loop β-function β(gN), where gN is a small dimensionless 
Newton constant in the effective theory of gravitational field with the UV-cutoff.

However, we know neither the exact gir-value (gir ≈ 0), nor the measure and properties of 
the gir-domain. Instead of being a scaling-invariant domain, the part of gir-domain is expected 
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to be a crossover domain where the correlation length ξ̃ is not much larger than the UV-cutoff �̃
so that ξ̃ does not decouple from �̃ variation. Therefore, in addition to operators in the effective 
Einstein action (1), there are unsuppressed high-dimension operators of the regularized action 
(4) following the RG flows in the crossover domain. In this article, we postulate that the measure 
(g-range) of the crossover in the gir-domain is small, namely, the ratio ξ̃/�̃ rapidly increases 
for a small g-increase, corresponding to the positive β-function β(g) ≡ −�̃∂g(�̃)/∂�̃ ≈ 0+. This 
postulation implies that for some small g-values in the gir-domain, we would be allowed to make 
some approximate calculations by an expansion in the powers of (�̃/ξ̃ ) < 1. We will come back 
to this point in the last section. Moreover, at the critical coupling gir, the phase transition possibly 
occurs from the Planck phase (g � gir), where all fundamental interactions including gravity are 
unified, to the phase (g � gir) of grant unification theory of gauge interactions to matter-fields.

4. The UV-stable fixed point and its domain

We briefly recall the UV-stable fixed point guv and its scaling-invariant domain (guv-domain) 
discussed in Ref. [10]. As the running space–time cutoff �̃ decreases, the increasing coupling g
approaches to guv (g ↗ guv). In the guv-domain, the large-loop holonomy fields 〈XC〉 of Eq. (11)
are not suppressed because the smallest loops Xh undergo condensation by jointing together side 
by side to form surfaces whose boundaries appears as large loops XC . The correlation length ξ
characterizes the size of dominantly non-vanishing holonomy fields

〈XC〉 =
∫

DeDU XC(e,U) exp−AEC(e,U) (11)

∼
∫

DA(C) exp −A(C)/ξ2, (12)

where 
∫
DA(C) is the functional measure of all possible surface-area A(C) bound by the large 

loop C. As a result, the system undergoes a second-order phase transition at a critical coupling 
guv. As the cutoff �̃ decreases, the increasing coupling approaches to the UV-stable fixed point 
guv (g ↗ guv). In its domain of scaling invariance, the surface-area of large loops XC proliferates 
and becomes macroscopically large with the scaling invariant correlation length ξ � �̃ and area 
ξ2 � �̃2. We approximately obtained the scaling law [10]

ξ2 ∝ �̃2g2
uv/(g

2
uv − g2), ξ ∝ �̃/(guv − g)ν/2, (13)

the critical coupling guv = (4/3)Guv/G0 ∼ O(1) and critical exponent ν = 1 of the UV-stable 
fixed point guv. Assuming that the coupling g approaches the fixed point guv, as the cutoff �̃
approaches the Planck length (�̃ → �pl), we obtained guv ≈ (4/3) or G ≈ G0 [see Eq. (6)]. The 
area law (12) represents the leading contribution to the partition function (5) after integrating 
over vacuum–vacuum quantum fluctuations of small loops C

�̃
at short distances �̃. The volume 

term A(C)/ξ2 in Eq. (12) has the same form of the cosmological term in Eq. (7).
In this scaling-invariant domain of the UV-stable fixed point

guv = (4/3)(Guv/G0) ≈ 4/3, Guv ≈ G0 , (14)

the Kadanoff–Wilson approach leads to the RG equations for physically relevant and renormal-
izable operators of the effective Einstein theory (1) at long distances. Applying the effective 
Einstein theory (1) to the present universe, we have (i) the gravitational coupling G ≈ G0 and 
the correlation length ξ being the order of the size of the present universe horizon, (ii) the oper-
ator of Ricci scalar R ∝ ξ−2 and (iii) the cosmological term
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� ∝ ξ−2, (15)

and the corresponding energy density

ρ� ∝ (�̃ξ )−2, (16)

instead of ρ� ∝ (�̃)−4.2

In the guv-domain, the irrelevant operators of the theory (4) are suppressed by the powers of 
(�̃/ξ), and the UV-cutoff �̃ is “removed” because of �̃ � ξ . In the continuous spacetime, as a 
result, the Euclidean quantum or classical Einstein–Cartan field theory (1) with finite numbers 
of relevant operators (e.g. � and R terms) is realized as an effectively renormalizable theory in 
the sense of asymptotic safety. Such an effective Euclidean field theory is expected to become an 
effective 3 + 1 field theory (1) after the Wick rotation [9,10]. The scaling-invariant correlation 
length ξ , equivalently the lowest lying mass scale m = ξ−1 of quantum or classical gravitational 
fields, characterizes the infrared size (L ∝ ξ ) of a causally correlate patch of the universe.

Note that the guv-domain we chose the running space–time cutoff �̃ to approach the Planck 
length �pl (�̃ → �pl), rather than take the limit �̃ → 0 to remove the cutoff for the following 
reasons. The first, in a renormalizable field theory in the scaling-invariant domain of a non-trivial 
fixed point, the removal of the cutoff �̃ means that renormalized physical operators at the scale 
ξ do not depend on quantum field fluctuations at the cutoff �̃ � ξ , the irrelevant operators are 
suppressed by the powers of (�̃/ξ). The second, the physical correlation length ξ and coupling g
have to be determined by comparing final results with observations and experiments carried out 
at the known scales.

Since fixed points and their scaling-invariant domains are universal, i.e., independent of dif-
ferent regularization schemes at the UV-cutoff, we expect that the non-trivial UV-stable fixed 
point guv of gravitational gauge coupling should relate to the non-Gaussian fixed point (g∗

N, λ∗)
of gN = k̃2G(k̃), λ = �(k̃)/k̃2 for energy k̃ → ∞ obtained in Refs. [5–8]. However, in this ar-
ticle the cosmological constant appears as �̃ ∝ ξ̃−2 of Eq. (9) or � ∝ ξ−2 of Eq. (15), relating 
to the scaling invariant correlation length of the theory (4), rather than a primary dimensional 
parameter following the RG equation in theory space of operators.

5. The correlation length and scaling factor of FRW universe

The correlation lengths ξ̃ and ξ are defined by the two-point correlation function of the theory 
(4) with the UV-cutoff �̃. They can be either the spatial length defined by the equal-time corre-
lation function of two spatial points, or the time elapsing defined by the correlation function in 
time. In the domains of fixed points gir and guv, an effective action of the Euclidean field theory 
of gravitation is obtained by integrating over a time-constant slice up to the size ξ̃ or ξ , and inte-
grating over an imaginary time variable τ is up to the causally-correlate time ξ̃ or ξ . Therefore, 
after the Wick rotating from the effective Euclidean field theory to the effective 3 + 1 field theory 
for describing the universe evolution, the correlation lengths ξ̃ and ξ are not only proportional 
to the infrared size L, but also proportional to the time elapsing t of the expanding universe. 
We generally denote ξ̃ = ξ̃ (t) and ξ = ξ(t) monotonically increasing their values in time. The 
UV-cutoff �̃ = �̃(t) acts as a Lagrangian variable monotonically decreasing its value in time. In 

2 This is reminiscent of the “vacuum-energy” density ρvac
� ≈ 1/(�2

plξ
2) rather than ρvac

� ≈ 1/(�4
pl) as a candidate for 

the cosmological term, proposed by V.G. Gurzadyan and S.-S. Xue more than 14 years ago, IJMPA 18 (2003) 561–568, 
see astro-ph/0105245 and astro-ph/0510495.
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fact, as a unique and arbitrary scale of the theory (4), the running UV-cutoff �̃ plays the roles 
of not only regularizing high-energy modes at short distances, but also providing a fundamental 
length unit measuring the correlation length ξ̃/�̃ or ξ/�̃. The ξ̃ or ξ turns out to be the physical 
unit for dimensional operators. The dynamics of the theory determine the coupling g = g(t) and 
β-function β[g(t)] as functions of time.

In the flat (k = 0) spatial section of the Robertson–Walker geometry with rotation and trans-
lation symmetries,

ds2 = L2(t)d x̂2 = a2(t)dx2, (17)

where the spatial size L(t) is the dimensional scaling factor, describing the length scale of the 
causally correlated universe at each time-constant slice in the four-dimensional space time. The 
dimensionless scaling factor is then given by a(t) = L(t)/�̃(t), since the UV-cutoff �̃(t) is a 
unique and basic scale of the theory (4). As discussed the dimensional scaling factor L(t) ∝ ξ̃ (t)

or L(t) ∝ ξ(t), and the dimensionless scaling factor of RW symmetry is given by

ã(t) = L(t)/�̃(t) ∝ ξ̃ (t)/�̃(t), (18)

a(t) = L(t)/�̃(t) ∝ ξ(t)/�̃(t) , (19)

which is monotonically increasing in time, describes and measures the stretching of spatial man-
ifold of space time in the universe expansion. Note that in Eq. (18) we consider the postulation 
that the ratio ξ̃ /�̃ becomes sufficiently large in the part of gir-domain so that we approximately 
adopt the effective Einstein theory (1) and RW-geometry (17). We shall come back to this point 
in the last section.

These discussions do not preclude the possibility that the correlation length ξ(t) of the theory 
discussed in this article describes only a part of the entirely causally correlated universe. In this 
case, instead of a unique scaling factor a(t) for the homogeneous and isotropic RW symmetry, 
we will probably be led to an effective cosmological term, which is contributed from the universe 
inhomogeneity described by different correlation lengths at different parts of the universe.

Moreover, conventional 3 + 1 local quantum field theories with the IR-cutoff L and the UV-
cutoff �cutoff, whose entropy and energy scales extensively S ∼ L3�3

cutoff and E ∼ L3�4
cutoff, 

vastly overcount degrees of freedom for a very large IR-cutoff. The reason is that these theories 
are described in terms of Lagrangian volume-density operators, they have extensivity of the en-
tropy built in. Therefore, it is required to have a constrain on the IR- and UV-cutoffs, given by 
the up bound energy [14]

E ∼ L3�4
cutoff � LM2

pl, (20)

where the maximum energy density ρmax ≈ �̃4
cutoff and the Planck mass Mpl ∝ 1/�pl. When 

Eq. (20) is near saturation, the maximum entropy is

Smax ≈ (πL2M2
pl)

3/4. (21)

As discussed in Sections 3 and 4, the infrared cutoff ξ̃ and energy density ρ̃�̃ (8) [or ξ and ρ�

(16)] satisfy the constrain (20)

Ẽ�̃ ≈ ξ̃3ρ̃�̃ ∝ ξ̃ �̃−2 � ξ̃ �−2
pl , (22)

E� ≈ ξ3ρ� ∝ ξ �̃−2 � ξ �−2. (23)
pl
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They reach the saturation, when �̃ → �pl, corresponding the maximal entropy. The reason is that 
the regularized Euclidean quantum gravity (4) is described in terms of area-density operators, 
rather than volume-density operators. In accordance with the energy density ρ̃�̃ (8) or ρ� (16), 
the entropy density s̃�̃ ≈ ρ̃�̃�̃ ∝ 1/(ξ̃2�̃) or s� ≈ ρ��̃ ∝ 1/(ξ2�̃). The up bound entropy is

S̃�̃ � ξ̃3 s̃�̃ ∝ ξ̃ �̃−1 � ξ̃ �−1
pl , (24)

S� � ξ3 s� ∝ ξ �̃−1 � ξ �−1
pl (25)

which increases as ξ̃ or ξ increasing and �̃ decreasing. This entropy is much smaller than the 
extensive entropy ξ3�̃−3 built by Lagrangian volume-density operators. These discussions show 
that the energy and entropy densities representing the cosmological term in Eq. (1) are con-
tributed from the ensemble of quantum fluctuating degrees of freedom of the space time, which 
is described by the simplicial complex whose fundamental element is a 2-simplex, i.e., a triangle 
area operator at short distances �̃.

As ξ̃ (t) or ξ(t) increases and �̃(t) decreases in time, the space–time entropy (24) or (25)

S̃�̃(t) ∝ ξ̃ (t)�̃−1(t) ∝ ã(t) or S�(t) ∝ ξ(t)�̃(t)−1 ∝ a(t) (26)

increases in time. This shows that ξ̃ (t) or ξ(t) increasing and �̃(t) decreasing in time are in 
accordance with the entropy of expanding universe increasing in time. As will be discussed, the 
proliferation and increase of space–time entropy S̃�̃(t) and S�(t) drive the universe inflation and 
acceleration. Whereas, the space–time energy Eq. (22) or (23)

Ẽ�̃(t) ∝ ξ̃ (t)�̃−2(t) ∝ ã(t)�̃−1(t) or E�(t) ∝ ξ(t)�̃−2(t) ∝ a(t)�̃−1(t), (27)

increases in time, as ξ̃ (t) or ξ(t) increases and �̃(t) decreases in time. This indicates that the 
matter-field sector (including dark matter) and the space–time sector (space–time originated 
cosmological term) should interact each other, resulting in the energy exchange between the 
matter-field sector and space–time sector [15].

We expect that these two sectors must interact each other via microscopic particle–antiparticle 
(including dark matter particles) creation and annihilation. It is expected that the interaction of 
two sectors should be strong in the earlier universe evolution, and weak in the latter universe 
evolution. These issues will be studied in future. In this article, we will only use the generalized 
Bianchi identity (40) below for total energy–momentum conservation within the framework of 
classical Einstein equation for the universe evolution.

In the following sections, we shall discuss the possible scenario that due to the proliferation 
and increase of the space–time entropy, the universe evolves in time. At the initial time t = t0
and UV-cutoff �̃(t0) = �̃0, the evolution starts with the inflation in the domain of the UV-unstable 
fixed point gir for the early universe. The universe evolution continues with acceleration in the 
scaling-invariant domain of the UV-stable fixed point guv for the present and future universe, as 
the basic space–time UV-cutoff �̃(t) decreases and approaches the Planck length �pl. We mainly 
consider that the evolution of low-redshift universe in the scaling-invariant domain of the UV-
stable fixed point guv. Using the scaling law (13), we solve the Einstein equation for the cosmic 
scaling factor a = a[ξ, g(�̃)] by taking into account the generalized Bianchi identity for the re-
lation between the cosmological and gravitational constants � = �[ξ, g(�̃)]. In the last section, 
we give a brief and preliminary discussion on the inflation in the domain of the UV-unstable 
fixed point gir for the early universe. This scenario is different from that discussed in Refs. [12], 
where the universe evolution follows the RG flow going away from the non-Gaussian fixed point 
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(g∗, λ∗) of high energies (k̃ → ∞) to the RG-branch of low energies (k̃ → 0) for the present 
universe.

6. The domain of UV-stable fixed point for the low-redshift universe

In the previous section, we mentioned that the ξ(t) increasing and �̃(t) decreasing in time 
consistently describe the universe expansion with entropy increasing in time. We further assume 
that the low-redshift universe has already been in the scaling-invariant domain of UV-stable fixed 
point guv. Namely, �̃(t) ↘ �pl and g(t) ↗ guv, physical quantities m(g, �̃) are scaling-invariant 
and satisfy the renormalization-group invariant equation, i.e., �̃(dm/d�̃) = 0,

�̃
∂m

∂�̃
− β(g)

∂m

∂g
= 0, (28)

where the β-function is

β(g) ≡ −�̃
∂g(�̃)

∂�̃
= μ

∂g(μ)

∂μ
, (29)

and the UV-cutoff μ ≡ π/�̃ = �̃cutoff. In the neighborhood of the UV-stable fixed point guv, 
where ξ � �̃ > �pl, the coupling g(�̃) and β-function can be generally expanded as a series

g(�̃) = guv + c0(�̃/ξ)1/ν +O[(�̃/ξ)2/ν], (30)

β(g) = β(guv) + β ′(guv)(g − guv) +O[(g − guv)
2] > 0, (31)

where β(guv) = 0, β ′(guv) = −1/ν, the coefficient c0 > 0 and the critical exponent ν > 0. In the 
neighborhood of the fixed point guv, the behavior of the β-function

β ′(guv)(g − guv) > 0, for g < guv (32)

indicates the fixed point guv is UV-stable, as �̃(t) ↘ �pl and g(t) ↗ guv.
Selecting the scaling-invariant physical quantity to be the correlation length m = ξ−1, as the 

solution to Eq. (28), we obtain that the correlation length ξ follows the scaling law [cf. Eq. (13)]

ξ(t) = �̃(t) exp+
g(t)∫

guv

dg′

β(g′)
, for g(t) < guv,

= �̃(t)

[
c0

guv − g(t)

]ν/2

, (33)

which represents an intrinsic scale of the theory in the scaling-invariant domain. The dimension-
less scaling factor

a(t) ∝ ξ(t)/�̃(t) =
[

c0

guv − g(t)

]ν/2

, for g(t) < guv (34)

for the low-redshift universe. Using the scaling factor a ≡ a(t) and gravitational coupling g ≡
g(t), we will omit the time variable henceforth.

We first introduce the scaling factor and gravitational coupling values at the present time t0: 
a0 and g0 = g(a0) ≈ 4/3 [cf. Eq. (6)] for G = G0. The relation (6) between gravitational cou-
plings g and G gives (g/g0) = (G/G0). We consider the following evolution of universe in the 
scaling-invariant domain:
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(i) g � g0 � guv and a � a0 < ac in the past;
(ii) g0 � g � guv and a0 < a < ac in the future,

where ac and guv = g(ac) are the scaling factor and gravitational coupling values at the future 
time when the fixed point guv is approached g(ac) = guv.

For two different values a and a0 of the scaling factor, the scaling law (33) yields

a2 ∝ (c0)
ν

(guv − g)ν
; a2

0 ∝ (c0)
ν

(guv − g0)ν
, (35)

and the ratio of two equations leads to the running gravitational coupling as a function of the 
scaling factor(

g

g0

)
=

(
guv

g0

)
+

(
1 − guv

g0

)(
a

a0

)−2/ν

, (36)

≈ 1 + δG ln(a/a0) ≈
(

a

a0

)δG

, (37)

where in the second line, a � a0, ln(a0/a) � 1, and the parameter δG ≡ (guv/g0 − 1)2/ν > 0 is 
assumed to be small enough. Here, we treat guv and ν/2 as parameters, hence the parameter δG, 
to be fixed by observations. They can be in principle obtained by non-perturbative calculations of 
β-function, including both gravitational and matter fields. The critical index ν/2 actually relates 
to the anomalous dimension of the gravitational coupling g.

Eq. (37) shows that the low-redshift universe in the past a(t) � a0, was approaching the 
present universe, a(t) ↗ a0 and g(t) ↗ g0. Eq. (36) shows that the present universe is evolv-
ing into the universe in the remote future a(t)/a0 � 1 and g(t)/g0 > 1. Eq. (36) also shows 
when the coupling g(t) will be approaching the UV-fixed point, g(t) ↗ guv, the universe will be 
approaching its “infinite” size ac/a0 → ∞ in the “infinity” time tc/t0 → ∞.

7. Einstein equation and generalized Bianchi identity

In the following sections, we will use the “scaling” relation (35), (36), (37) of scaling fac-
tor a(t) and gravitational coupling g(t) together with the classical Einstein equations and total 
energy–momentum conservation to study the evolution of low-redshift universe. Based on the 
observational facts and symmetry principle, at long distances the Einstein tensor Gab and the 
classical Einstein equation coupling to the total energy–momentum tensor Tab of matter fields 
can be in general written as (see for example [16] page 153)

Gab = −8πGTab; Gab = Rab − (1/2)gabR − �gab. (38)

The cosmological term �gab in LHS of Einstein equation shows its gravitational origin. The 
covariant differentiation of Eq. (38) and the Bianchi identity

[Ga
b] ; b = −8π [GTa

b] ; b, [Ra
b − (1/2)δa

bR] ; b ≡ 0, (39)

lead us to the generalized Bianchi identity: the conservation law of the energy–momentum of 
matter-field sector and space–time sector (the cosmological term)

(�);b ga
b = 8π(G);bTa

b + 8πG(Ta
b);b, (40)
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where the cosmological and gravitational “constants” are no longer constant, i.e., (�);b = (�),b

and (G);b = (G),b . Using the result of Eqs. (8) and (9) and ã ∝ ξ̃ /�̃ for the early universe, or 
using the result of Eqs. (15) and (16) and a ∝ ξ/�̃ for the low-redshift universe, we in prin-
ciple completely determine the relation of cosmological constant and gravitational coupling 
�̃ = �̃[ã, g(�̃)] or � = �[a, g(�̃)] by the generalized Bianchi identity (40).

Suppose that the cosmological term � gab does not exchange any mass-energy with matter 
fields for two possibly approximate cases: (i) the energy-density ρ� is too small to energetically 
create many pairs of particles and antiparticles in the low-redshift universe; (ii) the energy density 
ρM of particles and antiparticles is high and approximately comparable with ρ̃� in the early 
universe. In these two cases, the conservation law of Eq. (40) reduces to the energy–momentum 
conservation of matter fields (Ta

b);b = 0 and relation

(�),b = 8π(G),b T b
a = 8π(G),b T bcgca, (41)

which relates the variations of � and G in the presence of matter fields. We practically study 
these two cases in the rest of this article.

8. Equation of state

Matter fields in RHS of Einstein equation (38) are usually described by a perfect fluid with 
the energy–momentum tensor

T ab = pMgab + (pM + ρM)UaUb, (42)

and the equation of state

pM = (�M − 1)ρM ≡ ωMρM, (43)

where pM and ρM are the pressure and energy-density of matter field fluid, whose four-velocity 
Uμ obeys the condition gμνU

μUν = −1. The thermal index �M > 1, i.e., ωM > 0 is due to 
the facts that (i) the entropy of matter fields conserves, i.e., the number of particles conserves 
in the universe expansion; (ii) the decreasing internal energy EM (excluding mass-energy) of 
matter fields, i.e., δEM = δ(ρMV ) ≤ 0, paying for the universe expanding its volume δV > 0. 
As a consequence of the particle-number and energy-conservation laws (nparticleU

b);b = 0 and 
Ua(T

ab
M );b = 0 along a flow line in the universe expansion, we have

(ρMUb) ;b + pMUb;b = 0. (44)

Recalling that dV/dt = V Ub;b , where V and t are the comoving volume and time, we have 
along each flow line

pMδV + δEM = 0, ⇒ pM ≥ 0. (45)

Eq. (43) and ρM > 0 lead to �M − 1 = ωM ≥ 0. The ωM value varies from ωM = 1/3 for 
ultra-relativistic matter fields to ωM = 0 for extremely non-relativistic matter fields.

In order to understand the observational effects possibly due to the cosmological term �gab in 
LHS of Einstein equation (38), one moves it to the RHS of Eq. (38) and substitutes it by an exotic 
“dark energy” fields.3 By analogy with a perfect fluid of matter fields, one in general proposes 
the energy–momentum tensor of the exotic “dark energy” fields to be

3 Some confusions between the cosmological term and vacuum-energy were pointed out, see Section II of Ref. [17].
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T ab
D ≡ pDgab + (pD + ρD)UaUb (46)

and the equation of state pD = ωDρD . Moreover, for the case of G ≡ G0 being constant the 
conservation law (T ab

D );b = 0 is demanded, independently of the conservation law (T ab
M );b = 0

of matter fields [18]. Here we purposely use the subscript “D” to indicate that as a kind of exotic 
matter field, this “dark energy” (46) does not necessarily relate to the cosmological term �gab in 
LHS of Einstein equation (38).

In fact, the cosmological term �gab in LHS of Einstein equation (38) clearly has its gravita-
tional origin as discussed above. If we move the cosmological term �gab from LHS to RHS of 
Einstein equation (38), and rewrite it in the form

�gab ≡ −8πGT ab
� , T ab

� ≡ p�gab + (p� + ρ�)UaUb. (47)

As a result, the equation of state relating the pressure p� and energy density ρ� = �/(8πG): 
p� = ω�ρ�, ω� ≡ −1. The conservation law (T ab

� );b = 0 follows for both � ≡ �0 and G ≡ G0
being constants. In the case of both G and � dynamically varying, the generalized conservation 
law Eq. (40) or (41) is fulfilled with the equation of state p� = ω�ρ� and ω� ≡ −1.

Actually, our results of cosmological term � gab and its properties presented in Sections 2
and 5 are in agreement with the equation of state p� = ω�ρ� and ω� ≡ −1. The negative 
pressure p� < 0 or ωM < 0 is due to the facts that in the universe expansion δV > 0, (i) the 
space–time entropy (26) increases, (ii) the space–time energy E� (27) increases, i.e., δE� > 0. 
This shows that the entropy and energy of stretching space–time manifold with a decreasing 
fundamental UV-cutoff �̃ are completely different from the entropy and internal (kinetic) energy 
of particles moving in the manifold.4

In the universe expansion, the space–time manifold in the form of the simplicial complex is 
stretched as the correlation length ξ increases. On the other hand, the fundamental element of 
the simplicial complex, i.e., a 2-simplex (a triangle area) of size �̃, becomes smaller. As a result 
the total entropy S� (26) increases. This is an entropic repulsive force resulting from the entire 
universe’s statistical tendency to increase its entropy. Against the gravitational attractive force, 
this entropic force acts in the universe and leads to its inflation and acceleration. This entropic 
force is totally different from a particular underlying microscopic force of particles.

9. The universe evolution with varying G and �

In this section, for the case of varying gravitational and cosmological “constants”, G and �, 
we study the Einstein equation (38) with the Robertson–Walker metric (17) for the evolution of 
low-redshift universe. We implement the relation of the scaling factor a(t) ∝ ξ/�̃(t) of Eq. (19)
and the scaling law of Eqs. (34)–(37) in the scaling-invariant domain of the UV-stable fixed 
point guv.

Using the energy–momentum tensor (42) with U0 = 1, Ui = 0, T 00 = ρM and T ii = pMgii , 
the time–time and space–space components of the Einstein equation (38) in the Robertson–
Walker metric are given by,

3ä = −[4πG(ρM + 3pM) − �]a, (48)

aä + 2ȧ2 + 2k = [4πG(ρM − pM) + �]a2. (49)

4 A physical interpretation was given in the last section of Ref. [17].
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As usually, the Hubble rate H = ȧ/a, the “time”-variable x = a/a0 = 1/(1 + z) and d(· · ·)/dt =
(Hx)d(· · ·)/dx. The values z0 = 0 and a/a0 = 1 represent the present time of the universe. The 
values z > 0 and a/a0 < 1 represent the time in the past; the values −1 < z < 0 and a/a0 > 1
represent the time in the future. Indicating the values of cosmological variables at the present 
time by subscript or superscript “0”, we rewrite Eqs. (48) and (49) as

H 2 = H 2
0

(
G

G0

)(
�M + �� + �k

)
, (50)

x
dH 2

dx
+ 2H 2 = H 2

0

(
G

G0

)[
2�� − (1 + 3ωM)�M

]
, (51)

and the deceleration parameter

q ≡ − (äa)

ȧ2
= 1

2

(G/G0)

(H 2/H 2
0 )

[
�M(1 + 3ωM) − 2��

]
, (52)

where the conventional definitions of the critical density ρ0
c ,

ρ0
c = 3H 2

0 /(8πG0), �M,�,k = ρM,�,k/ρ
0
c , (53)

and the curvature density ρk = −k/(8πGa2). If the gravitational and cosmological “constants” 
are set to equal to their values at the present time, G = G0 and � = �0, the above equations
become usual equations in the �CDM. Moreover, at the present time,

�0
M + �0

� + �0
k = 1, �0

M,�,k = ρ0
M,�,k/ρ

0
c , (54)

and �0
k = −k/(H 2

0 a2
0) with the present values of energy densities ρ0

M , ρ0
� = �0/(8πG0), ρ0

k =
−k/(8πG0a

2
0).

In addition, the generalized Bianchi identity (40) becomes,

d�

dt
= −8π

[
ρM

dG

dt
+ G

dρM

dt
+ G

3ȧ

a
(pM + ρM)

]
, (55)

or

x
d

dx
(g�� + g�M) = −3g(1 + ωM)�M, (56)

where g = G/G0, g0 = 1 and Eq. (54) for x0 = 1. In Eq. (56), the coupling g = g(x) is given by 
the scaling law, for example Eq. (36) if we know the β-function. However, we still need another 
independent equation relating �� and �M to find the solution ��(x) and �M(x) to Eq. (56). 
The relation between �� and �M should be determined by the interaction of the space–time and 
matter-field sectors, as already discussed after Eq. (27) in Section 5. If this relation is known, we 
will be possibly able to find a resolution to the coincidence problem why �0

� and �0
M are the 

same order of magnitude in the present universe.

Analogously to the β(g)-function (29), using (d/dt) = ˙̃
�(d/d�̃) = μ̇(d/dμ) and ˙̃� �= 0 μ̇ �= 0, 

we define the β-functions

β� ≡ μ∂�(μ)/∂μ, βM ≡ μ∂ρM/∂μ, βa ≡ μ∂ lna/∂μ. (57)

Eq. (55) can be written as

β� = −8πG0[ρMβ(g) + gβM + 3gβa(pM + ρM)]. (58)
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In the scaling-invariant domain of the UV-stable fixed point guv, as �̃(t) ↘ �pl and a(t) ↗ a0, 
βa > 0, βM < 0 and β(g) > 0, see Eq. (29).

We turn to study the low-redshift universe, and suppose that the cosmological term and matter 
fields completely decouple from each other in this epoch. The energy–momentum conservation 
of matter fields (Ta

b);b = 0, i.e.,

d(ρMa3)/da = −3pMa2, ⇒ �M = �0
M(a0/a)3(1+ωM). (59)

The generalized Bianchi identity (40) reduces to (41). Eq. (55) becomes

d�

dt
= −8πρM

dG

dt
, or

d(Gρ�)

dx
= −ρM

dG

dx
, (60)

and Eq. (58) becomes

β� = −8πG0ρMβ(g) < 0. (61)

This indicates that the cosmological constant �(t) decreases, i.e., �(t) ↘ �0, as a(t) ↗ a0 and 
�̃(t) ↘ �pl in the scaling-invariant domain of the UV-stable fixed point guv.

Using Eqs. (36) and (37) in the scaling-invariant domain, with the boundary condition x0 = 1, 
a = a0 at the present time, we integrate the “time”-variable x = a/a0 in Eq. (60) over the region 
x ≤ 1 for the past or the region x ≥ 1 for the future, and obtain the evolution of cosmological 
constant

�

�0
= G��

G0�
0
�

= 1 −
(

δ�

κ

)[
1 −

(a0

a

)κ]
(62)

= 1 − δ� lnx

∞∑
n=0

(κ lnx)n

(n + 1)! ≈
(

a

a0

)−δ�

, (63)

in the second line, ln(a0/a) = ln(1 + z) � 1 for the low-redshift universe. The parameter κ =
3(1 + ωM) − δG > 0. The parameter δ� is related to the parameter δG in the scaling law (37)

δ� = δG(�0
M/�0

�) > 0, δ� < δG � 1 (64)

due to the generalized Bianchi identity (60). The small parameters δG and δ� should be deter-
mined and their relation (64) should be checked by observational data of low-redshift universe. 
Eq. (63) shows that in the past a � a0, a ↗ a0 and � ↘ �0.

For the case of low redshifts z � O(1), ln(a0/a) = ln(1 + z) � 1, and the indexes δG <

δ� � 1, Eqs. (37) and (63) yield

(G/G0) ≈ (1 + z)−δG, (�/�0) ≈ (1 + z)δ�, (65)

and (��/�0
�) ≈ (1 + z)δG/�0

� . The correlation of gravitational and cosmological constants is

(�/�0) ≈ (G/G0)
−(�0

M/�0
�); (��/�0

�) ≈ (G/G0)
−1/�0

�, (66)

depending on the values �0
� and �0

M . The ratio of �M and �� is

(�M/��) ≈ (�0
M/�0

�)(1 + z)3(1+ωM)−δG/�0
�, (67)

consistently with Eq. (60). However, the interaction of space–time and matter–field sectors has 
been neglected.
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Fig. 1. As functions of the redshift z, we illustrate (i) G/G0 (dashed line), �/�0 (thick solid line) and ��/�0
� (thin 

solid line) of Eq. (65); (ii) the correlation (66) of the gravitational and cosmological constants.

Fig. 2. We illustrate the Hubble function H 2/H 2
0 (dashed line) of Eq. (68) in contrast with its �CDM counterpart (solid 

line), and their discrepancy �H 2 ≡ H 2(δG) − H 2(0) in terms of the redshift z.

Correspondingly, Eq. (50) is approximately replaced by

H 2 ≈ H 2
0

[
�Mx+δG + �0

�x−δ� + �0
kx

−2
]
, (68)

in contrast with the �CDM equations (δG = δ� = 0), the same discussions apply for the decel-
eration parameter (52) and the luminosity distance

dH (z) =
a0/(1+z)∫

0

dz′/(1 + z′)H(z′), (69)

where H(z) is given by Eq. (68). The relations (64) and (68) can be examined [19] by using the 
measurements of low-redshift (z � 1) cosmological observations, e.g. Type Ia supernovae.

In this scenario, the time evolutions of gravitational constant G/G0 and cosmological constant 
�/�0 depend on one parameter δG in Eq. (37). In order to gain some physical insight into these 
time evolutions, and their impacts on the cosmological parameters, we chose as an example 
ωM ≈ 0, δG ≈ 0.06 and k = 0 for illustrations. In Fig. 1, G/G0, �/�0 and (��/�0

�) are plotted 
in terms of the red shift z ∈ [−0.5, 1]. It is shown that G/G0 and �/�0 (or ��/�0

�) are slightly 
increasing and decreasing as the redshift z decreasing, and they are correlated. In Fig. 2, we plot 
the Hubble function of Eq. (68) to compare and contrast with its �CDM counterpart, and show 
their discrepancy increasing with the redshift z, i.e., [H 2(z), �H 2(z)]. In Fig. 3, we plot the 
deceleration parameter (52) in contrast with its �CDM counterpart, and show their discrepancy 
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Fig. 3. We illustrate the deceleration parameter q (dashed line) of Eq. (52) in contrast with its �CDM counterpart (solid 
line), and their discrepancy (right) in terms of the redshift z.

increasing with the redshift z, i.e., [q(z), �q(z)]. The same calculations can be done for the 
luminosity distance [dH (z), �dH (z)].

To end this section, it is interesting to see that in the remote future a/a0 � 1, z → −1 + 0+, 
Eqs. (36) and (62) show that G/G0 → Guv/G0 and �/�0 → �c/�0 = (1 − δ�/κ) ≈ 1 towards 
the UV-stable fixed point (g → guv, �̃ → �pl). Eq. (50) implies that the universe possibly undergo 
a very slow “inflation”

a � a0 exp (H 2
0 �0

�)1/2t ≈ a0 exp (t/1018 s) , (70)

approaching to ac/a0 = ∞ in a constant acceleration q → −1 + 0+.

10. The domain of UV-unstable fixed point for the universe inflation

In the last section, we give a preliminary discussion on the possibility whether the inflation 
can occur in the domain of UV-unstable fixed point gir � 0 of Eq. (10). As discussed in Section 3, 
this gir-domain is a crossover domain rather than the scaling-invariant one, like guv-domain. In 
order to gain some physical insight into this domain, we assume that ξ̃ > �̃ at least for some part 
of the gir-domain, and expand the coupling g(�̃) and β-function (29) as a series

g(�̃) = gir + c̃0(�̃/ξ̃ )1/ν̃ +O[(�̃/ξ̃ )2/ν̃], (ξ̃ > �̃), (71)

β(g) = β(gir) + β ′(gir)(g − gir) +O[(g − gir)
2] > 0, (72)

where the coefficient c̃0 > 0, β(gir) = 0 and β ′(gir) = 1/ν̃ > 0. In the gir-domain, the behavior 
of the β-function is

β ′(gir)(g − gir) > 0, for g > gir � 0 (73)

indicating the fixed point gir is UV-unstable, the coupling g(t) moves away from gir, as the 
UV-cutoff �̃(t) decreases.

In this gir-domain, the scaling law for ξ̃ � �̃ is not completely valid and the action is more 
complicate than the Einstein action (1). Nevertheless, as a preliminary study and for the reasons 
discussed in Section 3, we approximately use Eq. (28) for m = ξ̃−1 and obtain

ξ̃ (t) ≈ �̃(t) exp+
g(t)∫
gir

dg′

β(g′)
, for g(t) > gir,

= �̃(t)
[
c̃0[g(t) − gir]

]ν̃/2
, (74)
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and the dimensionless scaling factor

ã(t) ∝ ξ̃ (t)/�̃(t) =
[
c̃0[g(t) − gir]

]ν̃/2
, for g(t) > gir. (75)

Suppose that the initial scaling factor ã0 and gravitational coupling g̃0 = g(ã0) � gir, where a 
smaller subscript or superscript “0” is used to indicate quantities’ values at the initial time t0, dif-
ferently from the normal subscript or superscript “0” indicating quantities’ values at the present 
time t0. The initial energy densities are

ρ̃0
�̃

= �̃0/(8πG̃0), ρ̃0
M ≈ 1/ξ̃4

0 , ρ̃0
k = −k/(8πG̃0ξ̃

2
0 ), (76)

where �̃0 ∝ ξ̃−2
0 of Eq. (9) and G̃0 = g̃0G0 = g̃0�

2
pl � 0. The space–time entropy S̃0

� ∝ ã0 and 

energy Ẽ0
� ∝ ã0�̃

−1(t0) are given by Eqs. (26) and (27). Analogously to Eq. (54), we define

ρ̃0
c = 3H̃ 2

0 /(8πG̃0), �̃0
M,�̃,k

= ρ̃0
M,�̃,k

/ρ̃0
c , (77)

where ρ̃0
c is the critical density, the Hubble rate H̃ = ˙̃a(t)/ã(t) and H̃0 = ˙̃a(t0)/ã(t0).

In the gir-domain, we consider the universe evolution in g � g̃0 � gir and ã > ã0 > ãir where 
ãir is the scaling factor for gir = g(ãir). For two different values ã and ã0 of the scaling factor, 
Eq. (75) yields

ã2 ∝ (c̃0)
ν̃(g − gir)

ν̃; ã2
0 ∝ (c̃0)

ν̃(g̃0 − gir)
ν̃ , (78)

and the ratio of these two equations leads to the running gravitational coupling as a function of 
the scaling factor(

g

g̃0

)
=

(
gir

g̃0

)
+

(
1 − gir

g̃0

)(
ã

ã0

)2/ν̃

(79)

≈
(

ã

ã0

)2/ν̃

, gir � 0 (80)

where [G(t)/G̃0] = [g(t)/g̃0].
In order to gain a physical insight into the possibility whether or not the inflation can take 

place in the gir-domain, we assume the decoupling of the cosmological term and matter fields, 
and approximately adopt Eq. (41) or (60). We write Eq. (60) as

d�̃

dt
= −8πρM

dG

dt
, or

d(Gρ̃�)

dx̃
= −ρ̃M

dG

dx̃
, (81)

where x̃(t) = ã(t)/ã0(t0) and x̃0(t0) = 1. Then integrating Eq. (79) over “time”-variable x̃ ≡
ã(t)/ã0 in the region x̃ > 1 with the boundary condition x̃(t0) = 1, we obtain

(�̃/�̃0) = (G�̃�̃)/(G̃0�̃
0
�̃
)

= 1 − (δ̃�/κ̃)

[
1 −

(
ã0(t0)

ã(t)

)κ̃
]

, (82)

where the parameters are

κ̃ = 3(1 + ωM) − 1/ν̃ > 0, δ̃� = (1/ν̃)(�̃0
M/�̃0

�̃
) > 0, (83)

and ωM ≈ 1/3 for ultra relativistic particles.
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In the initial condition, it is compellingly reasonable to assume that the matter–field energy-
density ρ̃0

M is much smaller than the space–time energy-density ρ̃0
�̃

, see Eq. (76), so that 

(�̃0
M/�̃0

�̃
) = (ρ̃0

M/ρ̃0
�̃
) � 1. Suppose that ν̃ � 1 and β ′(gir) = 1/ν̃ � 1, namely, the β-function 

is very flat in the gir-domain, see also the discussion presented in the last paragraph of Section 3. 
As a result, δ̃�/κ � 1 in Eq. (82), �̃ ≈ �̃0 slowly varies. Eq. (50) becomes

H̃ 2 = H̃ 2
0 (G/G̃0)(�̃M + �̃� + �̃k) ≈ (�̃ − kã−2)/3, (84)

which shows an inflationary de Sitter solution, �̃0 ≈ 3H̃ 2
0 ,

ã(t) ≈ ã(t0) exp (�̃0/3)1/2(t − t0) . (85)

Equation (79) gives the coupling

g̃(t) ≈ g̃(t0) exp (2/ν̃)(�̃0/3)1/2(t − t0) , (86)

which demands β ′(gir) = 1/ν̃ � 1 to be consistent with small variation of the coupling g (79). 
The space–time entropy S̃� ∝ ã(t) and energy Ẽ� ∝ ã(t)�−1(t) of Eqs. (26) and (27) increase.

The proliferation and increase of space–time entropy S̃� drive the universe inflation (85). 
Moreover, the entropy of particles and antiparticles increases by converting the space–time 
energy-density ρ̃�̃ to the matter-field energy-density ρ̃M . In the initial inflation epoch the space–
time energy-density ρ̃�̃ is much more larger and energetic for the production of particles and 
antiparticles.

Similarly to the relation (54) and ρ0
total = ρ0

c in the present time t0, Eqs. (77) and (84) give 
(�̃0

M + �̃0
� + �̃0

k) = 1, indicating the total energy-density ρ̃0
total = ρ̃0

c in the initial time t0, al-
though the initial values ã0, ξ̃0, g̃0 and densities (76) are unknown. Needless to say, in order 
to understand the quantitative properties of entire inflationary process, for example, whether the 
inflation ends with the e-folding factor �n[ã(t)/ã0(t0)] ≈ 60, we have to study the rate of the 
energy-conversion and particle-creation form the space–time energy-density ρ̃�̃ to the matter–
field energy-density ρ̃M , and adopt the generalized Bianchi identity (40) or (55). The initial 
values ã0, ξ̃0, g̃0 and densities (76), as well as the value 1/ν̃ could be determined by either 
theories or observations.

In addition to the problem previously discussed, there are many other open questions. We 
mention a few more examples. Actually, the correlation length ξ(t) is much larger than the UV-
cutoff �̃(t) in the entire universe evolution from the gir-domain to the guv-domain. After the 
crossover domain, we speculate only one scaling law a(t) ∝ [ξ(t)/�̃(t)] = ξ [g(t)], provided the 
full β-function β(g) is known in the entire range of the coupling g(t) ∈ (gir, guv]. Moreover, 
induced by very massive torsion fields, the four-fermion interactions depend on the gravitational 
gauge coupling g in the Einstein–Cartan theory [20]. How these self-interactions of matter fields 
affect on the universe evolution. There unsolved issues deserve studies in future.
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