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This paper improves the bound, due to D. Jennings [J. Combin. Theory Ser. A
68 (1994), 465�469], on the smallest rectangle into which all of the squares of side
length 1�n, n=2, 3, 4, ... can be packed. The question of whether a packing with an
arbitrarily small excess area is possible remains unanswered. � 1996 Academic

Press, Inc.

1. Introduction

The series ��
k=2 (1�k2) sums to (?2�6)&1. This algebraic identity

suggests the following geometric problem: If squares of side lengths
1�2, 1�3, 1�4, ... are packed into a rectangle of area ((?2�6)&1)+=, can the
value of =�0 be arbitrarily small? A. Meir and L. Moser [3] show that
this sequence of squares can be packed into a square of side 5�6. This is the
square of minimal area for which this packing is possible since the full side
length of 5�6 is necessary to pack the squares of side lengths 1�2 and 1�3.
This packing shows that = can be less than 1

20 and results in an excess area
of about 80. Derek Jennings [2] proves that this sequence can be packed
into a rectangle of area 47�72, which has excess area of about 1.20 . In this
paper, we prove that the packing is possible for =< 1

198 , yielding an excess
area in the rectangle of less than 10. The question of whether or not = can
be made arbitrarily small remains unanswered.

2. Two Packing Strategies

When the problem of packing squares of sides 1�2, 1�3, 1�4, ... into the
smallest possible square is changed to packing them into the smallest
possible rectangle, it is initially rather easy to reduce the area significantly.
Theorem 1 eliminates much of the excess space inherent in the packing of
the sequence of squares into a square.
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Theorem 1. The sequence of squares of sides 1�2, 1�3, 1�4, ... can be
packed into a rectangle of sides 5�6_4�5, with area 2�3.

Proof. Figure 1 shows a way in which the first 37 squares in the
sequence can be placed. As a direct result of Theorem 1 in [3], the
remaining squares in the sequence can be packed into the rectangle left
open in the lower-right corner of the rectangle. Using a telescoping series
argument, we can show that the sum of the areas of these squares is at
most 1�37. Since
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Theorem 1 in [3] shows that the remaining squares can all be packed into
the 17

105_
29
130 rectangle shown in Fig. 1. K

The ratio of the area of the rectangle to the sum of the areas of the
squares in this packing is approximately 1.034. This result is difficult to

Fig. 1. Squares of side lengths 1�2, 1�3, 1�4, ... are packed into a rectangle with area 2�3.
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improve on using the methods described above since the entire height of
the rectangle is used in this packing in three different places, and all three
would have to be shifted in order to decrease the height. Note that the
rectangle in Theorem 1 has an area slightly larger than Jennings' example
in [2]. A change in the method of packing the tail of the sequence makes
it much easier to reduce the area of the rectangle and produce an example
smaller than that of Jennings.

In [1], Ba� lint gives a procedure for packing the sequence of rectangles
of sides 1�n_1�(n+1), n=1, 2, 3, ... into a rectangle only slightly larger
than a unit square. He packs the first r&1 rectangles, where r�16 and is
a multiple of 4, into the unit square and the remaining rectangles into a
rectangle of sides (6�5r)_1. Here, 1�r is the length of the longer side of the
first rectangle of the sequence to be packed outside of the unit square. The
packing of the remaining rectangles is done by taking a strip of width 1�r
from the rectangle into which they are to be packed and dividing it into r
squares of side 1�r, into which he showed that the rectangles of the given
dimensions with n=r, r+1, ..., 6r&1 will fit. This process is then repeated
with another strip from the rectangle whose width is once again determined
by the length of the longer side of the largest rectangle to be packed into
the strip. A series calculation shows that the sum of the widths of these
strips is 6�5r. This argument can be adapted rather easily to the case of
squares of sides 1�n where n=2, 3, 4, ... and results in the following
theorem.

Theorem 2. The sequence of squares of sides 1�2, 1�3, 1�4, ... can be
packed into a rectangle of dimensions 31�30_629�1000.

Proof. If the first m&1 squares in the sequence can be packed
elsewhere, the remainder can be packed into a rectangle of sides
6�5m_(m+1)�m. This is done by simply repeating the strip-packing
arrangement described by Ba� lint and placing each square of sides 1�(n+1)
inside the rectangle of sides 1�n_1�(n+1) from that arrangement. Each
square except the first (i.e., largest) square from each strip can be packed
according to this pattern. In the case of the first strip, this square is of side
1�m. It is placed in the region created by the extra length of this rectangle.
This region is exactly the size needed to pack the first square. This extra
length allows all of the squares of side 1�n where n=m, m+1, m+2, ... to
be packed into a rectangle of dimensions 6�5m_(m+1)�m. Figure 2 shows
a packing arrangement for the first 298 squares into a rectangle of sides
31�30_5�8, with the remaining squares packed into a strip along the longer
side of the rectangle, as described above. The side length 31�30 is chosen
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Fig. 2. Squares of side lengths 1�2, 1�3, 1�4, ... are packed into 31�30_629�100 rectangle.

to be slightly longer than 1. Otherwise, these dimensions are chosen for
convenience in packing.

Figure 3 is an enlargement of the lower right-hand corner of the
rectangle in Fig. 2. The squares of side 1�109 and 1�164 extend into the
strip discussed above for the packing of the squares of side 1�300 and
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Fig. 3. An enlargement of the lower right-hand corner of the packing shown in Fig. 2.

smaller. This does not result in a problem with the packing, since these
smaller squares are packed in a strip of length 301�300, rather than the full
length of 31�30. K

Note that the example given by Jennings in [2] for the packing of this
sequence of squares has an area of 47�72, which is slightly larger than the
rectangle in Theorem 2.
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