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Abstract 

Edelman, P.H., R. Simion and D. White, Partition statistics on permutations, Discrete 
Mathematics 99 (1992) 63-68. 

We describe some properties of a new statistic on permutations. This statistic is closely related 

to a well-known statistic on set partitions. 

In [7] four statistics on set partitions were described, each having the q-Stirling 
numbers [2] as their distribution generating function. In this paper we will show 
an interesting relationship between one of these statistics, Is, defined below, and 
permutations. Specifically, we compute the distribution polynomial 

c qW, 
0.Z.Y” 

as well as 

E& PFlp(& o)PO), 

where P is, in turn, the weak and strong order on the symmetric group. In each 
case the polynomial has an interesting factorization. Our formulae (l), (3), and 

(4) are instances of the following phenomenon: A poset P and a combinatorial 
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statistic w : P- Z afford an interesting factorization for the polynomial 

Several such situations (e.g. root systems, set partitions, noncrossing partitions) 

are discussed in [4]. 

Let II(n, k) be the set partitions of [n] into k blocks and n(n) the set of all 

partitions of [n]. For n E II(n, k), define Is(n) as follows: order the blocks of n 

in increasing order of the smallest element in the block. Write these blocks 

B,,B, ,..,, Bk. Then 

ls(~) = i (i - 1) IBJ. 
i=l 

The same statistic 1s is described in terms of restricted growth functions in [7]. 

We now extend the definition of 1s to permutations. Let S, denote the 

symmetric group on [n]. Suppose 0 E S,. Then Is(a) is 1s on the set partition 

induced by the cycles of o. We will denote the number of cycles of o by 1~11. 

Observe that there are 

fJ (IBil - l)! 
permutations in S, which lead to the same partition B1, B2, . . . , Bk. 

The key tool in our investigation of 1s on permutations will be an integer 

partition which corresponds to the set partition n. This partition I. will have 

distinct parts, 

A = (A,, &, . . . , L,), 

with n > A, > A2 > . . . > 2.k_-1 > 0. Here is the definition of A: 

Ai = 2 IBJ. 
i=j+l 

This integer partition may also be recovered in a natural way from the row 

echelon matrix viewpoint of Leroux [3]. 

Note that if JG E II(n, k) then its associated integer partition il is a partition of 

Is(o) into k - 1 distinct summands, with the largest summand strictly less than n. 

Also, the number of partitions in II(n, k) which give the same partition 

A. = (A,, &, . . . , &_J is 

where h, = n and jlk = 0. 

This construction leads naturally to a description of the coefficients of the 

q-Stirling number. This description was discovered by Sundaram [6], while using 

the row echelon matrices of Leroux to derive a new recurrence for the q-Stirling 

polynomial. 
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Proposition 1. Let 

S&h k) = 2 q’“‘“’ = c Ci,n,kqi. 
ntrI(n. k) i 

Then 

where the sum is over partitions A of i into k - 1 distinct parts, A, <n, and where 

A,=n. 

We now place this integer partition construction in the context of permutations. 

The number of permutations in & whose cycle partition gives the same integer 

partition b = (ill, hZ, . . . , h&-l) is 

Let sgn(a) denote the sign of the permutation o. Note that sgn(a) gives the 

Mobius function ~~~(8, a), where SB is the strong order on S,. By WB we mean 

the weak order on 3,. See [l] for the relevant definitions. 

Theorem 2. 
n-l 

c4 
l7E.S” 

‘s(%‘o’ = Q (xq’ + i), 

n-1 

oz wWq 

n 
‘s(0)x’O’ = g (xqi - i), 

and, with WB denoting the weak order on S,,, 

(1) 

(2) 

c pWB(& (-J)q’s(o)x’u’ = x”-‘qG)-l(xq - 1). 

0.x” 
(3) 

Proof. Clearly, each partition A associated with a permutation corresponds to a 

term in the product on the right hand side of (1). Furthermore, the coefficient of 

the term on the right hand side corresponding to A is 

i not a part of A 

which is exactly the number of permutations on the left with associated partition 

A. This proves (l), and, since sgn(a) = (- l)“-‘“I, also proves (2). 

To prove (3) recall that ~~~(0, a) is zero unless 

o = z;z; . * - z;, 

where {Zi} is a partition of [n] into intervals, and I’ denotes the decreasing 

sequence of the elements in the interval I; in this case ~~~(6, a) = (-l)“-k, see 

[l] or [5, p. 1721. 
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We regard ~~(6, a) as the sign of a, and define, much as above, two 
sign-reversing involutions on the permutations u with nonzero Mobius function. 
Each of the involutions preserves the value of 1s and the number of cycles. 

For the first involution, find the leftmost interval 4 of odd cardinality larger 
than 1 or of even cardinality but such that lJ+ll = 1. In the former case break off 
the largest element of 4, in the latter case merge 4 and J+l. The fixed points of 
this involution are those permutations whose fixed points precede the 2-cycles in 
the set partition induced by the cycles of o. 

On these fixed points define now a second involution: find the leftmost interval 
4 of even cardinality. Depending on whether its cardinality is larger than 2 or 
equal to 2, either split off the smallest two elements or merge 4 with Ii+,. The 
fixed points of this involution are the identity and the transposition (n - 1, n), 
and they contribute the two monomials on the right hand side of (3). 0 

Note that Theorem 2 (2) can be written 

where ~1 is the Mobius function of n(n). 

CoroIh=y 3. CoeS.: lo,=k Is(a) = (n -k + 1) ls(n, k - l)l, where s(n, k - 1) rS the 
Stirling number of the first kind. 

Proof. Differentiate (1) with respect to q and set q = 1. The resulting generating 
function can be easily seen to equal the generating function for the right hand 
side. 

Alternatively, there is a straightforward bijection which proves the identity. 
Write u in cycle form, ordering the cycles in increasing order of the smallest 
element and writing the smallest element in each cycle first. Place the Ferrers 
diagram of the partition A directly above the permutation o, written in cycle 
form, aligning the dots of the diagram with the numbers in the cycles. See Fig. 1. 
The left-hand side counts permutations with one of the dots of this Ferrers 
Diagram distinguished. Call the cycle directly below the distinguished dot c and 
the corresponding member of the cycle x. In Fig. 1, x = 11 and c = (6 11). 
Furthermore, if the dot is at height i within its column have it indicate the ith 
cycle. Call this cycle b. In Fig. 1, b = (2 15 4 3 7). 

. 

. . . . . . . . . . . 
(1 8 12 9) (2 15 4 3 7)(5X6 ll)(lO 14)(13) 

Fig. 1. 
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Write c starting at x and attach c to the end of b. The resulting permutation 
has one fewer cycle and one element, x (which is not smallest in its cycle) 
distinguished. These are the objects counted by the right hand side. The 
permutation corresponding to Fig. 1 is (18 12 9)(2 15 4 3 7 116)(5)(10 14)(13) with 
X = 11. 

To reverse this, split the cycle containing x at x. Call the new cycle c. Let A be 
the partition which corresponds to this new permutation. Distinguish the cell in 
A which corresponds to x and the cycle from which c was split. 0 

corollary 4. For n 2 2, C,,s, sgn(+(a) = (n - 2)! (-1)“. 

Proof. Differentiate Theorem 2 (2) and set q = 1 and x = 1. Alternatively, we 
have two sign-reversing involutions which together prove Corollary 4. 

The first involution is the following: Write o and A. as above. If the 
distinguished dot is not the dot corresponding to a part of size 1, then either 
merge the last two cycles of o or split off a singleton cycle from the end of the last 
cycle, according to whether the last cycle was a singleton or not. This clearly 
reverses the sign and the distinguished dot will not be affected. 

The fixed points of this involution will be those permutations whose last cycle is 
a singleton (yielding a part of size 1 in A) and whose part of size one is 
distinguished dot. 

The second involution acts on this fixed point set. If the last singleton cycle is 
not 2, multiply the permutation (on the right) by the transposition (12). This will 
reverse the sign and will not affect the last singleton cycle. 

The fixed points of this second involution are permutations whose last cycle is 
a singleton 2. This can only happen if there are exactly two cycles, an it - l-cycle 
and a singleton 2. There are (n - 2)! such permutations and the sign of each is 
(-1)“. q 

Corolhry 5. For n 3 1, C,,s, ,u&& a)ls(a) = 1. 

Proof. Differentiate Theorem 2 (3) and set q = 1 and x = 1. Alternatively, recall 
that the two sign-reversing involutions used to prove (3) preserve the 1s value and 
the number of cycles, and note that they preserve the partition A as well. 
Therefore, define two involutions related to those in the proof of (3) as follows: if 
u is a permutation with nonzero Mobius function and if 3c is its associated 
partition with a distinguished dot, let (J be acted on by the involution(s) used in 
the proof of (3), and keep il and its distinguished dot the same. Ultimately we get 
(“2) fixed configurations from the identity permutation and (;) - 1 fixed configura- 
tions from the transposition (n - 1, n). 0 

The coefficients g,(n, k) of xk in (1) are a q-analog of Stirling numbers of the 
first kind. However, they are not the q-Stirling numbers of Gould [2]. They 
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satisfy the following recursion (easily seen from Theorem 2): 

g&z, k) = q”-‘g&t - 1, k - 1) + (n - l)g,(n - 1, k). 

We have investigated the other statistics described in [7]; each yields a different 

distribution generating function and none has a factorization theorem such 

as Theorem 2. 
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