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Abstract

For r > 3, n € N and each 3-monotone continuous function f on [a, b] (i.e., f is such that its third
divided differences [xq, x1, X2, x3] f are nonnegative for all choices of distinct points x, .. ., x3 in [a, b]),
we construct a spline s of degree r and of minimal defect (i.e., s € C" ~Ha, b)) withn — 1 equidistant knots
in (a, b), which is also 3-monotone and satisfies

1f = sl ) < coa(fin™ " [a, bl)so,

where wy(f, t, [a, b]) o is the (usual) fourth modulus of smoothness of f in the uniform norm. This answers
in the affirmative the question raised in [8, Remark 3], which was the only remaining unproved Jackson-type
estimate for uniform 3-monotone approximation by piecewise polynomial functions (ppfs) with uniformly
spaced fixed knots.

Moreover, we also prove a similar estimate in terms of the Ditzian—Totik fourth modulus of smoothness
for splines with Chebyshev knots, and show that these estimates are no longer valid in the case of
3-monotone spline approximation in the L, norm with p < oo. At the same time, positive results in
the L, case with p < oo are still valid if one allows the knots of the approximating ppf to depend on f
while still being controlled.

These results confirm that 3-monotone approximation is the transition case between monotone and
convex approximation (where most of the results are “positive”’) and k-monotone approximation with k > 4
(where just about everything is “negative”).
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction and main results

Let 8,(z,) be the (linear) space of all piecewise polynomial functions (ppfs) of degree r
(order r + 1) with the knots z, = (z;)/_, 20 < 21 < -+ < Zy—1 < Zn, ie., for each
0 <i < n-—1,5slgz. € I, where II, denotes the space of algebraic polynomials of
degree < r. Also, let gr (z,) == 8,(2z,) N C"~! be the corresponding space of splines of minimal
defect (highest smoothness). Additionally, Sy .[a, b] is the (nonlinear) space of free knot ppfs of
degree r with at most N pieces in [a, b] (N — 1 knots in (a, b)). (Clearly, for any z, = (z;)7_.
8 (zy) C Sn,r[ZOs Zn])

Throughout this paper, “z, is a partition of [a, b]” always means that z, is an ordered set
(zi)i_gr@ =120 <21 < -+ < Zp—1 < Zp = b, and additionally we set z_; := zo and z,4; = Zn
for i € N (a similar convention is used for partitions x,,, y,, etc.). In particular, we denote by u,,
and t,, the uniform and Chebyshev partitions of [—1, 1], respectively, i.e., u, := (=14 2i/n)!_,
and t,, := (cos ((n — i)m/n));_.

Now, with J; := [z}, zj+1] let

n(z,) = max |Jj+1l/|J;l (1
0<j<n-1
be the scale of the partition z,. Also, let

Wz = max (J = D@1 — zi) @)
O<i<j=<n Zj — 2

and

9(z,) = max (=D @k+1 — Zk).

O<i<j=nm; Zj — 2
max{3i—2j,0}<k<min{3—2i,n}—1

3)

Clearly, u(z,) < ¥ (z,) (consider k =i in (3)), and 1 < n(z,) < ¥(z,) (consider j =i+ 1in
(3)). It is obvious that n(u,) = w(u,) = ¥ (u,) = 1, and it is not difficult to show that (t,) < 3,
p(ty) <2, and 9(t,) < 6.

As usual, wy,, (f, t, J)) is the mth modulus of smoothness of f € L ,(J) on an interval J, and
on(f. Dy = on(f.1T1. ])p.

Given k € N and an open interval I = (a, b), let Ak(l) (or Ak (a, b) with a slight abuse
of the notation) be the class of all k-monotone functions on I = (a, b), i.e., all functions
f I — R such that their kth divided differences [xg, ..., x¢] f are nonnegative for all choices
of (k + 1) distinct points xo, . .., x in 1. Recall that, if f € C¥(I), then f € A¥(I) if and only
if f® > 0 on I. Functions from A*(a, b) are not assumed to be defined at the endpoints of the
interval (a, b), and, hence, have to be neither bounded nor integrable on (a, b). For example, if
F(x) = (=D¥x~171P then f € A%(0, 1) for k € N, but f ¢ L,[0,1],0 < p < oo.

It is well known (see [9,11]) that, if k > 2, then f € A¥(a, b) iff f*~2) exists and is convex
on (a, b). Therefore, f *k=2) gatisfies a Lipschitz condition on any closed subinterval of (a, b), is
absolutely continuous there, and has left and right nondecreasing derivatives ffk_l) and f_ﬁk_l)
everywhere on (a, b). Moreover, the set E where f *=1) fails to exist is countable, and f k=1 jg
continuous on (a, b) \ E.

Throughout this paper, c(y1, y2, . . .) denote positive constants which depend only on the pa-
rameters y1, 2, ... (note that c(p, . ..) depends on p only as p — 0) and which may be different
for different occurrences (even if they appear in the same line). At the same time, ¢; (y1, ¥2, .. .),
i € N, denote positive constants which are fixed throughout the paper. If the interval [a, b] is
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[—1, 11, it will be dropped from the notation. For example, C" := C"[-1, 1], L, := L,[-1, 1],
Sn.r=8n,r[—1, 1], etc. Also, whenever we write L, we mean C. Furthermore, we denote
A% .= AK(=1,1) and, for readers’ convenience, emphasize one more time that AR (=1, 1) is
different from A*[—1, 1].

For a function f € A, it is natural to require that the objects used to approximate it also
belong to A, i.e., the shape of the function is preserved. Problems of monotone (k = 1) and
convex (k = 2) approximation by ppfs with fixed knots and polynomials have been extensively
investigated with a “good” pattern of the results, i.e., in many situations it is possible to obtain
the same order of approximation as in the unconstrained case. Surprisingly, for k-monotone
approximation with k > 4, the order of approximation is much worse, as was first shown by
Konovalov and Leviatan [3] in the context of shape-preserving widths.

Studies of 3-monotone approximation by ppfs with fixed knots in the uniform norm in [8]
indicated that this case also somewhat fits a pattern of a “good” one, but the proofs turned out
to be more complicated. The question of validity of Jackson-type estimates for approximation
by ppfs with uniformly spaced fixed knots has been answered in all but one case as discussed
in [8, Remark 3]. Namely, it was unknown whether, for any f € A3NC, it is possible to construct
a cubic ppf s € A® with n — 1 equidistant knots such that

If = slL, <cos(fin™ " [=1, 1)oo. 4)

In this paper, we answer this question in the affirmative. This turned out to be the most difficult
case of Jackson-type estimates for k-monotone approximation by ppfs with fixed knots and
required an application of some very recent results on shape-preserving spline smoothing [6].
Note that a weaker estimate with the third modulus of smoothness of the derivative has been
established in [8], where one can also find a detailed discussion on Jackson-type estimates
involving the derivatives of the function. We believe that the difficulty with (4) is that it is a
“boundary” case between the “good” cases and the “bad” ones.

The first step in establishing (4) is the following result. For 3-monotone approximation of
f € A3in the L p (quasi-) norm by cubic splines, we can achieve the best possible order of
approximation (see (6)), but the location of the knots may depend on f. At the same time, we
can still guarantee that the knots are not too close to each other (see (5)), which makes this result
different from a constrained free-knot spline approximation (see [7] or [10]).

Theorem 1.1. For every n > 1, there exists a constant c1(n) > 0 so that the following statement
isvalid. Let f € A3 NL,, 0 < p < 00, and let X, be a partition of [—1, 1] such that n(x,) < 1.

Then there exist a partition y,, of [—1, 1], m < 20n, and a cubic ppf s € 83(ym) N A3 such
that, for each 0 < k < m — 1, there exists 1 < j < n — 1 such that [yx, yr+1] € [xj—1, xj41]
and

Vi1 — Yk = () (Xjp1 — Xj-1)- (5)

Also, foreach0 < j <n—1,
1 = SIL, ;01 < € P4 (f [xj—1, X 2D p. (6)

For 3-monotone approximation in I.,, p < oo, by a ppf with fixed knots we cannot even get
an analog of estimate (6) with w3 instead of w4 due to [3] (see also [2, Remark 5]). At the same
time, for p = 0o, we can move the knots to the right place and make them independent of the
function using recent results on shape-preserving smoothing [6]. However, in order to be able to
apply [6] we need to guarantee one additional degree of smoothness, i.e., we need to ensure that
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our ppf is in C2, and this can be achieved for p = oo by [8, Theorem 5]. We would like to remark
that it is impossible to gain this extra degree of smoothness if approximation takes place in IL.,,
with p < oo as, otherwise, one could follow the proof of Theorem 1.2 and obtain a Jackson-type
estimate in I, with w4, which is invalid.

In the case p = oo, we have the following theorem.

Theorem 1.2. Let % > 1 andr > 3. Forany f € A3NC and every partition x,, of [—1, 1] such
that ¥ (x,) < ¥, there exists a spline s € 8,(x,) N A3 of minimal defect such that

If—=slL, <c@r?) max os(f, [xj-1, Xj+1]Doo-
I<j<n-1

The next two results are immediate corollaries of Theorem 1.2.

Theorem 1.3. Letr > 3 andn € N. Forany f € A3 N C, there exists a spline s € gr (uy) N A3
of minimal defect such that

If = slL, <cws(fon ' =1, e

Theorem 1.4. Letr > 3 andn € N. Forany f € A3 N C, there exists a spline s € gr t,) N A3
of minimal defect such that

1f = sl < c(of (fin Doo,
where a)f( f, n Vo is the Ditzian—Totik modulus of smoothness of order 4.

Note that one cannot replace w4 with ws in the above estimates (see Theorem 7.1), and recall
that these estimates are not valid for 3-monotone approximation in the I, norm with p < oo.

At the same time, for k-monotone approximation, k > 4, the situation is much worse. For
instance, one cannot have estimates with wy(f, n=!, [—1, 11)p (see [3, Remark (iii), p. 241]).
Moreover, as a simple corollary of the results from [2], we show in Theorem 7.4 that even w3
does not work.

Remark 1.5. It is possible to verify the validity of Theorem 1.3 completely bypassing
Theorem 1.2 and only using Theorem 1.1 (and the fact that y,, is quasi-uniform if x, = wuy,),
[4, Corollary 1.5, Lemma 5.1] and [8, Theorem 6].

2. Special free-knot spline approximation

Recall that ff)(x) and fii) (x) denote the right and left ith derivatives of f at x, respectively.
By A’;(a, b) we denote the subclass of those functions f € AX(a, b) for which the values
(£ @)y} and (£ b))*Z/ are finite.

For f € Ai (a, b), we define by A*[ f](a, b) the set of all functions h € AI; (a, b) such that

W =rP@. n00)=r0m), 0<i<k-2,
W@ = 5@, and 2% V0) < £5V0).

Remark 2.1. Suppose that f € Ai(a, b) and z,, is a partition of [a, b]. The fact that & €
AR(zi, zi41) (orh € Afi (zi, zix1)) forall 0 < i <m — 1, does NOT imply that 4 is k-monotone
on (a, b). At the same time, if / is such that 2 € Ak[f](zi, Ziy1) forall0 <i < m — 1, then
h e Ak(a, b).
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The following lemma shows that, instead of an arbitrary f € Ak(a, b) NLyla, b], we may
consider f € A’; (a, b), i.e., we may assume that the function f and its derivatives are bounded
at the endpoints of (a, b) and, hence, at all interior points as well.

Lemma 2.2 ([7, Lemma 4.4]). Let k e N,0 < p < oo, and f € Ak(a, by NLpyla, b). Then, for
any € > 0, there exists f, € Ai (a, b) such that

If = fellLla.b) < €

Moreover, f. coincides with f everywhere except perhaps near the endpoints of (a, b).

Proposition 2.3 ([7, Proposition 4.3]). Let k,r ¢ Nk > 2,r > k—1,0 < p < o0, f €
A];(a, b) NLyla, b], and let q be such that either q € II, N Aka, by or (—q) € (II, \ IT) N
AK(a, b). Then there exists s such that

s € Scqpy.rla, b1 N A¥[f1(a, b)
and

If = slL,fa.p) < cp. ) 1 f = qllL,[a.61-

Theorem 2.4. Letk,r e N k>2r>k—1,0< p < oo, f € Ak N L, X, be a partition of
[—1, 1, and let o be any ppf from 8,(x,). Then there exist a constant ¢; = c3(k,r) € Nand a
ppfse 8c2n,r mAk, such that

(1) s has < ¢ pieces in each interval [xj,xj+11, 0 < j <n—1, and
) 1 = Sl ey < €k ry DS = 0y (a1 0 < J <0 — L.

Proof. In view of Lemma 2.2, we can assume that f € A’; and, hence, f € A]; (a, b), for any
(a,b) S (—1,1). The restriction p; of o to each interval [x;,x;41],0 < j < n—1,isa
polynomial of degree < r whose kth derivative is a polynomial of degree < r — k and, hence,
has at most r — k real zeros inside [x;, xj41] (or is identically zero there). These zeros partition
[x}, xj41] into at most r — k + 1 subintervals Jj, .. me, 1 <m <max{l,r —k + 1}, and p(k)
is either nonnegative or negative in the interior of each J] 1 < i < m. This implies that either
pj €1l N Ak(ﬂj) or (—pj) € (UL, \ II) N Ak(ﬂj) foreach 1 < l < m. Proposition 2.3 implies
that, for each 1 < i < m, there exists a spline s such that s e Sew), ,(I]/) N Ak f](J/) and
1S =570, ) < eer IS = il o

We now “glue” all pieces sj together, obtaining the spline s defined on [—1, 1] and whose

restriction to ﬂ] is s . Using Remark 2.1, it is easy to see that s € S,y , NAK, ¢y = co(k, r), and
(1) and (ii) are satlsﬁed O

3. Local approximation by splines with controlled knots and the proof of Theorem 1.1

Lemma 3.1. For any interval I, k € Ny, 0 < p < o0, and q € II,,

O el I gl ) < AT gl -

...,
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Lemma 3.2. For any intervals I € J,0 < p < ocoand q € II,,

gl ) < cC YA/ P Ngl,, o) -

Lemma 3.3 ([I, Lemma 3.2]). Let r € N, d = 2r2. For any q1,q2 € Il and knot sequence
X, = (xi)?zo, X0 < X| < --- < Xq, there exists a spline s € 8,(xq) such that s(x) is a number
between q1(x) and g;(x) for all x € [xg, xq], s = q1 on (—00, xg] and s = g, on [x4, 00).

Lemma 3.4. Let yo < y1 < y2 < y3, h := y3 — yo and for some 6 > 0
yi—Yyo=06h and y3—yy>06h.
Suppose that f € A3[yo, y3] is such that

flyoyn=q1 € I and [y, y;1 = q2 € I3

(i.e., q1 and qo are cubic polynomials), and so f € C'[yq, y31. Then, for every 0 < p < 00,
there exists a cubic spline 3 € Sy 3[yo, ¥3] satisfying

(@) 3 € A[y0. y3l;
(ii) 3 has < 19 knots in (yo, ¥3), i.e., N < 20;
(iii) the distance between any two knots of 3 is > ¢3(0)h;
@iv) 3 = f in some neighborhoods of yo and y3 (i.e., the left- and right-most pieces of 3 are q
and q, respectively);

W) 1 = 3llL, yo.vs1 < €. P24 (. [y0. y31) -

Proof. Everywhere in this proof, for simplicity, we set w4 := w4(f, [y0, y3])p. If g« is a cubic
polynomial satisfying Whitney’s inequality || f — q*”ILp[yO, yy] < cws, then, using Lemma 3.2
and recalling that | f + gl < 2"C0=P/PY(| £, + |Ig] ), we have

If = @l 0.0 = €IS = el g5 + € 195 = @I, 3,551
cos + ¢ llgx — q1llL, 1y,
cos + cllgx = flL, [y, < €@s.

IA

The same estimate is clearly also valid for ¢; in place of g1, and so

1 =il g,y < c0se J =12 ™

p[yo,>’3] -

and

llg1 — a2l [yg.ys) < cs. 3

Denote a; = q}/ ’, j =1, 2, and note that a j = 0 are constants. We consider two cases depending

on how large aj is.
Case 1. Suppose that

a) > A]h_3_1/pw4, )

where A1 = A;(6, p) will be chosen shortly. Take xg := (yo + y1)/2, x18 := (y2 + ¥3)/2 and
xi = x0+i(x18—x0)/18,1 <i < 17, and apply Lemma 3.3 to obtain a spline 3. Conditions (ii),
(iii) and (iv) of the lemma are clearly satisfied for this 3. Taking into account (8) and Lemma 3.3,
we obtain

g1 = 3L, yo.vs1 < 11 = @2l (30,00 < Ca- (10)
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Together with (7), this implies that

||f - 3||]Lp[y0,y3] S c ||f - ‘11 ”]Lp[y(),y:;] + c ”q] - 3||]Lp[y0’y3] S Cw4,

which is (v). It remains to verify (i). Since 3 € C? and 3" exists everywhere on [yp, y3] ex-

cept possibly at x;, 0 < i < 18, it is sufficient to prove that 3”/(x) > 0, x # x;. For
x € [yo0,x0) U (x13, ¥3] this is obvious because of (iv), and for x € (x;,x;4+1),0 < i < 17,
taking into account that x; 1 — x; > 6h/18 and using Lemma 3.1 and (10), we have

—3—1
"Nty < 7P llar =5l

IA

I (g1 —3

< C4h_3_1/pa)4.

lai — 3" ()]

plxinxit1]

If we select A| := ¢4, then (9) guarantees that 3 (x) > 0.
Case 1. Suppose now that (9) does not hold, i.e., a; < cah =37 /Pw,. Lemma 3.1 and (8) yield

" —3—1 —3—1
< ch P llgr — 2l fyg.ys) < T P,

lay —az| = ||(611 —q2) ||]Loo[yo,y3] -

and so we have

aj <ch3VPwy, j=1,2. (11)
Take zo := (yo + y1)/2, 21 == y1, 22 = ¥2, 23 := (y2 + y3)/2, denote

Li(x) =q{(zj)(x —zj) +q1(zj), j=0,1,

and
Lj(x) =qy@z))(x —z)) +q5(zj), J=2.3
and define
[, x ¢ [z0, 23],
S100) =) max Lj(x), x €lzo,z3]
j=0,1,2,3

By convexity of f’, sy is a convex quadratic ppf satisfying

si(x) < f'(x),  x € [yo, y3l. (12)

Since the tangent lines to any quadratic polynomial at points x = a and x = b intersect at
x = (a + b)/2, we conclude that the knots of s are zg, (zo + z1)/2, Z, (22 + 23)/2, z3, Where
Z € [z1, z2] = [y1, »2], and, consequently, they are not closer than 6/ /4 to one another.

Now, let

'), x ¢lzo, 23]
I(x), x €[zo0,z3],

s2(x) = {

where [ is the linear function interpolating f’ at zo and z3. The convexity of f” implies that s; is
a convex quadratic spline with knots zg and z3 such that

f') <5200,  x €y, sl 13)

Inequalities (12) and (13) now guarantee that we can choose « € [0, 1] so that

3(x) = f(z0) +/ (as1 (1) + (1 — a)s2(2))dt
20
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satisfies 3(z3) = f(z3) and, hence, 3 is a cubic spline satisfying (iv). Clearly, (i)—(iii) are fulfilled
as well, and so we only need to verify (v).
Let y := (yo + y3)/2; then Lemma 3.1 and (8) imply that
147 3) = 5D < a7 = a3 |y 0y < b P (14)
Inequality (11) yields
4/ () = qi o) < ch >~ Pay
and
4 (y3) — a5 () < ch > Pay,
which combined with (14) provide (recall that g}’ (yo) = f"”(yo) and ¢} (y3) = f"(y3))

F3) = f"(vo) < ch > VPay. (15)

Recall that, if g € A3(I), then g” (x) exists for all x € I with a set of exceptions which is at most
countable, and g” is nondecreasing on its domain of definition. Hence, since f € A3[yo, y3], we
have

f (o) = f"(x) < f"(y3) ae.on[yo, y3l.
Similarly, since 3 € A3[yo, y31, (iv) implies that
o) =3"(0) < f"(y3) ae. on[yo, y3l,
and so we obtain, by (15),
1f") = 3"l < ch™>Pwy ae.on [yo, y3l.
Integrating twice, we arrive at
1 = 3l yg.ys) < ch™ '/ Pes,
which implies (v). O
Remark 3.5. It may appear that in Case II we have a lot of freedom to construct 3. However, for

some f, the required 3 is unique; for example, when f(x) = (x — y)2+ for a fixed y € [y1, y21,
our only choiceis 3 = f.

Proof of Theorem 1.1. First, let o be such that o[y, x;,,] is a cubic polynomial of best L,
unconstrained approximation to f on [x;, x;11]. Then, by Whitney’s inequality, we have

”f - O’”L,,[xj,xj*»l] = CC!)4(f, [xjvxj-l—l])p» 0 = .] =n-— 1.
Theorem 2.4 implies that there exists § € 8,5 3 NA3 such that
1f =S, a1 < coa(fs [xj xj41Dp, 0<j<n-—1,

and 5 has < ¢ = ¢2(3, 3) pieces in each [x}, x;41]. Hence, for each 0 < j <n — 1, we can find
an interval /; == [aj, b;] € [xj, xj41] of length > (x;4+1 — x;)/c2 such that § has no knots in
I;. With t; :== (a; + b;)/2, forevery 0 < j < n — 2, we apply Lemma 3.4 to § with yo = ¢,
y1:=bj,y2:=ajy1,y3 =tj41 and 6 := 1/(2xc3) to obtain 3; on [¢;, ¢;1]. We now define s
so that S|[z_,,zj+1] =3j,0 < j <n— 2, and near the endpoints of [—1, 1], i.e., on the intervals
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[—1, fo] and [#,—1, 1], the required spline s is defined extending the polynomials 3|[,1+¢] and
3l1t,_1—¢.1,_11» Where ¢ > 0 is small enough. (Note that (iv) of Lemma 3.4 implies that these
310,10 +¢] and 3114, —e.1,_,] are the same polynomials as §|4,,5,] and Sl{a,_,,b,_,1> respectively.)
It follows from Lemma 3.4 that s € A3 (by (i) and (iv)), s is in 820(n—1)+1,3, has at most
40 pieces in each interval [x;, x;j41] (by (ii)), and the distance between any two knots of s in
[xj, xj42] is not less than ¢(y) (xj12 — x;) (by (iii)). Now, (v) of Lemma 3.4 implies that
IS = S, 10000 < coa(S, 125, 1j41D ps

andso,for 1 < j <n—2,

”f - S”]Lp[xj,xj_'_]] <c ”f - §||LP[X/',X/‘+1] +c ||§ - s”]Lp[lj_l,lj] +c ||§ - S“]Lp[lj,t_H_ﬂ
cog(f, [xj, xj41D)p + coa(S, [tj-1, ;D) p + cwa(S, [t), tj+1]p
cog(f, [xj-1, xj12Dp-

IATA

Finally, it remains to prove the above estimate for j = 1 and j = n — 1. We only consider
the case j = 1 (i.e., approximation on [—1, x]) since the proof in the case for j = n — 1 is
similar. Let g, be the cubic polynomial satisfying Whitney’s inequality || f — q*I|Lp[,Lx1] <
cw4(f, [—1, x1])p, and recall that § has no knots inside [ap, bo] of length > c(x; + 1), and
Sliag,bo] = Sl[=1,50] = Po € I1I5. We have

If =Sl —1x0 < cllf =sSlL,(—1.00) €I = SlL, 119,11

< cllf = axll,—1.41 + € lgx = PollL, [~ 1.1

+ellf =S, .01 €15 = SIL, .0
cog(f, [=1 x2D)p +cligx = pollL,[~1.] -

IA

Now, Lemma 3.2 implies that

<cllg« — POHIL,,[aO,zO] =clgs«— §||Lp|a0,10]
< cllg« — f||]Lp[a0,to] +elf— §”Lp[ao,t0]
< cau(f, [=1, x1])p,

lg« — PO”L,,[fl,zO]

which implies that
If— S||]L[,[_1,xl cos(f, [=1, x2])p,
and the proof of Theorem 1.1 is now complete. [

4. Smoothing and moving knots to the right place

Given a partition z, of [—1, 1], we recall (see [6]) that a partition Z,, of [—1, 1] is called a
8-remesh of z,, if, foreach0 < j <n — 1,

max{Zi+1 — Zi | [2i, Ziv1] N (), zj+1) # O} <& H}ln o [Zv+1 — 2vl
v=j—1,j.j

with z_1 and z,+ defined to be (in this definition only) —oo and +o0, respectively.

Lemma 4.1 (/6, Theorem 1.1 (q¢ = 3)]). Let r > 3, and let y; be a partition of [—1, 1]. There
exists a constant § = §(r) such that, for each s, € 8,(y;) N A3 such that

sy € C2, (16)
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and any partition X, which is a 5-remesh of 'y;, there exists a spline § € 8,(x,) N A3 of minimal
defect satisfying

lss = SllL,@;) < e, pP)ort1(se, Tj)p, 0= j =1,
forall0 < p < oo, whereJ; :=[(yj—1+¥;)/2, (y; +¥j+1)/2].

It can be noted that the case for » = 3 in Lemma 4.1 was not included in the statement
of [6, Theorem 1.1], but it is not difficult to check that the same proof works and is, in fact,
simpler.

As will be shown below, Lemma 4.1 allows us to smooth 3-monotone splines to achieve
minimal defect and to change the location of the knots. However, an arbitrary 3-monotone ppf,
while being in C!, is not necessarily in C2, and so the extra smoothness condition (16) has to be
taken care of before Lemma 4.1 can be applied. The following lemma provides this smoothing
to C? in the case p = oo.

Lemma 4.2 (/8, Theorem 5]). Suppose that y; is a partition of [—1, 1] and s € $3(y;) N A3.
Then, there is a ppf sx € 83(y;) N A3 such that
Sx € C?

and

Is = sallL, < c@m(y), u(yr)) max wa(s, [yj-1, ¥j+1Doo-
I<j<i-1

5. Auxiliary results

Given § > 0 and a partition x,, of [—1, 1] with bounded ¥ (x,,), we will show that there exists
a partition z,, such that x,, is its §-remesh and, at the same time, ¥} (z,) is still bounded.

Lemma 5.1. For any § > 0, ¢ > 1 and any partition X,, of [a, b] with ¥ (x,) < ¥, there is a
partition z,, satisfying
(1) x;, is a §-remesh of Z,,
(ii) n(zm) < 29,
(iii) P (zm) < c(8, D),
(iv) forany0 < j <m —1land 0 < k < n — 1 such that (xi, Xg1) N[z, zj4+1]1 # 0
Zj+1 — 2j < (8, ) (Xg+1 — Xk)-
Proof. Let X := max {[#/87, 1}, m := [n/ K | and define z,, = (Zj)j=o as follows:
zj=xxj, 0=<j<m-—1, and zy :=xy,.

(Note that Z,—1 = X % (m=1) < XX m < Xn = Zm.)

We will now show that x,, is a §-remesh of z,,. Let J; := [z}, zj4+1], and suppose that k is
such that [xg, xk41]1 N (2, 2j41) # 9 (i.e., [xk, Xxk41] S J;). We need to show that

min{|Jo|, |/11}, if j =0,
Xkal —Xp <8 u:le}l,?,jH'JUl’ ifl<j<m-2, (17)

min{|Jm—2|»|Jm—l|}a lszm_l
First, if 0 < j < m — 2, the fact that ¥ (x,,) < ¥ implies that

Xkl = Xk _ XK G+ —Xxj _ #
V. XK |J;] X

<s
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and,if j =m — 1,

Xl — Xk _ 2 <i
[Tl " n=—Km-1)~— X
If 1 < j <m — 2, then we also have

<3.

Xkl = Xk _ o XK I+ XK (GED 4

=< < — <6
[Jj+1l X |41l X
Finally, if j = m — 1, then
Xkl =Xk _ o XK =) XK n=2) _ 4 <5

[Im—al ~ K [ Jm—2| X
Now, for any 0 < j < m — 1, let k; be such that

Xij+1 — Xk; = max (Xit1 — Xi).
[xi,xiv11€lzj,2j+11

If0<j<m-—2,wehave

[Jj+1l < 2K (xkj+1+1 _‘xkj+l) <29,

[Jil = xx ey — X%
and
J; K (xg; 41 — xx;
|| - (k1 — X)) <.
jr1l ™ x5 42 =X % (j+1)

and so (ii) is verified.
Now, suppose that k > 0 is such that [xg, xg41] € [z, zj+1], for some O < j < m — 1. Then,

min{ X j4+2 X ,n}—-1

Zj+1 —Zj < Xmin{ K j42K 0} — XK j = Z (Xp+1 — Xp)
v=X j
min{ X j4+2 X ,n}—1 X j+2K —1
k— k—
< > I g —x0) < e —x0) Y ol
v=Xj v=X j

2K 92 % g — ),

IA

and so (iv) follows.
We will now show that ¥} (z,,) is bounded. Suppose thati, j and k are such that0 <i < j < m,
max{3i —2j,0} <k <min{3;j — 2i,m} — 1, and
(J — D@1 — 20)
9 (2g) = -2 + :
2j —Zi
and let i’ == Xi, j/ = Kj, kK = Kk.Clearly, 0 < i’ < j/ < Xm < n and
max{3i’ —2j’,0} <k’ <min{3;' —2i’, Xm} - X < min{3j’ —2i’,n} — 1, and so

_ G =G =) _ G =@k — )

ﬁ(zm) o J{(ZJ —Zi) - fK(Xj/ —xl»/)
(' =i I ) < ¥ (Xz) Kmin{k'+2 K 0} — Xk')
=5 (xj’ — x5 min{k’+2 X ,n} k') = K X4l — X
< 292%,

Hence, the proof is now complete. [
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Lemma 5.2. For any yg < y1 < --- < yn such that

—y0 <A min i+1 — Vi
YN — Yo < OS/SN_I(%H yi)

and f € Clyo, yn], we have
i (f, [y0, yNDoo < c(k, 1)  max o (f, [yj—1, Yj+1Doo
1<j<N-1

Proof. Let 8 .= k1 minp<;j<y—1(¥i+1 — yi). Then

wr (f, [Y0, yNDoo < clk, Mawr (f, B, [0, YND oo = clk, Mar (f, B, [yv—1, Yv+1Doos

for some 1 < v < N — 1, and so the lemma is proved. [
6. Proof of Theorem 1.2

Let f € A3NC,r > 3, and suppose that x,, is a partition of [—1, 1] such that ¥ (x,,) < @.
Step 1. We set ¢5 := ¢1(29) and §; = (8c§)/(81}2) (where § = §(r) is given in Lemma 4.1)
and use Lemma 5.1 to construct a partition z, of [—1, 1] such that x, is a §;-remesh of z,,,
N(Zpy) <28, 9(zy) < c(r,?#),and, forany 0 < j <m — 1 and any 0 < k < n — 1 such that
Xy Xea1) Nlzjy zj+1] # 9,
Zj+1 —2j < c(r, ) (Xk41 — Xk)- (13)

Step 2. It follows from Theorem 1.1 (with x,, := z,,) that there exists a partition y; of [—1, 1]
with [ < 20m, and a cubic ppf s € 83(y;) N A3 such that, for each 0 < k < [ — 1, there exists
1 < j <m — 1suchthat [y, yxt1] € [zj-1,2;+1] and

Vi1 — Yk = ¢5(Zj41 — 2j—-1)-
Also,
1 = SMLsotej ozt < €@ oa(filzj-1.2j42D0, 0= j <m—1.

It is easy to see that

n(y1) < 20°(zn)/cs < 89 /cs.

It is also rather straightforward to show that 1 (y;) is bounded by c(r, #).

We also note that x,, is a §-remesh of y;. Indeed, suppose that [x;, xj+1] N (Vk, Yk+1) # 9,
where 0 < k </ —1,andlet1 < j < m — 1 be such that [y, yx+1] € [zj-1,2zj+1], and so
Vi1 — Yk > ¢5(zj+1 — zj—1)- Since X, is a §;-remesh of z,, and, clearly, (x;, x;+1) N [zj—1, 2]
#Wor (x;, xi31) Nz, zj+1] # ¥, we also have

81
Xig1 —x; < 81(zj41 —2zj-1) < E(Yk+1 = Yk)

S1n(yi .
< _nciy ) L min 1(yu+1 - W)
- 85,92 min O )
= Cg N I v+l — Vv
<3 Ov+1 — yv)-

vklkkl
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Step 3. Tt follows from Lemma 4.2 that, for s € S3(y;) N A3, there is a ppf s« of degree < 3
with the same knots such that s, € A3 N CZ and

A

s = sillLy < c@yn), u(yn)) max  wa(s, [yj-1, yj+1Doo
I<j<i-1

IA

c(r,?) max owa(s,[yi—1,V; .
( )15/51_1 4(s, [Vj—1, Yj+1Doo

Step 4. It follows from Lemma 4.1 that there exists a spline § € gr (xp) N A3 (ie., § is of
minimal defect) satisfying, foreach 0 < j <1,

85 = SNLool(yjo1+9)/2. 0 4y540)/20 = €041 (5, [(Vj—1 +7)/2, (v + Yj41) /2] oo

It remains to estimate the norm of f — §. Suppose that || f — §|lp, = |f(xsx) — 5(xy)], and
Xx € [Yv, Yv41), for some 0 < v < [ — 1. Also suppose that I < v; < m — 1 is such that
[y, yv+1] € [Zl)]flv Zu1+l] (and s0 yy41 — y» > CS(ZV1+1 - Zvlfl))-

Using Lemma 5.2, and taking into account that the scales of y; and z,, are bounded, we have
(with ¢ = c(r, #))

I =Sl < 1) — sl + s () — s ()] + |55 (x) — 5 (x|
SIS = sl +lIs = sellig + 18% = SILcivrn1490)/2.0v 1+ 3042)/21
S Nf =sllny + s = selln, + cos (sx, [Yv—1, Yw+2D oo
<clf—=slL, +c | max 1w4(s, [yj—1, Yj+1Doo + coa (f, [Yyv—1, w+2D o
N

IA

clf —slL, +c  Jhax 1w4(f, [yj—1, Yji+1Doo + coa (f, [yv—1, Yv+2D oo
=Jj=i—

IA

c max w4(f,[zj-1,2j42D0 +¢ max w4(f,[yj—1,¥j+1D0
O=j=m-1 1<j<i-1

<c¢ max o4(f [zj-1,2j+1Doo
1<j<m-1

<c max 4(f, [xj-1, %4100,
I<j=n-1

where the last inequality follows from (18).
7. Counterexamples and “negative” results

The following result implies that the fourth modulus of smoothness in the statement of
Theorem 1.2 (and its corollaries) cannot be replaced by any modulus of higher order.

Theorem 7.1. Foranyk e N, A > 0,0 < p <oo,r e Nyn € Nand 0 < € < 2 there exists a
function f € CKN AX such that

I = arlin,n-e, 1) > Aoks2(fs [=1, 1D (19)
for any g, € Il satisfying qr(k)(l) > 0.

Proof. The idea of the construction belongs to Shvedov [12], and the following proof is very
similar to that of [5, Theorem 3.2]. Let f be such that f® (x) = (1—h—x) := max{l—h—x, 0},
where & > 0 will be selected later. Let Q € Il;+1 be such that Q(k) x) =1—h—x,and
0D (=1) = fO(—1)forall 0 <i < k — 1. Since

0 = — [T (100 — o®
10 =00 = = [ =0t (100 - 0w ar,
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we get
— < 1— tkl‘(k)t © @[ dr
If Q”LOC_(k_l)'/( ) A O ER ()
.M /1 (t — 1+ h)dt = ch*H!
— = C .
T k=D!Jip
Consequently,

If = Qll, <2"71lf = QllL,, < k!

and
ok 2(f. [=1, 1)) = wxga(f — Q. [-1. 1D, < c |l f = Qly,, < ch**.

Assuming that (19) is not true, for some polynomial P € II. such that P(k)(l) > 0, we have
Nf — P”Lp 1—e.1] < Awg42(f, [—1, 11) . Then, using Lemma 3.1, we obtain

oo

IA

PO = 0P ()| <cllP = QllL, e

Leo[1—€,1]

IA

(1P = fllL, e+ 1f = QllL,pi—e)
(Ao (£ =11, +11f = QI ) < e*¥,

where ¢ depends on k, r, p, €, and A, but is independent of /. Hence,

IA

PO = W) + PO 1) - oW )| = -k + ek <0,
for sufficiently small %, which is a contradiction. [

In order to prove a negative result for k-monotone approximation by a ppf with k > 4 we need
to use several results from [2]. The next lemma follows immediately from [2, Theorem 1].

Lemma 7.2. Suppose that € € R, F € A3 — %,S + %] and
— /
d=|F'(x) - (x —5)+||Lw[s—%,s+£1
Then there exists an interval I C [€ — %, &+ %] with |I| > 1/64 such that
|F(x) — (x — £)3/2] > cmin{d,d*} forallx €I,
where c is an absolute constant.

Lemma 7.3 (/2, Lemma 5]). Let r € N and a function G € C'[a, b] be such that |G (x)| > h,
for all x € [a, b]. Then there exists an interval I  [a, b], |I| > 47" (b — a) such that

IG@)| > 27" ""h(b —a), forallx € I.
Theorem 7.4. Foranyk > 4, r e N,0 < p <ocoand A > 0, there is n € N such that, for any
partition Z, of [—1, 1] (into n subintervals), there exists a function f € A% N C*2 such that
If—=sll, > Aw3(fon™ ' [-1,1]),, (20)
forany s € 8,(z,) N A,
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Proof. Recall that x. := max{x, 0} and x := lifx > 0,and x{ := 0if x < 0. Givenn > 2, let
Z,, be an arbitrary partition of [—1, 1]. Then, there exist§ € [-1/2,1/2]and ¢, 0 <¢ <n — 1,
such that J = [§ — 2n) ', & + 2n) ™1 C [z¢, ze+1]. Now,

lty — PO, = c(r), forany P € II,,

and after a linear change of variable (with x = & 4 r(2n)~! we have (x — £); = (2n)"! ¢, and

Q(x) = 2n)~'P(1)),
l(x — &)y — Q)L yy = c(rIn™", forany Q € II,.

With f(x) := ﬁ(x — 5)]_‘;1 € AF N Ck=2, this means that, for any s € 8,(z,) N A,

Hf(k_Z) -5 HL ) = ek, rn”".

Since J C [ — }‘, £+ }‘], Lemma 7.2 implies that there exists an interval / C [£ — %, &+ %] -
[—1, 11, [I] > &5, such that
|f(k73)(x) — s(k73)(x)| > c(k, r)rfz, forallx € I.
Hence, by Lemma 7.3, for some interval J C I, |J| > c(k), we get
|f(x) —s(x)| > ck,r)n™2, forallx €J;
therefore
If = sy, = ek, rn=>.

Assuming that (20) is not true, for every n > 2, we can find s € 8, (z,) so that

o °
c(k,r)n f L,

IA

1f = sl < Aos(fn™ =1, 1), < cAn™? |

IA

O An=3 ” k—4H < c(k)An~3,
c(k)An b ]Lp[—2,2]_c() n

which is a contradiction when 7 is large enough. [

Acknowledgments

The second author was supported by the NSERC of Canada and the third author was supported
in part by a PIMS Postdoctoral Fellowship.

References

[1] R.K. Beatson, Restricted range approximation by splines and variational inequalities, STAM J. Numer. Anal. 19 (2)
(1982) 372-380.

[2] A.V. Bondarenko, A.V. Primak, Negative results in shape-preserving higher-order approximations, Mat. Zametki
76 (6) (2004) 812—823 (in Russian, with Russian summary). English transl., Math. Notes, 76 5-6 (2004) 758-769.

[3] V.N. Konovalov, D. Leviatan, Shape preserving widths of Sobolev-type classes of s-monotone functions on a finite
interval, Israel J. Math. 133 (2003) 239-268.

[4] K.A. Kopotun, Univariate splines: equivalence of moduli of smoothness and applications, Math. Comp. 76 (258)
(2007) 931-945 (electronic).

[5] K. Kopotun, D. Leviatan, A.V. Prymak, Nearly monotone spline approximation in IL.,, Proc. Amer. Math. Soc. 134
(7) (2006) 2037-2047 (electronic).



G.A. Dzyubenko et al. / Journal of Approximation Theory 162 (2010) 2168-2183 2183

[6] K. Kopotun, D. Leviatan, A.V. Prymak, Constrained spline smoothing, SIAM J. Numer. Anal. 46 (4) (2008)
1985-1997.
[7]1 K. Kopotun, A. Shadrin, On k-monotone approximation by free knot splines, SIAM J. Math. Anal. 34 (4) (2003)
901-924 (electronic).
[8] D. Leviatan, A.V. Prymak, On 3-monotone approximation by piecewise polynomials, J. Approx. Theory 133 (2)
(2005) 147-172.
[9] J.E. Pecari¢, F. Proschan, Y.L. Tong, Convex functions, partial orderings, and statistical applications,
in: Mathematics in Science and Engineering, vol. 187, Academic Press Inc., Boston, MA, 1992.
[10] P.P. Petrov, Three-convex approximation by free knot splines in C[0, 1], Constr. Approx. 14 (2) (1998) 247-258.
[11] A.W. Roberts, D.E. Varberg, Convex functions, in: Pure and Applied Mathematics, vol. 57, Academic Press
[A subsidiary of Harcourt Brace Jovanovich, Publishers], New York, London, 1973.
[12] A.S. Shvedov, Orders of coapproximation of functions by algebraic polynomials, Mat. Zametki 29 (1981) 117-130
(in Russian, with Russian summary). English transl., Math. Notes, 30 (1981) 63-70.



	Three-monotone spline approximation
	Introduction and main results
	Special free-knot spline approximation
	Local approximation by splines with controlled knots and the proof of Theorem 1.1
	Smoothing and moving knots to the right place
	Auxiliary results
	Proof of Theorem 1.2
	Counterexamples and ``negative'' results
	Acknowledgments
	References


