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In this paper we study finite transitive groups G acting on a set £. The
results, which are trivial for multiply-transitive groups, directly generalize
parts of the discussion of rank-3 groups in [4] and [5]. There are close
connections with Feit and Higman’s paper [2].

For each a € 2 let us choose a G,-orbit d(a) # {a} so that 4(a)? = 4(a?%)
for all a € 2 and g € G. Relative to 4 we introduce a distance in £2 based on
taking the points of 4(a) to be at distance 1 from a (see Section 1). The
maximum distance we call the diameter of G. A necessary and sufficient
condition for G to be primitive is that the diamecter be finite with respect
to every 4. It is important to note, however, that finiteness of the diameter
with respect to a single 4 does not imply primitivity.

We study the matrix M of intersection numbers of 4 (defined in Section 4).
M is irreducible if and only if G has finite diameter with respect to 4, and
in this case the subdegrees and diameter are determined by M. The minimum
polynomtial of M is shown to coincide with that of the incidence matrix 4
of 4, and it is shown how to compute the trace of 4%, ¢ > 0, in terms of M.
This means that if p(x) is a polynomial such that p(M) = 0 and if 0 is a
root of p(x), then the multiplicity of § as an eigenvalue of 4 is determined
by M. In case the minimum and characteristic polynomials of M coincide,
we show that M has simple eigenvalues, from which it follows that the
irreducible constituents of the permutation representation have multiplicity 1
and that the degrees of these constituents are determined by M. In this case
there is a onc-to-one correspondence between the eigenvalues of M and the
irreducible constituents of the permutation representation, which preserves
conjugacy.

The new simple group of order 750, 560 discovered by Janko [6]
provides an example in which two of the constituents are conjugate
cven though the subdegrees are distinct.

* This research was supported in part by a National Science Foundation Research
Grant.
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Our considerations apply to groups G of maximal diameter, ie., of
diameter r — 1 with respect to a self-paired orbit, » being the rank, for in
this case M is an irreducible tridiagonal matrix and so has simple {real)
eigenvalues. As examples of such groups we mention that (1) any rank-3
group has diameter 2 with respect to one of the two nontrivial G,-orbits,
(2) in some cases the representation relative to a maximal parabolic subgroup
of a group admitting a (B, N)-pair in the sense of Tits ([8], {2]) has maximal
diameter with respect to a suitable orbit (this can already be decided by
looking at the Weyl group; cf. [1]), and (3) Janko’s new simple group refered
to above has a representation as a primitive rank-5 group of degree 266 and
diameter 4.

In a final section we consider two special possibilities for M closely related
to the paper by Feit and Higman [2]. The extent to which ideas from [2]
have been used in the present paper will be clear to the reader.

NotaTioN. For the theory of finite permutation groups we refer the
reader to Wielandt {9]. For the most part we adhere to the notation of that
book.

We consider a transitive permutation group G on a set £ and assume
the degree n = | 2| of G is finite. We denote the rank of G by r; this means
that for each a € £, 2 decomposes into exactly r G,-orbits,

Q = I(a) + I'(a) + -+ + I'n4(a), I'(a) = {a},
where G, denotes the stabilizer of a. The notation is chosen so that

Iap =T{a®) forall ae®, geG,i=01,.7r—1L

It is convenient to define an orbital of G to be a mapping 4 from 2 into
the subsets of Q such that

(1) d(a) is a G,-orbit for a e £2, and
Q) 4(a) = A(a®) for all ac 2, g G.
The number | A(a)], which is clearly independent of a€ 2, we call the
length | 4 { of 4. In this terminology, I'y, Iy ,..., I',_; are the orbitals of G.
The lengths [; = | I;|, =0, 1,...,r — 1 are called the subdegrees of G,
their sum is the degree of G, n = [ + 1, + - + [, .
Each orbital 4 of G has a mirror-image 4’ defined by
A'(@) = |a9ed(a)} (acQ)

([9], Section 16). 4’ is again an orbital of G of the same length as 4, and
4" = 4. The correspondence 4 «» 4’ is a pairing of the orbitals of G.
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A necessary and sufficient condition for the existence of a self-paired orbital
is that | G | be even ([9], Theorem 16.5).

1. DISTANCE

Relative to a particular orbital 4 3= I'y we define a path of length ¢ from a
to b to be a sequence x,, x; ,..., ¥, of ¢ + 1 points of 2 such that x, = a,
x, = b and x, € A(x;,), i = 1,..., g¢. We define

p(a, b) = the length of the shortest path from a to b, or oo
if there is no path from a to b.

Then we have at once that

pla,b) =0ifandonlyifa = b (1.1)
and
pla, b) + P(ba ¢) = pla, c). (12)
If we define p’ in the same way as p, with 4’ in place of 4, then
p(a, b) = p'(b, a). (1.3)

This is because a € 4(d) implies b € 4'(a).
From the relation 4(a)? = 4(a?) we see that G is a group of isometries
of p, that is,

(1.4) p(a?, b7y = p(a, b) for g€ G.
By (1.4), for any orbital T if % € I'(a), then
p(a, I'(@)) = p(a, ®) = p(a""", @) = p(I"(a), a),
that is,
o(a, T(@)) = p(I"(a), a). (L)
Now put
Afa) = {xe 2| p(a, x) = g}, 4/(a) = {x€ 2] p(x, a) = g}.

These are the two types of circles of radius q with center at a. Clearly

(1.6) Afa)y = A a°) and A/(a)* = A;'(a%) for g € G,
and

(1.7) Aya) s a union of G,-orbits while A,/ (a) is the union of the G ,-orbits
patred with those in A.(a).
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Moreover,

den(@C 3, AC Y Afa) (1.8)

zeA (@) egatl
and

Y AxC Y, Al(a)
zeAa'(a) a2 q-1
Proof. 1f y € A, i(a) then there is an x € A,(a) such that p(x, y) = 1, i.e,,
such that y € 4(x). Thus A4y(a) € X sen o) 4(%)-
If x € A[a) and b € A(x) then p(x, ) = 1 so

pla, B) < pla, ) + plx, B) = g -+ L.

Thatis, 4(x) C 3 ;.1 4(a).

Ifxed/(a)and b e A(x) then g = p(x, a) < p(x, b) 4 p(b, a) = 1 + p(b, a)
so p(b,a) > ¢ — 1. Thatis d(x) C 3, , ; 4,/ (a).

We now define the diameter of G relative to 4 to be

max p(a, b) = max p'(a, b),

the maximum being taken over all @, b € 2. Clearly if the diameter is finite
it is just the number of circles of positive radius with a given center. Hence

(L.9) If G has finite diameter then the diameter is at most r — 1. If G
has diameter r — | then every G ,-orbit is a circle with center a.

Now put A(a) = {x € 2| p(a, x) << oc}. Then A(a)? = A(a®) for all a € 2,
g€ G, and if x e A(a) we have A(x) C A(a) by (1.2) so that /A(x) = A(a)
since | A(x)! =: | A(a)|. Thus A(a) N A(a)® +# 0, g € G, implies A(a) = A(a)
so that A(a) is a block for G in the terminology of Wielandt ({9], Section 6),
and thcerefore A(a) == a¥ with H a subgroup of G containing G, . In fact,
A(a) is the smallest block containing @ and 4(a) and H is the smallest subgroup
of G containing G, such that a¥ N 4(a) = §. Writing

A(@) = {xe 2| p(a, %) < 0}

we have
(1.10) A(a) = A'(a).

Proof. Since A(a) C A(a) there exists k€ H such that a* € 4(a). Then
@™ e A'(a) and hence 4'(a) C A(a). But this implies that

4'(x) C A(x) = A(a)

for all x € A(a), and therefore A'(a) C A(a). The reverse inclusion follows
by symmetry.
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(1.11)  The following conditions are equivalent.

(1) G has infinite diameter with respect to A.

(2) A(a) is a system of imprimitivity for G.

(3) there exists a system X of imprimitivity for G such that ae X and
Znd(a) £ 0.

(4) there exists a subgroup H of G such that G, < H +* G and
a? N d(a) # 9.

Proof. (1) implies (2): The assumption that G be of infinite diameter
means that A(a) 3£ 2. Since A(a) is a block and [ A(a)] > 1 this means
that A(a) is a system of imprimitivity for G.

(2) implies (3) trivially.

(3) implies (4): This follows from the fact that if the systems of
imprimitivity containing @ are the sets of the form o¥ with H a subgroup
of G, # G, and properly containing G, .

(4) implies (1): Suppose given a subgroup H as in (4). Then a7 is a
system of imprimitivity for G and 4(a) < aZ. Consequently, 4(x) C xH == o¥
for all x €a¥, and therefore A(a) C @¥. This means that A(a) 7 £2, and
hence that G has infinite diameter.

An immediate consequence of (1.11) is

(1.12) G is primitive if and only if G has finite diameter with respect to
every orbital # I'y.
p Is an actual metric precisely when 4 is self-paired, for by (1.3),

(1.13) p is symmetric if and only if A is self-paired.

In this case the circles A,a) and A4,/(a) coincide, so by (1.7} and (1.8),

(1.14) If 4 is self-paired then the mirror-image of a G,-orbit contained
in Aa) is contained in A[a),

and

(1.15) If 4 is self-paired then
Apa(@) S Y A(x) C Ap5(a) + Afa) + Agia(a).

zeA (@)

Note also that, by (1.5} and (1.9),

(1.16) If 4 is self-paired and G has maximal finite diameter (i.e., diameter
r — 1) relative to 4 then every G,-orbit is self-paired.
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2. INCIDENCE MATRICES AND INCIDENCE STRUCTURES

The incidence matrix B; = (8%) for the orbital I'; of G is defined by

@ — } iffze I'(b),
Tadb () otherwise.

The rows and columns of B; are indexed by the points of £ in some given
order. Clearly

(2.1) Bg = I and 372} B; = F (where F is the matrix with all entries 1).
Moreover — cf. [9], Theorem (28.4) —

(2.2) By, By ,..., B,_, is a basis for the commuting algebra of the permutation
representation of G,

and
(23) If Iy =T, then B = By .

Let us consider a particular orbital 4 5 I'y, say 4 = I';, and put
A = B, ag, = Y, so that
__lifaed(®),

%% 7 0 otherwise.

A is the incidence matrix of the block design A whose points and blocks
are both the elements of £, with a point « and a block b being incident if
a e A(b); the rows (resp. columns) of A are indexed by the elements of £
regarded as the points (resp. blocks) of A. The group G is represented as
a group of collineations of A according to the action of G on £ X L. The
group G of all permutations of £ which induce collineations of A is just
the group having 4 as an orbital, i.e., the isometries of p. The diameter
of & with respect to 4 is equal to that of G. The collineations induced by &
are those which commute with the correspondence a <> a between points
and blocks. & is isomorphic with the group of all # X n permutation matrices
which commute with 4.

The assumption that 4 is self-paired is equivalent to the assumption that
A is symmetric, and means precisely that the correspondence a+«»> a is a
polarity of A.

Assume now that 4 is self-paired. Given distinct points @ and b we define
the line a + b joining them by

a+b= () x4 where x = {x}+ 4(x).

abex

Here we are concerned only with the totally singular lines, i.e., the lines
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a + b with be d(a). Clearly G, is transitive on the set of totally singular
lines through @ and hence G is transitive on the set of all totally singular
lines. Two totally singular lines have at most one point in common. For if
c€a—+ b, ¢ # a, then a + ¢ is a totally singular line and a + ¢ < a + b,
whence a 4- ¢ = a + b. It follows that G,,, is doubly transitive on the
points of @ - b unless a + & = {a, b}. If we put

s 4+ 1 = the number of points on a totally singular line, and

t - 1 = the number of totally singular lines through a point,
then, since 4(a) is the set of those points joined to a by totally singular
lines, putting & == | 4 |, we have

k=s(t-+ 1) 24)

(Note that if G has rank 2thens =n — 1,t = 0.)

We may consider the incidence structure P having as points the points
of 2 and as lines the totally singular lines, with the obvious incidence. If
P is an incidence matrix for P with the rows indexed by the points and the
columns by the lines then PPt = A + (¢ -+ 1) I. The structure P will be
used in making explicit the connection between our discussion and that of [2].

3. A BounD FOR THE DEGREE

Let us assume that G has finite diameter 4 with respect to a self-paired
orbital 4 £ I, . We observe that

[ Agn(@)l <stidfa) <(k—1A(a)), ¢=1 G-1)

In fact, if x € A,(a), there exists a y € A,_;(a) such that x € 4(y). Then
% +yC{y} -+ A() € 4s-5(a) + A41(a) + A(a)
by (1.15). Thus at most s(z 4+ 1) — s = st points of A(x) lie in 4,,,(a) so the
first inequality of (3.1) follows by (1.15). Since & = s(t — 1) > st by (2.4),
the second inequality is immediate.
Now ! Ay(a)] = | d(a)l = s(t + 1), so (3.1) gives
| A(a)] < sueY(t 4+ 1)

from which we obtain a bound in the degree # of G, namely

(3.2) TueoREM. If G has finite diameter d with respect to the self-paired

orbital 4 # I'y then
g (527 —1 (k—1y—1

Here 2 = s(t + 1) = | 4|, and s and ¢ are as defined in Section 2.
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If we drop the assumption that 4 is self-paired, then in place of (3.1)
we have only that
| Aga(@)] < k| Afa)l;
S0

kd+1 . 1
"SR

The remarks in this section include Theorem (17.4) of [9].

4. INTERSECTION MATRICES

The intersection numbers relative to an orbital I', are defined by
W = TN T@)  [beT(a).
It is evident that these numbers depend only on «, 7, and j, and we see that

Z#i;) — l Z”(al — l‘ , ‘u(m) . ‘L(z)

and . (4.1)
pig =8, 1y =3,

(where I,y = I',/, the orbital paired with I',). Moreover,}

(42) Lpl =1lps”  and  Lpd) = Lpl) = Ll .

Proof. A pair (b, c) is such that b € I'(@) and ¢ € I',(b) N I',(a) if and only
if c € I'(a) and b € I',/(c) N I'(a). Counting these pairs gives Lus? = Lp'y",
and combining this with u{¥ = % from (4.1) [or directly, counting the
triplets (a, b, ¢) with b € I'(a), ¢ € I'y(b) and a € I(c)] gives the rest of (4.2).

Included in (4.2) is Lemma 5 of [4] and part of a Theorem of Manning
([9], Theorem 17.7).

The 7 X r matrix M, = (ui),; will be called the intersection matrix
of I', . By (4.1) we have

(4.3) M, has column sum I, . The matrices My, M, ,..., M,_, are Lnearly
independent and Y, M, = F, the matrix whose ith row is (I;,1;,..., L),
i=20,1,...,r — 1.

Focusing attention on a particular orbital 4 £ Iy, say 4 = I'}, we put
M = M, and write p;; = p!Y. As before we put k = I, and 4 = B, .

1'The author is indebted to M. Suzuki for pointing out this improvement of his
original statement.
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Arrange the G -orbits into circles of increasing radius about a (with
respect to 4) and number the orbitals accordingly, so that
dfa)y= Y Tfa) (I<g<m) (4.4)

CeSt<Cqyy

and p(a, I',(a)) = oo for 7 > ¢, . Recall that

A@) = 3 40)
=0

is a system of imprimitivity for G unless G has finite diameter with respect
to 4 [by (1.11)].

(4.5) With respect to the described arrangement of the G,-orbits, M takes
the form M = (§ 9) with X = (\;j)1<jcm and

Aia’ = (Faﬂ)cg<c<c,~+1:c;<5<c,«+l
such that
(@ A;=0¢i>j+1,
(b) Ay 7s a square matrix, 0 << i < m, and
(c) every row of A;,,; contains a nonzero entry.

Proof. It follows at once from the definitions that M takes the form
M = (¥ %) wherc X has the described form. By (1.10) we know that
A(a) = A'(a), and this means that the intersection matrix for 4’ takes the
form (§ %) (with respect to the given arrangement of the orbitals) with
U an m X m block. Therefore, by (4.2), Z = 0.

Conversely, we have

(4.6) If by simultaneous row and column permutations applied to the last
r — 2 rows and columns M is brought to the form (¥ %) with X = (A;)
satisfying (a), (b) and (c) of (4.5), then, renumbering the orbitals accordingly
we have that the circles of finite radius about a are given by (4.4) (and hence
by (4.5) that Z = 0).

In particular,

(4.7) G has finite diameter with respect to A if and only if M is trreducible;
in this case the diameter of G is one less than the number of diagonal blocks
Ay; in the form (4.5).

By (1.10) this implies

(4.8) G is primitive if and only if M is irreducible for alla = 1, 2,...,r — 1.
The intersection matrix M, can be obtained from the incidence matrix
B, in the following way. Arrange the points of §2 according to the G,-orbits
and consider the corresponding blocking of B, . Each block has constant
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column sum, and we see that in fact the matrix B, obtained from B, by
replacing each block by its column sum is precisely M, . Putting
L =(,,1,.., ;) we have as a first consequence

49 ML =1LL, ie, M, has L as an eigenvalue corresponding to the
eigenvalue I, . If G has finite diameter with respect to I', then the subdegrees
are uniquely determined by this equation.

Proof. We have BX =1X, X =(1,1,.,1), so B.X =12%, and
M, = B,, L = X (the notation being sclf-explanatory). If G has finite
diameter with respect to I', then M, is irreducible by (4.7), so L is uniquely
determined as the positive eigenvector with first component 1 corresponding
to the maximal eigenvalue /, (by the Perron-Frobenius theory).

Each matrix X in the commuting algebra C of the permutation representa-
tion of G has its rows and columns indexed by the points of {2 and so has
a blocking according to the arrangement of the points of £ into G,-orbits.
The blocks have constant column sum, and denoting by X the 7 X r matrix
obtained by replacing each block by its column sum, we obtain an algebra
homomorphism of C onto a subalgebra C of the algebra of all 7 X » matrices.
(Here we are applying an unpublished theorem of Wielandt. For completeness
a proof of Wielandt’s theorem is indicated in an appendix at the end of this
paper.) But by (4.3) the matrices M, = B,, « = 0, 1,..., 7 — 1, are linearly
independent. Hence by (2.2) the homomorphism is an isomorphism

C=4{By,By, B, D~ C=<(My, My,..., M,_.
As a first consequence we have

(4.10) The matrices My, M, ..., M,_, span an algebra C, which is com-
mutative if and only if the trreducible constituents of the permutation representa-
tion are inequivalent.

Proof. € is commutative if and only if C is commutative, and
commutativity of C is equivalent to the inequivalence of the irreducibie
constituents of the permutation representation (cf. [9], Theorem 29.3).

A second important consequence is

(4.11) M, and B, have the same minimum polynomial, o = 0, 1,...,7 — 1.
Now we can prove that

(4.12) The following are equivalent:

(a) the minimum polynomial of M has degree r.

(b) the powers of M span C.

(c) the powers of A span C.

(d) the eigenvalues of M are simple.
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Proof. We prove that (a) implies (d). The implications (d) = (c) >
(b) = (a) are immediate using (4.11).
If the minimum polynomial of M has degree 7 then by (4.11),

C =<1, 4, A42,.., A.

Since C is commutative we know that the permutation representation 4
has 7 inequivalent irreducible constituents d, = 1, 4, ,...,d,_; . Choose a
nonsingular matrix P such that

PAP = diag{d,, 4, ,...,4,_,}.
Then

P-14P = diag{0,, 0,1, -y 8,415},

where f; is the degree of 4, and 6, = £, 0, ,..., ,_, , as eigenvalues of A, are
eigenvalues of M. If now k, is the oth class sum of G then 4,(k,) = wy(k,) I,
where w, is the linear representation of the center of the group algebra of G
corresponding to 4, . Thus

PA(k) P = diag{wy(k,), wy(k) I, yoevs wra(R) Iy, 3
Now 4(k,) € C so

r—1

Ak, = ¥ x,,4
q=0

where the x,, are uniquely determined rational numbers, Hence we have

wi(k,) = 2 %,,0,7 which means that for each 7, w; is determined by 4, .

But the w; are distinct since the 4, are inequivalent. Hence the 6, are distinct.
At the same time we see that

(4.13)  If the minimwm polynomial of M has degree r then there is a one-to-one
correspondence between the eigenvalues of M and the irreducible constituents of
the permutation representation, preserving conjugacey, and the multiplicity of an
eigenvalue of M as an eigenvalue of A is the degree of the corresponding
irveductble constituent.

We remark that in casc the minimum polynomial of M has degree r,
so that M has simple eigenvalues, C is the full commuting algebra of M.
Hence in this case we can determine the M, , « =0, 1,...,» — 1, from M
as the unique matrices commuting with M whose first rows contain only
a single nonzero entry 1. At the same time we will, of course, determine
the subdegrees and the pairing of the orbitals.
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5. MULTIPLICITIES OF THE EIGENVALUES oF 4

Define vectors 9, = (149 5 Me1 5> Nar-1)s 4 = 0, by

70 = (1, 0,..., 0), ng41 = M. (5.1)
(5.2) THEOREM. trace A¢ = myy, q == 0, where n ts the degree of G.

Proof. Write 47 = Y A,;B;, then trace A? = nd,y, and M7 = Y A,;M; .
Now MM =Y p;M, since the first row of M, has all entries 0 except
for a 1 in the j'-position. Hence M%1 =Y A u; M, and therefore
Agsze == X Agiptyyr . This can be written as Ay, = APMP where
Ay = (Ayp s Aar 5eo.) and P is the permutation matrix representing the pairing
of the orbitals. Then A, P = A,PM so that 7, = AP, giving 5, = Ay -

If now p(x) is a polynomial such that p(#) = 0 then we know that p(4) = 0
by (4.11). If 8 is a root of p(x) of multiplicity m then the multiplicity of &
as an eigenvalue of 4 is

trace po(4)/po(0), (5.3)

where py(x) = p(x)/(x — 6)™ (cf. [2], Lemma 3.4). Since the trace of py(A)
can be computed from M by (5.2), we have

(5.4) If 0 is a root of a polynomial p(x) such that p(M) = 0, then the
multiplicity of 8 as an eigenvalue of A is determined by M according to (5.3)
and (5.2).

Combining this with (4.14) we get

(5.5) TueoreMm. If M has simple eigenvalues 0y = k, 0; ,..., 8, , then the
degrees xq = 1, %y ..., %,_, of the irreducible constituents of the permutation
representation of G are determined by M, namely, they are given by

x;, = trace f;(A)/f{(8:), t=0,1,..,r—1,
where f(x) = f(x)/(x — 6;), f(x) being the characteristic polynomial of M.
Putting N = (94) = (99, 7 ,---)%, the recursion (5.1) can be written as

0 1

sN=nNu wih s=[| °1 | (5.6)

Taking N, to be the 7 X r matrix consisting of the first » rows of N we have

(5.7) NM = CN, where C is the companion matrix of the characteristic
polynomzal f(x) of M.
From (5.7) we have M(adjN,) = (adjN,) C, and hence, since M has

481/6/1-3
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column sum k, A(XadjN,) = (XadjN,) C where X = (1, 1,..., 1). Writing
adjN, = (n}) and putting

r—1 7—1

g(x)=2<’a‘xj» “J'—_‘Z'U:“:'a
=0 im0
it follows that
(x — &) g(x) = o, f(). (5-8)

Note that N, is nonsingular if and only if the minimum polynomial of M
has degree 7, and in this case we have

M, =Y 99M, Nj'= (p9).

6. Groups oF MaXIMAL DIAMETER

We now assume that 4 = I7 is self-paired, and write k& = [, as before.
We shall say that G is a group of maximal diameter (with respect to 4) if G
has the largest possible finite diameter with respect to 4, namely r — 1.
In this case the G,-orbits coincide with the circles with center a and all
are self-paired. By (4.5) and (4.6) we have

(6.1) THEOREM. G is of maximal diameter if and only if by simultaneous
row and column permutations applied to the last r — 2 rows and columns M
can be put in tridiagonal form with all super- and subdiagonal entries # 0.
Putting M into this form is egquivalent to renumbering the orbitals so that
T'fa) = Afa),qg=1,2,....,7 — 1.

Suppose now that G is a group of maximal diameter with respect to 4
and assume that the orbitals have been arranged in accordance with (6.1).
Then M is a tridiagonal matrix

01
k 2z x
M= Y1 2",
Yo,
. X
Yr—2%r

with 2, ,9;, %0, 1 <7 <<r — 1. By (4.2), x110411 = ¥ely» ¢ = 1, and hence

Ye—1Ya—2 =" N1
l —_ k, > 1. 6.2
a XXgg *** Xy q = ( )
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By (3.1),
Yo < stga,q = 1. (63)

From the well-known recursion for the characteristic polynomial f(x) of
the tridiagonal matrix M it is deduced that A has 7 distinct eigenvalues
(all of which are real). Hence (4.13) and (5.5) are immediately applicable,
giving, in particular, that the irreducible constituents of the permutation
representation are of mulitiplicity 1 and that their degrees are given by (5.5).

The following determination of the characteristic polynomial of M is
convenient for some applications. In our present case N, is nonsingular so
we have MN;' = N;'C. For 0 < m < r — 1 define

hild . n ey
£ = T o, o = 24P,

where Nyt = (99). Then go(x) = 1, g4(x) = x ++ 1 and (det Ny) g,_,(x) = g(x).
Put
Xn =(,1,.,1,0,..,0);

e —
m

then
_XmM = (k, k’.,., k, &, ﬁ, 0,..-, 0)

m-1

with « = x,,_, — 2, and 8 = x,,. Hence the jth entry in the vector
X,MN:tis

ko) - i 4 By = glm) L (k — 1) o2
(@ = Db 4 (B = D

On the other hand, the jth entry of X,,N5Cis ¢'™ . (Since M is tridiagonal,

-1 -
N, is lower triangular and hence so is Nj'.) Equating, multiplying by #/,
and summing over j, we get
&m + (k — l)gm—z + (0‘ - 1)(gm——1 ——gm—z) + (ﬁ - 1)(g'm _'gm—l) = Xfm—1

since > ; n%x =g, —g,,,v = 1,2,.... Hence, since k —a =y, ;, we
have

(%) = (% + ) gm-1(%X) — Ym_18m—2(%)s m =2,
with o, = %,, — Zm_1 — %m—y1 . Lherefore, putting

Gm(x) = Xm¥moq " xlgm(x)v
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we have

(6.6) Gulx) = (v + @) Groa(*) — X 1Ym 1Gmof*), m = 2, with oy, =
Xy — By — Xy and Go(x) = 1, Gy(x) = x + 1. And by (5.8), since G,,(x)

1s monic,

(6.7) The characteristic polynomial of M is
f(@) = (¥ — &) Gra(x).

Note that f,,,,(x) = (x — k) G,,(x) is the characteristic polynomial of the
matrix obtained by truncating M after m + 1 rows and columns and replacing
2p bY 2, + ¥,, to make the column sum k. Also, it is easily seen directly
that G(A4) = F and hence that f(4) = 0.

As a first illustration we consider the symmetric group S = S on £,
12| = n = 2, which (for each &, | < k <{ n) acts faithfully and transitively
on the set (k) ={AC Q|| A| = k}. Since the action of S on Q(k) is
equivalent to that on £(n — k) we assume that 1 << &k < /2.

For AeQ(k) and 1 < k < I < n/2, the number of S,-orbits in (/) is
k - 1. Namely, foreach 2, 0 <\t <k, thesets Be§2(l}suchthat [ BN A4 | =1t
constitute an S -orbit, and all are accounted for in this way. Hence if
m; == 2 e, and m; = Y £, are the permutation characters of .S acting on
£(k) and £({), respectively, the sums being over the irreducible characters
¢, of S, a well-known result on the theory of permutation representations

(sce, e.g., [3]) gives
Yeafi=k+ 1

Taking & = [ we see that S has rank k2 + 1 as a permutation group on
(k) the S -orbits for A € £2(k) being

I(d) ={BeQ®)||BNAj=k—i} (G=01,.%

Each of these orbits is self-paired since B e I'(4) implies 4 € I'y(B). If
1 <7<k —1and BeI(A4), we see easily that I'\(B) " I'; _,(A) # ® and
that I'y(B) C I';_,(4) + I'(A4) + I';,;(4). Hence S has maximal diameter
with respect to I'(d4), I'y(4) being the circle of radius j about A4,
j=1,2,.., k. [Note, however, that S is not primitive on £2(n/2), n even.]

Now it follows by (4.13) and the paragraph following (6.3) that each
e, =0 or 1, and that Y e, = & +- 1. Taking 1 < k < I < n/2 we have,
therefore, that e, = 1 implies f, == 1. Hence

(6.9) THEOREM ([7], Lemma 3). There exist distinct nontrivial irreducible
characters §; ..., {nsyof Ssuchthatm, =1+ §; + - + 4,1 < k < [n)2].
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An interesting example is provided by Janko’s new simple group [6] of
order 175, 560. According to [6], this group (let us denote it by J) has a
maximal subgroup of order 660 isomorphic with Ly(11). It can be seen, using
results in [6], that the corresponding representation of | as a primitive
group of degree 266 has rank 5 and subdegrees 1, 11, 110, 132, and 12.
The matrix M of intersection numbers with respect to the orbital of length
11 is already determined by the subdegrees. For the given arrangement of
the subdegrees we get, using (4.2) and (4.9), that

6 1 0 0 O
1m 0 1 0 O
M=010 4 5 0
0 0 6 5 11
0O 0 0 1 O

hence [ is of maximal diameter. The characteristic polynomial of M is
flx) = (¢ — 11)(x* 4 22% — 2022 - 27x - 44)
= (x — )(x — )(x — 4)(x* - Tx + 11)
with roots

-7 + 5172

8
90=11,01:1,92:4,30’:§: :

The matrix N, is

1

0 1
1m0 1
0 21 4 5

231 40 67 45 55,

Applying (5.5) to find the degrees x, = 1, x,, x5, x, of the irreducible
constituents of the permutation representation we find

fi®) = f@)/(x — 1) = 2 — 8x> — 5022 + 143x + 484;

so by (54), tracef(4) =266 [231 — 5011 + 484] = 266 - 165, and
fi(1) = 570. Hence x; = 77. In the same way we get x, = 76, x; = x, = 56.
This is consistent with the character table of [5]. From (4.13) we see that
the two characters of degree 56 must be conjugate, settling a question raised
in Section 30 of [9]. As has been noted by several people, this also gives
a counter example to Frame's conjecture (cf. [9], Section 30) since

11-110-132-12

3
266 77-76 - 56 - 56

is not a square.
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Using the remark at the end of Section 4 we find for M,, M, , and M, ,
respectively,

0 1 0 0 O 1 0 1 0 0 O 1
110 45 40 45 55| 110 132 66 66 60 55| 132
0 410 5 0 1 0 55 54 60 557110
0 54 60 55 55132 0 5 6 0 11| 11
0 6 0 5 0] 12 0 5 6 12 11| 12
01 0 o0 O 1
12 0 1 0 0| 12
01 5 6 12]132
0 0 5 6 O0]110
6 0 1 0 0] 1L

The columns after the vertical lines indicate the arrangements of the J,-orbits
into circles. The diameters are, respectively, 2, 2, 3.

7. SOME APPLICATIONS

For the applications to be given in this section we need to consider the
partial difference equation

(%) = (8 — (@ + 0)) Buy() — w0hp o), m>2 (1)
with
k(%) = 1, by(x) = x — o.

The solution’can be written in terms of the polynomials k,(x) defined by

% — ]
ky(x + 2 + x71) = PE =1
(k= 0)
|
kol +2 4+ 97) = 50—y~

First observe that

kop(%) = kop_1(x) — Ran_s(%)
and (2 =1). (7.2)
konsr(%) = xkon(x) — Ran_y(%)

Now define polynomials y,,(x) = y,(x, u, v) by

yale) = 3(z — (u + o))t by (E— LI
(=0). (13)
@y

Yra®) = 2(uoP kypyy (F——
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Using (7.2) we can verify that
Ym(®) = (% — (4 4 0)) yma(¥) — #OYmo(x), m=>2.  (7.4)

Thus the y,(x) satisfy the recursion (7.1) but not the initial conditions,
for yo(x) = 0, y4(x) = x. Define polynomials %, (x) = h,(x, %, ©) by

ho(x) =1,
(7.5)
hon(%) = ym(%) — V(%) m > 1.

so that ,(x) = x — v. Now we verify at once by induction that
Yml®) = (¥ — ) hyp_y(%) — whp_o(x), m 22, (7.6)

from which it follows that the £, (x) solve (7.1).
Observe finally that

R, 4, 4) = kg y (5) m > 0. (1.7)

For when u = v, it is easily verified using (7.2) that the polynomials defined
by (7.7) solve (7.1)

We now return to the consideration of a transitive group G of rank  and
put 4 = I';. Let us look at the case in which M has form

0 | .
wov+1) u—1 o

ww  uv+1)—1
Put A = A + (v + 1) I, then the entry in the (g, b)-position of A7 is
Ty P
j .
Tag = 3. (@ + D)% 95, o; = 8-
q=0

Putting NN = () and T = (v + 1)79),,;, we have N = TN, so by
(5.2), NM = SN with M = M + (v + 1) 1. But this is the recursion
considered in Lemma 2.5 of [2], so, in the notation of [2],

o =1+ 0 (1 +or(l —w))7y, 0<q<2r—2—j
In particular,

trace A9 = n[(1 + u) 1 (1 + o) (1 —uo)l7t, 0<g<2r —2. (7.8)
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Now put H,,(x) = G,,(x — (v + 1)) where the G,,(x) solve the recursion
(6.6) corresponding to our given matrix M. Then the H,(x) solve (7.1),
s0 H,(x) = h,(x, u, v) as defined in (7.5). By (6.7),

(7.9) The characteristic polynomial p(x) of A is
o) = (x — (@ + O)© + 1)) hrs(s, 4, 0)
(7.10) THEOREM. If the intersection matrix M has the form

0 1
wu—+1) u—1 1 .
u? u—1 -
|
- u—1 1
w w4 u—1

with u > 1 then r = 2, i.e., G is doubly transitive (of degree u* 4 u - 1).
Proof. By (7.9) and (7.7) the characteristic polynomial for M is

p(¥) = (& — (s + 1) w Yogry ()-

Hence, since we have the formula (7.8) for the trace of 4¢ the analysis of
([2], Section IV) is directly applicable, giving 2r — 1 =3 or r = 2.

It can be shown that for r 2= 3, M has the form of (7.10) withx =5 = ¢
if and only if P (as defined in Section 2) is a nondegenerate (2r — 1) — gon.
Then Theorem 1 of [2] can be directly applied, but of course (7.10) is a
stronger result in our context.

A curious consequence of (7.10) is

(7.11) CoroLLARY. Let G be a transitive permutation group of rank r with
subdegrees 1, u** Yu + 1),a = 1,2,...,v — 1, u > 1. Then G is doubly
transitive.

Proof. Using (4.2) and (4.9) it is easily seen that in this case M has the
form of (7.10).

(7.12) TueoreMm. If M has the form

0 1
uo+1) u—1 1
w - -
M= . 01
cu—1 o441
ww (u—1)}v-L1)

thenr = 2,3,4,50r 7, and if u > 1 and v > 1 then r # 7.
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Proof. We may assume that 7 > 3. Again we work with

A=A+ @+1)I
and M = M 4 (v -+ 1) I, and obtain from Lemma 2.5 of [2] that
trace 4¢ = [(1 — w1 (1 — o) (1l —wo)}?, (0 <gqg<2r—3).

By (5.7) and (6.6) we find that the characteristic polynomial p(x) for A
is given by (¥ — (# + 1)(v - 1)) A(x) where

M) = (x — u) hy_y(x) — uoh,_y(x),
hon(%) = hy(x, 4, v) as defined in (7.5). Hence by (7.6)

plx) = (x — (@ =4 1){v -+ 1)) y,a(x),

where y,,(x) is defined by (7.3). Now the analysis of ([2], Sections V-VII)
is directly applicable, giving 2r —2 = 4, 6, 8, or 12 with 2r — 2 # 12 if
u>landv > 1.

Actually the analysis of [2] gives more, namely, in case 7 == 4, wv is a
square, while if r = 5, 2uv is a square (cf. Theorem 1 of [2]).

If r > 3, it can be shown that M has the form of (7.12) with u =5,
v == #, if and only if P is a generalized (2r — 2) — gon.

The analog of (7.11), proved in the same way, is

(7.13) CoroLLarY. If G is a transitive permutation group of rank r with
subdegrees 1, wvYv + 1), « = 1,2,..., v — 2), and w072, then the con-
clusions of (7.12) hold.

APPENDIX

We indicate here a proof of a simple but very useful result due to Wielandt
(unpublished), essential use of which was made in Section 4.

Let H be an intransitive group of permutations on a finite set £2. Let D
be the permutation representation and let C be the commuting algebra of D.
Arrange the points of © according to the H-orbits, so that, if there are ¢
of these, D(x) takes the form

D(x) = diag{Dy(#), Dy(#),.., D(*)}
for x € H. If X = (Xi5)1<s.5<¢ is the corresponding blocking of X e C, then

XiiD(x) = Dy(x) Xy 1<,
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from which it follows that X;; has constant column sum. Moreover, there
exists a nonsingular matrix P such that

X o0
Pxp=(p )
where X is obtained from X by replacing each block X;; by its column sum.
We see this by reducing D to irreducible constituents and suitably rearranging
these. Now it follows that

The mapping X — X is an algebra homomorphism of C onto a subalgebra C
of the algebra of all t X t matrices.?
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