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1. Introductions

Third-order differential equations arise in an important number of physical problems, such as the deflection of a curved
beam having a constant or varying cross section, three layer beam, electromagnetic waves and gravity-driven flows [1].
Hence, third-order differential equations have attracted considerable attention over the last three decades, and many
techniques for such problems have appeared, such as differential inequality [2,3], topological transversality [4], the shooting
method [5], the lower and upper solutions method [6], comparable analysis with classical equations [7], the Lyapunov-
Schmidt procedure and the continuum theory for O-epi maps [8].

Recently in [9], we used the upper and lower solutions method to prove some existence results of the following third-
order two-point boundary value problem:

u”(t) +f(t,u(t) =0, 0<t=<1,
u(0) =uv'(0) =u'(1) =0.

Then in [10], we extended the study to the more general case as follows:

u”(t) +f(t,u®),u'(t)) =0, 0<t=<1,
u(0) =u'(0) =u'(1) =0.

By the use of a new maximum principle and the upper and lower solutions method, we established the existence results of
a solution and a positive solution for the above problem.
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Implicit systems of differential equations arise in a natural way in control theory. For that reason there is an extensive
body of research on implicit systems of differential equations (see [11-15] and references therein). In this paper, we are
concerned with an implicit third order two-point boundary value problem as follows:

flt,u®), u'(®),u”"(t) =0, 0<t=<1,
u(0) =u'(0) =u'(1) = 0.

It is known that the methods for the explicit equation cannot easily be extended and directly applied to the implicit
equation. However, there still many methods, such as the constant rank theorem [11], the algebraic geometry method [12]
and a differential-geometric approach [13], which have been used to deal with implicit equations. Motivated by the above
important work and the study on fixed point of decreasing operators [16], in this paper, we try to establish some results
concerning the existence and uniqueness of a solution and a positive solution for problem (IBVP) via the upper and lower
solutions method, maximum principle and an iterative technique. These functional methods can be extended to implicit
systems arising in control theory.

This paper is organized as follows: In Section 2 some notations and preliminaries are introduced. The existence and
uniqueness results of problem (IBVP) are verified in Section 3. An example presented in the last section illustrates the
application of results obtained.

(IBVP)

2. Preliminaries

Definition 2.1. u(t) € C3[0, 1] is called a positive solution if u is a solution of (IBVP) and u(t) > 0, Vt € (0, 1).
Similarly, we can give the definition of a negative solution for (IBVP).
To obtain the main results, the following lemmas are crucial.

Lemma 2.2. If m(t) € C3[0, 1] satisfies

(iym"(t) <00 <t <1),
(ii) m(0) > 0,m'(0) > 0, m'(1) > 0.

Then m’'(t) > 0, m(t) > 0, Vt € [0, 1].
Proof. If m”'(t) < 0(0 < t < 1), then m’(t) is concave on [0, 1]. Hence for Vt € [0, 1]
m@t)=m((1—t) x0+tx1)>(1—t)m'(0)+tm'(1) > 0.

Noting that m(t) is increasing and m(0) > 0, we get m(t) > Ofort € [0, 1] and maXo<;<; m(t) = m(1). N

Corollary 2.3. If o, B € C3[0, 1] satisfy
(H) «”(t) < B (t),t € [0, 1], 2(0) = 0 > $(0),@’(0) = 0 > B'(0),a'(1) = 0 > B'(1)
then o/ (t) > B/(t), a(t) > B(t) forallt € [0, 1].

Lemma 2.4. If m(t) € C3[0, 1] satisfies
(i) m”(t) <00 < t < 1);

(ii) m(0) = m'(0) = m'(1) = 0.

then m(t) > t?> maxg<;<; m(t), t € [0, 1]

Proof. In fact, let g(t) = m(t) — t>m(1), then g(0) = g(1) = g'(0) = 0.
Thanks to Taylor’s Theorem, there exists € (0, 1) such that

" 1" 1"
m(0)+m (77)<m(0)
2 6 - 2
hence g”(0) = m”(0) — m(1) > 0.

g"”(t) = m"”(t) < 0implies g”(t) is nonincreasing on [0, 1], then g”(t) > 0 on [0, 1] or there exists § € [0, 1] such that
g’(t) >0o0n|[0,8]and g”(t) < 0on |4, 1].

(1)ifg”(t) > 0on [0, 1], then g(0) = g(1) = g’(0) = 0 gives g(t) = 0 on [0, 1].

(2)ifg”(t) > 0on [0, 8], then g(0) = g’'(0) = 0 implies g(t) > 0 on [0, §]; while g”(t) < 0 means g(t) is concave on
[8, 1], hence

m(1) = m(0) + m’(0) +

’

1-96 1-6 /71—

for arbitrary t € [, 1].
From the above proof, we get g(t) > 0,i.e, m(t) > t?m(1) fort € [0,1]. m

1— ) 1-— )
g(t) =g<—ta+ =2 )> —;g<8>+ ifagm) > (1-1g(®) = 0
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3. Main results
Throughout this section, we assume that f : [0,1] x R Xx R x R —> R is continuous. Let u,v € C[0, 1] and
u(t) < v(t),t € [0, 1], denote
[u, v] = {x € C[O, 1]Ju(t) < x(t) < v(t),t € [0, 1]}.

Theorem 3.1. Assume there exist a, B € C[0, 1] satisfying condition (H) in Corollary 2.3 and a positive constant | such that

(A1) f(t, B(t), B'(), B” (1)) = —%(ﬂ”'(f) —a”(t)), t €[0,1];
(A2) f(t,a(t),a'(t),a”(t)) <UB" () —a"” (1)), t €[0,1].
(A3) Forarbitraryt € [0, 1], u € [B,al,v € [B, '], B (t) > w1 > wy > (1),

flt,u,v,wy) = f(E u, v, wz) < —l(wy — wy).
(A4) Forarbitrary t € [0, 1], a(t) > uq > up > B(t), &' (t) = vy > v, > B/'(t), w € [&", B”],
f&, ug, vy, w) — f(€, uz, v2, w) > 0.
(A5) Forarbitrary t, A € [0, 1], uy, uy € [B, ], v1, v2 € [B, '], w1, wo € [, B"],
F@&, Aug + (1 = Vi, Avg + (1 = Vg, Awq + (1 = Dwa) < Af(E, Uy, v1, wy) + (1= A (¢, Uy, v2, wa).

Then the implicit problem (IBVP) has an unique solution x* € C3[0, 1], which satisfies o’ (t) < x*"'(t) < B"'(t), t € [0, 1].

Proof. Problem (IBVP) is equivalent to the following boundary value problem

1
u’(6) = pf (6 u®, w'©.u"©) +u" @), 0<t=<1
u(0) =u'(0) =u'(1) =0.
Let xo be the solution of the following boundary value problem:

1
u”(t) = 7f t, B, 1®), ") +B"(1t), 0<t=<1,
u(0) =v'(0) =u'(1) =0,

then
1 1
Xg = / G(t,s) [Yf(s, B(s), B'(s), B”(s)) + ﬂ”’(S)] ds,
0

1 2 1,
—(t—s5)"—=t(1—-5), 0<s<t<I1,
where G(t, s) = 21 2
—§t2(1—s), 0<t=<s=<1l

Construct iterative sequences {x,} as follows:

/) l / /A
Xy (0) = AEIORAGE X, (D) +x,(0),
X111(0) = X, 1(0) = x,,,(1) = 0.
n=0,1,2,....

Since B € C3[0, 1] and f is a continuous function, {x,} are well-defined and {x,} C C3[0, 1].
We shall show that {x,} converges to the unique solution of Problem (IBVP) in {u € C3[0, 1]j”’(t) < u”(t) < B"(t)}.
The proof is given in several steps.

Conclusion 1.

a///(t) E a”/(t) + ﬁ///(t) S xg/(t) S ﬂ///(t)’

o' (t) = xy(t) = B/ (1),
a(t) = xo(t) = B(t).

In virtue of the assumptions (A3), (A4), we have

1 1
7f (t, @), B/, B () + B"(t) < 7f (t,a(t), (1), 2" () + " (t).
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Then, by the condition (A1), (A2) and the definition of xy, it is easy to get

a///(t) + ﬁ,/,(t)
2

1
< x'(t) = AGYIOR B'(©), B” (1) + B (1)

a///(t) S

IA

1
7f (t, o), o' (t), 2" (t) + " ()
ﬂ///(t) .

Due to the boundary condition

IA

a(0) 20=1x(0) = B(0), '(0)20=x,(0) = B'(0), o'(1)=0=x(1) =B (1),

and Lemma 2.2, we get

o) = x(0) = B(O),  alt) = x(t) = (0.

Conclusion 2. Forn=0,1,2,...,

" " t + " t /11 i "
o (t) < % = X9 (8) = X544 (6) < 7D,

o' (t) = X5, (1) = Xy, 1 (6) = B/(1),
a(t) = xo(t) > Xanp1(t) > B(0).

We shall prove the conclusion via the mathematical induction method.

In fact, since

1
xﬂozﬁmmmJWwawau

Conclusion 1 gives

1 1
7f (t, ), B'(), B () + B (t) <x{'(t) < Tf (t, a(t), (1), " (1) + "' (t).
So we have

o"(0) =

Olw(f) ';ﬁ,//(t) < Xg,(t) < X/]//(t) < ,3/”(1').

Thanks to Lemma 2.2, there hold

o' (1) = x(6) = X, (t) = B'(D),
a(t) = xo(t) = x:1(t) = B(0),

which implies Conclusion 2 holds for n = 0.
Assume the conclusion holds for n = k either, i.e.,

a///(t) _"_ ﬂ/// (t)
2

o"(t) < < Xy () < X5 4 (0) < B (1),

o' (t) = Xy (£) > Xy 4 (£) = B/ (D),
a(t) = x(t) = X1 (t) > ().

Then due to assumptions (A3), (A4), we get for t € [0, 1]
1
€ a®, '), " (O) + () = X1 ()

1
= 7f (t, Xa(t), X (), X5, (£)) + X5 (£)

1 / /1 /1
Tf(tv Xak41(b), Xok+1 (t), x2/k+1 (t) + x2/k+1 (t)
i

= Xpp (1)

1
> Tf(t’ B(), B'(t), B (1)) + B (1),

v

%
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which means

/ am(t) + ﬁw(t) /" 1 "
o (t) £ ————— =X (O) <Xy (0 < BT,

o (t) = Xy yo (£) = X4 (0) = B/(D),
a(t) = Xopq2(t) > Xopq1 (£) = B(D).

Repeating this process we obtain

n t n t
@0 = TOEEO 0 <6 = 870,
' (£) = Xypyo(0) = Xy p3(8) = B(0),
a(t) > X42(t) = Xarg3(t) = B(L),
which implies the conclusion holds forn = k 4 1.
Hence Conclusion 2 holds for all n € {0} | N.

/17 ua

Conclusion 3. {x; (t)} is increasing, while {x,  ;(t)} is decreasing.
In fact, by the proof of Conclusion 2, we know that

() <B"M), Xt =), xi(t)= (),

then due to properties (i-ii) of f, we obtain

1 1
X = [ EBO.B D). B"©) + (1) = 1F E.3(0.X, 0. ©) +5/(0) = %5 (0).

/11

decreasing of {x,,

(t)} can be proved in the same manner.
Conclusion 4. {x,(t)} is convergent to the solution of problem (IBVP).
Conclusions 1-3 tell us thatforn =0, 1, 2, ...,

a///(t) + ﬂ/// (t)
2

i a 7 /11

o"(t) < < Xon(t) < Xop o () < X5 5(E) < Xor 1 (8) < (D).

Let y,(t) = x,(t) — a(t),thenforn =0,1,2, ...,

n t _ " t
0< O —® > LU Yon(t) < Yonia () < Yo 5(t) < Yomq () < 7 (1) — " (8).

Let r, = sup{r € Rly;,(t) > 1y, (D)}, then {r,} are well-defined. It is easy to check that
increasing, so {r,} is convergent.
Noting assumption (A5), we have

1
2

/1 v

Yani3(0) = Yonyq (0
= (0~ @O

1
= 1 (t % (6), X, (0, X530 + 15, (0) = ()

1
= Tf (t, Wan + @) (1), Won + ) (1), Y2n + )" (1)) + Y20 + )" (t) — " (£)

1 /) /)
< Tf (t, (rmYans1 + ) (), (Yane1 + @) (), (Yans1 + @) () 4 mYon 4 ()

1
= Tf(tv m(Xont1 — ) (@) + a(t), ra(Xant1 — a)/([) + Ol/(t), Tn(Xans1 — Ol)m(t)
+Olw(l')) + rn(x2n+l _ Oé)m(t)

1
T[rnf(t, Xon1(8), Xop 1 (8), Xor 1 () 4+ (1 — 1)f (£, (1), &' (), & ()] + Xy 4

IA

1
Mo (6) + (1= 1n) [zf (€, & (), @ (0), & (0)) + o/”(t)} —a"(t)

rn(-y/2/1/1+2(t) + O{W(f)) + (1 _ Tn)/gw(t) _ Olw(l')
T2 (6) + 2(1 = 1)Yon 5 (£)
(2 - rn)y,z/;,+2(t)a

IAIA

ua

By a mathematical induction process similarly to the proof of Conclusion 2, we can verify that {x;,

2511

(t)} is increasing. The

< 1, < 1and {r,}is

(t) — raa”’ (1)
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then we have

7

'ng1 = sup{r € R|Y2n+3(t) = ry/z/;+2(t)} >

2—1,

Let lim,_, o 1, = , the above inequality implies r > = thenr = 1.

1 2—r’
For arbitrary even number p > 0, we have

/1 /1 ua /1 g

0< Yontp = Yon = Yong1 —Yon = 1- rn)Y2n+1 <1 =r)B" —a").

Sincer, — 1, then {y};} is a Cauchy sequence in C[0, 1]. Similarly, we can prove {y};  ,} is a Cauchy sequence in C[0, 1] and

limy 00 Y5, = liMy 00 Y5141, S0 {y;,'} is convergent.

Let y* = lim,—. ¥, and x* be the solution of the following boundary value problem

{u”’(r) =y*(t) + " (1),
u(0) =u'(0) =u'(1) =0,

then it is easy to check that
lim x®(t) =x*®(t), k=0,1,3.
n—oo
Hence we obtain

X (t) = lim X, (0)

ne oo M1

Jim %f (€, % (6), %, (6), X (©)) +x;(0)

1 /
T EX O X0, x7(0) + X7 (0,
Which implies x* is the solution of problem (IBVP).

Conclusion 5. x* is the unique solution of problem (IBVP) in {u € C3[0, 1]|a”’(t) < u"(t) < B"(t)}.
Let v € C3[0, 1] be a solution of (IBVP) satisfying o™ (t) < v”’(t) < B”(t), then

A

1 1
7f (t, B, B'(t), B () + p"(t) < 7f (t, v(0), V'(1), " (1)) +v"(t)

1
Tf (t, a(t), @' (t), a” () + " (t).

IA

which means xj'(t) < v’ (t) < B”(¢t).

Hence x;(t) > v'(t) > B'(t), xo(t) > v(t) > B(t) and
1 1
7f (t, @), B'(®), B () + B"(t) < 7f (t, v(0), V'(1), V" (1)) +v"(t)

1
Tf (t, Xo(t), x5 (£), Xg'(£)) + x5 ().

IA

ie.xy (t) < v”(t) <x{(t).
By use of the mathematical induction method, it is easy to verify

Xon () <V"(t) < X,,(t), n=0,1,2,....
Then
V" (t) = lim X;”(t) = X*W(t),
n—oo

which implies v(t) = x*(t).
This ends the proof. =

Remark. In this theorem, we constructed an iterative sequence initialed by 8, and verified that this sequence is convergent
to a solution of problem (IBVP). Other assumptions assured the uniqueness of this solution. Our uniqueness result is a local
result, which means that the problem may have multiple solutions in C[0, 1].

Now let us consider the special case when

fle u, v, w) = fi(e, w) + fi(t, v) + f5(t, w).
Thanks to Theorem 3.1, we can get the following useful results:
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Corollary 3.2. If there exist positive constants ¢ > 0,1 > 0 such that

1) ming<;<1 f(t,0,0,0) > =, maxo<,<1 f(t, &¢, 3¢, —¢) < Ic;

2) fi(t, .) is convex and nondecreasing on [0, %c] for vt € [0, 1];
3) fo(t, .) is convex and nondecreasing on [0, %c]for Vvt € [0, 1];
4) f3(t, .) is convex on [—c, 0] for Vt € [0, 1];

5) for arbitraryt € [0, 1],0 > w; > wy > —C

(
(
(
(
(

f3(t, wy) — f3(t, wp) < —l(wy — wy).

Then (IBVP) has a unique solution u* satisfying 0 > u*"'(t) > —c for t € [0, 1]. In addition, if there exists ty € [0, 1] such that
f(to, 0, 0,0) # 0, then u* is a positive solution.

Proof. Under assumptions of Corollary 3.2, let 8(t) = 0, a(t) = (ﬁ - Q)c, then it is easy to compute

47 6
(i) p(&) = p'(t) =0, t € [0, 1];

(ii) &' (t) = §(t — t%), " (D) (t) = —c, a(t) = 0,&'(t) = 0, t € [0, 1];

(iil) ¢ (0) = &’(0) = &'(1) = 0, maxXo<r<1 (t) = %c, MaXo<r<1 &' (t) = %c.

We can check that the conditions (A1)-(A5) of Theorem 3.1 are satisfied under the hypothesis of Corollary 3.2. Thus an
application of Theorem 3.1 asserts the existence of the unique solution u* in {u € C3[0, 1] | «”/(t) < u"'(t) < B"(t),t €
[0, 1]}.

Since (u*)”’(t) < B"(t) = 0,t € [0, 1], then Lemma 2.2 implies u* > 0 and u* > 0, i.e,, u* is nonnegative and
increasing. Assume there exists ty € (0, 1] such that f(tp, 0, 0, 0) # 0, then u*(¢t) is not identically zero in [0, 1], hence
u*(1) = maXg<¢<1 U*(t) > 0.Lemma 2.4 implies u*(t) > 0,t € (0,1). W

The proof of the following corollaries follows the same pattern.

Corollary 3.3. If there exist positive constants ¢ > 0, ] > 0 such that

1) maxo<¢<1 f(t,0,0,0) < lc, ming<,<1 f(t, —55¢, —ac, ¢) > =5,
2) fi(t, .) is convex and nondecreasing on [0, :—Zc] for vVt € [0, 1];
3) fo(t, .) is convex and nondecreasing on [0, ic] for Vt € [0, 1];
4) f3(t, .) is convex on [—c, 0] for Vt € [0, 1];

5) for arbitrary t € [0, 1],0 > wq > wy > —C

(
(
(
(
(

[, wy) — f3t, wy) < —l(wg — wy).

Then (IBVP) has a unique solution u* satisfying 0 < u*"”'(t) < c for t € [0, 1]. In addition, if there exists ty € [0, 1] such that
f(to, 0,0,0) # 0, then u* is a negative solution.

Corollary 3.4. If there exist positive constants ¢ > 0, ] > 0 such that

1) maxo<¢<1 f(t, 15¢, 3¢, —€) < 2lc, ming<¢<1 f(t, —5¢, —gc, ) > Ic;
2) fi(t, .) is convex and nondecreasing on [—11—26, %C] for vVt € [0, 1];
3) f>(t, .) is convex and nondecreasing on [—éc, Lel for ve € [0, 17;
4) f3(t, .) is convex on [—c, c] for Vt € [0, 1];

5) forarbitrary t € [0, 1], ¢ > wy; > w, > —C

(
(
(
(
(

f3(t, wi) = f5(t, wa) < —l(wq — wy).
Then (IBVP) has a unique solution u* such that —c < u*”’(t) < c for t € [0, 1].

4. Example

Letc = 1,1 =2, fi(t, u) = tu?, fo(t, v) = v*, f5(t, w) = e"¥~3 — 2w — 1, then the conditions (1)-(5) of Corollary 3.2
are satisfied.
Thus an application of Corollary 3.2 asserts the following problem

t®)? + @ @) +e O3 ") —1=0, 0<t<1,
u(0) =uv'(0) =u'(1) =0,

has a unique solution u* satisfies —1 < u*"”(t) < 0, t € [0, 1]. Furthermore, f (t, 0, 0, 0) % 0 shows that u*(t) is a positive
solution.
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