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w-languages are sets consisting of w-length strings; w-automata are recognition devices
for w-languages. In a previous paper the basic notions of w-grammars, w-context-free
languages (w-CFL’s), and w-pushdown automata (w-PDA’s) were first defined and
studied. In this paper various modes of w-type generation are introduced and the effect of
certain restrictions on the derivations in w-grammars is investigated. Several distinct
models of recognition in w-PDA’s are considered, giving rise to a hierarchy of subfamilies
of the w-CFL’s. The relations among these subfamilies are established and characteriza-
tions for each family are derived. Non-leftmost derivations in w-CFG’s are studied and it
is shown that leftmost generation in w-CFG’s is strictly more powerful than non-leftmost
generation.

0. INTRODUCTION AND PRELIMINARIES

This paper constitutes the second part of [3]. In part I the notions of w-grammars,
w-context-free languages (w-CFL’s), and w-pushdown automata (w-PDA’s) were first
introduced. Some fundamental results were presented and several characterizations of
the family of w-CFL’s (CFL,_) were derived.

In this paper the properties of w-CFL’s are studied, with particular emphasis on.
characterizing and comparing the various modes of generation in w-CFG’s and the modes
of acceptance of w-PDA’s. In Section 1 some closure properties of the w-CFL’s are
obtained. The use of control sets in w-grammars is studied in Section 2 and certain
known results from language theory concerning control sets and leftmost generation in
w-PSG’s are generalized to w-languages. In Section 3 the various types of ¢-acceptance
by w-PDA’s are investigated and the corresponding families of w~CFL’s are charac-
terized and shown to constitute a proper hierarchy within CFL, , . Section 4 is devoted
to the study of nonleftmost derivations in w-CFG’s. It is established that leftmost and
nonleftmost generation in w-CFG’s are not equivalent; in fact, leftmost generation is
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186 COHEN AND GOLD

more powerful and the w-languages generated by w~-CFG’s by non-leftmost derivations
form a proper subclass of the w-CFL's.

The reader of this paper is assumed to be familiar with Part I [3]. Therefore, most of
the definitions concerning w-grammars, w-CFL’s, and w-automata of the various kinds
will not be repeated here; we only briefly recall here a few definitions, which are particu-
larly important for this paper, and also introduce some new notation.

Derintrion 0.1. For any mapping : A — B, define In() = {b | b € B, card(yy~1(h)) = w}
{card(D) denotes the cardinality of the set D).

Let f: N — .S be a mapping from the set of natural numbers into a set S, and let
F € 25. We say that mapping f is

1-accepting w.r.t. F if AHeF)3)f(t)e H;
1"-accepting w.r.t. F if @HeF)¥i)f(t)e H,
2-accepting w.r.t. F if GHeF)In(f)NnH +# &;
2'-accepting w.r.t. F it (AHeF)In(f)C H,;
3-accepting wrt. F - if In(f)eF.

Drrinetion 0.2. Let M = (M, ,F) be an w-PDA (w-FSA). Fori =1,1,2,2,3
define T/(M) == {oc € 2 | there exists a run r of M on ¢ s.t. f, is ~accepting w.r.t. F}
where for eachj = 1, f,(j) is the state entered in the jth step of the computation described
by run ».

TAM) (@ = 1,1,2,2, 3) is the w-language i-accepted by M. For i = 3, i-acceptance is
usually referred to as acceptance and the subscript 3 from T3(M) is omitted. An -
language accepted by an w-FSA (w-PDA) is an w-regular language (w-CFL). CFL,
denotes the class of w-CFL’s.

Fori =1, 1, 2, 2, an w-language which is i-accepted by some w-FSA will be called
an Ai-w-regular language.

Fori =1, I, 2, 2/, the class of w-languages ¢-accepted by w-PDA’s will be denoted
by Ai-PDL,, .

The families of Ai~w-regular languages were studied in [9, 11]; the families Ai-PDL,,
will be studied in Section 3 of this paper.

Notation 0.3. Let G = (Vi , Vi, P, S) be a CFG. For X e Vy, P(X) will denote
the set of all X-productions in P. For every H C Vi, let P(H) = Uyey P(X) be the set
of all productions of the variables in H.

Let d be the following (nonleft) derivation d: oy = oy =¢ -+ = o, . For each
1 <7 < I, let A, be the variable rewritten at step ¢ of the derivation; define Var(d) =
{AeVy| A = A, for some | < i<} Var(d) is the set of all variables rewritten at least
once during derivation d.

The above notation will also be used for finite derivations in w-CFG'’s.

Recall that for an infinite derivation d in G

dia = oy = o= = g >ttt
G 1(} G v i+1
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the mappings dp: N — P and d,: N — V are defined by dp(i) = production used in the
1th step of d; and d(7) = variable rewritten in the ¢th step of 4. Also define INV(d) =
In(dy) and INP(d) = In(dp).

The following is a restatement of the w-Kleene closure characterization theorem for

w-CFL’s.
Taeorem 0.4 [3].

CFL,, = o-K((CF) = %U UiV

i=1

U;,Viare CFL's, i = 1,..,k, k£ =1, 2,...%.

1. OPERATIONS ON w-I.ANGUAGES

Nearly all operations studied in classical language theory can be redefined for w-
languages. However, here we restrict ourselves mainly to those operations, which are
essential for obtaining the results of this paper.

DerinttioN 1.1, Let L, , L, be w-languages over 2. Define the guotient of L, with
respect to Ly to be LyfL, == {x € 2* | Iy e L, s.t. xy € L,}. (Note that the quotient of two
w-languages is a finite-string language.) For any w-language L over Z, define Init(L) to
be L/ Z>.

The next lemma follows directly from the w-Kleene closure characterization theorem
(Theorem 0.4) and from the closure properties of the context-free and regular languages.

Levma 1.2, Let L be an o-CFL (w-regular language). Then Init(L) is a CFL (regular
language).

As expected from the finite case, we have

Prorosirion 1.3. (a) CFL,, is not closed under intersection and complementation;
(b) CFL,, is closed under intersection with w-regular languages.

Proof. (8) L, = {a®"a™ | n = 1} b is not an «w-CFL by Lemma 1.2 above. But
Ly =L, "Ly, where L, = {a'ba’ |1, = 1} b* and L, = {@'bia? | 1,§ > 1} b». L; and L,
are w-CFL’s, hence the result follows.

(b) The proof follows the classical direct product construction of an w-PDA and
an w-DFSA. |

DreriniTION 1.4. Let X, 4 be two finite alphabets. A substitution f is a mapping
f:Z — 24 fis extended to strings in 2* as (1) f(e) = ¢; (2) f(xa) = f(x) f(a) for every
xeXZ* ae . Forany L C X*, define f(L) = U,c. f(%). f is extended to strings in 2 as
follows. For ¢ = [, a;€ Z®, a;€ X Vi = 1, define f(o) == {[ 1oy b: | b; € f(a))}. For
each L C X, define f(L) = U,er f(o). Note that for w-language L, f(L) C 4% U A= If
for L C X, f(L) C 4, then we say that f is w-preserving on L. f is called an w-preserving
substitution iff f is w-preserving on all of 2¢, i.e., f(X*) C 4.
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Substitution f is said to be an e-free substitution if for each a € Z, € ¢ f(a). f is said to be
a finite substitution if f(a) is a finite set for all ¢ in 2. In case f(a) consists of a single word
for each ae %, f is a homomorphism. f is said to be a context-free (regular) substitution if
f(a) 1s a context-free (regular) language for all g in 2.

As can be readily seen, a substitution f is w-preserving iff it is e-free.

Exampre 1.5. Let L = {(ab)*} and define f(a) = ¢, f(b) == . Then f(L) = {b~}.
Hence f is w-preserving on L, though not e-free.

Next, we consider GSM! mappings on w-languages. Since every GSM can be viewed
as an FSM which also emits a finite ontput string for each input symbol, we shall modify
the potion of “run’ for GSM to include also the sequence of output strings emitted by
the machine.

Derinition 1.6. Let S = (K, X, 4, §, q,) be a (2, 4)-GSM. Let o = ]y a; € 22,
where @; € 2 Vi 2> 1. An infinite sequence v = {(¢; , ¥;)}s», , Where ¢; € K and ;€ 4%
Vi > 1, iscalled arun of S on o if (q,, %) = (gy, €) and for each 7 = 1, (g; 41 , ¥;41) €
8(q; , a;). Define S(o) = {0, € 4* U 4« | there exists a run r = {(¢;, %,)},5; of S on o
s.t. oy = [ 1oy ;3. For L C 2, let S(L) = U,er. S(0). For each w-language L over %,
GSM S is called w-preserving on L if S(L) C d=. S is w-preserving if S(Z«) C A,

DeriniTioN 1.7, A class &£ of w-languages over X will be called closed under substitu-
tion k: X' — 2% (closed under (X, £}-GSM mapping S) if forevery Le &, d(L)yNn 2@ e
L(SL) N Zee L.

The next result follows from the w-Kleene closure characterization (Theorem 0.4)
and the closure properties of the CFL’s and regular languages.

ProposiTioN 1.8. (a) Let LC X* be an w-CFL and 1: 2 — 24" a context-free
substitution. Then (L) N\ 4% is a CFL and 7(L) N 4* is an »-CFL.
(b) LetL C X< be an w-regular language and v: 2 — 24* a vegular substitution. Then
(L) ™ 4% is a regular language and (L) N 4 is an w-regular language.

Generalizing some well-known results concerning quotients from the classical theory
{see Lemma 9.5 in [8]), we have

Lemma 1.9. Let £ be a class of w-languages closed under e~free finite substitution and
intersection with w-regular languages. Let P be a family of finite-string languages closed under
homomorphism and intersection with vegular languages s.t. {Init(L) | L € &} C &, then the
quotient of any L € & with respect to any w-regular language belongs to 4.

Prorosrtion 1.10.  (a) Let L be an »-CFL and R an w-regular language; then LR is a

Y A generalized sequential machine over input alphabet 2 and output alphabet 4((Z, 4)-GSM)is a
S-tupel S = (K, Z, 4, §, qy), where K is a finite set of states, § is a mapping from K x Z to finite
subsets of K » 4* and g, istthe initial state,



THEORY OF w-LANGUAGES, II 189

CFL. (b) Let L be an w-regular language and L, an arbitrary w-language; then L|L, is a
regular language.

Proof. (a) follows from Lemmas 1.2, 1.9, and Propositions 1.3, 1.8. (b) is proved as in
the finite-string case.

ProposiTioN [.11. Let £ be a class of w-languages over alphabet X, closed under
finite substitution and intersection with Al'-w-regular languages. Then £ is closed under
GSM mapping.

Proof. Let S = (K, 2, 2,38, ¢q,) bea GSM. Foreveryae 2, let D, = {[g, a, %, 7] | g,
pekK, xed* (p,x)ed(g, a)} and let f be the finite substitution f(e) = D, Vae 2.
Define the w-language R = {0 € (Uses Po)* | ¢ = [Tren [i-1 @i %, @], go is the
initial state of S, a,€ 2 and ¢;€ K for ¢ = 1, 2,...}; clearly R is Al'-w-regular. Let k& be
the homomorphism on |z D, defined as Yy = [g¢, 4, %, p] € Uges D,y » () = x. Then
for every Le &, S(L) = h(f(L) N R) and S(L) N 2» = A( f(L) N R) N Z*; hence & is
closed under GSM mapping. |}

By Propositions 1.3, 1.8, and 1.11 we have

CoroLLArY 1.12. (a) CFL, and the elass of w-regular languages are each closed under
GSM mapping; (b) For every w-CFL (w-regular language) L C X, and for every (X, 4)-
GSM S, S(L) N 4* is a CFL (regular language).

2. CoNTROL SETS

Control sets serve as the main tool in investigating certain variations and extensions
of the definition of leftmost generation by w-grammars. In this section certain invariance
properties of w-language families are derived; in particular, it is shown that leftmost
derivations in w-PSG’s yield only w-CFL’s.

The representation of control sets follows [7].

DerinitioN 2.1, Anwnrestricted w-PSG is an w-PSG of the form? (Vi , V4, P, S, 2F),
i.e., all subsets of P are repetition sets. An unrestricted w-CFG (w~-RLG) is an unrestricted
w-PSG in which the rules are context free (right linear).

The following lemma is a generalization of a result in [12].

Lemma 2.2. For every unrestricted w-PSG G, Ly(G)? is an w-CFL.

Proof. Yet G = (Vy, Vs, P, S,27) be an unrestricted w-PSG. Construct an
w-PDAM =(K, Vs, 1,8, ¢y, 2Zy,F), where Zy = S and I' = Vy U V.. If 1 is the

2 Recall that, by our definitions (see Section 3 in [3]), the left-hand side of each rule in an »-PSG
is in Fy+; furthermore, in a leftmost derivation, in each step the leftmost variable of the sentential
form must be included in the rewritten substring.
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maximal length of the left-hand sides of the rules of P, then K = {g,} U {g(,j | x € U::1 4% N
where V% denotes the set of ail words of length 7 over V. 8 is defined as Vae Vy,
8go,a,a) =(qy,€); VAT, 8(gy, ¢, A) = (ga1 » €) if Ax — y & P for some « # € and
ye V¥ 8(QO v64) =(g0,7) if A—>yeP; S(q[a] » & A) = (q[aA] ,€) if ady, —~yeP
for some v,y € V*, and 8(qry, ¢, 4) = (g5, y4) if « > y€ P. Define F ={DC K|
go € D}. It can be easily verified that T(M) = L(G). |

DeriniTioN 2.3. Given an unrestricted w-PSGG = (Vy, Vy, P, S, 2F), let P
denote the set of labels of the productions in P. For y € V'* ne Pv, and o € Z, define
2oy, 1) = aifn = [Ties #:, Vi > 1 p, € P, and there exists an infinite leftmost derivation

Y T U0 S Uyl = 0 = Uy T U

where Vi, u,€ Vp*, a,€ VaV*, o = [1—, 4;, and step i of this leftmost derivation
involves the production labeled p, , i.e., dp(f) = p;. The function g;(y, ») will be un-
defined if no such o exists.

For UCT* and CC Pe, let go(U,C) = {gs(¥,m)|ye U,neC}. Note that
£6(U, C) may be empty. For any set C C P, define L(G) = g5({S}, C). L(G) is called
the w-language generated by G with control set C.

Clearly, Lo(G) C L(G).

Lemma 2.4. Given an unrestricted w-PSG G and a contvol set C, there exist an un-
restricted w-PSG H(G) of the same type as G, a homomorphism h, and an <free regular
substitution 1 s.t. L(G) = W(L,(H(G)) N 7(C)).

Proof. Let G = (Vy, Vy, P, S,27) be the unrestricted w-PSG, then define the
unrestricted w-PSG H(G) = (Vy, V', P, S, 2Py where V; = V; U P, P’ = {u—pv |
p € Pis the label of u — v}. The elements of P are added to Vy to serve as left brackets in
H(G). Define a homomorphism 7: V' — VU {e} by h(a) = a Vae Vy and A( p) =
Vp e P. Also define 7( p) = V;*pV,* Vp e P. Then Lo(G) = A(L,(H(G)) N 7(C)). = is an

e-free regular substitution; hence the lemma is proved. ||

Tueorem 2.5. The class of w-languages of the form LJG), where C is an w-regular
language and G is an unvestricted w-PSG, coincides with CFL,, .

Proof. For any C and G as above, by Lemma 2.4, L(G) = A(L N L"), where L" =
7(C), L = L(H(G)). By the closure properties, L’ is an w-regular language, L is an
w-CFL and hence L(G) 1s also an w-CFL.

To prove the other direction, let L be an w-CFL generated by an w-CFG with variable
repetition sets G = (Vy, Vy, P, S, F), and assume F = {F,}, where F; = {4}l ;.
Foreachi = 1,..., /, let the collection of labels of all 4;-rules be H; , and let D; = {J;..; H;.
The set of all w-derivations in G in which F, is the set of all variables used infinitely often
is the following w-regular set C(Fy) = P*(H,D,*H,Dy* -+ H,D*) s.t. Lew (Vx> Vr,
P, S,2%)) =L(Vy, Vy, P, S,{F})). The above proof can be extended to the case in
which F includes more than one repetition set. |}



THEORY OF w-LANGUAGES, II 191

CororLLARY 2.6. For any w-PSG G = (Vy, Vy, P, S, F), L)(G) ts an w-CFL.

Proof. An w-regular control set C, representing the set of all w-derivations in G for
which the set of variables used infinitely often belongs to F, can be constructed similarly
as in the proof of Theorem 2.5 above. Then we have L(G) = L(G,), where G, =
(Vw, Vg, P, S, 2P), and by Theorem 2.5, L-(Gj) is an w-CFL. |}

Remark 2.7. Asaspecial case of Corollary 2.6 we may deduce that for any w-CFG G
with production repetition sets, L(G) is an w-CFL; this justifies our choice of w-CFG
with variable repetition sets as our standard model of w-CFG (see 3], Theorem 3.1.4).

The next corollary of Theorem 2.5 shows that we still obtain only w-CFL’s even if
we change the criterion for w-generation in w-PSG’s as follows.

CoroLLARY 2.8. Let G = (Vu,Vy, P, S, F) be an w-PSG, where F C P. Define
Ly(G) = {o € V1 | there exists a leftmost derivation d: S =(;, o, INP(d) N F # &}, Then
Lo(G) is an »-CFL.

Following the construction in Lemma 2.4, we obtain the following

CoroLLARY 2.9. Let G be an unrestricted w-RLG and C an w-CFL. Then L(G) is an
w-CFL.

Utilizing Lemma 2.4 and the proof techniques in Theorem 2.5, we obtain

CoroLLaRY 2.10. The class of w-languages of the form L G), where G is an unrestricted
w-RLG and C is an w-regular language, coincides with the class of w-regular languages.

3. 1-ACCEPTANCE BY w-PDA’s

In Part I of this paper it was established that the family of w-languages (3-)accepted by
w-PDA’s coincides with CFL,, , and also coincides with the family of w-languages 2-
accepted by w-PDA’s (A2-PDL,). This means that 2-acceptance and 3-acceptance by
w-PDA’s are equivalent (incidentally, this is no longer true w.r.t. deterministic w-PDA’s
[4]). As will be shown below, for i = 1, 1’, 2', the families of w-languages i-accepted by
w-PDA’s (Ai-PDL,) constitute proper subfamilies of CFL, ; in fact Al'-PDL, ¢
Al-PDL, = A2’ — PDL,, C CFL,,. This section is devoted to the study of these
families.

3.1. Properties of the Families Ai-PDL,,

Drrinition 3.1.1. Two w-PDA’s M and M’ will be called i-equivalent (for i =
1, 1,2, 2)iff T(M) = T{M").

Turorem 3.1.2. Al-PDL, = A2-PDL, .
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Proof. It follows from the definition that Al-PDL, C A2’-PDL,,. Let L be 2'-
accepted by an w-PDAM = (K, 2, I8, ¢y, Z,,F), where F = {F}!_,. Clearly, we
may assume w.l.o.g. that for ¢ £ j F; L F;. Construct a U-w-PDA M, = (K;, 3, I,
8,40, Zy, F), wherefor 1 <i <L F, ={g®|qeF},F =), ,F, and K, = KUPF.
Whenever M enters some state g € F; , M; may choose to enter the corresponding state
¢ in F, and continue to imitate M within F, , guessing that from now on M will stay
inF; . M, is blocked in case M later on enters a state outside F; . |}

ProrosiTiON 3.1.3. For each i =1, 1, 2, 2/, every w-PDA can be veplaced by an
i-equivalent U-w-PDA (i.e. w-PDA with a single designated set).

Proof. For i == 1’ the construction of a 1'-equivalent U-w~PDA is similar to that in
the proof of Theorem 3.1.2 above. For 7 = | and 7 = 2 the result is obvious and for
7 = 2’ the result follows from Theorem 3.1.2. 1

Utilizing Proposition 3.1.3 above, one can prove
Lemma 3.1.4. Al-PDL, C Al1-PDL,,.

TreorEM 3.1.5. The class of w-regular languages is properly included in Al’-PDL,, .

Proof. Let R be an w-regular language; then R is 2-accepted by some U-w-FSA 4 =
(K, 2,8, ¢y, F) [1, 13]. Construct a 1’-equivalent U-w-PDA M with two special symbols
Z, Z, among its pushdown symbols. By a sequence of e-moves, M nondeterministically
writes Z?Z; on top of the pushdown store for some § > 1, guessing that A is about to enter
a state in F within the next j steps. M then starts imitating 4 and is blocked if the guess
turns out to be wrong; otherwise M proceeds to make a new guess j and the whole
procedure is repeated.

To show that the inclusion is proper, let & = {a, b} and consider the w-language
L, ={ceZ |¥n =1, #,(o/n) == #,(c/n)}, where for x € Z*, # (x) denotes the number of
occurrences of letter ¢ in x. L, is an example of a nonregular w-language in A1'-PDL,,. |

TueoreM 3.1.6. A2'-PDL,, equals the class & of w-languages of the form Ui, LiL;,
where [ > 1 and for each 1 < i <, L;isa CFL and L/ € Al’"-PDL,, .

Proof. LetL bea CFL, and L’ € A1-PDL,, . Then there exists a PDA 4 accepting L
by empty store, and a2 U-w-PDA B which 1'-accepts L’. Using our standard techniques,
one can construct from A and B a new w-PDA P which 2'-accepts LL'. Hence &£ C
A2-PDL,, .

LetL € A2’-PDL,; by Theorem 3.1.2 L is 1-accepted by a U-w-PDA M = (K, 2, I, §,
9o Zy,F). Let B ={(q,¥) | |v| > 0 and (g, v) in the range of 8}. For each (g,y) e B
define L(g, ¥) as the following CFL: L(g, y) = {x € Z* | there exists a run of M on x s.t.
x: (o> Zo) Vorr (@1 v1) Foar (@25 Zva) —r (4, vy2), where yy,y, € I*, ZeT' and g, €F}
and let L'(g, y) be the w-language in A1’-PDL,, , consisting of all w-words for which there
is a complete run of M, starting in configuration (g, ¥). Then cleatly L = (J(,..)es L(q, v)
L(g,7) 1
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DermvitioN 3.1.7. Let G = (Vy, V¢, P, S, F) be an w-CFG. Fori =1, 1/, 2, 2/,
define L,(G) = {o € X« | there exists an infinite leftmost derivation d: S =& o s.t. dy
is 7-accepting w.r.t. F}. L(G) ( = 1, 1', 2, 2} is the w-language i-generated by G.

The following proposition is proved similarly to Theorem 4.1.3 in [3].

Prorosition 3.1.8. For i == 1, 1, 2, 2', Ai-PDL,, equals the class of w-languages
i-generated by w-CFG’s.

Note that for any w-language L, if L is 1’-generated by the «w-CFG with a single
repetition set G = (Vy, Vy, P, S,{F}), then L is also generated by the unrestricted
w-CFG G, = (Vy, Vy, Py, S, 27, where Py, = P(F)is the set of F-productions. On the
other hand, generation by an unrestricted w-CFG can be considered as a speial case of
1’-generation by an w-CFG with a single repetition set. By Propositions 3.1.3, 3.1.8,
every w-language L in A1’-PDL, can also be 1'-generated by an w-CF( with a single
repetition set. Thus we obtain

ProrositioN 3.1.9. AU-PDL, coincides with the class of w-languages generated by
unrestricted w-CFG’s.

ProrositioN 3.1.10. For i = 1, 2', Ai-PDL,, is closed under: (a) union, (b) finite
substitution, (c) intersection with Ai-w-regular languages, and (d) GSM mapping.

Proof. (a) Obvious. (b) Let L € AI'-PDL,. let G = (Vy , V7, P, S, F) be an w-CFG
that 1'-generates L, and let 2: V. — 2%* be a finite substitution. Extend % to ¥y by defining
h(A) = A VAe Vy. Construct a new o-CFG G, = (Vy,2, P,, S, F), where P, =
{4—B|Beh(e), A > aecP}. Clearly. L/(G) = h(L) " Z». The same construction
will do for L € A2'-PDL,, . (c) Is proved by the standard direct product construction.
(d) Follows from Propositira 1.11 and (b), (c) above.

3.2. Real-Self-Embedding »-CFG’s

The notion of real-self-embedding w-CFG introduced below plays an important iole
in the proofs to follow.

DrermNiTiON 3.2.1. Let G = (Vy, Vi, P, S) be a CFG. A variable X is called self-
embedding iff X & «XB for some o, feV*. In case ae V;+, X is called real-self-
embedding.

Every CFFG which has a (real-)self-embedding variable is called (real-)self-embedding.
Otherwise it is called non~(real-) self-embedding.

We say that variable X is reachable from variable V if there exists a derivation d:
Y 5. xXB, xc Vi*, Be V*. A variable that is reachable from S will be simply called
reachable, and nonreachable otherwise.

DerinrTioN 3.2.2. Let L C Vr* and X a symbol not in V. Define the following
substitution A(X, L): Vy U {X} — 2¥7, i(X,L)(a) == a for ae V; and A(X,L)(X) = L.
Substitution £(.X, L) will be frequently used in the following sections.
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Notation 3.2.3. Let G = (Vy, Vy, P, S) be a CFG. Let Xe I'y; we shall write
X & V,*[V;*] if there exists x € Vy*[V;+] and a derivation d: X % x. If no such
derivation exists we shall write X = V*[Vt].

P(X) will denote P — P(X) (the complement of P(X) with respect to P).

The above definitions and notation will also be used w.r.t. w-CFG’s.

Remark 3.2.4. Note that if G = (Vy, Vi, P, S) is non-real-self-embedding, then
for each X € Vy such that X £ . 7+ and for each S, € Iy — {X}, the grammar G, =
(Va —{X}, VeU{X}, P(X), S;) is also non-real-self-embedding. For suppose
Y&, xYafor YeVy —{X},we V* xe (VU {X})F; since by assumption X *; x, €
V,+, substituting %, for X into x, we obtain Y % x,Ya, where x, € V¥, contradicting
the assumption that G is non-real-self-embedding.

The following technical lemma will be needed later.

Lemma 3.2.5. Let G = (Vy, Vr, P, S) be a non-real-self-embedding, e-free CFG.
Then the following hold.

(2) L(G) is a regular language.
(b) For each Q CVy, the language Lo(G) = {x € V* | there exists a derivation
d: S %4 xs.t.Q C Var(d)} (Notation 0.3) is vegular.

(c) For each XeVy, the language Ly = {x € V;* | there exists a derivation
d: S % xXB, Be V*! is regular.

Proof. (a) The proof is similar to that of the well-known theorem on self-embedding
grammars, as it appears in [14, pp. 46]. Let L be generated by a non-real-self-embedding
CFG G = (Vy, Vs, P, S). Without loss of generality, assume that every X in Vy is
reachable from S. We separate two cases:

Case 1. S is reachable from every variable in V . Every production in P containing
at least one nonterminal on the right-hand side is of one of the four forms: (1) X — «¥8;
X —>aV;3) X — V8, (4) X — YV, where X, Y, Y, € Vyand o, 8 € V*. If P contains
a production of form (1), say X — o VB, , then o #* V;*, because otherwise X %
0 YB; = x,xSB8, & xyxx,XB,PB,; hence o YB, = Ay, where AeVy and 4 +* V,+,
If P contains, for some X, productions of forms (2) and (3), then by a similar argument,
if X — oY, then Y == Ay where Ae Vyand 4 #* Vit s0 X — oY is a production
of form (3). If P contains, for some X, only productions of form (2), then there are
X — aY, where x & V. We conclude that for each X e Iy, the X-productions are
either right linear or of the form X — Aa, A€ Vy, ae V", where 4 #* I'*. Let
G, = (Vy, Vs, Py, S), where P, contains all of the right-linear productions of P;
then L(G,) == L(G), hence L(G) is regular in this case.

Case 2. ‘There is a variable X; s.t. for no words x and w does .X; £ xSw. The proof
that L(G) is regular is in this case by induction on the number # of variables.

(b) If O = {S}, then Ly(G) = L(G) is regular by (a). Suppose O = {X} and

X £ S If X #* V% then Lo(G) = & is regular; so assume X % Vi *. Define G, =

Vy — X}, V¥, P(X),S) where Vy' = VU {X} and Gy = (Vy, Vi, P, X). Let
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L, = L{(G)) for i =1,2. By (a), L;, i = 1,2 is regular and hence also L (G) =
A(X, L)Ly N V*XV¥) is regular. If |Q] > 1 then Ly(G) = Nyeo Lx(G) is regular
by the above argument.

(¢) Define Vy ={AdeVy| A% V;*}, and for every 4 € V,, define L, = L(G,),
where G, = (Vy, Vr, P, 4). Then L, is a regular language for each AeV,. Let
V, == {A| A € V;} and let P be obtained from P as follows. If A — « € P, then for every
decomposition o = 5B s.t. ¢y € (VU V})*, Be Vy and Be V*, P will include the
productions A — k{ey)B, and A — h(oy), where Vae Vy, h(a) = a and VY e T,
h(Y) = Y. Define the right-linear grammar G, = (Vy, V; U V, U {c}, PU {X — ¢}, S),
where ¢ is a new symbol. Let L' = L(G,)/{c} and &, be the regular substitution Yae V.,
h(a) = a and YAe V|, h(A) =L, . It is easily verified that L," = A#(L’) and hence
L' is a regular language. |

Note that Lemma 3.2.5 above was stated only for e-free CFG’s; this weak version
happens to be sufficient for our purposes and simplifies the proof to some extent. However,
by modifying the above proof appropriately, it can be shown that the lemma holds for
CFG’s with e-rules as well.

The next theorrem is a (not so straightforward) generalization of the well-known result
from the classical theory [2, 14]. A weaker version of this theorem will be used in the
proof of Proposition 3.3.1 below.

THEOREM 3.2.6. For every non-real-self-embedding e-free «w-CFG G, L(G) is an
w-regular language.

Proof. Let G = (Vy, Vy, P, S,F) be a non-real-self-embedding e-free w-CFG;
w.l.o.g. we may assume that every variable in V) is reachable. For the purpose of this
proof, a variable with no productions will be called dummy. As in [14] and Lemma 3.2.5
we distinguish two cases:

Case 1. S is reachable from every nondummy variable. Following the argument in
Lemma 3.2.5(a), we conclude that for each X € V', the X-productions are only in the
forms (1) right linear, (2) X — Aa, A€ Vy, a € V*, where 4 &* V¥ (3) X — xZy,
xelV*UVy, yeV* and Z a dummy variable. Construct a new w-CFG G, =
Vy, Ve, Py, S, F), where Py contains all right-linear productions in P, on top of the
additional productions X — A4 € P, for each rule X — 48 Pst. BeV*and Ae V), .
Clearly L(G;) = L(G) and since G, is right linear, the assertion follows.

Case 2. There is 2 nondummy variable X, s.t. for no x€ V;* and « e V*, does
X, & xS«x. We shall prove that L(G) is an w-regular language by induction on the
number 7 of nondummy variables in G. For #n = 1, since S % S, S must be a dummy
variable and L(G) = ©. Assume that the assertion holds for » = 4. Let £ 4+ 1 be the
number of nondummy variables in G. Without loss of generality we may assume that F
consists of only one set, denoted by F itself.

First assume X; = V;*

Subcase a. X, ¢F. Define CFG G, = (Vy, V;, P(S), X)) and two «-CFG's:
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Gy = (Vn, Vr, PAS), X1, F), Gy = (Vy — {X3}, V7 U {Xy)}, P(X,), S,F). Let L, =
L(G) C Vo, Ly = L(G,y)) 0 (Vi W {X}DN*V; and L, = L(G,) C V;*. By the induction
hypothesis, L; and L, are w-regular languages, and L; is regular by Lemma 3.2.5(a). Hence
alsoL, = h(X, , L,)(L,) (see Definition 3.2.2), representing the derivations in G which are

t “blocked” by X, is w-regular. Let Ly’ = {x € V;* | there exists a derivation
d: S & xX,a, a € V*}. Then L, is regular by Lemma 3.2.5(c) and hence Ly = L,'L, is
an w-regular language. Since L = Ly UL, , L is w-regular.

Subcase b. X, € F. Define: a set of new symbols £ = {Y,, | Q C F}; a finite substitu-
tion Ay, on Vi U{X}: Vae Vs, Iy(a) = a and (X)) = {X;} U E; and a CFG G; =
(Vx, Ve, Py, Xy), where Py == |J,.r P(A4). For each Q CF, let L, = {x € V* | there
exists a derivation d: X, ’§>Ga x s.t. O C Var(d)} (Notation 0.3).

By Lemma 3.2.5(b) L,, is regular for each Q CF. For each H CF — {X.}, define the
w-CFG Gy = (Vy — {X4}, V7 U {Xy}, P(XY), S, H), also define Ry, to be the following
regular language R, = {x | for some I > 1, x = H1—1 %;Yq, , where x,€ Vr*, Yo € E
forl <i<<,andF—HC (_)z_1 O.). Then L{P = hl(L(GH)) NV U{XD*Ry” is an

w-regular language by the induction hypothesis. Let %, be the following regular substitu-
tion on Vy U{X;} U E:Vae Vy, hy(a) = a, hy(X;) = L(G,), where G is as defined in
Subcase a, and VY, € E, hy(Y ) = Lo . Then clearly Ly = hy(L{) is also an w-regular
language. Since L = Ly U (Uncr—(x,) L), where Ly is as in Subcase a, L is w-regular.

Now assume X, #* V;*. In Subcase a L = L, U (L(G,) N V;®) and in Subcase b
L = L, , hence the proof is completed.

3.3. Proof of A1'-PDL,, & A2’-PDL,, C CFL,,

‘We are now in a position to prove the two main results of this section, namely, Al’-
PDL, ¢ A2-PDL,, C CFL,, .

First, we exhibit a family of w-CFL’s in A2’-PDL,, , which cannot be 1’-accepted by
any w-PDA; this family consists of all w-languages of the form Ld®, where L is a non-
regular CFL not containing d. We next exhibit a family of a w~-CFL’s which cannot be
2'-accepted by any w-PDA; this second family is the class of all languages of the form
(Ld)~, where L is as above.

ProrosttioN 3.3.1. For each nonregular language L over alphabet X, and symbol
d¢ Xy, Ld»¢ Al'-PDL,, .

Proof. Assume L, = Ld®e Al'-PDL,, for some nonregular L. Let 2 =X, U d.
By Proposition 1.10, L, is not w-regular. By Proposition 3.1.9, there exists an unrestricted
w-CFG G = (Vy , 2, P, S, 2F) that generates L; . We may assume that G is e-free. By
Theorem 3.2.6, G is real-self-embedding. We shall construct from G a new equivalent
unrestricted w-CFG which is non-real-self-embedding, leading to the contradictory
conclusion that I; must be an w-regular language.

Let 4 € Vy be a real-self-embedding variable in G, and let u € 2+, where 4 % uda
for some o€ V*. A is reachable, hence .S % xAfS for some x € 2* and thus xu~ €L, . It
follows that every u e 2+, s.t. 4 & uda, a € V*, is in d+.
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Define P, to be the set of productions obtained by modifying P as follows: Let B be a
new variable.

(1) Add to P the rules 4 — dB, B — dB,;

(2) Every production 4 — «AB € P, where e € (V' — A)*, B e V*, is replaced by
A — aB.

(3) Define
K={XeVy| X#A4&A%5 xXo, X, ac V¥,
Ki={XeVy| X#A4,X¢K& AL Xo, e V¥

The productions of the variables in K and K, will be modified as follows.

(a) Substitute B for 4 in the productions of K.

(b) Substitute B for A4 in the productions of K, , excluding appearances of 4 as
the first symbol of a right-hand side of arule as X — 4o, X € K, ,a € V'*.

Let G, = (Vyw{B}, 2, P, S, 271), where P, is the above modified version of P.
To show that L(G;) = L(G), note that L(G) is not changed by (1) and (2) above because
if « & xe VT, then x € d", therefore only d» will be generated from this point on.
Hence L(G) = L(G;), and moreover, G, has one less real-self-embedding variable
(namely A) than G. The above procedure can therefore be repeated for all real-self-
embedding variables in G, yielding a new unrestricted w~-CFG G’ which is non-real-self-
embedding and equivalent to G. This concludes the proof. ||

Since clearly Ld® € A2’-PDL,, for each CFL L over X, , we have

CoroLLarRY 3.3.2. Al'-PDL, ¢ A2-PDL,, .

ProrosiTioN 3.3.3. For each nonregular language L. over alphabet X and d¢Z,
(Ld)» ¢ A2’-PDL,, .

Proof. Suppose (Ld)~ € A2’-PDL,, . By Theorem 3.1.6, there exist for some integer
1>1,2 sets LY and L'®, where LY is a CFL and LY € Al'-PDL,, for 1 <7 <[, s.t.
(Ld)"’ = Ui, LOL®. Clearly for every x €L, there is some x; € Z¥d U {¢} s.t. ay(wd)> €
Uz=1 L(z)

Construct the following GSM S = ({91, ¢, g5}, 2 U {d}, Z U {d}, 3, q,) where Va e Z,
51, @) = (@1, 51, d) = (g2, 9, aa, @) = (g, @) gy, d) = (g, ) and Vac
ZU{d}, (g5, @) = (g5, d). Then S(U;_, L) = Ld«. But Ld* ¢ Al'-PDL,, by Proposi-
tion 3.3.1, and by Proposition 3.1.10 also Uz L® ¢ Al'-PDL,,, a contradiction. It
follows that (Ld)» ¢ A2’-PDL,,. |

Cororrary 3.3.4. A2-PDL, C CFL, .

Remark 3.3.5. Using the same proof techniques as in Propositions 3.3.1 and 3.3.3
above, we can also prove that (a) Lya® ¢ A1'-PDL,, , and (b) L, L, ¢ A2'-PDL,, , where

= {a@"b" | n = 1} and L, = {wew® | w € {a, b}*}. We conjecture that for every strict
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deterministic [10] nonregular language L, L» ¢ A2’-PDL,,, but we have been able to
establish this only for certain types of strict deterministic languages, e.g. those with a
“natural” endmarker, like Ld in Proposition 3.3.3, or those which are bounded CFL’s [6],
like L, in (b) above.

As a by-product of the proof techniques developed in this chapter, we now obtain a new
and elegant proof for the inclusion of CFL,, in the w-Kleene closure of the context-free
languages. Unlike our original proof in [3], the new proof is straightforward and algebraic
in nature, with no reference to w-PDA’s. However, unlike our original proof, this proof
relies on the characterization of the nondeterministic w-FSA languages as w-KC(Reg) [13]
(a result which was rather easy to prove), whereas our original proof was independent
of it.

TueoreM 3.3.6. CFL, C w-KC(CF).

Proof. Let G = (Vy, Vy, P, S,F) be an w-CFG. With no loss of generality, we
may assume that F consists of only one set, denoted by F itself. Define new sets of
symbols: V ={4| AeVy} and E, ={A,|Q CF} for every A€ Vy . Also define a
substitution 4, on I by My(a) = a, Vae Vy and hy(4) = AV E,, YA e Vy . For each
AeVy, QCF, let I(4,0) = {xe V*|there exists a derivation d: 4 &, x st
Var(d) = Q} (Definition 0.3), and let L, = L(G), where G = (Vy, V., P, A). Let Pbe
obtained from P as follows. If 4 — o € P, then for every decomposition a = «;Bay s.t.
o,y € V*, Be Uy, Pwill include the set {4 — BB | 8 € Iy(e)}. For each H C F, define
the w- RLG Gy = (Vy,VeuTu {EA}AGV , P, S, H); also define the regular language
Ry = {x | for some 1>1, x =[], le( , where x,€ Vr*, A9 eF, A€k w,
forl <i< L F—-—HC UZ:1 Q.}. Then L(1> = LGy N (VU P)*Ry®is an w-regular
language.

Define a context-free substitution %, on VU ¥V U {E } Aey, > 8S Yae Vry, hya) = a;
VAeV, hy(Ad) ==L, and YAeVy, YO CF, hy(A4y) = L(A4,0). Now, L =L(G) =
ho(Uner LYY, Uncr Ly is w-regular, thus belongs to w-KC(Reg) and hence to w-KC(CF).
Since the context-free languages are closed under context-free substitution, we obtain

L e w-KC(CF). 1

4. NoN-LertMOsT GENERATION IN w-CFG’s

This section deals with non-leftmost (nl) derivation in w-CFG’s. The class of w-
languages nl-generated by w-CFG’s, nl-CFL,, , is investigated. The main result is,
somewhat surprisingly, that certain w-CFL’s cannot be nl-generated by w-CFG’s;
however, any w-language nl-generated by an «-CFG is an w-~CFL. Hence leftmost
generation is strictly more powerful.

A problem arising with respect to 3-generation of w-sequences by nl-derivations is that
parts of the required repetition sets may be a contribution of some “unreached” part of the
sentential form. Therefore, for each variable occurring in the nl-derivation, one has to
determine whether it belongs to the “reached’ or to the ‘“unreached” part of thesentential
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form, and in the latter case its possible contribution to the repetition sets must be taken
into account, This is accomplished with the aid of the new notions of “self-providing”
and “transient” sets of variables introduced in Subsection 4.1 below.

4.1. Analysis of Non-Leftmost Derivations

In this section we develop the basic tools for dealing with non-leftmost derivations.
Some preliminary result on nl-CFL,, are derived and the inclusion of nl-CFL,, in CFL,,
is established.

ProrositioN 4.1.1. nl-CFL,, equals the class of w-languages generated by non-leftmost
derivations by w-CFG’s with production repetition sets.

Proof. Let G = (Vy, Vs, P, S, F) be an u-CFG with production repetition sets,
where Vy = {4}, , P(4)) = {4; » " e P| 1 <j < k;} are the 4,-productions in P.
Define a new set of variables Vy = (J;_, {B¥ |1 <j < k}. Let P, = {BY B |
A;— o € P, B € h(el")}, where & is defined by h(a) = a Ya € Vy and h(d;) = {BY,
for 1 <7 =l Assuming 4, = S, define P, = P, U {B — B{" |1 <j < k,}, where B
is 2 new symbol. For every HC Vy, let Py = {4; — o | BY’ € H}. Define the w-
CFG G, == (Vy U (B}, Vy, Py, B, F,), where Fy = {HC Py | Py € F}. Clearly Lu(G,) —
Lo(G).

The other direction follows directly from the definitions. ||

ProrosiTioN 4.1.2. For any «-CFG with e-rules there can be constructed an e-free
u-CFG Gy s.t. Ln(Gy) = Lu(G).

Proof. Let G == (Vy, Vs, P, S, F). For every a€ V+, define NL(a) ={D C V|
there exists a derivation d: % e 5.t. Var(d) = D} (Notation 0.3). Define V, = ¥y x 27,
and for each Ae Vy, let A{(A) = A X 2V~ if NL(A) = @, h(4) = 4 x 2V~ U {&} if
NL(A) = @, and h(a) — aforae V; . Leta = [];_, A;and B = l'I£=1 B, € h(c), where
A;eV and B,e ViUV U{e} for i = 1,...,1 Define DB) ={U,_, H; | H;, = & if
B; = Ad,eVior Bye A; X 2¥n, and H; e NL(4,) if B; = €}. Also let P, = {(4, H) —
BlA—axeP e#Behla), He D) U {S;— (S, H)| HC Vy}, where S, is a new
symbol. For every DeF, define D = {K C V, | var(K) = D}, where Y(4, H)eV,,
var((4, H)) = {A} U H and VK, , K, C V,, var(K; U K;) = var(K,) U var(K,). Let
Gy = (ViU {S} Ve, P, S, F), where F = {D | D € F}. By definition, G, is an e-free
»-CFG and it can be easily verified that Lny(Gy) = Ln(G). |}

DeriviTioN 4.1.3. Let G = (Vyy, Vy, P, S, F) be an w-CFG, let d be the following
nonleft derivation d: oy = oy =¢ " = o and let oy = Byy, be a decomposition of «, .
For each 1 <7 <</, o; can be decomposed into Byy; , where 8,(y,) is generated from
Bi-a(yi-) in step i of d. Let dg_ denote the derivation By % 8; %¢ =+ B¢ B, and letd,,
denote the derivationyy %4 y; 5 - & y;, where foreach | < i < Jeither 8, ; =4 fB;
and y; 4 = y; 0ry;  =cy;and B,y = ;.

DrriniTioN 4.14. Let G = (Vy, V;, P, S, F) be an w-CFG. Let d be a nonleft

571[15/2-6
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infinite derivation, d: o = 0 =g =~ =g oy = . For each 7,§ > 1 s.t. { < j, d(i,j)
will denote the derivation o; =¢ -+ = o; . Every sentential form «; can be decomposed
into a; = Byy; s.t.

(1) for any variable 4 in B; s.t. B; = yAy’ for some y, y' € V*, there is j == { for
which d,(i,7): v ¢ Vr*;

(2) for any variable 4 in y; s.t. y; = ydy’ for some vy, y € V*, for every j > i,
dBi'y(ii N By B V¥V V™

B.(y;) will be referred to as the reached (unreached) part of ; .

If in some w-derivation, a string  appears in the unreached part of the sentential form,
thenits possible impact on the derivation liesonly in its set of variables (with multiplicities)
and the potential contribution of this set toward obtaining the repetition set INV(d).
Informally, for a given string y, a set of variables H is self-providing if there exists an
infinite nl derivation d’ starting from y s.t. the set of variables rewritten infinitely many
times in d” is precisely H (hence we may say that H reproduces itself infinitely many times
during the derivation d"). A set of variables H is transient for y if there exists a finite
derivation starting from y, in which precisely the variables in H are rewritten.

DrerinitioN 4.1.5. Let G = (Vy, V¢, P, S, F) be an w-CFG. For any ye V", the
class of self-providing sets (SP(y)) and the class of transient sets (TR(y)) of y are defined as

SP(y) = {D C Vy | there exists an infinite nl derivation d starting in y s.t. INV(d) = D}.

{(Note that d is not required to generate a string from I7;; here we are only concerned
with the repetition set INV(d).)

TR(y) = {D C Vy| there exists a derivation d: y % y' for some y' € V* s.t. Var(d) = D}.

Remark 4.1.6. 1t follows from the definition, that SP(«f) = {H; U H, | H, € SP(«),
H, e SP(B)} for every o, B € V. This property of SP will be often utilized in the con-
structions to follow.

TrEOREM 4.1.7. For any w-CFG G = (Vy, V¢, P, S, F), Lu(G) is an w-CFL.

Proof. With no loss of generality we may assume F consists of only one (variable)
repetition set, denoted by F itself. We may also assume that P = P, N P,, where the
rules in P, are of the form A — «, a € Vy* and the rules of P, are of the form 4 — a,
a € 2 U {e}. Define G, to be the CFG G, = (Vy, Vy, P(F), S), where P(F) denotes the
set of F-productions in P, and define for any a € V*, TR («) = {D C F | there exists a
derivation d: o '1301 y for some ye V* st. D C Var(d)}. (Note the slight difference
between the definition of TR(«) (Definition 4.1.5) and that of TR, («) above.)

Construct the following U-w-PDA M = (K, Vy, I, [q,, 2], S, {7 x 2F}), where
K, ={g) x BU{q} X 2F X 2FU{g} x 2F, T' = Vy U V; U{Z}, B = 2¢' and Z is
a new symbol. § is defined as follows.

Stage 1. YHeB, YAeVy, ([0, H],e)€8(g,,Hl,a,4) if A-—>acP, and



THEORY OF w-LANGUAGES, II 201

(g0, Hl. Y)€8([qy, H], e, A)if A — ye P, . If A — ye Py, then for every y, , y, # €
st yve = v (90, Hil, 1Z) € 8([qo , H), €, A), where Hy ={D, U D, | D,eH, Dye
SP(y,)}

In Stage 1 the machine M nondeterministically simulates some finite derivation d:
S £ «in G, and in each step nondeterministically chooses 2 decomposition y,y, (denoted
by Z on the pushdown store) of the r.h.s. of the rule into the reached and unreached part.
The addition of y, to the unreached part of « is only represented by its contribution to the
collection H, of self-providing sets of the unreached part, rememebered by the second
component of the finite control.

Stage 2. Forevery Ae Vy, HC 2V and for every KCFs.t. Ke H, ([¢,,F — K, @], 4)e
8([‘10 * H]! € A)

In Stage 2 the machine nondeterministically chooses one of the self-providing sets, K,
belonging to the collection H of self-providing sets of the unreached part of « and contained
in F. From now on M only has to check that the variables in ' — K also will be rewritten
infinitely many times. This is done using the third component of the state above. Initially
this third component is set to ¢. In Stage 3 below, we accumulate in this component the
variables in F rewritten in the simulated derivation, and also those variables in F' which
could be rewritten in the newly generated unreached part (namely those appearing in
transient sets of y,).

Stage 3. K,HCF, YAeF, (i) f A—~>acP,, then (¢, F — K, HU{d}], e e
(g, F — K, H],a, d); (i) f A—yeP;, then (a) ([¢,,F — H KU {4d}],y)e
8q,,F — K, H), ¢, 1), and (b) for every y; , vy #= estoyyy, = v, (¢, F— K, HU H, U
14%], mZ)e d8([qy ., F — K, H], ¢, A) for each H, € TR (y,).

Stage 4. K, HCF,VAely,(gF— K], A)ed((q,,F — K, H],e, A)ifF - KCH
and ([¢qy ., F — K, &1, A)e8([¢, F — K], ¢, 4).

In Stage 4, whenever the third component of the state contains all of ¥ — K, M, enters
state [¢, F — K], and then reenters [¢q, , ' — K, @], where Stage 3 starts all over again.
Thus entering state [¢, F' — K] denotes the event of having rewritten each of the variables
inF — K at least one more time since the last time M has been in this same state.

Clearly To(M) = Lni(G), hence Lp(G) is an w-CFL. |

4.2. Real-Self-Embedding in nl-Derivations

Paralleling the proof for A2’-PDL, & CFL,, in Section 3, the proof for the non-
equivalence of nl-CFL_ and CFL,, also relies heavily on the notion of real-self-embedding
w-CFG’s. In this section we derive an analog of Theorem 3.2.6 for nonleft derivations,
which will be utilized in the next subsection for proving the main result.

Derintrion 4.2.1. In an w-CFG G, variables of the following types will be called
dummy.
0.— Variables with no productions;

1.—Variables of which the only productions are of the form 4 — B, where B is of
type 0 above;
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2.—Variables of which the only productions are of the form 4 — B, where B is of
type 3 below;

3.—Variables of which the only productions are of the form 4 — A.

Let G be an o-CFG. We now add to G a set of dummy variables which are duplicates of
the variables of G and which will be used in self-providing and transient sets in the deriva-
tions of . The next definition and notation will be frequently used in the rest of this
section.

DeriNiTiON 422, Let G = (Vy, V4, P, S, F)_ be an «w-CFG. For i =1,2,3,
define V@ ={49{AeVytand V' = {Z}uU {U:=1 V1, where Z is a new symbol.
For I'{" define the following set of productions P,

Py {AY > Z 1 AV} U{A® > A® | Ae VU {4® > A® | de V).

‘With the aid of Pd, a distinction will be made between the inclusion of a variable in a
transient set, in which case we use its duplicate from V', and its appearance in a self-
providing set, in which case its duplicate from V'’ will be used. The phase in which a
variable is generated to be included in a self-providing set is designated by the use of its
duplicate in V. The above distinction will be particularly useful in the proof of Theorem
4.2.7 below.

DrriNiTION 4.2.3. Let G, VP, and P, be as above. Let p, be the projection p,{A®) =
ANVAD eV, i -:1,2,3, and YA e Vy U {Z), p(A) = A. p, is extended to strings
and sets of strings in the standard way.

We now define a concatenating function to be any arbitrarily chosen function g: 2V — *
s.t. for any set D C V, (D) is a string made up of the variables of D in some arbitrary
order. For { = 1, 2, 3, define B8;: 2V — V{*, where YD C V, p(BAD)) == B(D).

DrerFiNITION 4.2.4. Let G, VP, and P, be as above and let 4 € ¥, . Define P, (4) =
{XA— BiBeh(x), X -—>aeP — P(A)}, where h is the substitution A(X) = X for
Nelm— {A} and A(A) == {B(D) | D e TR(A)} U {Bo(D) | D e SP(A4)}. P, (A) is a modi-
fication of the set of all productions in P, excluding those of 4, obtained by substituting
all appearances of 4 by the concatenated version of its self-providing and transient sets.

Remark 4.2.5. Let G = (Vy, Ve, P, S,F) be an w-CFG; then there exists an
w~-CFG G s.t. L(Gy) = Ln(G) and all nondummy variables in G, are reachable. To
show this, suppose X is a nondummy variable in G, which is not reachable from S. Clearly
X = 8. Construct a2 new w-CFGG, = ({Vy — X}V VP, V;, P (X)VUP,,SF),
where F = {D|DC{Vy —{X}U VP, pAD)eF} and VP, P;, P (X), and p, are’
as in Definitions 4.2.2-4.2.4. Clearly Lni(G,) = Lni(G). If there are several nondummy
nonreachable variables in G, the above procedure can be carried out simultaneously on all
of them.

The following is a modification of Lemma 3.2.5(c).

Lemma 42.6. Let G = (Vy,Vy, P, S,F) be a non-real-self-embedding «-CFG,
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XeVy and KC Vy; then Ly = {xe V* | there exists a derivation d: S % ; xXa for
some x € V* s.t. K € SP(w)} 15 @ regular language.

Proof. Modifying the proof of part (c) of Lemma 3.2.5, define V;,L,, V, and
homomorphism % as in that proof, and also define Q = {H | H C 2¥N}, Qg = {H C 2V~ |
K € H}, and the alphabet C = {¢;; | H € Qx}. Let P be obtained from P as follows. For
each A — a € P and for every decomposition o« = o,BB, o, € (VU V)*, Be VVy and
Be V*, P will include, for each D eQ, [4, D] — k(v,)[B, H] where H = {H, U H, |
H, e D, H,eSP(B)}. In case B = X and H above is in Qg , P will also include [4, D] —
k(o) ¢y - Define the right-linear grammar G, = (Vy % Q, V; U V, U Ck, P, [S, o]}
and let &, be the regular substitution #,(a) — a for ae Vyand i(4) =L, for Ac V;.
Then Ly = 7 (L{G,)/Ck) is a regular language. ||

Following Theorem 3.2.6 we have

THEOREM 4.2.7. For any non-real-self-embedding e-free w-CFG G, Ln(G) i an
w-regular language.

Proof. Let G == (Vy, Vs, P, S,F). By Remark 4.2.5, we may assume that every
nondummy variable in V' is reachable. The proof parallels that of Theorem 3.2.6. As
in that proof, we separate two cases.

Case 1. S is reachable from each nondummy variable. Following the argument in
Lemma 3.2.5(a), we conclude that for each X € Vy , the X-productions are in the forms
(1) right linear, (2) X — Ao, A€ Vy, ae V¥, where 4 £* V*, (3) X — xZy, or
X AZy,,x€Vy*, AeVy, y€V* and Z 1s a dummy variable. With no loss of
generality we may assume that F consists of only one set, denoted by F itself. Let P
include all right-linear productions in P with the following additions. For each X —
Ay e P, P includes the set {X — 8,(D)4 | D € SP(y)} and in case X € F, P also includes
{X — B(D)A4 | D e TR(y)}, where SP(y) and TR(y) are as in Definition 4.1.5. For every
HCF, define Gy -~ (Vy, Ve U VPOV, P, S, H). Ly(G) is an w-regular language
since Gy is an w-RLG. For each D CF, define Ry = {x e (V; U V@)* | D® is the set
of variables from V{® in x and p(D®) = D}, Ry, = {xe (V; U V{P)*| DD is the set
of variables in x and p,{DV) = D}. Then Ly = Ur_ucpup’.p.p'cr Ln(Gy) 0 RpRY.) is
an w-regular language. Since Ln(G) = Ugcr Ly, Ln(G) is an w-regular language.

Case 2. 'Thereisanondummy variable X; s.t. fornox € V;*, a € V*, does X; % xSu.
We shall prove that Ly(G) is w-regular by induction on the number # of nondummy
variables in G.

For n = 1 clearly S must be a dummy variable and L(G) = @ . Assume the assertion
holds for n = %, and let the number of the nondummy variables in ¥V be & + 1. Without
loss of generality we may assume that F consists of only one set, denoted by F itself.

First assume X; * 7 *.

Subcase (a). X, ¢F. Define a CFGG; = (Vy, Vy, P — P(S), X,); then L, =

L(G,) C V;* is regular by Lemma 3.2.5(a). For every K C V), L, defined as in Lemma
4.2.6,is regular. For every HCF, define Gy = (Vy — S) U VP, Vi, Po(S) U Py, X, , H),
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where H ={K, C (Vy —{SHU VP | HCp(K)) CF} and VP, P,, P,(S) and p,
are as in Definitions 4.2.2-4.2.4. Gy has all nondummy variables of G except for S, thus
bu induction hypothesis Ly = Ly (Gy) is w-regular for every H CF. Define L, =
UKUH:F}’KLH . Let GZ = ((VN - {Xl}) v VI(\lli)! VT Y {Xl}: PO(X) k—i Pm(Xl) v Pd ) Sa F)’
where F = {F | p(Fy) =F}. Again by induction hypothesis L, = Ly(G,) N (VU
{X)*F7 is an w-regular language. Since L =L, UL,, where L, = k(L;) and
h = h(Xy, L) (see Definition 3.2.2), L is an w-regular language.

Subcase (b). X, e€F. Let G, be as in Subcase (a) above and E, h,, G;, Ly, Ry,
hy as in Subcase (b) in Theorem 3.2.6. For every H C F — {X,}, define the »-CFG’s
Go— (Vi — {40) U VD, V7 U {X,}, Po(Xp) U Py, S, Fy), where Fy — {H, | Hy C
(Vi — (X,0) U VP U TP, p(Hy) = Fand Gy’ — (Vi — (X)) U P, Vr U (X3},
Po(X) U Py, S, Fy), where Fyy = {H, C(Vy — {X,}) U VP | p(H,) = H}.

Let Ly = La(Gy) 0 (Vr O {X})*V;® and Ly = by(La(Gy')) 0 (V7 U {X1}) Ry,
Ly and L, are w-regular languages by hypothesis. Therefore L, = {Uucr (x ho(Ls')} Y
hy(L,') is w-regular. Again we have L = L, UL, , where L, is as in Subcase (a). Hence L
is w-regular.

Now assume X; #* V;*. InSubcase (a) L = Ly U (Ln(G,) N V7¢) and in Subcase (b),
L == L,; thus in both subcases L is w-regular. This concludes the proof. |

4.3. The Nonequivalence of nl-CFL,, and CFL,

We now define a new type of generation in o-CFG’s, denoted 4-nl, which turns out to
be a useful tool both for characterizing nl-CFL,, and for proving the main result of this
chapter, namely that there exists an w-CFL which cannot be nl-generated by any w-CFG.

DerivtTioN 4.3.1. For any w-CFG G = (Vy, Vs, P, S, F), define L, n(G) =
{o& V| there exists an infinite nonleft derivation d: S =% ¢ s.t. 3H € F for which
H CINV(d)}; Lyni(G) is the w-language 4-nl generated by G.

Prorosition 4.3.2. nl-CFL, equals the class £, of w-languages of the form L =
Uzl-:1 L,L;, wherel = 1 and for each 1 << i << I,L;is a CFL and L is an w-language 4-nl
generated by some w-CFG.

Proof. Following the definitions one can prove that %, C nl-CFL . Let L = L(G),
where G = (Vy , V', P, S, F) is an w-CFG. Without Joss of generality we may assume
that F consists of only one set of variables, denoted by F itself. Let C = {(X, K) | X eF,
K CF}, and for each (X, K)e C, define Ly gy = {x € V;* | there exists a derivation
d:S %;xXa E KeSP(«)}; also define the w-CFG Gy gy = (Vy, Vr, P(F), X,
{F — K}) and let Ly x, = Lyni(Gy,x)). Clearly for each (X, K)e C, Ly, g is 2 CFL,
and L = U x)ec Lix,0L(x,x, - Hence nl-CFL,, C %, and the assertion follows. |

Following the lines of the proof of Proposition 4.1.2, we can also prove

Levmma 4.3.3. For any o-CFG G with c-rules, there can be constructed an <-free
w-CFG G s.t. Lin(G)) = L, n(G).
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LemMa 4.3.4.  The family of w-languages 4-nl generated by w-CFG's is closed under
GSM mappings.

Proof. Let G = (Vy, Vr, P, S,F) be an w-CFG over 2. Following (b) in Proposi-
tion 3.1.10, for any finite substitution 4: 2'— 24% there exists an w-CFG Gy s.t. L, ni(G;) =
WL, n(G)) N 4. By Proposition 1.11 it suffices to show that the family is closed under
intersection with Al’-w-regular languages. Thus let R be an Al’-w-regular language and
let M = (K, Z, 8, py , H) be an w-DSFA with a single designated set H that 1’-accepts R.
If R = ¢ we are done; thus assume p, € H. Define G, = (V, 2, P, , S; , Fy), where
Vi=HxV x HU{S} and S, is a new symbol. P, is defined as follows. For every ge H,
Sy —>(py, S, g)e Py; for every q,peH and ac X, (p,a,9) >acP; if 3(p,a) =9
and for each A e Vy, pe H (p,A,p) > cif A — e P; also let (p, 4,q) —
T150 (gs , Bisx » @i1a) € P, for every production 4 — [, B, P, B;e Vfor 1 <i <k,
and for every ;e K, 0 <7 <<k st. gy =29, qp =q. Let Fy, ={DCH XV x H|
3D’ eF s.t. D' C Py(D) C D" U Vy}, where Py(D) is the projection of the second com-
ponent of D. Clearly L, m(G;) = Ly.ni(G) N R. By the above and Proposition 1.11 the
assertion follows. |

LemMa 4.3.5. For no w-CFG G does Ly 7(G) =L = {@™" | n = 1} d°.

Proof. Let X = {a, b, d}. Suppose G = (Vy, 2, P, S,F) is an w-CFG for which
L = L, n(G). By Lemma 4.3.3 we may assume that G is e-free. Let F = {K C V|
JHeF s.t. HC K); then L, n)(G) = LuG), where G = (Vy, X, P, S, F). Since L is
not w-regular by Proposition 1.10, G, and therefore also G, are real-self-embedding. We
now define a slight variation of SP(«), the class of self-providing sets (Definition 4.1.5). For
every a € V¥, let

SP,(«) = {D C V| there exists an infinite nonleft derivation d: « % celV®

s.t. INV(d) = D}.

Note that here d is only allowed to generate an infinite string. Let 4 be a real-self-
embedding variable. By the argument in Remark 4.2.5 we may assume that 4 is reachable
from S in the derivation of some o € .. We claim that every word u € Z+ s.t. 4 %, udp
for some B € VV*, is in d+. We have two cases.

Case 1. There is a derivation in G S & xAa & xx;0 = xx,0 € L. As the derivation
is nonleft also xu® € L. Hence u € d*.

Case 2. In every derivation of G of the form S % xAda = xoc €L, a € V* is never
reached; in this case xu*c C L. By the structure of L, u € d+.

We shall now construct from G a non-real-self-embedding w-CFG G s.t. L, n)(G) ==
L, (G,), contradicting the fact that L is not w-regular. The rest of the proof will follow
the lines of Proposition 3.3.1. Let P; be obtained by modifying P as follows. Let B be a
new variable.

(1) Add to P the productions B — dB, A — dBfy(D) for each D e SP,(4).
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(2) Every production 4 — «4B € P, where o€ (VV — A)t, B € V*, will be replaced
by all productions of the form A — oh(AB), where k2 is the substitution A(4) =
{B} L {Bo(D) | D e SP(A)} U {By(Dy) | Dy € TR(A)} U {BBy(H) | H € SPy(A4)} and h(X) =
Xforall XeV, X £ A.

(3) Define K ={XeVy|X#A4 & 4% xXa, xcZ¥, aeV*} and K, =
{XeVy ~K|X#A4A&AE% Xa,ae V.

The productions of the variables in K and K, will be modified by substituting A(4)
for 4 in (a) all productions of the variables in Kj; (b) all productions of the variables in
K, , excluding occurrences of A4 at the beginning of a right-hand side of a rule of the
form X — Ax, X € K, , v € V*, where 4 remains unaltered.

(4) All the other rules in P remain unchanged in P, .

In (2) and (3) above, substituting B for A takes care of the case 4 % Vi * in the deriva-
tion, substituting BB,(H), where H € SP,(A), for A takes care of the case 4 =% d and
substituting 4 by By(D) and (D), where D e SP(A4), D, € TR(A4), serves the case 4 is
never reached in the course of the derivation. Let G; = (Vy U {B}U VP, X, P, U P,,
S;, Fy), where P, is the above-modified version of PandF; = {DC VU VP | p(D)eF}U
{DU{B}DCVyuUTVP A¢ Dand p(D U {A4}) € F}. It can be verified that L, n1(Gy) =
L, n(G). Moreover, G, has one less real-self-embedding variable (namely A4) than G.
The above procedure can therefore be repeated for all real-self-embedding variables in G,
until a new w-CFG G’ is obtained, which is non-real-self-embedding and s.t. L, ni(G") =
L, ni(G), leading to the above contradiction. This concludes the proof. ||

We are finally ready to exhibit an w-CFL which cannot be generated by any w-CFG by
nonleft derivations.

ProposiTionN 4.3.6. {a""|n = 1}* ¢ nl-CFL, .

Proof. LetL = {a™b™ | n > 1} and suppose L® e nl—CFL . By Proposition 4.3.2 there
exist for some [ > 1, 2/ sets L‘l’ and L® s.t. L» = (J;_, L ‘”L(z’ where for 1 <7<,
L‘l’ is a CFL and L‘2> = L, (G;) for some w-CFG G, = (V}é’, Z, P;,S;, H") and

= {a, b}. We may assume VRNV = o fori 7&] Let G = (VyU{S}L Z, P, S, H),
where Ve = UL 1V}\,’,Sanewsymbol P={U_ Plu{S—S,|1<i<l},H=
U H®; then L, n(G) = Uz,lL‘z’ The proof proceeds s1m11arly to that of Proposition
3.3. 3 Smce for every yeL, dx € a*b* s.t. xy» e U L{® one can construct a GSM
which maps U;_; L onto {a"b" | n > 1} d=.

By Lemma 4.3.4, there exists an w-CFG G’ s.t. L.n(G") = Ld», which contradicts
Lemma 4.3.5 above. We conclude that L ¢ nl-CFL,, . |

Z )

From the above and Theorem 4.1.7 we have

Trueorem 4.3.7. nl-CFL, C CFL, .

Remark 4.3.8. In Section 2 we saw that nothing is added to CFL,, by using w-regular
control sets in leftmost derivations of w-CFG’s. However, though nl-CFL, & CFL,,,
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using regular control sets in nonleft derivations leads us outside the class CFL,, , as the
following example (motivated by [14]) will show.
LetG = ({X,, X, Y, Z, W}, {a, b, ¢}, P, X;, 2¥) be an unrestricted w-CFG, where P is

P Xy — XYZW, pot X — aX, Pst Y — bY,
Py Z—>cZ Ps: X —a, Pt Y — b,
bt Z oy, ps: W— aW,

Let C = py( ps p3 o) *Ps Pe P7 ps- Clearly C is an w-regular set but L(G) = {a"b"c" |
n = 1} a® is not an w-CFL. §

CoNcLUSION AND PReVIEW OF FURTHER WORK

In this paper the theory of w-languages and w-machines, initiated in [3], was further
developed, providing a deeper insight into the properties of w-grammars, w-CFL’s.
and w-PDA’s. Emphasis was placed upon the study and comparison of various generation
modes in w-grammars, and of the various recognition types in w-PDA’s. The families
Ai-PDL,, ,7 =1, I, 2, 2’, 3 were investigated and type 3 (also type 2) acceptance shown
to be the most powerful acceptance mode in w-PDA’s.

We were particularly concerned with the analysis of non-leftmost generation in w-
CFG’s, providing the tools for establishing the proper inclusion of nl-CFL, within
CFL,, . The following hierarchy of families of w-CFL’s was obtained

w-Regular C AI-PDL,, C A1-PDL,, = A2-PDL, C nl-CFL, C CFL, .

A problem which remains open is whether the inclusion of A2’-PDL,, in nl-CFL,, is
proper. Another open problem concerns the validity of the conjecture stated in Remark
3.3.5, namely, that for every strict deterministic nonregular language L, the w-CFL L»
cannot be 2'-accepted by any w-PDA.

A subsequent paper [4] is devoted to the deterministic variants of w-PDA’s. A rich
hierarchy of deterministic and quasi-deterministic w-CFL families is obtained, differing
in structure from the above rather simple hierarchy of nondeterministic w-CFL families.
An extensive study of the families is made, algebraic characterizations are derived, and
certain problems, generally undecidable, are shown to be decidable within some of the
families.

Still another paper [5] presents the theory of w-type Turing machines and type 0
w-languages. The theory differs considerably from the classical theory of Turing machines
and due to the nonterminating nature of the input tapes, a few rather peculiar results are
obtained.
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