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1. Introduction

This paper is about wildly ramified Galois extensions of a complete discrete valuation field k((t)) where k is an
algebraically closed field of characteristic p > 0. We prove that the lower jumps of the ramification filtration of a Galois
extension of k((t)) with group Z/p™ x Z/m are all congruent modulo m, Proposition 4.2. We also prove that one can dominate
a given Galois extension having group Z/p™"~! x Z/m by a Galois extension having group Z/p" x Z/m, with control over the
last jump in the ramification filtration, Proposition 5.1. Together with well-known results about ramification filtrations of
Galois extensions with group Z/p" [1], this yields (see Theorem 5.2):

Theorem 1.1. Let G be a semi-direct product of the form Z/p" x Z/m where p + m. Let o € G have order p" and let m’
= |Centg(0)|/p". A sequence u; < --- < u, of rational numbers occurs as the set of positive breaks in the upper numbering of
the ramification filtration of a G-Galois extension of k((t)) if and only if:

(@ u e INfor1<i<n;

(b) ged(m, muy) = m’;

(c) ptmuy and, for 1 < i < n, either u; = pu;_; or both u; > pu;_; and p { mu;;
(d) and mu; = mu; mod mfor 1 <i<n.

In the first author’s doctoral thesis, Theorem 1.1 yields restrictions on the stable reduction of certain branched covers of
the projective line.

Our other main result, Theorem 5.6, states that, given a group G and a ramification filtration » satisfying conditions (a)-(d)
as in Theorem 1.1, there exists a parameter space M, whose k-points are in natural bijection with isomorphism classes of
G-Galois extensions of k((t)) having ramification filtration . We calculate the dimension of M,, in terms of the upper jumps
of n.
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Here is the paper’s outline: in Section 2 we introduce the framework of study, including ramification filtrations and
field theory; Section 3 contains several structural descriptions of cyclic p-group extensions; in Section 4, we prove results
about tame actions on cyclic extensions; and the main results on ramification filtrations and parameter spaces for G-Galois
extensions appear in Section 5.

Our original motivation for this topic was to find explicit equations for Z/p3-Galois extensions of k((t)), see Section 6.
Such equations are useful and are difficult to find in the literature. For example, in [2, II, Lemma 5.1], the authors use
equations for Z/p?-Galois extensions in order to prove a case of Oort’s Conjecture, namely, that every Z/p?-Galois extension
of k((t)) lifts to characteristic O [2, Thm. 2].

Similar results for elementary abelian p-group extensions are in [3].

2. Framework of study

This section contains background on extensions of complete discrete valuation fields and ramification filtrations and
introduces the situation studied in this paper, in which the Galois group is a semi-direct product of the form Z/p"
X Z/m.

2.1. Extensions of complete discrete valuation fields

Let k be an algebraically closed field of characteristic p > 0. We fix a compatible system of roots of unity of k. In particular,
this fixes a primitive mth root of unity ¢ in k. Let R be an equal characteristic complete discrete valuation ring with residue
field k and fraction field K. Then R ~ k[[t] and K >~ k((t)) for some uniformizing parameter t.

Suppose L/K is a separable Galois field extension with group G. Let S be the integral closure of Rin L. Then S /R is a Galois
extension of rings with group G which is totally ramified over the prime ideal (t).

This type of field extension arises in the following context. Suppose ¢ : Y — X is a Galois cover of smooth k-curves.
Suppose y € Y is a ramified point with inertia group G. Consider the complete local rings S = @y,y and R = @X«b(y)- Then
S/Ris a Galois extension of rings with group G which is totally ramified over the unique valuation of R as described in the
preceding paragraph.

For a Galois extension L/K as above, the group G is a semi-direct product of the form P x Z/m where P is a p-group and
p t m[4, 1V, Cor. 4]. Throughout the paper, we assume that the subgroup P is cyclic.

2.2. Subgroups of a semi-direct product

Suppose G is a semi-direct product of the form P x Z/m where P >~ Z/p"™ and p { m. Let o be a chosen generator of P.
Let ¢ be a chosen element of order m in G and let M = (c). Let m’ = |Centg(c)|/p". In other words, m’ = #{g € M | gog~!
=o}.

For 0 < i < n, the element o; := o has order p" " and H; := (o) is the unique subgroup of order p"~! in G. Then
{id} =H, CH,_1 C---CHy=P.

The semi-direct product is determined by the conjugation action of M on P. Since coc~! also generates P, then coc™! =
o for some integer o’ such that 1 < o’ < p" and p { «’. The action of ¢ stabilizes H;. Let J; := (H;_1/H;) x M.

Lemma 2.1. (i) The value of o’ does not depend on the choice of generator of P;

(ii) The value of o’ depends on the choice of generator of M as follows; if c; = c? for some integer B, then o) = (o)? mod p".
Proof. (i) If T = o7, thenctc™! = (coc™) = (6¥) = 1.

(ii) By induction, cloc™ = ¢ @' Thus ceocy ' = 0%. O

Lemma 2.2. The groups J; are canonically isomorphic for 1 <i < n.

Proof. The groups J; are semi-direct products of the form Z/p x Z/m. Thus it suffices to show that the action of ¢ on the
equivalence class of o;_; modulo (o;) is the same for 1 < i < n. Note that coPc™! = (o")"‘/. Thus coic™! = of‘/. O

The residue of o’ modulo p can be canonically identified with an element & € F;. Also m/m'’ is the order of @ in F,.

2.3. Towers of fields

Suppose L/K is a separable Galois extension whose group G is of the form Z /p" x Z /m with p  m. We fix an identification
of Aut(L/K) with G and indicate this by writing that L/K is a G-Galois extension.

Consider the fixed fields [; = [i and K; = ["*M for 0 < i < n.So, L, = L and K; = K. Let v; be the natural valuation
on L;. Let ®; be the integral closure of R in L;. Then L/L; is an H;-Galois extension and L;/L, is a P/H;-Galois extension. Also
L;/K;_1 is a J;-Galois extension. This yields a tower of fields:



A. Obus, R. Pries / Journal of Pure and Applied Algebra 214 (2010) 565-573 567

L. b

R Ly L Ly1C L
KoC Ky C e K1 K,

By Kummer theory, there exists x € Lg such that Ly >~ K[x]/(x™ — 1/t). After choosing ¢ € G such that c(x) = ¢x, one
can determine the values of o’ and « for the extension L/K.

2.4. Ramification filtrations

Here is a brief review of the theory of ramification filtrations from [4, IV]. Consider the natural valuation v = v, on L and
a uniformizing parameter # € L. For r € N, let I; be the rth ramification group in the lower numbering for the extension
L/K.In other words, I, is the normal subgroup of allg € G such that v(g(w) —7w) >r + 1.

The ramification filtration is important because it determines the degree § of the different of S/R. Namely, by [4, IV,
Prop.4],8 =) ,.o(lI:| — 1).If ¢ : Y — X is a cover of smooth projective connected k-curves, the genus of Y can be found
using the Riemann-Hurwitz formula [5, IV, Cor. 2.4] and this formula relies on the degree of the different at each ramification
point of ¢.

Let g € G with g # 1. The lower jump for g is the non-negative integer j so that v(g(wr) — 7) = j+ 1.Then g € J;and
g & li41. By [4,1V, Prop. 11], p 1 j for any positive lower jump j. If [P| = p", then there are n positive indices j; < --- < j, at
which there is a break in the ramification filtration in the lower numbering, which are called the lower jumps of L/K.

There is also a ramification filtration I in the upper numbering. The upper jumps of L/K are the positive breaksu; < - - <
u, in the ramification filtration in the upper numbering. The lower numbering is stable for subextensions [4, IV, Prop. 2] and
the upper numbering is stable for quotients [4, IV, Prop. 14]. Using Herbrand’s formula [4, IV, Section 3], one can translate
between the two ramification filtrations: letting jo = ug = 0, then u; — ui_; = (i — ji—1)/p" 'mfor1 <i <n.

3. Wild cyclic extensions

In this section, we describe the equations and ramification filtration of the Z/p"-Galois subextension L/Ly. The material
in this section is mostly known, but it is all necessary for later results in the paper.

3.1. Cyclic towers of Artin-Schreier extensions

Lemma 3.1. The ith lower jump j; of L/K equals the lower jump of L;/L;_.

Proof. The ith lower jump j; of L/K is the lower jump of the automorphism o;_1. This is the same as the lower jump of o;_4
for the extension L/L;_ by [4, IV, Prop. 2]. Since this is the smallest lower jump for the extension L/L;_4, it also equals the
upper jump of o;_1 for L/L;_1. By [4, IV, Prop. 14], this is then the same as the upper jump, and thus the lower jump, of
Li/Liy. O

3.2, Witt Vectors and p-power cyclic extensions

We recall some Witt vector theory. Let g be the operation Fr—Id on Witt vectors, where Fr denotes Frobenius. An element
a of a field F of characteristic p is a goth power in F if the polynomial z°P — z — a has aroot in F.
By [6, p. 331, Ex. 50], every Galois extension of Ly = k((x~")) with group Z/p" has Witt vector equations

VD) = G ) F K Xn). (1)
where x; € Lo for 1 < i < n such that x; is not a goth power in Ly and where 4+ denotes addition of Witt vectors: Moreover,
there is a generator t of Z/p™ such that the action of T on Witt vectors is

T(Vla---a}’n)=(V17~-~,J’n)+/(1’07-~-a0)~ (2)

Modifying (x1, ..., x,) by an element w € W"(Ly), where W" is the nth truncation of the Witt vectors, changes the
isomorphism class of the extension precisely when w & g (W"(Ly)). Thus, since k is algebraically closed, one can choose
(X1, ..., Xp) to be in standard form, i.e., x; € k[x] and either x; = 0 or x; has no exponent divisible by p.

; i—d

To make (1) more explicit, for0 <i <n—1,let W; = Z;:o def; 1 De the ith Witt polynomial, [4, II, Section 6]. Define

Si € Z[X4, ..., Xi+1, Y1, . . ., Yii1] to be the unique formal polynomial such that

WiX1, ..., Xip) + Wi(Yq, ..., Yig) = WiSo(Xq, Y1), S1(X1, X2, Y1, Y2), o0, Si(Xa, - ooy Xir, Y, o2 Yig).

The indexing of these variables is shifted by one from that of [4, II, Section 6] in order to be more consistent with notation
in this paper. By [4, II, Thm. 6], the S; are well defined and have integer coefficients.
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Lemma 3.2. InZ[Xq, ..., X;, Y1, ..., Yi],
=1 i—d
sF](x],...,xi,v1,...,Yl-)=x,-+Yf+ZF<X5 +Yq
d=1

i—d i—d
- 5571 )

and the degree of every monomial of S;_1 is congruent to one modulo p — 1.

. i—1-d . i—1-d i1
Proof. The equation follows from Y % p?s? = et Y

—d
4+1 ) (see [1, Footnote 4]) and the statement
about degrees from induction. O

For1 <i<n,letS_; € Fp[Xi, ..., X, Y1, ..., Y;] be the reduction of S;_; modulo p and let fi(Y1, ..., Yi_1, X1, ... X)) =
Sic1 — Yi. Then fi = X; + g; where g; € Fy[Xi1,...,Xi—1, Y1,...,Yi1] is a polynomial whose terms each have degree
congruent to one modulo p — 1. The meaning of (1) is that a Galois extension with group Z/p" has equations y/ — y; =
fiv1, o Yic1, X1, - X0,

Lemma 3.3. Let L/Ly be a Z/p™-Galois extension and o a generator of Z/p". There exist x; € Lo andy; € Lfor 1 < i < nsuch
that L/Ly is isomorphic to the (o )-Galois extension with Witt vector equations and Galois action

O D) =y Vo) + Xy ey Xn)
oW1,-..,¥Yn) = (.yla~-~v}’n)+/(170»-~-10)~

Furthermore, there is a unique choice for (x1, ..., X,) in standard form.

Proof. There exist x; € Ly and y; € L and a generator t of Z/p" such that L/Ly has Witt vector Eq. (1) and Galois action
(2). Now ¢ = tP for some b € (Z/p")*. Then o (y1,...,¥n) = (V1,...,¥s)+ b(1,0,...,0). Since b is invertible in
Z/p" = W"zZ/p) C W"(Lpy), one can replace (yq,...,Yyn) and (x1, ..., x,) with the Witt vectors %(y], ..., Yn) and

%(X], ..., Xp). Since Fr is a ring homomorphism [6, p. 331, Ex. 48], the extension L/L, still has Witt vector Eq. (1) and now
oW1, ... ¥) =01, ...,y +(1,0,...,0).
By a generalization of [7, Lemma 2.1.5], there is a unique choice of (x1, ..., x,) in standard form compatible with the

restriction on the Galois action. O
3.3. Ramification filtrations for cyclic p-group extensions

The ramification filtration of a Z/p"-Galois extension is completely determined by either its lower or upper jumps, which
in turn can be determined by the Witt vector equation.

Lemma 3.4. Let L/Ly be a Z/p"-Galois extension with Witt vector (xi,...,xp) in Eq. (1) in standard form. Let u =
max{—p"'vo(x;)}IL;. Then u is the last upper jump of L/Ly.

Proof. This follows from [8, Thm. 1.1]; see also [9, Prop. 4.2(1)]. O

We retrieve the following classical result.

Lemma 3.5. A sequence of positive integers wq < --- < w, occurs as the set of upper jumps of a Z/p"-Galois extension of Ly if
and only if p ¥ wy and, for 1 < i < n, either w; = pw;_; or both w; > pw;_q and p t w;.

Proof. The result, originally found in [1], follows from Lemma 3.4; see also [10, Lemma 19]. O

The following lemma will be used to compare the upper jumps of the G-Galois extension L/K and the Z/p"-Galois
extension L/Lg.

Lemma 3.6. Suppose L/K has upper jumps u; < --- < uy,. Then L/Ly has upper jumps wy < --- < w, where w; = mu; for
1<i<n

Proof. By [4, IV, Prop. 2], the lower jumps of L/Ly equal the lower jumps j; < --- < j, of L/K. Herbrand’s formula
[4,1V, Section 3] implies that u; — u;_1 = (j; — ji_1)/p'~'mand that w; — w;_1 = (; —ji_1)/p'for1 <i<n 0O

4. Tame-by-cyclic extensions

Suppose L/K is a separable G-Galois field extension as in Section 2.2-3.1. In this section, we find necessary conditions on
the ramification filtrations and equations arising from the Z/m-Galois action on L.
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4.1. The case of Galois extensions with group Z/p x Z/m

Lemma 4.1. Consider the J,-Galois extension L, /K with equations x™ = 1/t and y‘; — y1 = x;1 and Galois action c(x) = ¢x and
ocyD=y1+1
(i) The lower jump j of L1/Lo satisfies m’ = gcd(m, j).
(ii) Also mlj(p — 1). In particular, j = jp" mod m for any r € N.
(iii) Also c(y1) = a~ly; = ys.
Proof. (i) This follows from [4, IV, Prop. 9], see also [7, Lemma 1.4.1(iv)].
(ii) The conjugation action of Z/m on Z/p gives a homomorphism v : Z/m — Aut(Z/p). By definition, Im(v) has order
m/m’ and Ker(v) = (c™™). Thus m|m’(p — 1). By part (i), m’ = ged(m, j), so m|j(p — 1).
(iii) [7, Lemma 1.4.1(ii)-(iii)]. O

4.2. A congruence condition on the ramification filtration

Proposition 4.2. (i) The lower jumps in the ramification filtration of the P-Galois extension L/Ly are all congruent modulo m.
(ii) The upper jumps in the ramification filtration of the P-Galois extension L/Lq are all congruent modulo m.

Proof. (i) The ith lower jump of L/Ly is j; by [4, IV, Prop. 2]. Let r be a uniformizer of ®, and letu = c() /7w € ©.In the
notation of [4, IV, Prop. 7], recall that 8, is a map from Iy/I; to k* and 6; is a map from J;/I;;1 to k for j > 1. Then u equals
Ao(c) € k*. The order of u is m by [4, IV, Prop. 7]. By the proof of Lemma 2.2, co;_;c~! = ai‘i/] for 1 <i < n.Since g;_4
generates H;_1/H; = [;;/lj 1, [4, IV, Prop. 9] shows that §;,(0%,) = w6 (0;_1) for 1 < i < n.Thus ¥ = & € k* for
l1<i<nandsoj; =---=j, mod m.

(i) Letwy < --- < wy be the upper jumps of the P-Galois extension L/Lo. Since P is abelian, the Hasse-Arf Theorem implies
that w; € N. By Herbrand’s formula, w; — wi_; = (j; — ji—1)/p'~'. Thus w; — wj_; = 0 mod m by part (i). O

Class field theory approach: If k is instead a finite field, here is a different proof of Proposition 4.2 which uses class field
theory.

Second proof of Proposition 4.2. The G-Galois extension L/K dominates the (c)-Galois extension Ly/K where L, =~
k((x~1)),x™ = 1/t, and c(x) = ¢x. Let L/Ly be the P-Galois subextension, which has upper jumps w; < --- < w, where
w; = mu; by Lemma 3.6. Thus the upper ramification group I¢ of L/Ly equals H; if w; < £ < wi4;.

Let Q = (x~') be the maximal ideal of k[x~']. Consider the unit groups U? = 1 + Q¢ of k[x~'] [4, IV.2]. By
[4, IV, Prop. 6], U?/U% is canonically isomorphic to Q¢/Q%!. Now, Q¢ carries a natural (c)-module structure where
c(xH?) = ¢ 9 "% Thus U4/U%! carries a natural structure as a (c)-module, and this structure depends on the
congruence class of d modulo m.

By [4, XV.2, Cor. 3 & pg. 229], there is a reciprocity isomorphism @ : L§/NL* — P and thus there are isomorphisms

w, 2 U/(UINUY @) — 197191 Here N : L — Lo is the norm map and v is Herbrand’s function. In particular, taking
d = wy, then U™ /(U INU/ ™) = H,_1/Hi.

Now H;_1/H; has a (c)-module structure and this (c)-module structure is independent of i by Lemma 2.2. After pulling
back by o, this implies that the (c)-module structure of U"i /(U™ *'NU/“") and thus of U"! is independent of i. Thus ¢,,""
is independent of i and so w; = w; mod m.

The lower jumps are also congruent modulo m by Herbrand’s formula. O

At this point, one can prove that the conditions in Theorem 1.1 are necessary; we will postpone this until Section 5.2.

4.3. Actions and isomorphisms

This section contains two results that will be needed in Section 5.

Proposition 4.3. Suppose Ly >~ K[x]/(x™ — 1/t) and c(x) = ¢x. Suppose L/Ly is a P-Galois extension with Witt vector Eq. (1),
Galois action (2), and first lower jump j such that ¢/ = a~'. Then L/K is a G-Galois extension if and only if c(x;) = ¢/x; and
cy) =¢yifor1 <i<n

Proof. Suppose L/K is a G-Galois extension. Then L;/K is a J;-Galois extension. By Lemma 4.1(iii), c(y1)/y; = ™' = ¢
Since y¥ — y; = x4, this implies that c(x;) = ¢/x;. As an inductive hypothesis, suppose that c(x;) = ¢’x; and c(y;) = {Jy; for
1<i<n—-1.

Now L, /K,_1 is a J,-Galois extension of discrete valuation fields and J,, and J; are canonically isomorphic by Lemma 2.2.
In other words, the value of « for Aut(L,/K;,—1) is the same as for Aut(L; /K). By Kummer theory, there exists a uniformizer
-1 of Ly,_q such that ¢ acts on m,_; via multiplication by some y in wu,. Then L,/K,_; satisfies the hypotheses of
Lemma 4.1, with 1/m,_1, Yn, jn, and y ! replacing x, y1, j, and ¢ respectively. Applying Lemma 4.1(iii) to L,/K,_; implies
thatc(y,)/yn =y " = a1 = ¢
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The equation for L,/L,_1 is yh — y» = X, + g, where the terms of the polynomial g, € FplXi, ..oy Xn—1, Y15+ -+ Yn—1l
each have degree congruent to one modulo p — 1. By the inductive hypothesis and Lemma 4.1(ii), ¢ scales g, by ¢/. Thus ¢
scales both ¥ — y, — x, and y,, by ¢/, which implies c(x,) = ¢/x,.

Conversely, suppose c(x;) = ¢/x; and c(y;) = ¢Jy; for 1 < i < n. The proof that L/K is G-Galois proceeds by induction
on 11; the case n = 1 can be computed explicitly, see e.g. [7, Lemma 1.4.1]. As an inductive hypothesis, suppose that L, /K
is a G/H,_1-Galois extension. To finish, it suffices to show that the action of ¢ extends to an automorphism of L,, i.e., that ¢
stabilizes the equation yh —yn = fu for L, /L,_1. By Lemmas 3.2 and 4.1(ii), the action of ¢ scales every term of this equation
by¢!. O

Lemma 4.4. Suppose L/K is a G-Galois extension as in Section 2.3.

(i) There is a Witt vector (X1, ...,X,) in standard form for the subextension L/Ly and it is uniquely determined up to
multiplication by fim/m .

(ii) There are (m)/@(m/m’) different non-isomorphic G-Galois structures on the field extension L/K such that the action of o
onlLisasin(2).

Proof. For part (i), by Lemma 3.3, for fixed x, there is a uniquely determined Witt vector (x1, ..., X,) in standard form for
the subextension L/Ly. Now x is determined up to multiplication by ¢¢, for d € Z. By Proposition 4.3, every monomial
in x; has degree congruent to j mod m. Replacing x with ¢ scales x; by ¢%. The values of ¢¥ range over fip/m by
Lemma 4.1(i).

For part (ii), a G-Galois structure on L/K satisfying the requirement for o is determined by an isomorphism ¢ : G —
Aut(L/K) such that «(a)(¥1,...,¥n) = (1,-..,¥0) +(1,0,...,0). If h € Aut(L/K), then the map h : L — L yields
an isomorphism of G-Galois extensions L/K — L/K, the first with structure morphism ¢ and the second with structure
morphism hth~!. Thus, modifying ¢ by an inner automorphism yields an isomorphic G-Galois structure on L/K. So the number
of isomorphism classes of G-Galois structures with this requirement on o is given by the number of elements of Aut(G) fixing
o, divided by the number of Inn(G) fixing o.

An automorphism y of G which fixes o is determined by y (c). Also y(c) must have order m and have the same
conjugation action as ¢ on o, as determined by Lemma 2.1(ii). When G is abelian, then &’ = 1 and there are ¢(m) choices
for y (c). This yields the count ¢ (m)/@(m/m’) since m’ = m and since Inn(G) is trivial. If G is non-abelian, then the image
of y(c) in M must have order m and be congruent to ¢ modulo (c'"/”'/) = ker(v). There are p"¢(m)/¢(m/m’) choices for
y (c). This yields the desired count, since there are p” inner automorphisms of G which fix o, namely conjugation by powers
ofoc. O

5. Main results

Let G be a semi-direct product of the form Z/p™ x Z/m. This section contains three results: first we prove that one can
dominate a given Galois extension having group Z/p"~! x Z/m by a Galois extension having group Z/p" x Z/m, with control
over the last upper jump; second, we give necessary and sufficient conditions for the ramification filtration of a G-Galois
extension; third, we define a parameter space for G-Galois extensions of K with given ramification filtration n and calculate
its dimension in terms of the upper jumps.

5.1. Awild embedding problem

We prove that one can embed a given Galois extension having group Z/p™~' x Z/m by a Galois extension having group
Z/p™ x Z/m, with control over the last upper jump. See [11, 24.42] for an earlier version of this result, in which m = 1 and
there is no control over the upper jump. Recall that G/H,,_; is a semi-direct product of the form Z/p"~! x Z/m.

Proposition 5.1. Suppose L, /K is a G/H,_1-Galois extension with upper jumpsu; < --- < u,_y. Let u, € %N be such that
either u, = pu,_1 or bothu, > pu,_; and p + mu,. Suppose also that mu,, = mu; mod m. Then there exists a G-Galois extension
L,/K with upper jumps uy < --- < u, that dominates L,_, /K.

Proof. Without loss of generality, one can suppose Ly ~ K[x]/(x™ — 1/t) and c(x) = ¢x. The Z/p"~'-Galois extension

L,—1/Lo has upper jumps mu; < --- < mu,_; by Lemma 3.6. By Section 3.2, L,_1 /L, is given by a Witt vector equation
O ) = Wiy Yne1) (X1, . .., Xp—1) for some x; € Lo, such that x; is not a pth power in Lo. Furthermore, one
can choose (X1, ..., X,—1) to be in standard form. In particular, if x; # 0, then p t vo(x;).

By Proposition 4.3,if 1 < i < n — 1, then c(x)) = ¢/x; and c(y;) = {y; where j = mu;. By Lemma 3.4, mu,_; =
max{—p™vo (X))}

If u, # pun_q, let x, = x™n. In this case, —vo(x,) = muy,. If u, = pu,_q, let x, = 0. In this case, —vo(x,) =
—00 < pmu,_1. In both cases, (x1, . .., X;) is a Witt vector in standard form. Then the Witt vector equation (", ..., yh) =
V1, .-+, Yn) + (X1, ..., xy) yields a P-Galois extension L, /L, dominating L,,_1/Lo, with upper jumps mu; < --- < mu, by
Lemma 3.4 (i.e., [8, Thm. 1.1]).

By the definition of x,, then c(x,) = ¢/x,. Let c(y,) = ¢Jy,. By Proposition 4.3, L, /K is a G-Galois extension dominating
L,—1/K, and it has upper jumps u; < --- < u, bylemma 3.6. O
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5.2. Conditions on the ramification filtration

The ramification filtration of a Galois extension with group G of the form Z/p" x Z/m is completely determined by either
its lower or upper jumps. Here are the statement and proof of Theorem 1.1, giving necessary and sufficient conditions on
the ramification filtrations of G-Galois extensions of K.

Theorem 5.2. Let G be a semi-direct product of the form Z/p" x Z/m where p + m. Let o € G have order p" and let m’
= |Centg(0)|/p". A sequence u; < --- < u, of rational numbers occurs as the set of positive breaks in the upper numbering of
the ramification filtration of a G-Galois extension of k((t)) if and only if:

(@ u e INfor1<i<n;

(b) ged(m, muy) = m’;

(c) ptmuy and, for 1 < i < n, either u; = pu;_1 or both u; > pu;_1 and p { mu;;

(d) and mu; = mu; mod mfor 1 <i<n.

Proof. Conditions (a)-(d) are necessary: letu; < --- < u, be the set of upper jumps of a G-Galois extension of k((t)). The
upper jumps of the Z/p"-subextension L/Ly are w < --- < w, where w; = mu; by Lemma 3.6. Condition (a) follows since
w; € N by the Hasse-Arf Theorem. Condition (b) follows from Lemma 4.1(i). Condition (c) is due to [1], see Lemma 3.5.
Condition (d) follows from Proposition 4.2(ii).

Conditions (a)-(d) are sufficient: recall that G has generators o (of order p") and c (of order m)and coc™' = o for some
integer o’ such that 1 < &’ < p"andp f&'. Leta € F, =~ (Z/p)* be such that « = o’ mod p. Let j = mu,. By condition (b),
¢/ has order m/m’ in k*. Likewise, &' has order m/m’ in k*. Thus there exists an integer 8 such that ¢# = a1,

Consider the (c)-Galois extension Lo/K with equation x™ = 1/t and Galois action c(x) = ¢fx. Let x; € X¥k[x ™ ]*.
Consider the Z/p-Galois extension L, /L with equation y’i — ¥1 = x1 and Galois action o (y1) = y; + 1. By [7, Lemma 1.4.1],
L,/K is a J;-Galois extension. It has lower jump j and thus upper jump u;. By conditions (a), (c), (d), and Proposition 5.1,
there exists a G-Galois extension L/K dominating L, /K with upper jumpsu; < --- <u,. O

1

Corollary 5.3. Let G be a semi-direct product of the form Z/p™ x Z/m where p + m. Suppose n is a ramification filtration of G
satisfying conditions (a)-(d). Let f be the order of p modulo m/m’ and let g = p’. Then there exists a G-Galois extension L/K with
ramification filtration n which is defined over F.

Proof. It suffices to produce a G-Galois extension L/K whose equations and Galois action have coefficients in F,. Note that
¢’' has order m/m’ in k*. By the definition of f, the field F,s contains the (m/m’)th roots of unity, and thus contains ¢ The

case n = 1 follows by direct computation with the equation yﬁ’ —y1 = x'lm“, see [7, Lemma 1.4.1]. The result then proceeds
by induction on n. For the inductive step, one produces an equation for the extension L/L,_; using Proposition 5.1. In the
proof of that result, recall that x, € F,[x] by definition. Thus the equation has coefficients in F, by Lemma 3.2. The Galois

action is defined over F, by (2) and Proposition 43. O

5.3. Parameter space for G-Galois extensions

Given a sequence u; < --- < u, satisfying conditions (a)-(d), let  be the ramification filtration of G having upper jumps
u; < --- < u,. By Theorem 5.2, there exists a G-Galois extension of k((t)) with ramification filtration ». We prove there is a
scheme M,, such that there is a natural bijection between the k-points of .M, and isomorphism classes of G-Galois extensions
of k((t)) with ramification filtration ». We calculate the dimension of .M, in terms of the sequence uy < --- < uy.

Notation 5.4. Given positive integers w and m, let

ew,m =#eecZ|l1<e<w,e=wmodm,pfe}.

Lemma 5.5. Let §,(w, m) = 1if w = ap mod m for some 1 < a < r, where r is the remainder when |w/p] is divided by m,
and §,(w, m) = 0 otherwise. Then €,(w, m) = [w/m] — [w/mp] — §,(w, m).

Proof. The number of integers e such that 1 < e < w and e = w mod m is [w/m]. To count the number of these which
are divisible by p, consider the set A = {p, 2p, ..., lw/p]p}. Then A contains at least | |w/p]/m] = |w/mp] elements
e such that e = w mod m. Let r be the remainder when |w/p] is divided by m. Then A contains one additional element
e = w mod mifand only if an element of {p, 2p, . .., rp} is congruent to w modulo m. The formula holds since §,(w, m) = 1
precisely in this case. O

Given a positive integer N, the root of unity ¢ acts on the affine variety A" via multiplication on each coordinate. Let
AN /i /m denote the quotient.

Theorem 5.6. Let G be a semi-direct product of the form Z/p" x Z/m where p { m. Let u; < - -- < u, be a sequence satisfying
conditions (a)-(d) and n be the ramification filtration of G with upper jumps uy < --- < up. Let N, = Z?:1 €p(mu;, m). Then
there is an open subscheme U, C AN”/Mm/m/ and a finite étale map w : M, — U, of degree ¢(m)/¢(m/m’) such that the
k-points of M, are in natural bijection with isomorphism classes of G-Galois extensions of k((t)) with ramification filtration .
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It is clear that dim(.M,) = N,, depends only onp, m, uy, ..., Up.
Proof. By Lemma 4.4, it suffices to show that the collection of Witt vectors (xq, ..., X;) in standard form, which, as in
Proposition 4.3, yield G-Galois extensions L/K with ramification invariants u; < --- < uy, is in natural bijection with the
k-points of an open subscheme of A7,

The proof is by induction on n. For the case n = 1, Lemma 3.4 shows that x; € k[x] must have degree mu;. By

Proposition 4.3, the extension L; /K is J;-Galois if and only if c(x;) = ¢™1xy, in other words, if and only if all exponents
of x; are congruent to mu; modulo m. Since x; is in standard form, it has no exponents with degree divisible by p. Thus the
number of possible exponents is € = €,(muy, m). Since the leading coefficient of x; is non-zero, the choice of x, is equivalent
to the choice of a k-point in an open subscheme of A€. (See also [7, Proposition 2.2.6]).

Now, suppose that (1, ..., X;,—1) is a Witt vector in standard form, which yields a G/H,_1-Galois extension L, /K with
upper jumps Uy < --- < U,_q. Let e = €,(muy,, m). It suffices to show that Witt vectors (x4, . . ., X,) in standard form which
yield an extension L/K dominating L,_1/K with upper jumps u; < --- < u, are in natural bijection with the k-points of an
open subscheme U, C AS.

The Witt vector (x4, ..., x,) for the extension L/K is determined by the choice of x, € k[x] in standard form. By
Proposition 4.3, the extension L/K is G-Galois if and only if c(x,) = ¢™1x,, in other words, if and only if all exponents
of x, are congruent to mu; modulo m. Recall that mu; = mu, mod m by Proposition 4.2.

By Lemma 3.4, the extension L/K has upper jump u, if and only if deg(x,) = —vo(x,) < mu,, where equality must hold
ifu, > pu,_4. Thus, an exponent e appearing in x, satisfies 0 < e < mu,, and e = mu,, mod m, and p t e. The number of
these exponents is € = €,(muy,, m). The leading coefficient of x, must be non-zero when u, > pu,_;. The choice of x, is
thus equivalent to the choice of a k-point in an open subscheme of A, O

Remark 5.7. Consider the contravariant functor F, from the category of schemes to sets, which associates to a scheme B
the set of G-Galois extensions of Op((t)) whose geometric fibres have ramification filtration 7. The scheme M, does not
represent F, on the category of k-schemes because there are non-constant G-Galois covers defined over a base scheme B,
which become constant after pullback by a finite morphism B — B. The scheme M, is a fine moduli space for F, on a
category where such morphisms are trivialized; see [7, Thm. 2.2.10] for the casen = 1.

Remark 5.8. In [12, Prop. 4.1.1], the authors calculate the dimension of the tangent space of the versal deformation space
of a Z/p"-Galois extension in terms of its ramification filtration. Theorem 5.6 is less technical than their result and it is not
clear how to compare them directly.

6. Equations for Z/p>-Galois extensions

It is well known that the methods of Section 3.2 can be used to find equations for Z/p"-extensions [ 13], but the equations
themselves are difficult to find in the literature. Here are formulae for the general Z/p3-Galois extension of K.

Example 6.1. Suppose L/K is a Z/p>-Galois extension of K = k((t)). Then there exist x;, X, X3 € K so that L/K is isomorphic
to the following extension:

}’I; — Y1 =X1;
XAV = @4y
yZ—yz= ! ! ! ! + X33
p
X+ =i +y)P
p _Xl;z"l-yliz—(xl-f-%)pz X+ Y5 — (%2 +yp + 1 px1 )
Y3 —Y¥Y3 = > + + X3.
p p
A generator o of the Galois group can be chosen so that its action is given by:
oy =y1+1
WVi4+1— @14 1DP
o) =y + = ! ;
p
2 ) ) A+1-01+1DP |
Yo+ 1—i+1) Y=+ T—)
o(ys) =ys + = p21 + b 5 .

The integral coefficients in Example 6.1 can be considered to be in F, C k.

Proof. For the equations, it suffices to recursively compute f; = S;_; — y; for 1 < i < 3, starting with So(x1, y1) = X1 + y1
and S1(x1, X2, V1,¥2) = X + yo + (x’: + y“l2 — (x1 + y1)?)/p. The Galois action is given by o (y;) = y; + f;, where
fi = fiy1,...,¥i-1,1,0,...,0). To see this, note that yf = y; + fi and (1) imply that (y;1 + f1,...,¥n + fn) =

W1, -y Yn) (X1, ..., xy). Substituting (1,0, ...,0) for (Xq,...,%,) vields (1 + fi, oo ¥n + f) = 1.y yn) +
(1,0,...,0),whichequalso(y1,...,y,) byLemma3.3. O
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Example 6.2. When p = 2 and x = tJ, here are equations for a Z/8-Galois extension of k((t)), which is defined over I,
and has upper jumps j, 2j, and 4;j:

V-y=x 22—z =uxy; w? —w =Xy + y’x + xyz.

The Galois action is givenbyy — y+ 1,z z+y,andw — w +y> +y + yz.
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