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0. Introduction

In this paper, we study the category of finite-dimensional representations of the semi-direct product Lie algebras g x V,
where g is a complex semisimple Lie algebra and V is a g-semisimple representation. There are several well-known classical
families of such Lie algebras, for instance, the co-minuscule parabolic subalgebras of a simple Lie algebra. However, our
primary motivation comes from two sources: the first is the truncated current algebras g ® C[t]/t"C[t], where C[t] is the
polynomial ring in an indeterminate t, and their multi-variable generalizations, and the second motivation is our interest in
the undeformed infinitesimal Hecke algebras (see [8,14,11,13]). The representation theory of the truncated current algebras
has interesting combinatorial properties and is connected with important families of representations of quantum affine
algebras. It appears likely that the more general setup we consider will also have such connections [3].

In this paper, we are primarily interested in understanding the homological properties of the category of finite-
dimensional representations of the semi-direct product g x V. To be more precise, we shall regard the Lie algebra as being
graded by the non-negative integers Z.. We assume that g lives in grade zero and that V is finite-dimensional and lives in
grade one. The universal enveloping algebra of g x V is also Z -graded and in fact has elements of grade s for all s € Z. We
work with the category of Z-graded modules for g x V, where the morphisms are just the degree zero maps. In the special
case when V is the adjoint representation of a simple Lie algebra, this category was previously studied in [4,5]. The authors
of those papers made certain choices which were not completely understood or explained. In the current paper, we recover
as a special case the results of [4,5] and, using the results of [ 12], provide a more conceptual explanation for the choices.

We now explain the overall organization of the paper. The main result, which is the construction of a family of Koszul
algebras, is given in Section 1 and can be stated independently of the representation theory of g x V. Thus, let f be a Cartan
subalgebra of g and let wt (V) be the set of weights of V. We consider the convex polytope defined by wt (V). For each
subset ¥ of wt (V) which lies on a face of this polytope, we define an Z-graded g-module algebra Ay. We prove that the
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(infinite-dimensional) subalgebra Aj, of g-invariants is Koszul of global dimension at most equal to the sum of the dimension
of eigenspaces of V corresponding to the elements of ¥. The strategy to prove this result is the following. We first observe
that the set ¥ defines in a natural way a partial ordering <, on h*. Associated to each element v of wt (V), we can define
a subalgebra Ay (<y v)® of A},. We relate this algebra to the endomorphism algebra of the projective generator of a full
subcategory (with finitely many simple objects) of Z-graded finite-dimensional representations of g x V. This is done in
Sections two through four where we analyze the homological properties of the category. To do this, we need to work in
a bigger category which has enough projectives. The Koszul complex associated to the symmetric algebra of V provides
a projective resolution of the simple objects and we can compute arbitrary extensions between the simple modules. This
allows us, in Section 5, to use results of [2] to prove that Ay (<y V)¢ is Koszul. The final step is to prove that this implies
that Aj, is Koszul. A natural question that arises from our work is the realization of Koszul duals of these algebras as module
categories arising from Lie theory. The authors hope to pursue this question in the future.

1. The main results

We shall denote by Z (resp. Z .., C) the set of integers (resp. non-negative integers, complex numbers).

1.1

Throughout this paper, we fix a complex semisimple Lie algebra g and a Cartan subalgebra h of g. We let R be the set of
roots of g with respect to b, and fix a set of simple roots A = {«;|i € I} of R. If {w;|i € I} is a set of fundamental weights, we
denote by P the Z -span of the fundamental weights, and by Q ™ the Z_ -span of A.

1.2

Given u € PT, let V(u) be the finite-dimensional simple g-module with highest weight 1. Define
Vi=@@ Vv and v*:= P vw*
uept uept

The natural embedding V¥ ® V. — EndV (respectively V¥ ® V — EndV®) of g-modules is an anti-homomorphism
(resp., a homomorphism). For each u € P, this anti-homomorphism (resp., homomorphism) restricts to an isomorphism
V(w)* ®@V(n) — (EndV(u)) (resp., V(u)* ® V() — End V(w)*). Under this isomorphism, the preimage of the identity
elementin (End V(1)) is the canonical g-invariant element 1,, € V(u)* ® V().

1.3

Suppose that A is an Z-graded g-module algebra; i.e., A is an associative Z-graded algebra which admits a compatible
action of g:

A=EPAIkl,  g.Alkl C ALkl k € Z.

kez

The space
A=AQV°QV,

has a natural Z-grading given by
Alk] = Akl @ V® ® V.

Moreover, it acquires the structure of an Z-graded g-module algebra as follows: the multiplication is given by linearly
extending the assignment

@RfeVbRgw) =gabf @ w,

while the g-module structure is just given by the usual action on tensor products of g-modules.
Abusing notation, we set

1,=1L181,.
The next Lemma is immediate.
Lemma. For 1, v € PT, we have,

1L,AL, =AQV(W)*® V(). O
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1.4

From now on, we fix a finite-dimensional g-module V and write
V=8uenVy, Vu={veV:hv=puvVhehs}
Setwt (V) = {u € h* : V,, # 0} and assume that wt (V) # {0}. We shall also set
Vi={veV:xv=0, Vx € g}.
Suppose that & C wt (V) is nonempty. Define a reflexive, transitive relation <y on h* via
UW=<gV &< v—Uu€ez,v,
and set

dy(u,v):=min{Y “mp:v—p=> myp, mpeZ Ve,
pev Bew

1.5

For 4 <y v € P, define
Ay (v, w) = 1,A[dy (1, V)],
and given F C P, define
AF) = D A
W, veF, u<yv
Note that Ay (F) is a g-module.

Lemma. Suppose that ¢ C wt (V) is the set of weights of V which lie on some proper face of the weight polytope of V, and let A
be as above.

(i) Ay (F) is a graded subalgebra of Ay (G) forall F C G C P™.
(ii) IfF C G C P, then Ay (F)? is a graded subalgebra of Ay (G)®.

This result is clear once we show that dy satisfies the following in Proposition 5.2:
dy(n, ) +dy(p,v) =de(n,v) ¥ <y p<yvebh" (1.1)

1.6

Given w, v € Pt define [, v]y := (<y v) N (u <y ), where
<yv:i={nePt:in<yv}, and p<y:={nePt:u<yn}
The main theorem of this paper is the following.

Theorem. Suppose that W is a subset of wt (V) which lies on some proper face of the weight polytope of V, and let A be the
symmetric algebra of V. Given u <y v € P, the algebras Af,,' Ay (Zy V), Ap (1 <y)?, and Ay ([, v]y)? are Koszul with
global dimension at most Ny := Zsew dim Vg. Moreover, there exist . <y v € P such that the global dimension of all these
algebras is exactly Ny .

2. The categories § and @

In this section, we define and study the elementary properties of the category of Z-graded finite-dimensional
representations of g x V. We classify the simple objects in this category and describe their projective covers. We denote
by U(b) the universal enveloping algebra of a Lie algebra b. We use freely the notation established in Section 1.

2.1

We begin by working in the following general situation. Thus, we assume that a is an Z -graded complex Lie algebra,
o= Do
nezy

with the additional assumptions that ag = g and dima, < oo foralln € Z,.Seta, = P
Z.-graded ideal in a.

10 On and note that it is an
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Set R* = RN Q™ and fix a Chevalley basis {xX, h; : @ € R™, i € I} of g, and
v =P, g=n @h@n".
aeRt
2.2
Let # (g) be the semisimple tensor category whose objects are finite-dimensional g-modules and morphisms are maps
of g-modules. The simple objects of # (g) are just the modules V (1), A € P™. We shall need the fact that V(1) is generated

by an element v, with relations:

nfu, =0, huy =AM, &) =0, (2.1)

forallh € handi € I. Any object V of # (g) is a weight module, i.e.,
V=@V, V.={veV:hv=puw, hen}

neh*
and we set wt (V) = {n € b* : V,, # 0}.
Let g be the category whose objects are Z-graded a-modules V with finite-dimensional graded components V[r]; i.e.,

V=@pvirl, VIrleOb¥(g)Vr e Z.

TEZ

The morphisms in gare a-module maps f : V — W such that f(V[r]) C W[r]forallr € Z.ForV € g we have

Vy =@ Vulrl, Vulrl=Vv, N Virl.

rez

Observe that the adjoint representation of « is an object ofé\.
Let 4 be the full subcategory of § given by

VeObg « VeOb§, dimV < oo.
Given V € Ob ¥ (g), letev (V) € Ob 4 be given by
ev(V)[0] =V, ev(V)[k]=0 Vk >0,
with the a-module structure defined by setting a,ev (V) = 0 and leaving the g-action unchanged. Clearly, any g-module

morphism extends to a morphism of graded a-modules, and we have a covariant functor ev : £ (g) — §G.

2.3

For r € Z, define a grading shift operator t, : g — gvia
o (V)[k] = V[k —r].
For . € P* andr € Z, set
VA, 1) =1evV(RD), Vpr = TV

Proposition. For (A, r) € Pt x Z we have that V (A, r) is a simple object in ?9\ Moreover if (i, s) € PT x Z, then,
Va, 1) =g V(u,s) < A=pn, and r=s.
Conversely, if M € §i5 simple then
M = V(A 1), forsome (A, 1) e Pt xZ.
Proof. The first two statements are trivial. Suppose now that M is a simple object of f(j and that r,s € Z are such that

M[r] # 0and M[s] # O, and assume that r > s. Then the subspace &> M[k] # 0 and is a proper submodule of M,
contradicting the fact that M is simple. Hence there must exist a unique r € Z such that M[r] # 0. In particular, we have

M Eg T.evM[r],
and also that M[r] = V(L) for some A € P™. This completes the proof of the Proposition. O

From now on, we set A = P* x Z and observe that this set parametrizes the set of simple objects in § and §. Given
V € Ob g, we set

[V :V(A, )] =dimHomy(V(%), V[r]).
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2.4

We now turn our attention to constructing projective resolutions of the simple objects of ?9,\ The algebra U(a) hasa Z, -
grading inherited from the grading on a: namely, the grade of a monomial a; - - - ai, where a; € ay;, iss1 + -+ + ;. The
ideal U(a, ) is a graded ideal with finite-dimensional graded pieces. By the Poincare-Birkhoff-Witt Theorem, we have an
isomorphism of Z, -graded vector spaces

U(a) = U(ay) ® U(g).

If weregard a, as a g-module via the adjoint action, then we have the following result, again by using the Poincare-Birkhoff-
Witt Theorem.

Proposition. As g-modules,

U(ay)[k] = @ Sym™(a;) ® - - @ Sym'*(ay). O

k.
(1 ...,rk)EZ’_j_:Zj:IJrj:k

Given M € Ob g we can regard U(a) ®y(g) M as a module for a by left multiplication. Moreover, if we set

(U(a) ®ug) M)[K] = (U(ay) @ M)[k] = €D (U(a,)[i] ® Mk — i])

i€Zy
then we have the following Corollary of Proposition 2.4.

Corollary. ForallM € Ob gwith M[s] = 0 for s <« 0, we have U(a) Quy) M € Ob@. O

25

For (A, 1) € A, set
P(A, 1) =U(a) ®up V(A7) €0bG,  prr=1® vy

Proposition. (i) For (A, r) € A, we have that P(A, r) is generated as an Z-graded a-module by p; . with defining relations
n+pk,r = 0, hpk,r = )‘-(h)pk,n (X(;)A(hi)+1pk,r = Oa (22)

forallh € handi € I. In particular, we have that if V € Ob § then
Homg(P(A, 1), V) = Homy(V (%), V[r]).
(ii) P(A, r) is the projective cover of its unique irreducible quotient V (XA, r) in jg?
(iii) Let K(A, 1) be the kernel of the morphism P(x, 1) — V (X, r) which maps p; » — v, . Then
KA, 1) =U(@)(ar @V (A, 1)),
and hence

Homg(K(%, 1), V(w,s)) #0 = Homg(as—r ® V(1), V() # 0.

Proof. Itis clear that the element p; , generates P(X, r) as a a-module. Moreover, since v, _, satisfies relations (2.1), it follows
that p, , satisfies (2.2). The fact that they are the defining relations is immediate from the Poincare-Birkhoff-Witt Theorem.
It is now easily seen that the map

© = Pligvo.n

gives an isomorphism Homg(P(4, 1), V) = Homg(V (%), V[r]). Since U(a;)[0] = C, we see that dimP(a,r);[r] = 1,
and hence P(A, r) has a unique maximal graded submodule with corresponding quotient V (&, r). The fact that P(%, r) is
projective is standard. Suppose that there exists a projective module P € Ob § and a surjective morphism s : P — V(&, 1);
and choose p € P,[r] such that ¥ (p) = v, ,. The induced morphism ¢ : P — P(A, r) must satisfy ¥ (p) = p,.r and,
hence, is surjective, proving that P(A, r) is the projective cover. This also implies that V (A, r) is the quotient of P(A, r) by
imposing the additional relation ap, , = 0. This proves that K (A, r) is generated as a ay-module by ay ® V (A, r). Hence if
¢ € Homg(K(2, 1), V(u,s)) # 0, then p(at[s —r] ® V(A, 1)) # 0, and the proof of the Proposition is complete. O

The following is obvious.

Corollary. Suppose that M € gis such that M[s] = 0 for all s < 0. Then M is a quotient of a projective object P(M) € QZ O
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2.6

Motivated by the preceding Proposition, we define a partial order on A as follows. Say that (u, s) covers (A, r) ifs > r
and u — A € wtag_,. Define < to be the transitive and reflexive closures of this relation. In particular, if (A, r) < (u, r), then
A = p. Itis easily checked that < is a partial order on A.

Lemma. Let (A, 1), (i, s) € A. Then,
Exté(V(k, r),V(u,s)) #0 = (u,s) covers (A, ).

Proof. Using Proposition 2.5(ii), we see that
Ext2(V (2, 1), V(i 8) = Homg (K (%, 1), V (i, 5)).

The Lemma follows from Proposition 2.5(iii). O
2.7

We can now produce a projective resolution of the simple objects of g The resolution is not minimal, and, in fact, it is
unclear how to produce a minimal resolution. However, as we shall see, it is adequate to compute extensions between the
simple objects.

For (A, 1) € Aandj € Z,, define

Pi(A, 1) i=P(N(a4) ® V(A, 1)) = Ulaz) ® N(ay) ® V(A, 1) € §.
In particular, notice that
Pi(A, 0kl =0, k<r+], Po(X, 1) =V (A, 1).
Forj > 0, define linear maps d; : Pj(A,r) — Pj_1(A, r), (where we understand that P_(A, r) = V(A, 1)) by
do: P(A, 1) = V(A, 1), do(u®v) =u.v,
foru € U(ay)and v € V(A, r) and
di=D®idyur, Jj>0,
where D is the Koszul differential on the Chevalley-Eilenberg complex [6] for a .

Proposition. (i) Ifj > Oand [Pj(A, 1) : V(i,5)] # 0, Qlen A, 1) < (W,Ss).
(ii) The following is a projective resolution of V(A, r) in §:

d d
B o) B o) S P S v ) — 0.

Proof. If j > 0, then P;(A, r)[r] = 0 and so [P;(A, 1) : V(A, )] = 0. The rest of the proof follows by an argument similar to
the one in Proposition 2.5. Note that Pj(A, r) is projective in gfor allj € Z by Corollary 2.5. It is straightforward to check
that d; is an a-module map, and hence a morphism in ?g\for allj € Z,. Finally, since d; = D ® id v, for all j, it follows that
the sequence is exact in g O

2.8

Fors € Z, let §5s be the full subcategory of gsatisfying
Veobg = V[k]=0, k>s.
The subcategory 4 < is defined similarly. Notice that
Veob§, VIkKl=0, k<0 = Vi €§y, 1€ Z
ForV e Obg\, define

Vs =@PVIK, Ve =V/Voy,

k>s
and note that V<, € Ob ?9\55. Iff € Homg(V, W) and s € Z, there is a natural morphism
f<s
f§s € HOlTlgES (V<s, Way), v+ Vo = f(v) + We.

The assignment V — V., and f — f<, defines a full, exact, and essentially surjective functor : § — gss foreachs € Z,.
The following is immediate from Propositions 2.4 and 2.5.
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Lemma. For (A\,1) € Aands € Z, we have P(A,1)<s = 0ifs < r.Ifs > r, then P(, 1)< is the projective cover in § s of
V(A,r)and P(A, 1)[s] # 0ifay #0. O

29

We end this section with the following result, which shows that it is necessary to work in § rather than §.
Lemma. § has projective objects if and only ifa, = 0.

Proof. First suppose that a; = 0 and a = g is semisimple. Then § is a semisimple category and all Ext '-groups vanish. In
particular, every object in § is projective.

Suppose that a; 7% 0 and let P € ¢ be a non-zero projective object in . Since P is finite-dimensional, we may assume
without loss of generality that P is indecomposable and maps onto V (A, r) for some (A, r) € A.For any s € Z such that
P € G, we see from Lemma 2.8 that there exists a surjective map from P — P(A, ) <;. Suppose now that s is such that
P[s — 1] # 0 but P[s] = 0. Then we would have that P(A, r) <s[s] = 0, which contradicts Lemma 2.8. O

3. Truncated categories

In this section, we study certain Serre subcategories of g and prove that they are directed categories with finitely many
simple objects.

3.1

Given I C A, let ?9\[1“ ] be the full subcategory of gconsisting of all M such that
MeObg, [M:V(Ar]>0 = (Ar)erl.

The subcategories 4[1"] are defined in the obvious way. Observe that if (A,r) € I',then V(A, 1) € g[l“], and we have the
following trivial result.

Lemma. The isomorphism classes of simple objects of g[l" lareindexed by I'. O

3.2

ForV e ?,\ set
Vii={veVlrl:(r) er, ntv=0},
Vri=U@VE V=V /Var.

It is clear that V- and V! are Z-graded g-modules, and that they are finite-dimensional if I" is a finite set. If f €
Homg (V, W) then f(VF) - W,T, and hence the restriction fr of f to V- is an element of Homy(V;, Wr). Moreover, since
f(Var) C Wy r, we also have a natural induced map of g-modules fr: vl — W' Itis not true in general that V- and
v’ arein G[I"]. However, in the case when V- and W (resp. V! and W) are a-submodules, f- (resp. f7) is a morphism
ing[I].

The following is the first step in determining a sufficient condition for this to be true. Set

AWV)={(A, 1) e A:V,[r] # 0}.

Proposition. Suppose V € g and I' C A. If Vp is not an a-submodule of V, then there exist (v,s) € A(V) \ I' and
(A, 1) € I' N A(V) such that (v, s) covers (A, 1).

Proof. Since V is Z-graded and generated as a g-module by V,T, we may assume without loss of generality that there exists
ac€arandv € V,T N V[r]; witha.v € V forsome k € Z,,r € Z, A € P*. Let U be a g-module complement of V- in V.
Then, the projection of av onto U is non-zero and so there exists v € PT such that the composition of g-module maps,

a @V, r) >V U=>Ulr+kl] -V, r+k)

is non-zero. Call this nonzero composite map &. Now a;.V (X, 1) # 0, so one can show that no nonzero maximal vector
vy € V(A,1); (i.e., a weight vector killed by n™) is killed by all of a. Since a; ® Cvy, is a U(b*)-submodule of a; ® V (A, 1),
& (a ® Cvy) is a nonzero U(b™)-submodule of V (v, r+k). Since & (a; ® Cv;,) is finite-dimensional, it must contain a maximal
weight vector in V (v, r + k). In particular, v, € &(ax ® Cvy,) where Cv, = V(v,r + k),. Hence v, € ax.vy C V[r + k], so
v — A € wt (ax), and we conclude that (v, r 4+ k) covers (A, r). O
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3.3

A subset I' of A is said to be interval-closed if

A1 =<w,p=<Ws), (Anr,us)el = (v,pel.

Proposition. Suppose I' is a finite interval-closed subset of A. Let V € Ob §

(i) Assume that for any (A,r) € A(V) \ I there exists (u,s) € I" with (A, 1) < (u,s). Then V- € Ob ?9\[1"]. Furthermore, if
U is a submodule of V, then

Ur, (V/U)r € ObGII'], (V/U)r = Vy/Ur.

(ii) Assume that for any (A, 1) € A(V) \ I there exists (v, s) € I' with (i1, ) < (A, 7). Then VI € Ob §[1‘]. Furthermore, if
U is a submodule of V, then

u,wv/u" eobg[ry, vy =viut.
Proof. Suppose that V- is not an a-module. By Proposition 3.2 there exists (A, r) € A(V) N I" and (v,s) € A(V) \ I" such

that (A, r) < (v, s). By hypothesis we can choose (i, k) € I with (A, r) < (v, s) < (u, k) which contradicts the fact that I”
is interval-closed. Suppose now that we have a short exact sequence

0-U—->V->W-—=>0

of objects ong. Since A(V) = A(U) U A(W), it is clear that U and W both satisfy the hypothesis of (i) and, hence,
Ur,Wr € §[I'] and hence the inclusion of U in V induces a §[/"]-morphism Ur — Vp which is obviously injective
since U,JS C fo. Similarly W is a quotient of V- as objects of 4[I"] and the exactness follows by noting that V = Ur @ W
as g-modules.

The proof of part (ii) is similar and hence omitted. O

3.4

-~

We now construct projective objects and projective resolutions of simple objects in ¢[I"] when I is finite and interval-
closed.

Proposition. Suppose I' C A is finite and interval-closed with respect to <, and assume that (,, 1), (i, s) € I'.

(i) P(x, )T is the projective cover in G[I"] of V(A, ).
(ii) We have

[P(h, 1) 2 V()] = [P(h, 1) 1 V(u, $)] = dim Homgry (P(i, )", P(1, 1)").
(iii) Homg(P(x, 1), P(,5)) = Homg(ry (PO, 1), P(1, 5)T).
(iv) Forallj € Zy, Pi(i, s)T € §[I"]. The induced sequence
¥ r o4 rodr r o4
> P, ) = Pi(p, )" — P(u,5) —> V(i,s) — 0
is a finite projective resolution of V(u, s) € $[I"].
Proof. By Proposition 2.5(iii), we see that
W, k) > (A1), (v, k) e APR, )\ {(A, N}

By Proposition 3.3(ii) we see that P(A, r)" € ¢[I"] and maps onto V(A,r). Let K = P(A, ) a\r; thus, in 9? we have a short
exact sequence

0—>K—> P — PG, 1" —o0.
Applying Homg(—, V(, s)) yields the long exact sequence

-++ = Homg(K, V (1, 5)) — Exté(P(A, N, v, s) — 0.
If (u,s) € I', we have,

Homg(K, V(u,s)) = Homy(K[s], V(un)) =0,
and hence we have

Extjg(P(A, N, V(ur,s)) =0.
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In particular, this proves that
Ext g (P(L, 1), V (i, 5)) =0,

and hence P(A, )7 is a projective object of §[I"]. The proof that P(A, )" is the projective cover of V (A, r) is similar to the
proof given in Proposition 2.5.
For (ii), we again consider the short exact sequence

0—>K— P, r1r)—> PO, —o0.
Since ¥ (g) is a semisimple category, we have,

dim Homy(V (), P(A, r)[s]) = dim Homg(V (u), P(A, N7 [s]) + dim Homg(V (), K[s]).
By the definition of K, we have,

Homy(V(w), K[s]) =0, (u,s) €T,
and hence we get

(PG 1)t Vi, 9] = [P, D" V(9]

The second equality follows by imitating (in §[1"]) the proof of the first part of Proposition 2.5.
For (iii), choose a nonzero f € Homg(P(A, 1), P(i, s)). Then, f(1 ® V(A, 1)) & P(i, S)a\r, so fI" % 0. Thus, we have an
injective map

Homg(P(A, 1), P, s)) — Homgr(P(A, N, P(u, s)7).

Since both of these spaces have the same dimension (by part (ii) and Proposition 2.5(i)), the map is an isomorphism.

For (iv), first note that P;(A, r)"' € Ob g[I"] by Proposition 2.7(i) and Proposition 3.3(ii). Furthermore, a similar procedure
as in part (i) shows that P;(2, r)7" is projective in §[I"]. The fact that the resolution terminates after finitely many steps
follows from the fact that I" is finite, along with the fact that P;(A, r)[k] =0 forallk <r 4j. O

35

We recall the following definition from [7,15], where we define a length category in the sense of [9].
Definition. Suppose C is an abelian C-linear length category. We say that C is directed if:

(i) The simple objects in € are parametrized by a poset (I7, <) such that the set {£ € IT : £ < t}is finite forall T € IT.
(ii) For all simple objects S(¢), S(t) € G, Exté(S(E),S(r)) #0 = &<

In the case when (/7, <) is finite, a directed category is highest weight in the sense of [7].
We end this section by noting that we have established that for any subset I" of A, the category §[I"] is directed, and if
I is finite and interval-closed, then 4[I'] is a directed highest weight category.

4. Undeformed infinitesimal Hecke algebras

For the rest of the paper, we restrict our attention to the case when a, = O forallk > 1and a; = V, where V € % (g) is
such that wt (V) # {0}. In this case, the algebra a = g x V and we identify V with the abelian ideal 0 x V of a. In particular,
this means that U(a;) = Sym (V), and it is immediate that

Pi(x, 1) = U(g x V) Qui AV @ V(A,T)

is generated as an a-module by the component of degree r + j. This motivates our search for Koszulity in this picture.

4.1

We begin by computing extensions between the simple objects.
Proposition. Forallj € Z, and (i, 1), (v,s) € A,

j ~ | Homy(NV @ V() V(v), ifj=s—r;
Ext g(V(,u, n.V(v.s) = { 0, otherwise.
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Proof. Truncating the projective resolution from Proposition 2.7(ii) at
d di_
RN Pi_i(p, 1) = imd;_; — Oyields
Ext’é\(V(u, r,V(v,s)) = Ext f(imd;_y, V(v,5)).
Applying Homg(—, V (v, 5)) to the short exact sequence
0 — imd; — Pj_1(u, 1) — imdj_1 — 0
yields the exact sequence
0 — Homg(im di—1,V(v,s)) — Homg (Pi—1(1, 1), V(v,5)) =
Homg (im dj, V(v, 5)) — Ext}g(im di_1,V(v,s)) — 0.
The result follows if we prove that
Homg(imd;, V(v,s)) #0 = j=s—r.
Suppose f € Homg(imdj, V (v, 5)) is nonzero and choose v € im d;[s] with f (v) # 0.t is easily seen that we may write

v = Z(up ® Ndi(1® wp), u, € SymV, w, € NV ® V(u,r),
P

and hence we have

F@) =Y U, ® Df (1 ® wp)).
p

Since d;(1 ® wy) € imd;[j + r] for all p, we see that f(v) € V(v, s)[r +j] and hences = +j.
Ifj = s — r, then since A7V ® V (i, r) is concentrated in degree s — 1 and P;_1(i, 1) is the projective cover of
N7V ® V(u, 1), we have

Homg (Ps_—1(1,1), V(v,5)) =0,
and:
Ext;:r(vw, r,V(,s) = Ext;\(im ds_r_1,V(v,5))
= Homg(imds_,, V(v, s)) = Homy((imd;s_,)[s], V(v))
= Homy(A'V ® V(w), V(v)).

This completes the proof of the Proposition. O
4.2

If ' C Aisfinite and interval-closed, then we can make the following observation regarding Ext -groups in the truncated
subcategory 4[I"].

Proposition. Let I" be finite and interval-closed. For all (i, r), (v,s) € I', we have
EXth (Vs 1), V (0, 9) Z EXC(V (1, 1), V(0,9)) V) € 2y,

Proof. By Proposition 2.7 and Proposition 3.4, we have a projective resolution P, (i, s) of each simple object V (u, s) in §[I]

and 4. Then one shows as in [5, Proposition 3.3], that for all (A, r) € I,
Homg (P, (1, 5), V (A, 1)) — Homygr(Pe(,s)", V(. 1))

is an isomorphism. O

4.3

Define P(I') := @ P(A, 1), and set
(A,r)el’

B(I') :=EndgP(I), and B (I') := End g/ (P(I)").

Notice that B(I") is graded via

B(Nkl= @  Homg(P(h, 1), P(u, 1 — k).
(A1), (u,r—kyer

In particular, B(I")[0] = D, ;) End g(P(%, 1)).
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Proposition. If I' C A is finite and interval-closed, then the category G[I'] is equivalent to the category of right modules over
B(I).
Proof. By Proposition 3.4(iii), B(I") = B/ (I') if I' is finite and interval-closed; thus, it is standard ([ 1, Theorem I1.1.3]) that
Homg(r(P(IN)", =) : §[I'] - Mod — B(I")

is an equivalence of categories. O

5. Faces of polytopes and Koszul algebras

This section is devoted to proving the main theorem.

5.1

We begin with a key technical observation about the set of weights which lie on a face of the weight polytope of V.
Namely, we wish to consider the subsets ¥ C wt (V) that satisfy the following property:

If Zmaa = Z rgfB, formy,rg € Zy, (5.1)
131'4 Bewt (V)

then Zma < Zrﬂ, with equality if and only if 8 € ¥ wheneverrg > 0.
o [

The main result of [ 12] states that ¥ satisfies (5.1) if and only if the set ¥ lies on a proper face of the weight polytope of
V.

5.2

For our next result, recall dy and <y defined in Section 1.4.
Proposition. Suppose ¥ C wt (V) satisfies (5.1).
(i) <y is a partial order on b*. Moreover,

dy (n, 1) +dy (. v) =de(n,v) Y <y p <y veph"
(ii) ¥ induces a refinement <y of the partial order x on A = P™ x Z via: (u,1) <e (A,s) ifand only if w <y A and
dl[/(ﬂv )") =S—T Ifthe interval [(Us r)v (Mv s)]<|[/ iS nonemptyv then [(Vv T), (M? s)]#;p = [(Vv r)» (,LL, s)]#-
Proof. By definition, <y is reflexive and transitive. To see that <y is anti-symmetric, let
v—u:Zrﬁﬂ, M—V:Zmﬁﬂ, Tﬂ,m5€Z+V,3€lI/.
Bew Bew
Then,
0= (5 +mp)B,
Bew

which gives rg 4+ mg = 0 for all 8 € ¥ using condition (5.1). In particular, rg = 0 forall 8 € ¥, so i = v. This shows that
<y is a partial order on b*.
Suppose that £ <y v, and let

U_M=Zrﬂﬂ:2mﬂﬂ, rﬁ,mﬂeZ+VﬂelP.
Bew Bew
Applying condition (5.1) to each sum gives
IBUEDLEDIS
Bew Bew Bew

which shows that dy (i, v) is taken over a singleton set. This uniqueness and the fact that A — u = (A — v) + (v — ) show
thatdy (i, v) + dy (v, A) = dy (i, A).

The fact that <y is a partial order follows immediately from part (i).

Notice that

(1.1) < Os) & A—p= > my, m, €Z¥vewt(V), > omy=s—r.

vewt (V) vewt (V)
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It follows immediately that <y is a refinement of < and that the interval [(v, 1), (i, s)],, is a subset of [(v, 1), (1, 5)]< for
all (v, 1) s (1, 9).
Now, suppose that

w,N=<xm < W,s), W< ps)erl
Then, we can write

S—r

t—s
w=—n=> B n-v=Y ¥ By ewt(V)Vij.
i=1

j=1
Since
p—v=@E-n+Mm-v), and (—t)+({—r)=s—r=dy(u, 1),
it follows that g;, y; € ¥ for all i, j by condition (5.1). This gives
W, ) <e (1,0 <w (1, 9),
which proves (ii). O

Remark. In [5], the authors work with V. = g,q and ¥ C R'. However, they use the partial order <, on A given by
(A, 1) <y (u,s)ifand only if © <y A and dy (1, 1) = s — r. We use <y instead, because <y, is not a refinement of the
standard partial order < on A.

5.3

We need the following well-known result.
Lemma. Suppose g is a complex semisimple Lie algebra, V € F (g), and A, x € P*. DefineV*' :={v € V : ntv = 0}.

(i) dimHom,(V (), V) = dim(Vt NV,).
(ii) As vector spaces,

Hom,(V® V(un), V(X)) E{v e Vi, : (X;'i)ll(hi)‘Flv - (X;)A(hi)‘i']v =0}. O

5.4

We now discuss some results on specific sets of g-module homomorphisms which will be useful later. Recall that A € P+
is said to be regular if A(h;) > Oforalli € I.

Lemma. Suppose ¥ C wt (V) satisfies condition (5.1). Define Ay := Zuew (dimV,)u € Pand Ny := Z#Ew(dim V).

(i) Ifv, v + Ay € P, then dim Homy (AN V @ V(v), V(v + Ay)) < 1.
(ii) Given n € P, there exists v € P such that v, v + ALy € PT are both regular, n < v, and

dim Homy (A™'V @ V(), V(v + 4y)) = 1.

Proof. Suppose v, A--- Avyy, € (AMV);,,, where each vy, € V,,. Then
ity = e =) (dimVop, Ny =) dimV,,
HEW HEY

so u; € ¥ Viby condition (5.1). In particular, dim(AN? V), = 1. Hence (i) follows by Lemma 5.3.
Now suppose that (AN V);,, = Cv. Let

by = Zdiwia n= Zciwi~
iel iel
Let2p =), g+ @ =2, wi. Choose k € Z sufficiently large such that
Ci+2k,C,'+d,'+2k€N
and
(X+)Ci+2k+1v — (X7 )Ci+di+2k+]v =0 Vl c I
o o °
Let v = n + 2kp. Then, n < v, and it follows from Lemma 5.3 that
Hom, (AN V @ V(v), V(v + Ay)) = Cv,

which proves (ii). O
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55

Lemma. Fix (u,r) € A. Suppose I' C A is finite and interval-closed with respect to <y. Also, assume that (u,r) =<y
w,s)Y(v,s)er.

(i) If Homg(ry(P(v, )", P(V', ")) # O, then (v',8) <w (v, ).
(if) IfExtyy (V(V',8), V(v,5)) # 0, then (v, 5') <y (v,5), j =dy(V, ).
(iii) gldim [I"] < Ny, and equality holds for some (i, r) € A and some I".

Proof. (i) Suppose that Homgr(P(v,s)", P(v',s))"") # 0. Then, by Propositions 3.4 and 2.5,
Homgy(V(v), Sym* 'V @ V(1')) # 0.
Using Lemma 5.3 and Steinberg’s formula [10, Section 24],

s—s'

v—' =) & &ewt(V).
i=1

On the other hand, since (u, ) <¢ (v,s), (V',s) € I,

s'—r

s—r
vep=ym V==Y 0. mm €W Vik
j=1 k=1
Combining these gives
s—r s—s' s'—r
vep=Y =Y &+ Y T
j=1 i=1 k=1

Finally, since ¥ satisfies (5.1)ands —r = (s — s') + (s' — ), we get § € ¥ Vi, whence (V', s') <¢ (v, 5).
Suppose EXt;[”(V(V’, s'), V(v, s)) # 0. By Propositions 4.1 and 4.2,j = s — s’ and

—~
—
=

=

Hom,(A'V @ V(v), V(v)) # 0.

Using Lemma 5.3,V — v = & + - -- 4 & for some & € wt (V). Since ¥ satisfies (5.1), an argument similar to part (i)
shows that & € ¥ Viand v <y v'. Finally, by Proposition 5.2, j = dy (v, v’) and, therefore, (v, s) <¢ (V/, 5).

Since ¢[I"] is a length category, it suffices to work with extensions between simple objects. By Propositions 4.1 and 4.2
again, we have

Extly - (V(v,5), V(1. §)) # 0 = Homy(A'V @ V(v), V(1)) # 0,

sogldim ¢[I"'] < Ny.
Using Lemma 5.4,

Homgr(AMV @ V(i) V(1 + hy)) # 0
for some u, u + Ay € PT.Letr € Z and define

=, 1), (W +2re, 1+ Ne)lg,
Then, gldim 4[I"] = Ny. O

(iii

=

5.6

Theorem. Assume that I’ C A is finite and interval-closed under <. Then, the algebra B(I")°P is Koszul.

Proof. We use the numerical condition from [2, Theorem 2.11.1] to show Koszulity. Let B = 98(/")°". We note that the
|I"| x |I"|-Hilbert matrices H(B, t) of Band H(E(B), t) of its Yoneda algebra E (B) are lower triangular in this case.

Note from the definition of the grading that B[0] is semisimple, commutative, and spanned by pairwise orthogonal
idempotents {1(,5) : (v,s) € I'}. For each (', ') <y (v, s) € I', we compute:

(H(E(B), —t)H(B, t))(v.5),".5")
= Z H(E(B), —t)(,s5),&,nH(B, t)(e.1), (v .5

(&,her
= Y COME dmE T WV, D, Vv, ) - O [PO, ) VE, D]
V<yE<yv

=Y > (VIR HT L VE DI dImEXEy L (VE D, V(0. 9)),

JZ0 V<yé<yv
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where the first equality is by definition, the second uses the definitions of the Hilbert matrices, and the third uses
Proposition 5.2 and Lemma 5.5. Now use the long exact sequence of Ext groups and a Jordan-Holder series for P(v’, '),
along with the fact that all (', s')!" are projective, to obtain:
’ P ;
= (20N (1) dim Ext) - (PO, )", V(0. 5))
j=0
= t% ") dim Homg (P(V', )7, V(v, 5))
= WIS 0y w9 = 805)..9)-

Thus, H(E(B), —t)H(B, t) is the identity matrix, so B = B(1")°? is Koszul by [2, Theorem 2.11.1]. O
5.7

We are now ready to approach the proof of Theorem 1.6. The following Lemma will provide a major component of the
proof. Let r; : A — P be the projection map onto the first coordinate. Recall that A = Sym V.

Lemma. Fix (u,r) € A.Let I’ C A be finite and interval-closed with (i, 1) <y (v,s)V (v,s) € I". Then, B(I")°? has global
dimension at most Ny, and
B(I)™ = Ay (m(IN))°
as 7. -graded algebras.
Proof. By definition,

1,AY [dy (u, V)11, = (V(v)* ® Sym @IV ® V(w))®.

For any finite-dimensional g-modules, V, W, the map
D E@w) = (v Y fitwyw)
i i

gives an isomorphism (V* ® W)¢ = Homy(V, W). In particular,

(V()* @ Sym ™V @ V(1))® = Homy(V (v), Sym ™ “VV @ V().
Finally,

P(pt, DIr +dy (1, V)] = (U(a) ®ugg) V (i, M) + dy (1, v)] = Sym @IV @ V (4, 1)
by Proposition 2.4, and

Homgy(V (v), Sym ™ ¥VV ® V(1)) = Homg (P(v, T + dy (1, 1)), P(i, 7))

by Proposition 2.5.
Notice that the product of the terms 1,Ay, [dy (i, v)]1, is from left to right, whereas the composition of the Hom-spaces
is from right to left. The bound on global dimensions follows from Lemma 5.5. O

5.8

We are now able to prove our main result:

Proof of Theorem 1.6. Notice first that <, v and [u, v]y are finite and interval-closed, so Ay (<y v)?® and Ay ([, V]y)?
are Koszul and have finite global dimension by Lemma 5.7 and Theorem 5.6.

It remains to show the results for Ay (v <y)® and A},. We begin by showing that the algebras in question have finite
global dimension. We only show the proof for A, ; the proof is similar for Ay (1 <y)®.

Suppose i € PT, and let S,, be the simple left Aj,-module corresponding to the idempotent 1,,. Recall that 1,A, 1, # 0
only if 4 <y v by Lemma 5.7. Thus, the projective cover of S, in the category of finite-dimensional left A}, -modules is

Py =AY 1, = @ 1AL, = Av (i <u)1,.
H=wVv
As in Proposition 2.5, this yields that
[PV:S/L]>0:>MSW v,
so we obtain a projective resolution of S, in the category of finite-dimensional left Ay (© <y )?-modules. Applying
HomA& (—, S,) to this projective resolution and using Lemma 5.7 and Lemma 5.4, the statements on the global dimension

follow from the result for Ay (<y v)? and Ay ([, v]y)®.

It remains to show that A}, and Ay (1 <y )¢ are Koszul. The proof is finished by adapting the proof of the analogous
theorem in [5] while keeping in mind that we use a different definition for <y and the reverse ordering on the summands
of A. A brief summary of the proof for A}, is provided for the reader (see [16] for more details):
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Let TV = V® ® T(V) ® V. Use the kernel of the canonical projection 7 : TV — A to show that A}, is quadratic. Finally,
show that the Koszul resolution of A}, is exact, which shows that A}, is Koszul by [2, Theorem 2.6.1]. O

We conclude by remarking that it is possible to construct a linear graded resolution for the algebras addressed in
Theorem 1.6. More generally, such a resolution has been constructed for every Koszul algebra in [2, Theorem 2.6.1].
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