-

View metadata, citation and similar papers at core.ac.uk brought to you by .{ CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com

Topology
SCIENCE DIRECT®

o @ and its
Eimil Applications
LSEVIER Topology and its Applications 153 (2006) 1434—1450 e —

www.elsevier.com/locate/topol

Finite graphs have unique symmetric products

Enrique Castafieda, Alejandro Illanes *

Instituto de Matemdticas, UNAM, Circuito Exterior, Ciudad Universitaria, 04510 México DF, Mexico
Received 17 March 2003; received in revised form 25 April 2005; accepted 25 April 2005

Abstract

Let X be a metric continuum and let F;, (X) be the nth symmetric product of X (F, (X) is the hyper-
space of nonempty subsets of X with at most n points). In this paper we prove that if F;,(X) is home-
omorphic to F;(Y), where X is a finite graph and Y is a continuum, then X is homeomorphic to Y.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

A continuum is a nondegenerate, compact, connected metric space. We consider the
following hyperspaces of a continuum X:

2X —{A C X: Ais closed and nonempty},

C(X)={A€2%: Aisconnected}, andifn is a positive integer,
Cn(X) ={A €2%: Ahas at most n components},

F,(X)= {A €2%: A has at most n points}.

All the hyperspaces are endowed with the Hausdorff metric H. The hyperspace F, (X) is
also known as the nth symmetric product of X.
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It is easy to show that if two continua X and Y are homeomorphic, then each one of
the hyperspaces of X is homeomorphic to the respective hyperspace of Y. A very natural
problem in this area is to determine when this implication can be reversed. This problem
can be rephrased in the following way.

Problem 1.1. Suppose that 3{(Z) represents one of the hyperspaces 24, C(Z), C,,(Z) or
F,(Z). Then, under what conditions we can assert that the following implication holds:
“H(X) and J((Y') are homeomorphic implies that X and Y are homeomorphic”.

The implication contained in the above paragraph is not always true. For example, if
S represents a simple closed curve, then C ([0, 1]) and C(S) are 2-cells (see [19, Exam-
ple 5.1]), and 200.11 and 25 are homeomorphic to the Hilbert cube (see [19, Theorem 11.3]).
However, F>([0, 1]) is a 2-cell and F>(S) is homeomorphic to the Mdbius strip (see [6,
Theorem 6 and pp. 876-875]). It is also known that F3([0, 1]) is a 3-cell [6, Theorem 6]
while F3(S) is homeomorphic to the 3-sphere [7]. So it is natural to ask if, for each positive
integer n, F; ([0, 1]) is not homeomorphic to F;,(S). The main result of this paper implies
that if X and Y are non-homeomorphic finite graphs, then for each positive integer n,
F,(X) and F,,(Y) are not homeomorphic.

Next we give some definitions and a brief description of what has been done on Prob-
lem 1.1.

The continuum X is said to have unique hyperspace C(X) (respectively, 2X, C,(X) and
F, (X)) provided that if Y is a continuum and C(X) (respectively, 2%, C,(X) and F,,(X))
is homeomorphic to C(Y) (respectively, 2Y C,(Y) and F,(Y)), then X is homeomorphic
to Y. A class € of continua is known to be C-determined provided that if X,Y € C and
C(X) is homeomorphic to C(Y), then X is homeomorphic to Y.

The continua belonging to one of the following classes are known to have unique hy-
perspace C(X):

(a) Finite graphs different from an arc or a simple closed curve (Duda [9, 9.1], see [1,
Theorem 3.3]);

(b) Hereditarily indecomposable continua (Nadler [23, 0.60], see [1, Theorem 3.4]);

(c) Indecomposable continua such that all their proper nondegenerate subcontinua are arcs
(Macias [20]);

(d) Metric compactifications of the ray [0, co) with nondegenerate remainder (Acosta [1,
Theorem 5.3]).

It is known (see [10, Corollary 3.3(c)]) that the class of smooth fans is C-determined.
Hereditarily indecomposable continua have unique hyperspace 2% (Macfas [21]).
Finite graphs have unique hyperspace C,(X), for each n > 1 (Illanes [16,17]).

A. Illanes has shown that the classes of chainable continua and fans are not C-determined
[14,15]. In [18] some results about uniqueness of the hyperspace F>(X) when X is a
dendrite are presented. In [12] Herrera, proved that if a dendrite X has a closed set of
end-points, then X has unique hyperspace C(X).

Some other results related to unique hyperspaces can be found in [1-5].
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The following questions remain open.
Question ([23, Question 0.62]). Is the class of circle-like continua C-determined?

Question ([18]). Do hereditarily indecomposable continua have unique hyperspace
F(X)?

In this paper we prove that finite graphs have unique hyperspace F,, (X).

Next, we describe the general strategy followed in the proof of our main result. We start
with a positive integer n > 2, a finite graph X and a continuum Y such that F,(X) and
F,(Y) are homeomorphic, with a homeomorphism /, we need to show that X and Y are
homeomorphic.

(a) It is know that a continuum Z is locally connected if and only if F,(Z) is locally
connected (see [6, p. 877]). Thus we conclude that Y is locally connected.

(b) Now, for a locally connected continuum Z, we need to describe a topological property
P defined on F},(Z) such that Z is a finite graph if and only if F},(Z) has the property P.
This property P is given by Theorem 3.4. This property P is described in terms of the
set of elements in F},(Z) having a neighborhood in F,,(Z) which is an n-cell. Since X
is a finite graph, F,,(X) has the property P. Thus F,(Y) has also property P and Y is
a finite graph.

(c) Now, for a finite graph Z, we need to describe a topological property Q defined for the
elements of F;,(Z) which is satisfied exactly by the singletons. That is, if A € F,,(Z),
then F,(Z) has property Q at A if and only if A = {z} for some z € Z. Once we get
the property Q, we can say that A(F(X)) = F1(Y). Thus Fi(X) is homeomorphic
to F1(Y). Since X is homeomorphic to F1(X) and Y is homeomorphic to F;(Y), we
conclude that X is homeomorphic to Y and we are done. So if it is possible to describe
such a property Q, then we have finished. We were able to find an appropriate property
Q only for the case n > 4 (Lemma 4.5).

(d) For the cases n =2 and n = 3, we used another approach. For these cases we were
able to find a topological property R, defined for elements of F,(Z) (where Z is a
finite graph) such that F,,(Z) has property R at an element A € F, (Z) if and only if
A = {v} for some ramification point v of Z (Lemma 5.5). In this way, we can give
a bijection between the ramification points of X and the ramification points of Y.
After that, counting the arcwise components of small neighborhoods of the element
{v} in F,(X), where v is a ramification point of X, we are able to show an appropriate
bijection between the edges of X and the edges of Y to conclude that X and Y are
homeomorphic finite graphs.

Next, we use an example to illustrate why the topological structure of F, (X) forn > 4
is different from that of F, (X) for n € {2, 3}. It is the same type of behavior that was used
to show that F3([0, 1]) is a 3-cell and F4([0, 1]) cannot be embedded in the Euclidean
space R* [6, Theorem 7]. This difference is used in the proof of the main result of this
paper (see Lemma 4.3).
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In the unit interval [0, 1], consider three pairwise disjoint subarcs Ji, Jo» and J3 of
[0, 1]. Consider the set 8§ = {B € F4([0,1]): B C J; U J, U J3 and B N J; # @ for each
ie{l,2,3}}). Let 81 = {B € F4([0,1]): BC J1 U Jp U J3 and, BN J, and B N J3 are
one-point sets}. In a similar way define 8, and 83. A typical element of 81 contains one
point in J>, one point in J3 and one or two points in Ji, so it is easy to check that each §;
is homeomorphic to F>([0, 1]) x [0, 1] x [0, 1]. Since F>([0, 1]) is a 2-cell, each §; is a
4-cell. Let T = {B € F4([0, 1]): BN Jy, BN J> and B N J3 are one-point sets}. Notice that
T=8 N8 =8 N83 =81 N8z whichis a 3-cell. Since § = §; U §, U 83. We have that S
is the union of three 4-cells such that each two of them meet at the 3-cell 7. Thus S cannot
be embedded in R* (the formal proof of this fact is contained in Lemma 4.3). Therefore,
F4([0, 1]) cannot be embedded in R*. However, if we consider the respective situation in
F3([0, 1]), we obtain two 3-cells that meet at one 2-cell and such a situation is permissible
in R3.

2. Conventions

A finite (connected) graph is a continuum which is a finite union of arcs such that every
two of them meet at a subset of their end points. If X is a finite graph, in X are defined
edges and vertices. The vertices of X are the end points of the edges of X. A finite graph
which is different from a simple closed curve is called an acircular graph. We are interested
in distinguishing the ramification points of the graph X from the rest of the points, so we
assume that each vertex of an acircular graph X is either an end point of X or a ramification
point of X. With this restriction the two end points of an edge of X may coincide and such
an edge is a simple closed curve. This kind of edges will be called loops. Thus the edges
of X are arcs or simple closed curves and in X there are only three kind of edges, namely:
loops, edges that contain some end point and edges joining ramification points. We assume
that the metric d in X is the metric of arc length and each edge of X has length equal to
one. The set of ramification points of X is denoted by R(X). Two different vertices p and g
of X are said to be adjacent provided that there is an edge J of X such that p and g are the
end points of J. A simple n-od Y is a finite graph which is the union of n arcs Ji, ..., J,
such that there exists a point p € Y with the property J; N J; = {p},if i # j, and p is an
end point of each one of the arcs J;. The point p is called the core of Y. A simple 3-od is
called a simple triod.

If A is a set, |A| denotes the cardinality of A. A Peano continuum is a locally connected
continuum. The set of positive integers is denoted by N.

Given a continuum Z and a subset A of Z, bdz(A), clz(A) and intz(A) denote the
respective boundary, closure and interior of A in Z. Let Z be a continuum and p € Z. Let
B be a cardinal number. We say that p is of order less than or equal to  in Z, written
ord(p, Z) < B provided that for each open subset U of Z such that p € U, there exists an
open subset V of Z such that p € V C U and |bdz(V)| < B. We say the p is of order B,
written ord(p, Z) = B, provided that ord(p, Z) < B and ord(p, Z) £ « for any cardinal
number o < 8. A point p € Z is called an end point of Z provided that ord(p, Z) = 1.
A point p € Z is called a ramification point of Z provided that ord(p, Z) > 3. If Ais a
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subsetof Z, pe Zande > 0,let Bz(¢,p)={qe Z: dz(p,q) <e}and Nz(e, A) ={q €
Z: there exists p € A such thatdz(p, q) < €}.

Given a continuum Z, let £,(Z) = {A € F,(Z): A has a neighborhood in F,(Z) which
is an n-cell}. If C is a subset of Z, let F,,(C) = {A € F,(Z): A C C}. Given subsets
U,...,Uy,in Z,let (Uy,...,Up)n={Ac Fy(Z): ACU1U---UUp and ANU; 0
for each i € {1,...,m}}. It is known (see [23, Theorem 0.13]) that the sets of the form
(U, ..., Un)n, where the sets Uy, .. ., Uy, are open, form a basis of the topology of F,,(Z).

3. Results on Peano continua

Lemma 3.1. If Z is a Peano continuum and A € &€,/ (Z), then no point of A is the core of a
simple triod of Z.

Proof. Suppose, to the contrary, that A € £,(Z) and A contains a point p such that p is
the core of a simple triod Ty of Z. We will show that each neighborhood U of A in F,(Z)
contains a topological copy of the product 7' x [0, 1]"~!, where T is a simple triod. It
is easy to show that the Theorem on the Invariance of Domain [13, Theorem VI 9, §6,
Chapter 6, p. 95] imply that the space 7' x [0, 1]*~! is not embeddable in R”, thus we will
have a contradiction.

Let ¢ > 0 be such that B, (x)(s, A) C U.

Suppose that A = {p, x2,...,x,}, where m < n and p,x», ..., x;,, are all different.
Choosing appropriate points close to x,,, there exists B € Bf,(z)(e, A) such that B =
{p,x2,...,x,}, and the points p, x3, ..., x, are all different.

Choose § > 0 such that the sets Bz (8, p), Bz(8, x2), ..., Bz(8, x,,) are pairwise disjoint
and Bf, (z)(8, B) C U. Choose arcs I, ..., I, of Z such that x; € I; and diameter(/;) < 4,
for each i € {2,...,n}. Finally, choose a simple subtriod T of Ty such that p is
the core of T and diameter(T) < 8. Then (T, I», ..., I;), C BFr,(z)(8, B) C U. Notice
that T, I», ..., I, are pairwise disjoint. Thus 7 x I, x --- x I, is homeomorphic to
(T, I, ..., I,), (using the homeomorphism that sends (1, f2, ..., t;) into {t1, 12, ..., t}).
Therefore, the space T x I X - - - X I,, can be embedded in U. Hence U cannot be embedded
in R”. This contradiction completes the proof of the lemma. O

Lemma 3.2. If Z is a Peano continuum which is not a finite graph, then for each k € N,
Z contains a finite graph with at least k edges.

Proof. In the case that there exist arcs & and g8 in Z such that « N B has infinitely many
components, we have that @ — (o N B) has infinitely many components. If we choose k
components Ji, ..., Jr of @ — (@ N B), then U (J; U---U Ji) is a finite graph with at
least k edges. So, in this case, we are done. Hence, we are going to assume that o« N B has
finitely many components for all arcs « and 8 in Z. Under this assumption, if o and g are
arcs in Z and o N B # @, we have that « U 8 is a finite graph.

By [22, Theorem 9.10], Z has one of the following two properties:

(a) there exist infinitely many points p € Z such that ord(p, Z) > 2,
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(b) there exists a point g € Z such that ord(q, Z) > Ry.

We first assume that (a) holds.

In this case there exists a sequence of points {p;, }fn":l such that ord(p,,, Z) > 2 for
each m € N and the points p,, are all different. By [11, Example 8 of §51 p. 277], for each
m € N, there exists a simple triod 7, such that p,, is the core of Tj,,.

Fix apoint p € Z. Foreachi € {1, ...,k 4 1}, let ; be an arc joining p and p;. By the
assumption in the first paragraph of this proof, the continuum ¥ =ao; U--- Uy UT U
-+-U T4 is a finite graph. Since each one of the points p; is a ramification point of Y,
then Y contains at least k + 1 ramification points. Thus, Y contains at least k edges.

Now, suppose that (b) holds.

Then there exists a point g € Z such that ord(g, Z) > Rg. From [11, Example 8 of §51
p. 277], q is the vertex of a simple k-od Y. Therefore, Y contains k edges. This finishes the
proof of the lemma. O

The next result easily follows from [8, Lemma 2.2].

Lemma 3.3. If « is an arc in Fy(Z) and o joins the elements A and B, then | Jo has a
finite number of components, each one of them is locally connected and intersects both sets
A and B.

Theorem 3.4. A Peano continuum Z is a finite graph if and only if, for some (each) n € N,
&, (Z) is an open dense subset of F,(Z) with a finite number of components.

Proof. First suppose that there exists n € N such that £, (Z) is an open dense subset of
F,(Z), with r components (r € N) and Z is not a finite graph. Since F,(Z) is a Peano
continuum, the components of &, (Z) are arcwise connected. By Lemma 3.2 there exists a
finite graph Y C Z such that Y contains at least k = 2r + 1 edges. Choose different edges
J1,..., Jr of Y and points p; € inty (J;), for each i € {1, ..., k}. Choose open connected
and pairwise disjoint subsets Vi, ..., Vi of Z such that p; € V; and V; NY C inty (J;) for
eachi e {l,...,k}. Giveni € {1,...,k}, since {p;} € (V;), and &€,(Z) is dense, we can
choose an element A; € (V;), N E,(Z).

Since €,(Z) has r components and we have 2r 4+ 1 sets Aj,..., A24+1, by the box
principle, there exists a component C of £, (Z) having three of the sets A;. We may assume
that Ay, A> and A3 belong to C. Since C is arcwise connected, there exist arcs «; and ap
in € such that o joins A3 and Aj, and «; joins A3 and A,. Choose a point x € A3. Let
C; and C, be the components of | Ja; and | az, respectively, such that x € C; N Cy. By
Lemma 3.3, the set C = C; U C; is a locally connected subcontinuum of (| o) U (| a2)
that intersects A1, A> and As.

Each point p € C belongs to an element of &,(Z). By Lemma 3.1, p is not the core
of any simple triod of Z. In particular, C is a Peano continuum without simple triods,
therefore C is an arc or a simple closed curve. In any case, we conclude that there exists
an arc in Z which intersects the three sets A1, A> and A3. For the rest of the proof, we
may assume, without loss of generality that there exist an arc § C C and points a1 € Ay,
apy € Ay and az € A3 N B — {ajy, a>} such that B joins a; and a;. Since a3 € V3 and V3 is
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arcwise connected, there exists an arc « in V3 that joins a3 and p3. Since the end points
of B are not in V3, the end points of 8 are not in «. Since the points of 8 are not cores
of simple triods of Z, we have that « C 8. Thus, 8 intersects the edge J3 which is an arc
or a simple closed curve. Notice that J3 contains a vertex v of ¥ which is the core of a
simple triod in Z, thus v ¢ B. Thus J3 is not contained in 8. Since S does not contain
the core of a simple triod, one of the end points of 8 belongs to J3. We may assume that
aj € Jz. Then a; € V1 N J3. But V| was chosen in such a way that Vi NY C inty (J1). Thus
aj € J3Ninty (J7). This is impossible since J; and J3 are edges of the finite graph Y. This
contradiction proves that Z is a finite graph.

Now suppose that Z is a finite graph and let n be an arbitrary positive integer. We
are going to prove that £,(Z) is an open dense subset of F,(Z) with a finite number
of components. Let § = {A € F,(Z): A does not contain ramification points of X and
|A| =n}. Given A ={py,...,pn} € G, let Jy, ..., J, be pairwise disjoint arcs of Z such
that J; U --- U J, does not contain ramification points of Z and p; € intz(J;) for each
i €{l,...,n}.Itis easy to show the map from J; x --- x Jy, to (Jq, ..., J,), which sends
(X1, ..., xp) to {x1, ..., x,} is a homeomorphism. Thus (Jy, ..., J,), is an n-cell which is
a neighborhood of A is F,,(Z). Thus A € £,(Z). We have shown that § C &, (Z). Clearly,
Gis dense in F,,(Z). Therefore £, (Z) is an open dense subset of F,,(Z).

Let Ey, ..., E,, be all different edges of Z, and K(iy, ..., i,) be the subset of F,(Z)
such that each member of X(i1, ..., i) has exactly i; elements in the interior of edge E
for each j € {1, ..., m}. It is obvious that each X(iy, ..., i) is connected. In the case that
i1+ +inp=n,K(3,...,im) CS C &,(Z), and the union of all sets K(iy, ..., i), with
i1+ -+in =n,isdensein £,(Z). Since £,(Z) is an open subset of the Peano continuum
F.(Z), £,(Z) is locally arcwise connected. Thus each component of £, (Z) intersects one
set of the form K(iy, ..., i,). Since there is only finitely many sets K(iy, ..., i), €,(Z)
has only finitely many components. The proof of the theorem is complete. 0O

Corollary 3.5. If continua X and Y have homeomorphic symmetric products F,(X) and
F,(Y) for some n € N, then X is a finite graph if and only if Y is.

4. The case n > 4

If S is a simple closed curve, let R(S) = . Given a finite graph X and n € N, let
R,(X)={A € F,(X): AN R(X) # @}. Notice that R|(X) = F{(R(X)).

Lemma 4.1. Let X be a finite graph and n € N, then the components of F,(X) — R, (X)
are exactly the sets of the form (intx(Iy),...,intx(I,)),, where I1,..., I, are pairwise
different edges of X andr € {1, ...,n}.

Proof. Take pairwise different edges I, ..., I,. Then intx (Iy), ..., inty (/,) are open con-
nected and pairwise disjoint. In order to see that (intx([y), ..., intx(I,)), is connected,
consider the map f:X" — F,(X) given by f(x1,...,x,) = {x1,...,x,}. It is easy to
show that, if (inty(l1),...,intx(l,)), # @, then r < n and (intx([y),...,intx (1)), =
U{f(ntx (;)) x - xintx (;)): {I1,.... .} ={L;, ..., I;,}}. Fix elements p; € intx(I}),
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.., pp €intx(I;). Then {py, ..., p,} is in the image of each set of the form f(inty (/;,) x
-+ xintyx(l;,)), where {I1, ..., I} ={I;, ..., I;,}. Since f(intx(l;;) x --- xintx(l;,)) is
connected, we conclude that (intx (/y), ..., intx ([,)), is connected. Therefore, each set of
the form (intx (/1), ..., intx (1)), is connected (and open).

It is easy to see that if {I1,..., I} # {J1,..., Js}, then (intx(ly),...,intx (1)), N
(intx (J1), ..., intx (J5)), = @. Finally, since X — R(X) = [{intx(J): J is an edge X},
it follows that the union of all sets of the form (intx([l;),...,intx(I;)), is equal to
F,(X) — R, (X). This completes the proof of the lemma. O

Proceeding as in the proof that § C €,,(X) in Theorem 3.4, the following lemma can be
proved.

Lemma 4.2. Let X be a finite graph and A € F,,(X) — (F;—1(X) U R, (X)). Then A has
a neighborhood in F, (X) which is an n-cell (i.e. A € £,(X)).

Lemma 4.3. Let X be a finite graph, A € F,_1(X) and n > 4. Then no neighborhood of A
in F,(X) can be embedded in R".

Proof. Let U be a neighborhood of A in F,(X). Since A € F,,_(X), it is possible to find

different points pq, ..., p,—1 of X and pairwise disjoint subarcs 11, ..., I,,_1 of X such that
pi € I;, p; isnot an end point of I;, foreachi € {1,...,n—1}and ({1, I, ..., I[,—1), C U.
Giveni € {l1,...,n — 1}, there exists a homeomorphism f; : [0, 112 = F»(1;) such that

£i(10, 1] x {0}) = Fi(I;) and f;(},0) = {p;}. Let o; : [0, 1] > Fy(I;) be given by a; (1) =
fi(,0).
Let ¢:[0,11""! x [—1, 1] — U be given by

Sit, ) Uaa() U -~ Uay_1(th—1), if1, 20,

Hotyy oo ly) = :
vt n) {al(tl)Ufz(lz,—ln)UOt3(t3)U~-~Uan—1(tn—1), if 1, <O0.

Clearly, ¢ is a well defined map and, for each z € [0, 1]”_l x [—1, 1], ¢(z) € ({1, I, ..
In—l>n cu.

Now, we see that ¢ is one-to-one. Suppose that ¢(t1,...,t,) = @(s1, ..., Sy)-

In the case that #,,, s, > 0, we have f1(t1, 1) Uaa(t2) U --- Uay—1(th—1) = f1(51, Sp) U
ar(s2) U---Uoay_1(sp—1). Since Iy, ..., I,_ are pairwise disjoint, f1(t1, ;) = f1(s1, Sx),
fo(t2,0) = f2(52,0), ..., fu—1(tn=1,0) = fu_1(sn—1,0). Since each one of the maps
f1s f2. ..., fn—1 1S One-to-one, (¢1,...,4;) =(51,...,Sn)-

The case t,,, s, < 0 is similar.

Finally, suppose that s, < 0 < t,. Then fi(t1,%,) U aa(t2) U -+ U ap—1(ty—1) =
ai(s1) U fals2, —sp) Uas(s3) U---Uay—1(sp,—1). Thus f1(t1, 1) = f1(51,0), f2(2,0) =
f2(s2, =sn), f3(13,0) = f3(s3,0), ..., fu—1(tn-1,0) = fu_1(sn—1,0). Hence (11,...,
ti-1)=(s1,...,8,—1) and t, =0 =s,.

Therefore, ¢ is one-to-one.

Let C =Img, so C is an n-cell in U. Consider the arc A = {p1, p2, p4,..., pr—1} U
f3({%} x [0, 1]). Clearly, A C U. Notice that the element go(%,..., %,0) = f](%,O) U
fz(%,()) U.---u fn,l(%,O) ={pi1,..., pn—1} belongs to A. On the other hand, if > 0,
the set {p1, p2, p4, ..., pn—1} U f3(%, t) has two different points in the arc I3 and, for each

.
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z=(t1,...,1t;) €0, 11" x =1, 1], ©(2) N I3 = a3(t3) is a one-point set. We have shown
that ANC = {go(%, e, %, 0)}. Therefore, € U A is the union of the n-cell € and the arc A
which intersects € only in one point which is an end point of A and it is in the manifold
interior of € (such spaces are called n-dimensional umbrellas). Theorem of the Invariance
of Domain imply that the space CU A is not embeddable in R". We conclude that U cannot
be embeddable in R”. O

Corollary 4.4. Let X be a finite graph and n > 4. Then £,(X) = F,(X) — (R,(X) U
Fr—1(X))}.

The next lemma uses the fact that for every nondegenerate continuum X the hyperspace
F,(X) is locally separated by F,,_1(X). Indeed, for example if A = {p, g} with n > 2 and
P # ¢, then A has in its small neighborhoods both sets B € F;,(X) — F;,—1(X) having the
point p and the rest near g, and sets C € F,(X) — F,_1(X) having the point g and the
rest near p. However, there is no connected collection of sets in F;,(X) — F,—1(X), each
near A, that contains B and C.

Lemma 4.5. Let X be a finite graph and n > 4. For every A € F,,(X) the following condi-
tions are equivalent:

(@) Ae Fi(X)— Ruy(X);
(b) A ¢ E,(X) and A has a basis B of neighborhoods in F,(X) such that UN &,(X) is
arcwise connected for each U € B.

Proof. ((b) = (a)) Suppose that A has a basis of neighborhoods B in F,(X) such that, for
each U € B, UN &,(X) is arcwise connected and A ¢ &, (X). Since A ¢ £,(X), then
AeR,(X)UF,_1(X). Let A={py1, p2,..., pr}, where 1 < r < n and all the points
pP1, P2, - .., pr are different. Let §; > 0 be such that B(§1, p1), ..., B(61, pr) are pairwise
disjoint A N R(X) = (B(1, p1) U--- U B(81, p;)) N A and §; < 1. Choose U € B such
that U C B(81, A). Let § > 0 be such that B(5, A) C U.

First, we consider the case that A € R, (X). In this case, we may assume that p, € R(X).
Let J and L be edges of X such that J # L and p, € J N L. Choose two subsets
with n different points {x1,...,x,} and {y1, ..., y,} of X — R(X) such that d(x;, p;) <4,
d(yi,pi) < 6 for each i € {I,...,r — 1}, {xy,xr41,..., %0} C Bx(8,pr) N J and
{v, Yr41,..-, Yn} C Bx(6, pr) N L. Then the sets B = {x1,...,x,} and C = {y1,..., yu}
belong to U N €,(X). From the choice of B, there exists a map «: [0, 1] > U N E,(X) C
BFE,(x)(81, A) such that «(0) = B and «(1) = C.

Notice that p, is a point that separates the set Bx (81, p,) in two open subsets U and
V such that {x,, x,+1,...,x,} C U and {yy, yy+1,...,yn} C V. Given t € [0, 1], a(t) €
&,(X), so a(t) does not contain ramification points and «(¢) contains n different points. In
particular, p, ¢ a(t). Moreover, a(t) € U, so a(t) € B(§1, A). Hence, a(¢) C Bx (81, p1)U
---UBx (61, pr—)UU UV,

Let Ki ={t €[0,1]: a(t) C Bx(81, p1) U---U Bx(81, pr—1) YU} and K, = {t €
[0, 1]: () NV £ @}. Hence, [0, 1] = K1 U K». Since V does not intersect By (51, p1) U
---UBx (81, pr—1)UU, we have K1 N K, = @. Clearly, K1 and K» are open in [0, 1]. Since
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a(0)=Banda(l)=C,0€ Ky and | € K. Thus K and K is a separation of [0, 1]. This
contradiction proves that A ¢ R, (X).
Therefore, A € F,,—1(X) — R,(X).

Now, suppose that A is not degenerate. That is r > 1. Choose subsets {x;4+1,...,X,} €
Bx (8, p1)—{p1}and {y, 41, ..., yn} € Bx (3, pr) — {pr}, where the points x, 1, ..., x, are
all different and the same happens with y,11,...,y,. Let B={p1, ..., Prs Xr41, .-, Xn}

and C ={p1,..., Pry Yr+1,---, yn}. Then the sets B and C belong to U N &,,(X). By the
choice of B, there exists amap « : [0, 1] = UNE,(X) C BE,(x)(81, A) such that «(0) = B
and x(1) =C.

Let K1 = {t € [0, 1]: «(¢) contains exactly one point in Bx (81, p1)} and K, = {t €
[0, 1]: «(#) contains more than one pointin Bx (81, p1)}. Clearly, [0, 1]= K1 UK>, 1 € K},
Oe Kyand K1 N Ky =40.

Next, we show that K| and K3 are open in [0, 1].

Given ¢ € K», let a(t) = {wy, ..., w,}, where all the points wy, ..., w, are different.
We know that «(#) contains at least two elements in Bx (81, p1). Suppose that wi and w;
belong to Bx (81, p1). Let 8o > 0 be such that Bx (89, wy), ..., Bx(80, w,) are pairwise
disjoint and By (6p, w1) U Bx (80, w2) C Bx (81, p1). If s is close to #, az(s) has an element
in Bx (89, w1) and another one in By (80, w2), both points are in By (61, p1). Hence s € K».
We have shown that K> is open.

Now take ¢t € K1. Suppose that «(t) = {w1, ..., w,}, where all the points wy, ..., w,
are different. Suppose that w; is the only element of «(¢) that belongs to Bx (31, p1).
Since «(t) € U, a(t) C Bx (81, p1) U --- U Bx(81, pr). Thus we can take do > 0 such
that the sets By (8p, wi), ..., Bx (8o, w,) are pairwise disjoint and each one of them is
contained in one set of the form Bx (1, p;). Since w; is the only w; that belongs to
Bx (61, p1), Bx (61, p1) N (Bx (80, wa) U---U Bx (80, wy,)) = A. Let s € [0, 1] be such that
H(x(s),a(t)) < &p. Then a(s) intersects each one of the sets of the form By (5, w;) and it
is contained in their union. Thus «(s) has n — 1 elements in By (8g, w2) U---U Bx (89, wy,)
and one in By (8o, w1). Hence, a(s) has exactly one element in By (81, p1). Hence s € K.
This completes the proof that K is open.

We have found a disconnection of [0, 1]. This contradiction proves that A is degenerate.

Therefore, A € F1(X) — R, (X).

((a) = (b)) Suppose that A € F|(X) — R,(X). Thus A = {p} for some p € A — R(X).
Hence, there exists § > 0 such that Bx (8, p) is contained in some edge J of X and
Bx (8, p) N R(X) =@. Thus Bx (8, p) is homeomorphic to a subinterval L of [0, 1]. We
identify Bx (8, p) with L. Let B = {BF,(x)(n, {p}): 0 < n < §}. We are going to prove
that if n > 0 and B, C € Br,(x)(n, {p}) N €,(X). Then there exists an arc contained in
Br,x)(n, {p}) N €,(X) which joins B and C. Since B, C C N (8, p) = L, we may assume
that B=1{by,...,b,} and C ={cy,...,c,}, where by < --- < b, and c; < --- < ¢,. Thus
define @ : [0, 11 = B, cxy(n, {pH NEH(X) by a(t) = {tb1 + (1 —1)cy, ..., thy+ (1 —1)cy}.
Clearly, o is amap, «(0) = C and (1) = B. Thus Bf,(x)(n, {p}) N E,(X) is arcwise con-
nected. Since A is degenerate, A ¢ &,,(X). This completes the proof of the theorem. O

Theorem 4.6. Let X and Y be finite graphs. Suppose that F,(X) is homeomorphic to
F,(Y) and n > 4. Then X is homeomorphicto Y.
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Proof. Let h: F,,(X) — F,(Y) be a homeomorphism.

Notice that 2(€,, (X)) = €,(Y). By Lemma 4.5, h(F{(X)— R, (X)) =F{(Y)—R,(Y) C
F1(Y). Since F1(X) — R,(X) is dense in F1(X) and F;(Y) is compact, we have that
h(F1(X)) C F{(Y). Similarly, h='(F{(Y)) C Fi(X). Thus, h(F{(X)) = F{(Y). Hence
F1(X) is homeomorphic to Fi(Y). Therefore, X is homeomorphicto Y. O

5. The casen <3
Lemma 5.1. Let X be a finite graph, n € {2,3} and A € F,,(X) — R,(X). Then A € £,(X).

Proof. We only analyze the case that n = 3, the case n = 2 is simpler.

First suppose that A = {x} for some x € X. Since x is not a ramification point of X,
there exists a neighborhood J of x such that J is an arc. Thus A € (J)3 and (J)3 = F3(J)
is a neighborhood of A in F3(X) which is homeomorphic to [0, 113 (see [6, Theorem 6]).

Now suppose that A = {x, y}, where x # y. Let J; and J> be disjoint arcs in X — R(X)
such that J; and J, are neighborhoods of x and y, respectively. Thus (Ji, J2)3 is a neigh-
borhood of A in F3(X). For each i € {1, 2}, there exists a homeomorphism f; : [0, 112 >
F>(J;) such that f; ([0, 1] x {0}) = F1(J;). Let ¢: [0, 112 x [—-1,1] — (J1, J2)3 be given
by

fitt1,B)U fo(t2,0), if13 >0,
S1t1, 00U fo(t2, —13), if 13 <O.

It is easy to show that ¢ is a homeomorphism. Therefore, (J1, J2)3 is a 3-cell.
The last case is A = {x, y, z}, where x, y and z are all different. This case follows from
Lemma4.2. O

§0(I1,t2,t3)={

Let Z be a continuum and W an open subset of Z. For each open subset U of Z, let
¢(U) = (number of components of U N'W), if this number is finite and ¢(U) = oo, other-
wise. For each p € clz(W), define v(p) = min({m € N: p has a basis of neighborhoods B
in Z such that ¢(U) = m for each U € B} U {00}).

Lemma 5.2, Let Z be a continuum, p € Z, W an open subset of Z and m € N. Suppose
that p has a basis of neighborhoods B in Z such that, for each U € B, c(U) = m and for
each component C of U N'W, p € clz(C). Then v(p) =m.

Proof. By the definition of v(p), v(p) < m and p has a basis of neighborhoods B; in Z
such that ¢(U) = v(p) for each U € B. Let V € B and U € B be such that U C V. By
hypothesis V N'W has m components C1, ..., Cy, and p € clz(C;) foreachi € {1, ..., m}.
Thus U NC; #@ foreachi €{l,...,m}.Hence UNW=UNVNW=UNC)HU---U
(UNCp). Since the sets in this union are mutually separated and they are nonempty, U N'W
has at least m components. Thus, v(p) = c(U) > m. Therefore, v(p) =m. O

For an acircular graph X, let vy be the index defined as before for the set £3(X). We
simply write v if it is not necessary to mention the space X.
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Lemma 5.3. Let X be a finite graph, let p,q,r,w,x and y be points of X such that
ord(p, X) =n >3, ord(g, X) =m >3, ord(r, X) =k > 3 and x, y and w are not ramifi-
cation points of X. Given A € F3(X), then the possible values for v(A) are:

(@) if A={p}, then v(A) =n+ (3) + (}).

(b) if A={p.x}, then v(A) =n+ (}),

©) if A={p,x,y}and x #y, then v(A) =n,

(d) ifA={p,q}and p #q, thenv(A)=n-(3)+m-(5)+n-m,

(e) if A={p,q,w} and p # q, then v(A) =n - m,

®) if A={p,q,r}and p, q and r are all different, then v(A) =n -m -k,
(g) if A e F3(X) — R3(X), then v(A) = 1.

Proof. We use Lemma 5.2. Let §p > 0 be such that Nx (69, A) N R(X) = AN R(X), and
Nx (80, A) has as many components as the number of points of A and §y < % Let B =
{BFr;x)(8, A) C F3(X): 0 <38 < 8p}. Then B is a basis of neighborhoods of A in F3(X).

(a) Suppose that A = {p}. Let § € (0, 80). Then clx(Nx (5, A)) is a simple n-od, so
clx(Nx(8,A)) = J1U---UJ,, where J; N J; ={p},if i # j and each J; is an arc with end
points p and a point g;. Notice that an element B € F3(X) belongs to Bp,(x)(8, A) if and
only if B C Nx (8, A) = clx(Nx (8, A)) —{ai,...,a,}. Thus B € Bry;x)(8, A) N E3(X)
if and only if B C Nx(§,A) — {p} = (J1 — {ph U---U (J, — {p}). Proceeding as in
Lemma 4.1, we have that the components of Br;(x)(6, A) N E3(X) are the sets of the
form (J;;, —{p},.... Ji, = {p})3, where iy, ..., i, € {1, ..., n} are all different numbers and
r €{1,2,3}. Thus c(Bpyx)(8, A)) =n + (5) + (3)- It is easy to show that A € clx ((J;, —
{p}..... Ji, = {p})3). Applying Lemma 5.2, we conclude that v(A) =n + (;) + (g)

The proofs of (b)—(g) are similar. O

The proof of the following lemma is similar to the proof of Lemma 5.3.

Lemma 5.4. Let X be a finite graph, let p,q and x be points of X such that ord(p, X) =
n > 3, ord(g, X) =m > 3 and x is not a ramification point of X. Given A € F(X), then
the possible values for v(A) (v(A) is defined as in the previous paragraph to Lemma 5.2
for the open set £,(X)) are:

(a) if A={p}, then v(A) =n+ (}),

(b) if A={p, x}, then v(A) =n,

(©) if A={p,q}and p # q, then v(A) =n - m,
(d) if A€ Fp(X) — Ry(X), then v(A) = 1.

Lemma 5.5. Let X and Y be finite graphs and n € {2,3}. Suppose that there exists a
homeomorphism h: F,(X) — F,(Y). If p is a ramification point of X, then h({p}) = {u}
for some ramification point u of Y.

Proof. We only prove the lemma for n = 3, the proof for n = 2 is similar and simpler. By
Lemmas 3.1 and 5.1, A(R3(X)) = R3(Y) and h(E3(X)) = E3(Y). In particular, h({p}) €
R3(Y). Notice that for each A € F3(X), vx(A) = vy (h(A)).
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Given A € F3(X), if A contains a point x € X — R(X), then there exists an arc J in X
such that x € J and J N R(X) =@. By Lemma 5.3, vy (A) = vx ((A — {x}) U {u}), for each
u € J. This shows that, for each neighborhood U of A in F3(X), vx(A) coincides with
vx (A1) for infinitely many elements A of U.

Given A € F3(X), if A C R(X), then A is of one of the forms described in (a), (d) or (f)
of Lemma 5.3. If A is of the form described in (a), then the elements A; of F3(X) which
are close to A and are different from A is of one of the forms described in (b), (c) or (g),
and for each one of them vx (A1) < vx(A). Hence vy attains an absolute local maximum
at A. Similarly, if A is of one of the forms (d) or (f), then vx(A) attains also an absolute
local maximum at A.

Therefore, if A € F5(X), then A C R(X) if and only if vy (A) attains an absolute local
maximum at A.

Therefore, if A € F3(X), then A C R(X) if and only if h(A) C R(Y).

Hence, h({p}) is of one of the following forms: {u}, {u, z}, {u, z, w}, where u, z, w €
R(Y) are all different.

First, we analyze the case that h({p}) = {u, z}, with u # z, where ord(p, X) =k,
ord(u, Y) =r and ord(z, Y) = s. Since vy ({p}) = vy ({u, z}), we have that

6 (e ()

According to Lemma 5.3, the possible values for vy in the elements different from {p}
and in a small neighborhood of {p} in F3(X) are k + (g), k and 1. On the other hand, the
possible values for vy in the elements different from {u, z} and in a small neighborhood
of {u,z} in F3(Y) are r + (5), s + (3), r - 5, r, s and 1. Since these two sets of values
must coincide, we obtain that 7 + (5) and r belong to {k + (%), k}. Thus, r = k. Similarly,
s = k. But then r - s = k> must be equal to either k + (5) or k. Clearly, k> # k, and if

K=k+ @, then k = 1, which is a contradiction. We have shown that it is impossible
that h({p}) = {u, z}.

Now, we analyze the case that h({p}) = {u,z, w}, where u,z, w are all differ-
ent, ord(p, X) =k, ord(u,Y) = r, ord(z,Y) = s and ord(w, Y) = ¢. Since vx({p}) =
vy ({u, z, w}), we have that

o () () =rsn

According to Lemma 5.3, the possible values for vy in the elements different from {p}
and in a small neighborhood of {p} in F3(X) are k + (g), k and 1. On the other hand, the
possible values of vy in the elements different from {u, z, y} and in a small neighborhood
of {u,z,y}in F3(Y)arer,s,t,r-s,r-t,s -t and 1. Since these two sets of values must
coincide, we obtain that r and r - s must belong to the set {k + (l;), k}. Thus r = k. Similarly,
s =k=t. Hence, k2 =k + @ Thus k = 1 which is a contradiction. We have shown
that this case is also impossible.

Therefore, the only possibility is that 2({p}) is of the form h({p}) = {u}, for some
ueRY). 0O
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Theorem 5.6. Let X and Y be acircular graphs different from an arc and n € {2, 3}. Sup-
pose that F,,(X) is homeomorphic to F,(Y). Then X is homeomorphic to Y.

Proof. We only prove the theorem for n = 3. The proof for n = 2 is simpler. Let
h:F3(X) — F3(Y) be a homeomorphism. According to Lemma 5.5, for each point p €
R(X), there exists a point k(p) € R(Y) such that h({p}) = {k(p)}. Thus h_l({k(p)}) =
{p}. Applying again Lemma 5.5 to h~!, for each g € R(Y), there exists a point k'(q) €
R(X) such that 2~'({g}) = {K'(¢)}. Given p € R(X), {K'(k(p))} =h~'({k(p)}) = {p}.
Thus k' (k(p)) = p. Similarly, k(k'(q)) = ¢ for each ¢ € R(Y). Hence k is a bijection be-
tween R(X) and R(Y). As usual, ¥’ will be denoted by k~!. We are going to prove the
theorem by showing a series of claims.

Claim 1. Let p, x € R(X). Then p and x are adjacent vertices in X if and only if k(p) and
k(x) are adjacent verticesin Y.

Clearly, we only need to show the necessity of Claim 1. Since p and x are adjacent, there
exists an edge L of X such that p and x are the end points of L. Let U = (intx(L))3. By
Lemma 4.1, U is open and it is a component of F3(X) — R3(X). By Lemmas 3.1 and 5.1,
h(F3(X) — R3(X)) = F3(Y) — R3(Y). Thus 2(U) is a component of F3(Y) — R3(Y). By
Lemma4.1, h(U) = (inty (J1), ..., inty (J»))3 for some edges Ji, ..., J» of Y and some r €
{1,2,3}. Since {p}, {x} € clpyx)(W), {k(p)}, {k(g)} € clpyv)((inty (J1), ..., inty (Jr))3).
Hence there exists a sequence {B,}>", in (inty(J1),...,inty(J,))3 such that lim B, =
{k(p)}. Since each B, intersects J; and J is closed, J; intersects {k(p)}. Thus, k(p) € J1.
Similarly, k(x) € J1. Hence, k(p) and k(x) are adjacent.

Claim 2. Let p, x € R(X) be adjacent vertices of X. Then the number of edges of X that
join p and x coincides with the number of edges of Y that join k(p) and k(x).

In order to prove Claim 2, let Iy, ..., I; be the different edges of X that join p and x.

Let € = (intx(Ly),...,intx(L,))3, be a component of F3(X) — R3(X) such that
{p}, {x} € clpx) (C). Proceeding as in the proof of Claim 1, {p,x} € L1 N---N L,. Hence,
{L1,...,L,}is anonempty subset of {/1, ..., I;} with at most 3 elements.

On the other hand, if {Ly, ..., L,} is a nonempty subset of {I1, ..., I;} with at most 3
elements, then {p}, {x} € clpx)({intx (L1), ..., intx(L;))3).

Therefore, the number of components C of F3(X) — R3(X) such that {p},{x} €
clpyx) (@) is equal to s + (3) + (3)-

Since & is a homeomorphism, this number must coincide with the number of compo-
nents of h(F3(X) — R3(X)) = F3(Y) — R3(Y) that contain A ({p}) = {k(p)} and h({x}) =
{k(x)} in its closure. Which is equal to m + (g’) + (';), where m is the number of edges
of Y that joins k(p) and k(x). Thus s + (3) + (3) =m + (3) + (3). Hence, s = m. This
completes the proof of Claim 2.

Claim 3. If p € R(X) and ord(p, X) =r, then ord(k(p),Y) =r.
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We prove Claim 3. By Lemmas 3.1 and 5.1, 2(R3(X)) = R3(Y) and h(E3(X)) = E3(Y).
Thus, for each A € F3(X), vx(A) = vy (h(A)). In particular, vy ({p}) = vy ({(k(p)}).

If m = ord(k(p), Y), by Lemma 5.3, then r + (5) + (3) = vx({p}) = vy ({k(p)}) =
m+ ('g) + (’g’) Thus r = m. Therefore, Claim 3 is proved.

Claim 4. Let p € R(X) be such that ord(p, X) = r. Suppose that the number of loops of
X (respectively, Y) containing p (respectively, k(p)) is m (respectively, m'), the number
of end points of X (respectively, Y) adjacent to p (respectively, k(p)) is t (respectively, t')
and the number of edges of X (respectively, Y) joining p (respectively, k(p)) to another
ramification point of X (respectively, Y) is s (respectively, s'). Then m =m/, t =t' and
s=s'.

We prove Claim 4. By Claim 3, ord(k(p),Y) =r. Thus 2m +t+s=r =2m' +t' +s'.
Let Iy, ..., I, be the different edges of X that contain p. Thenu =m +1¢ +s.
Proceeding as in the proof of Claim 2, the number of components C of F3(X) — R3(X)
that satisfy {p} € clpyx)(C) is equal to the number of nonempty subsets of {I1, ..., I}
with at most 3 elements. Hence, this number of components is equal to u + ('5) + (z)
Since & is a homeomorphism, this number is equal to the number of components of
h(F3(X) — R3(X)) = F3(Y) — R3(Y) that contain 2({p}) = {k(p)} in its closure which,

u'

similarly, is equal to u’ + (“2/) + (3 ), where u’ is the number of edges of Y that contain k(p).
Thus u + (5) + (5) =u’ + (‘g) + (”3/) Hence, u =u’. Since ' =m’' +t' +s',m+1t+s=
m’ 4+t +s’. Since, we knew that 2m 4+t +s =2m’ +t' + s’, we obtain that m = m’ and
t+s=t'+s.

Using Claims 1 and 2 it follows that s = s’. Therefore, r = ¢’.

We are ready to show that X and Y are equivalent graphs, and thus X and Y are home-
omorphic continua.

Given two different adjacent ramification points p and x in X, let A(p,x) ={J: J
is an edge of X and J joins p and x} and let A’(p,x) = {L: L is an edge of Y and L
joins k(p) and k(x)}. By Claim 2, we can choose a bijection k(p, x) from A(p, x) onto
A’(p, x). Given a ramification point p of X, let B(p) ={J: J isaloop of X and p € J},
B'(p) ={L: L is aloop of Y and k(p) € L}, C(p) = {J: J is an edge of X that joins
p and an end point of X} and €' (p) = {L: L is an edge of Y that joins k(p) and an end
point of Y}. By Claim 4, it is possible to choose bijections ki (p):B(p) — B'(p) and
ka(p):C(p) — €' (p).

Let S(X) (respectively, S(Y)) be the set of edges of X (respectively, Y). Since varying
the points p and x we obtain disjoint sets A(p, x), B(p) and C(p) and the union of all of
them is §(X), we can define a common extension K : 8(X) — 8(Y) of all the functions of
the form k(p, x), k1(p) and k2(p), and K is a bijection.

Let V(X) (respectively, V(Y)) be the set of vertices of X (respectively, Y). Now, we
extend the function k (defined on the ramification points of X) to V(X). Given an end
point x of X, there exists an edge J of X that joins x and a ramification point p of X. Then
K (J) contains exactly one end point y of Y. Then define k(x) = y. Hence k is a bijection.

Therefore, we have defined a bijection K : 8(X) — S(Y) and a bijection k:V(X) —
V(Y) such that p € J if and only if k(p) € K (J), and for each loop L of X, K (L) is a loop
of Y.
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This proves that the graphs X and Y are isomorphic as graphs. Therefore, X is homeo-
morphicto Y. O

Theorem 5.7. Let X be an arc or a simple closed curve. Let Y be a finite graph and
n € {2, 3}. Suppose that F,,(X) is homeomorphic to F,(Y). Then X is homeomorphictoY .

Proof. Since X does not contain ramification points, R(X) = @. Let h: F,(X) — F,(Y)
be a homeomorphism. Then A(E,(X)) = €,(Y). By Lemma 5.1, F,(X) = £,(X), by
Lemma 3.1, Y does not contain ramification points, so Y is an arc or a simple closed
curve. If X is an arc, then F»(X) is a 2-cell and F3(X) is a 3-cell [6, Theorem 6]. If X is a
simple closed curve, then F>(X) is homeomorphic to a Mdbius strip and F3(X) is homeo-
morphic to the 3-dimensional sphere in R* (see [7]). From these facts, the theorem is now
immediate. O

Corollary 5.8. Let X and Y finite graphs. Suppose that F,,(X) is homeomorphic to F,,(Y).
Then X is homeomorphicto Y.

Using Corollary 3.5, we obtain the following result.

Corollary 5.9. Let X be a finite graph and Z a continuum. Suppose that F,(X) is homeo-
morphic to F,(Z). Then X is homeomorphic to Z.

Question 5.10. Do there exist a finite graph X, a continuum Z and numbers n,m € N
such that F,,(X) is homeomorphic to F,,(Z) and m > 1 but X is not homeomorphic to Z?
By Corollary 5.9 if such continua X and Z do exist, then n # m, moreover Z is a Peano
continuum and every nonempty open subset of Z has dimension greater than 1. Indeed,
since Z contains arcs, Fy,(Z) contains m-cells. By the proof of Lemma 3.1 of [8] and
Theorem 3.4, each nonempty open subset of F,(X) is n-dimensional. Thus m < n. If
there exists an open subset of Z of dimension 1, then there exists (again, by the proof of
Lemma 3.1 of [8]) a nonempty open subset U of F),(Z) such that dim[U] < m, which is a
contradiction. Therefore, every nonempty open subset of Z has dimension greater than 1.
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