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A new version of the improved quantum molecular dynamics model has been developed to include
standard Skyrme interactions. Four commonly used Skyrme parameter sets, SLy4, SkI2, SkM* and Gs
are adopted in the transport model code to calculate the isospin diffusion observables as well as single
and double ratios of transverse emitted nucleons. While isospin diffusion observables are sensitive to the
symmetry energy term, they are not very sensitive to the nucleon effective mass splitting parameters in
the interactions. Our calculations show that the high energy neutrons and protons and their ratios from
reactions at different incident energies provide a robust observable to study the momentum dependence
of the symmetry potential which leads to the effective mass splitting. However the sensitivity of effective
mass splitting effect on the double n/p yield ratios decreases with increasing beam energy, even though
high energy protons and neutrons are produced more abundantly at high beam energy. Our calculations
show that the optimum incident energy to study nucleon effective masses is between 100–200 MeV per
nucleon.

© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
For nuclear matter with unequal number of neutrons and pro-
tons, the energy of the system is reduced by approximately the
square of the differences in the proton and neutron densities di-
vided by the total density. Such reduction in energy is called the
nuclear symmetry energy which also appears in the nuclear bind-
ing energy of the liquid drop model. Thus the symmetry energy is
of fundamental importance in our understanding of nature’s asym-
metric objects including neutron stars as well as heavy nuclei with
very different number of neutrons and protons. Theoretical pre-
dictions on the symmetry energy have large uncertainties [1,2].
This stimulates a lot of efforts in the nuclear physics communities
to provide experimental constraints on the density dependence of
symmetry energy. Observables used to constrain the symmetry en-
ergy range from isospin diffusions, yield ratios of emitted nucleons,
isoscaling and flow of light charged particles in heavy ion colli-
sions (HIC) [2–16], to experiments that measure nuclei properties
such as neutron skin [17–19], Pygmy Dipole Resonance [20–22],
masses of Isobaric Analog States [23], and nuclei masses [24,25].
Only recently, a consistent picture on the symmetry energy at sat-
uration density, S0, and its slope, L has been obtained [7,26]. The
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slope L = 3ρ0 dS(ρ)/dρ|ρ=ρ0 where S(ρ) is the density depen-
dence of the symmetry energy is related to the pressure of pure
neutron matter at saturation density. Initial results from astrophys-
ical measurements seem to favor much lower L values [27] than
other experimental constraints. However, extraction of the radii
from neutron stars is not settled and the latest results are more
consistent with the heavy ion collision results [28].

Another source of uncertainties in the theoretical description of
the symmetry energy comes from the momentum dependence of
the symmetry potential. Inside a strongly interacting medium as
in the description of nuclear matter, the momentum dependence
of symmetry potential may lead to different values of the neu-
tron/proton effective masses. The knowledge of the difference, also
known as the nucleon effective mass splitting, is important for un-
derstanding not only level density of single particles, isovector Gi-
ant Dipole Resonance in nuclear structures and spectra of emitted
particles in nuclear reactions but also many critical issues in astro-
physics, such as heat capacity of matter, the neutron and proton
chemical potential and their fraction [29,30,2,31–37]. There have
been some efforts on constraining the nucleon effective mass split-
ting by analyzing the symmetry potential Usym(ρ0, E) using nuclei
optical potential data [2,33,38]. In that study, m∗

n > m∗
p is found

to be valid around normal density and Fermi momentum. How-
ever, other theoretical predictions including Relativistic Hartree
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Table 1
Corresponding saturation properties of nuclear matter in, SLy4, SkI2, SkM*, and Gs Skyrme parameters. All entries are in MeV, except for ρ0 in fm−3 and the dimensionless
effective mass ratios for nucleon, neutron and proton. The effective mass for neutron and proton are obtained for isospin asymmetric nuclear matter with δ = 0.2.

Para. ρ0 E0 K0 S0 L Ksym m∗/m m∗
n/m m∗

p/m

SLy4 0.160 −15.97 230 32 46 −120 0.69 0.68 0.71
SkI2 0.158 −15.78 241 33 104 71 0.68 0.66 0.71
SkM* 0.160 −15.77 217 30 46 −156 0.79 0.82 0.76
Gs 0.158 −15.59 237 31 93 14 0.78 0.81 0.76
Fock calculations [39] suggest that at higher energy, m∗
n > m∗

p
change to m∗

n < m∗
p . Similar behaviors have also been found in

Skyrme/Gogny–Hartree–Fock predictions on Usym(ρ, E) [40].
At high incident energy, HIC can create “excited nuclear mat-

ter” above the normal density and nucleon momentum distribution
far from the Fermi momentum for violent nucleon–nucleon colli-
sions. To explore the effective mass splitting issues, we calculate
the yield ratios of neutrons and protons emitted from HIC over
a range of incident energies. In this paper, we explain how to
constrain both the symmetry energy and nucleon effective mass
from heavy ion collisions using transport model. Specifically, we
incorporate Skyrme effective nucleon–nucleon interaction (or en-
ergy density functional) that has been used to describe nuclear
structure properties [41] in the Improved Quantum Molecular Dy-
namics (ImQMD) code. The constraints on the symmetry energy
obtained with the new code are consistent with previous studies.
Furthermore, our study suggests that nucleon yields from heavy
ion collisions are sensitive to nucleon mass splitting at beam en-
ergy as low as 50 MeV per nucleon even though the optimum
energy to study this effect is found to be around 100–200 MeV
per nucleon, within the realms of current and future rare isotope
beam facilities.

In most transport models, the nucleon energy density can be
written as the local term and momentum dependent interaction
term (MDI term) as

u = uloc + umd (1)

However, uloc in most transport codes adopts the Skyrme like en-

ergy density, α
2

ρ2

ρ0
+ β

η+1
ρη+1

ρ
η
0

+ S(ρ)δ2ρ , while umd is often ob-

tained by fitting the effective mass and energy dependence of the
real part of the optical potential [42–44]. Most of these interactions
used in transport models successfully describe the HIC observables,
but few of them were used to study the nuclear structure. Excep-
tions are inclusion of the Gogny finite range interactions in the
Asymmetrized Molecular Dynamic (AMD) and the IBUU04 codes
[6,12]. In this paper, we modified the nucleon potential part of the
Improved Quantum Molecular Dynamics (ImQMD05) code [45] to
that derived from the real Skyrme potential energy density (with-
out spin–orbit term) by including the energy density of isospin
dependent Skyrme-like MDI as

umd = umd(ρτ ) + umd(ρnτn) + umd(ρpτp)

= C0

∫
d3 p d3 p′ f (�r, �p) f

(�r, �p′)(�p − �p′)2

+ D0

∫
d3 p d3 p′ [ fn(�r, �p) fn

(�r, �p′)(�p − �p′)2

+ f p(�r, �p) f p
(�r, �p′)(�p − �p′)2]

(2)

where f (�r, �p) is the nucleon phase space density, and f (�r, �p) =∑
i

1
(π h̄)3 exp[−(�r −�ri)

2/2σ 2
r − (�p − �pi)

2/2σ 2
p ] in QMD approaches.

The coefficients C0 and D0 can be determined with following rela-
tionship,

C0 = 1
2

[
t1(2 + x1) + t2(2 + x2)

]
(3)
16h̄
D0 = 1

16h̄2

[
t2(2x2 + 1) − t1(2x1 + 1)

]
(4)

For nuclear matter at zero temperature, fq = 2
(2π h̄)3 θ(p − pq

F ),

q = n, p. Eq. (2) can be calculated analytically, and it is equal
to A0ρτ + B0(ρnτn + ρpτp) (the same as ρ8/3 and ρ8/3δ2 term
in Eq. (2) in Ref. [45]), where τ = τn + τp , τq = 3

5 k2
q,F ρq . A0 =

1/8[t1(2 + x1) + t2(2 + x2)], B0 = 1/8[t2(2x2 + 1) − t1(2x1 + 1)].
The local part of energy density is defined as:

uρ = α

2

ρ2

ρ0
+ β

η + 1

ρη+1

ρ
η
0

+ gsur

2ρ0
(∇ρ)2

+ gsur,iso

ρ0

[∇(ρn − ρp)
]2

+ Asymρ2δ2 + Bsymρη+1δ2 (5)

here, δ = (ρn − ρp)/(ρn + ρp) is the isospin asymmetry, ρn and
ρp are the neutron and proton densities, respectively. The co-
efficients of α, β , gsur , gsur,iso , Asym and Bsym can be obtained
by the standard Skyrme interaction parameters as in previous
work [45]. These calculations use isospin-dependent in-medium
nucleon–nucleon scattering cross sections in the collision term
and Pauli blocking effects as described in [45]. This new ver-
sion of Quantum Molecular Dynamics code (ImQMD-Sky) retains
the many-body correlations incorporated in the original QMD ap-
proaches [42,46].

In the following studies, we choose four Skyrme interaction
parameter sets, SLy4, SkI2, SkM* and Gs [47–50] which have sim-
ilar incompressibility (K0), symmetry energy coefficient (S0) and
isoscalar effective mass (m∗), i.e., K0 = 230 ± 20 MeV, S0 = 32 ±
2 MeV and m∗/m = 0.7 ± 0.1. The SLy4 and SkI2 [47,48] have
similar nucleon effective mass splitting, with m∗

n < m∗
p , but very

different slopes of symmetry energy L values, 46 MeV for SLy4,
and 104 MeV for SkI2. The other two Skyrme interaction param-
eter sets with m∗

n > m∗
p also have different L values, 46 MeV for

SkM* [49], and 93 MeV for Gs [50]. The saturation properties of
nuclear matter for these four Skyrme interactions are listed in Ta-
ble 1. By analyzing the results from calculations that use these
interactions, we hope to disentangle the sensitivities of the isospin
observables on the density dependence of symmetry energy and
neutron proton effective mass splitting.

The left panel of Fig. 1 shows the density dependence of sym-

metry energy for cold nuclear matter, S(ρ) = 1
3

h̄2

2m ρ
2/3
0 ( 3π2

2
ρ
ρ0

)2/3 +
Asymρ + Bsymρη + Csymρ5/3. The last term in S(ρ) is derived

from the umd in Eq. (2), and Csym = − 1
24 ( 3π2

2 )2/3Θsym , Θsym =
3t1x1 − t2(4 + 5x2). Smaller L values yield higher symmetry en-
ergy at subsaturation densities while the opposite is true at the
suprasaturation density regions. The right panels of Fig. 1 show the
Lane potentials Usym = Un−U p

2δ
= 2Asymρ +2Bsymρη +2D0mρEk for

cold nuclear matter at 0.5ρ0 (top panel) and at ρ0 (bottom panel)
as a function of nucleon kinetic energy. The Lane potential gives
an accurate estimate for the difference of the force between neu-
tron and proton experienced in asymmetric nuclear matter, and
directly influences the neutron proton yield ratios, Y (n)/Y (p). The
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Fig. 1. (Color online.) (a) Density dependence of symmetry energy, (b) energy de-
pendence of the Lane potential at ρ = 0.5ρ0 and (c) ρ = ρ0, for the parameters
SLy4 (solid line), SkI2 (dot line), SkM* (dash line) and Gs (dot dash line).

larger the Lane potential, the larger is the Y (n)/Y (p) ratio. A cross-
ing of two Lane potentials for SLy4 (SkI2) and SkM*(Gs) appears at
∼30 MeV at ρ = 0.5ρ0 and ∼70 MeV at ρ = ρ0. The cross-over is
especially clear at the higher density region. Thus, we can expect
the Y (n)/Y (p) ratios to have a cross-over point at high enough
density regions.

In previous studies [4,7,9,12,10], particles emitted from the
neck region were used to measure the isospin diffusion. The
isospin transport ratio Ri was introduced to quantify the isospin
diffusion effects [4,51],

Ri = 2X − Xaa − Xbb

Xaa − Xbb
(6)

where X is an isospin observable and the subscripts a and b rep-
resent the neutron-rich and neutron-poor nuclei. In this work, we
use a and b to denote the projectile (first index) and target (second
index) combination, where a = 124Sn and b = 112Sn. We obtain the
value of Ri by three reaction systems, a + a, b + b, and a + b (or
b + a). In the absence of isospin diffusion, the ratios are Ri(Xab) =
Ri(Xaa) = 1 and Ri(Xba) = Ri(Xbb) = −1. If isospin equilibrium is
achieved, then Ri(Xab) = Ri(Xba) ≈ 0. Until now, the best set of
data from heavy ion collisions consists of the isospin diffusion
transport ratios obtained from isoscaling parameters X = α and
from the rapidity dependence of the yield ratios of A = 7 mirror
nuclei, X7 = ln(Y (7Li)/Y (7Be)) [14,15] from 124,112Sn + 124,112Sn
collisions at beam energy of 50 MeV per nucleon [7,12]. Even
though there are data from isoscaling and fragment flow, they are
not as thoroughly studied with transport models and the extracted
constraints have been used mainly for consistency checks.

In this paper, we simulated the collisions of 124Sn + 124Sn,
124Sn + 112Sn, 112Sn + 124Sn, and 112Sn + 112Sn reactions at beam
energy of 50 A MeV using the ImQMD-Sky code. 64 000 events are
performed for each reaction at each impact parameter. Previous
theoretical studies [9,10] and recent experimental studies [52] sug-
gest that there is no strong dependence on the impact parameter.
In the left panel of Fig. 2, we plot the isospin transport ratios ob-
tained with SLy4, SkI2, SkM* and Gs interactions at b = 6 fm. As
in previous studies [7,9], we analyze the amount of isospin diffu-
sion by constructing a tracer, X = δ, from the isospin asymmetry of
emitting source which includes all emitted nucleons (N) and frag-
ments (frag) with the velocity cut (v N,frag

z > 0.5vc.m.
beam). The shaded

region is experimental data obtained by constructing the isospin
transport ratio using isoscaling parameter X = α, near the projec-
tile rapidity regions [4]. Our results show that the Ri values for
SLy4 (solid circle) and SkM* (solid squares), both with L = 46 MeV,
lie within the experimental uncertainties while the Ri values for
SkI2 (open circle, L = 104 MeV) and Gs (open square, L = 93 MeV)
are above the data range. Even though the isospin diffusion process
Fig. 2. (Color online.) Left panel: isospin diffusion transport ratios obtained with
SLy4, SkI2, SkM* and Gs. The shaded region corresponds to the data from [4]. Right
panel: isospin transport ratios as a function of rapidity for SLy4, SkI2, SkM* and Gs.
The star symbols are data from [14].

Fig. 3. (Color online.) Left panel: Y (n)/Y (p) as a function of kinetic energy for
112Sn + 112Sn at b = 2 fm with angular cuts 70◦ < θc.m. < 110◦; Middle panel is
the Y (n)/Y (p) for 124Sn + 124Sn. Right panel: DR(n/p) ratios as a function of ki-
netic energy. The calculated results are for SLy4 (solid circles), SkI2 (open circles),
SkM* (solid squares) and Gs (open squares).

is accelerated at subsaturation densities with the stronger Lane po-
tential, the overall effect of mass splitting on isospin diffusion is
small. This conclusion is similar with previous results even from
the IBUU and SMF models [12,53]. Since the isospin diffusion pro-
cess is strongly related to the difference of isospin concentration
and the strong repulsive momentum-dependent isoscalar potential
reduces the effect of isovector potential on the reaction dynamics,
thus, there is no clear pattern that Ri values decrease significantly
with the strength of Lane potentials.

We also compare results of the calculations to Ri as a func-
tion of the scaled rapidity y/yc.m.

beam as shown in the right panel
of Fig. 2. The star symbols in the right panel are experimental
data, Ri(X7) = R7, obtained in Ref. [14]. This transport ratio was
generated using the isospin tracer X = ln[Y (7Li)/Y (7Be)], where
Y (7Li)/Y (7Be) is the yield ratio of the mirror nuclei, 7Li and 7Be
[14]. For comparison, the ImQMD-Sky calculations of Ri are plot-
ted as lines for b = 6 fm. The interactions with smaller L values,
SLy4 and SkM* (solid lines) agree with the data better especially
in the high rapidity region. However, χ2 analysis suggests that the
quality of fit with isospin diffusion data is not good enough to
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Fig. 4. (Color online.) Top panels: Y (n)/Y (p) ratios as a function of kinetic energy for 124Sn + 124Sn at b = 2 fm; Bottom panels: DR(n/p) ratios as a function of kinetic
energy. From left to right, the beam energies are 100 A MeV, 150 A MeV, 200 A MeV, 300 A MeV.
draw definite conclusions about mass splitting effect with confi-
dence. We need a more sensitive and reliable observable to extract
quantitative information about the nucleon effective mass split-
ting.

Since the contributions from MDI part of symmetry potential
play more important roles on the emissions of neutron and pro-
ton yield ratios when the relative momentum of nucleons increase.
The yield ratios of Y (n)/Y (p) should be sensitive to the effective
mass splitting, and it had been found in [31]. Important infor-
mation about the strength of symmetry potential at high kinetic
energy (or the sign of effective mass splitting at high momen-
tum) can be obtained from the pre-equilibrium transverse emis-
sion of nucleons at earlier stage of reactions. In Fig. 3, we plot
the Y (n)/Y (p) ratios as a function of nucleon center of mass en-
ergy, Ec.m. , for 112Sn + 112Sn (left panel) and 124Sn + 124Sn (middle
panel) at b = 2 fm with angular gate 70◦ < θc.m. < 110◦ . The lines
connecting the circles correspond to m∗

n < m∗
p case, and the lines

connecting the squares correspond to m∗
n > m∗

p case. Not surpris-
ingly, the Y (n)/Y (p) ratios are larger for the neutron rich system,
124Sn + 124Sn, in the middle panel. Consistent with Refs. [34,31,32,
35], the differences in the Y (n)/Y (p) ratios between the m∗

n < m∗
p

(circles) and m∗
n > m∗

p (squares) increase with nucleons kinetic en-
ergy. At high nucleon energies, the stronger Lane potentials with
m∗

n < m∗
p enhance neutron emissions, leading to flatter Y (n)/Y (p)

dependence on the nucleon kinetic energy.
The calculated results on double ratio DR(n/p)1 are shown

in the right panel of Fig. 3. The calculations with SLy4 (L =
46 MeV,m∗

n < m∗
p) are consistent with the double ratios data from

Ref. [5], especially at high kinetic energy region. However these
data points have very large uncertainties. Furthermore, recent re-
measurements of the data suggest different trends and different
values of DR(n/p) [52]. Until the experimental results are finalized,
we decide not to make comparisons between data and calculations.

Since the effect of mass splitting should be larger at higher
densities and the sign of splitting may change at high momen-
tum, we explore Y (n)/Y (p) ratios at Ebeam = 100, 150, 200 and

1 To minimize the effects of detector efficiencies, the yield ratio from an asym-
metric system A = 124Sn + 124Sn is compared to the yields from a more sym-
metric system B = 112Sn + 112Sn by constructing the double ratio, DR(n/p) =
Y (n)/Y (p)124/Y (n)/Y (p)112.
300 A MeV with b = 2 fm for 124Sn + 124Sn and 112Sn + 112Sn.
For clearer presentation, we restrict our calculations to the SLy4
and SkM* interactions which have opposite mass splitting with
the same L = 46 MeV values. (SkI2 and Gs show similar sensitiv-
ities to the effective mass-splitting as SLy4 and SkM* respectively
as demonstrated in the right panel of Fig. 3.) In the top panel of
Fig. 4, we present Y (n)/Y (p) ratios as a function of Ec.m. for the
neutron-rich system, 124Sn+ 124Sn. Consistent with the lower right
panel of Fig. 1, a cross over of Y (n)/Y (p) is observed from low
to high nucleon energy between SLy4 interactions with m∗

n < m∗
p

and SkM* with m∗
n > m∗

p when Ebeam > 200 A MeV. This behavior
is similar with the results presented in [54], but the values are dif-
ferent between the two codes. It may be caused by the different
form of MDI used in the codes.

The corresponding double ratios DR(n/p) are plotted as a func-
tion of nucleon center of mass energy in the bottom panel of
Fig. 4. DR(n/p) are nearly the same for nucleons emitted at Ec.m. <

50 MeV, independent of incident energy and mass splitting. For
Ec.m. > 50 MeV, DR(n/p) increase with nucleon kinetic energy for
SLy4 where m∗

n < m∗
p while the trend is nearly flat or decrease

slightly for SkM* with m∗
n > m∗

p . The sensitivity of the DR(n/p)

ratios decrease with incident energies due to increase in nucleon–
nucleon scattering. The current calculations suggest that the mass
splitting is best studied at incident energy less than 200 MeV.

In summary, we have developed a new version of the improved
quantum molecular dynamics code, which can accommodate real
Skyrme interaction parameters (without spin–orbit term), to de-
scribe isospin diffusion as well as single and double neutron–
proton ratios. We find that the mass splitting affects isospin dif-
fusion minimally, and the isospin diffusion data favor the Skyrme
interaction with low L values. We also show that the high energy
neutrons and protons and their ratios from heavy ion reactions
at different incident energies, especially around 100–200 MeV per
nucleon, provide a good observable to study the momentum de-
pendence of the nucleon effective mass splitting. Finally new neu-
tron and proton spectral data with much smaller uncertainties
than previous data at different beam energies may allow one to
determine the magnitude of the nucleon mass splitting and its mo-
mentum dependence.
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