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0. A hexagonic structure is a geometry consisting of points and lines,
in which each pair of points can be joined by a path containing at most
3 lines, but where no 2-, 3-, 4- or 5-gons exist. A geometry of this type
is produced by the fixed lines of the triality between the points and
spaces of both kinds on a 6-dimensional quadric in a 7-dimensional
projective space. This triality can be adequately described by means of
an octave algebra. The fixed lines come out as totally singular subalgebras.

However, there are more trialities, the geometrically most interesting
of them being related with a semi-linear automorphism of the octave
algebra. To these also belong hexagonic structures. To adapt the algebraic
apparatus, a new multiplication has to be introduced. Then a similar
treatment is possible.

It is the object of this paper to characterize the first example by means
of its geometric properties. To this end one may use some peculiarities
of its group, which is an extension of the exceptional group G:. The
available tools do not suffice to treat the case of a field of characteristic 2.

The split octave algebra. Trialities

1. The split octave algebra C over a commutative field K is uniquely
characterized by the following conditions:

C is a composition algebra over K with unit e;

the norm @ is a non-degenerate and isotropic quadratic form;

dim C'=8.
A short treatment of the construction and the subsequent properties has
been given by vaN DER Bris and SerineER [1] §§1, 2 and [2].

The multiplication in C satisfies:

(L.1) Qzy)=Q(x)Qy) (x,y €0).
The associated bilinear form for @

(z, y)=Q(z+y) — Q) - Qy)

is non-degenerate. If the characteristic y(K)+#2, @ is non-defective. @ is
of index 4. By

(1.2) r+Z=(xz,e)e
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an involution  — & in C is defined. The following formulae hold:

(1.3) z(Zy) = Q(x)y,
2(§2) +y(72) = (z, y)2,
Ty=79 ,
(xy, 2)= (2, 2) = (y, &2).
From 22— (z, e)x+Q(x)e=0 it follows that
(1.4) a2=0 < Q(a)=(a, e)=0.

The totally singular linear subspaces of C' with respect to @, on which
@ = 0, of dimensionality 1, 2, 3, 4 are called points, lines, planes, spaces
respectively. The last mentioned are maximal and of two kinds, having
the form aC or Ca for some a € C' with a0, @(a)=0. The dimensionality
of the intersection of spaces belonging to the same kind is even, to
different kinds it is odd. For isotropic a, b we have

(1.5) Ka=Kb < aC=bC,
Ka+ Kb, (a, b)=0 < aC N bC =a(b0),
(a, b)+0 <aC NbC=0;
ab=0 < dim aC N Cb=3,
ab+#0 <aC NCb=Kab.

A plane determines uniquely a pair of spaces aC,Cb, such that it is
contained in both. If ¢ is isotropic

(1.6) x €aC < ax=0.

In C we may choose a basis xo, 4o, 1, 2, ¥3, Y1, Y2, ¥s With the following
properties:
Zo +y0 =e, (xo, Z/O) = 1! Q(x(j) = Q(yo) = O’

80 Zo?=0, Yo?="Yo, ToYo=YoXo="0;
w1, X2, 23 € 20C N Cyo, Y1, Y2, Y3 € YoC N Cuxy,

S0 YoZs =1%o = XoYi="YiYo=0,
Xoxs=XiYo=2i, YoYi=yi%o=yi, and x2=y2=0 (1=1, 2, 3);

(.’Zi, yj)z: 6’if (i’ 7= 1, 27 3):
80  myyj= — Oy%o, YiXj= —Oyyo, and after suitable normalization
Tkl = — L1 ="Yi+2, YilYirl= —Yin¥i=%i+2 (¢=1,2,3, and ¢+1, 142

reduced mod 3).
For brevity we shall call a basis with these properties normal.

2. Let P be the orthogonal geometry of @, i.e. the set of all totally
singular subspaces of C ordered by inclusion. Let @ ={a € C | @(a)=0, a # 0}
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and a,%=a,=Ka, a,1=0a, a,2=aC (a € ). In this and the next two
sections, ¢ will designate an element of the additive group of order 3.
Let Qi={a,?| a € @}. The sets of spaces of both kinds @1, @2 and the set
of points @0 of P are projectively isomorphic. Define an incidence-relation
between elements of the @’ by

a#i I b#i-}‘l <ab=0 (a: be Q)’

then spaces of different kinds are incident iff their intersection is 3-
dimensional. In the incidence-structure 7'="Q0°, ¢!, ¢2; I the three sets
Q' take symmetric places. 7' is a symmetric 7'-geometry (see T1Ts [1] § 3).
Let ¥p and %71 be the groups of P and 7' respectively. The latter

consists of the T-collineations (T1Ts [2] § 3.3), i.e. the permutations of
@° VU Q! U @2 that preserve the relation I. A 7 € Y7 permutes the @,
so there is a homomorphism # — [#] of &7 in S3. This map is onto, for
the 7'-collineations

0 @yt —> @yt

Y1yl —> 3,0 a,l > 3,2 au2— dyl

satisfy [p]=(012), [p]=(12). As @3=9y2=id, gp=1vyp? they generate a
subgroup 8 C ¥ isomorphic to Ss.

For n € ¥p, the restriction = | @° U @' U @2?is a T-collineation. Inversely,
if #e€%r and [n]=(0) or (12), then = can be extended uniquely to a
7' € 9p. So 9p C 4%p. Now consider the kernel ¥pt= %+ of the homo-
morphism %7 — Ss. For two elements «, § of any group, write «f=p-1«f.
The inner automorphism 7 — 7¢ of %7 induces an outer automorphism
of @p* of order 3 (see §3).

Let t — t,. be the natural homomorphism of the group of semi-similarities
I'Og(K, Q) in %p (DieuponNE [1] I §10). By Crow’s theorem (see e.g.
Dieuponxg [1] IIT § 3) this map is onto. The kernel, isomorphic to K*
(multiplicative group of K), consists of the homothetic transformations,
so ty=K*. Write I'Os* (K, Q) for the inverse image of ¥pt. Take
to € I'0g* (K, Q) and i, 2 such that tog?="l14, t0#92=t2#. If n|Q° is
induced by to, then = | @ by ¢; (in the coordinates of Q?).

Now abyil @yi-l, byi+l implies ((;ab)yt I (t-13)41, (Linad)yil. It
follows easily that

(2.1) tiab=12; 7’5\1_1&-?“.11), MeK,

where fa=1a, f#z(t#)”’.

The semi-similarities ¢; belong to the same automorphism of K, and
their multipliers r; satisfy r;=A2r;_17411, redi-1diza=1. Each of the three
tog, t14, t24 determines the others uniquely by the condition (2.1) for
one value of i. The three formulae (2.1) for different ¢ are equivalent
to one another and to

(2.2) tiab=Aitina-ti1b, 4 € K.

14 Series A
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In the case of an octave algebra with anisotropic ¢, the formulae (2.1)
hold for the group of similarities GOs*(K, @) (see VAN DER Briy and
SPRINGER [2] §1).

3. Let L be the set of lines of P. A line [ € L may be understood as
union of the points it contains or as intersection of the spaces of the same
kind it is contained in. Write I'={a €@ |Cadl}, I"={ac@Q|aC D1},
then I’ and 1" are lines, and we have by (1.6) [.I'=1"-1=0.

(3.1) Lemma. Letl,m,nelL. Then

l-m=m-n=0=n-1=0.

Proof: Take independent a1, az e m and b e n. By (1.5)

I=Cay; N Caz=(Ca1)as. If x € C, then b((xa;)ds) = (5, xay)az — (@1) (5(7/2) =0k
It follows that (I')'=!l", ((I')') =L

In this section, if I e L, write l'={a,?|acl}, and Li={|le L}
Let L'={rlt, (I')i+1, (I")¢+27 |l € L} be the set of the triples of incident
lines of L9, L1, L2. Now a T-collineation s, preserving incidence, maps L’
on L’. For brevity, write "¢7 for the triple of L’ containing I* € L¢. If
70, m1, n21 € L', denote the element of L? in this triple by M9, ml, n27%.
Ifa,=linl, (¢ €Q, l,ls € L), na,® is the intersection of, or the space
spanned by (z77:°7)° and (=7l°7)°. So the representation of ¥r in L'
is faithful. The representation of ¥r in Q0 U @' U @2 U L’ is called the
triality-group of @ (Kurper [1] § 5).

L can be mapped on L’ by ! — 7 in three ways, corresponding to-
the interpretation of @ as coordinatization of the three Q. So = € %y
induces three transformations s; of L, corresponding to i1 — (77lé7)¢
respectively. As pfli1=Tli+17 we have m;41=(n?);. The induced trans-
formation is unique iff w=mn°.

Every T-collineation is of the form o¢n, ¢ €8, 7€ %r*t. Suppose
(pr)e=g@m, then [¢?]=[g], so p=pt. As p?=p, it follows that n?=mn. Let.
n=t,. Now (2.2) takes the form fab=2ta-th. In consequence fe must
belong to the centre Ke of C, so te=xe, » € K, and »2=r. A suitable
multiple of ¢ has x=r=A4=1. Then ta=ta. So the semi-similarity ¢ can
be chosen to be an automorphism of C as a ring (short: a semi-auto-
morphism of C). All automorphisms of C as a ring are semi-linear, since:
the centre Ke must be invariant as a whole. They are semi-similarities,
because 22 — (, ¢)  + Q(x) e = 0. Write %o for the group of semi-auto-
morphisms. We have ¢ C rt.

We now prove that the automorphism x — 72 of 7+ is outer. Suppose
we have ¢ € @p* such that n2=x° for all x € p*+. Now 0?=o0, so ¢ € .
Consider x, induced by fp: x — dxd with @(a)+#0. It follows from
MouraNag’s identity a(zy)a = (ax)(ya) that we may take in (2.2) #; : # — ax
and t; : x — za. We have t1°=uxis (x € K), 80 o~ la-x=x»xa. This leads to
a contradiction.
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We have the following representation of § in L:

ol=l", o®l=V,

wol=1, pil=U=10", el =1 =1".

'

In the case of a field K of characteristic y(K)+ 2 the representation in L
can be obtained from the Lie-algebra L(Q) of @ (see vAN DER BLis and
SprINGER [2] §3).

4. A triality is a T-collineation of order 3 permuting points and spaces
of both kinds cyclically. Thus, if v € 7+ is induced by t € I'0Os*(K, @),
ot will be a triality iff (or)3=191?r=id, so iff fijofirati=2x1id, » € K. All
trialities can be classified (see TrTs [2] §5.2 and SprRINGER [1]). The
automorphism of K belonging to ¢; has order 3, and for each such auto-
morphism there is essentially only one triality, except in the case of the
identical automorphism of K. Every automorphism of K can be extended
to a semi-automorphism of C. We shall consider only trialities with
T € gc.

Let 7 be a semi-automorphism of order 3 of C. The automorphism of K
belonging to = will be denoted by 7 as well. We introduce a new product
in C, which will prove to be adapted to the description of the geometry
of gt (see SPRINGER [1]):

(4.1) axb=1%-tb (a,beC).

The following formulae are easily derived from those of §1:

(4.2) Q(ax b)=12Q(a) 7Q(b);
(4.3) (xa) % (Bb)=72x 70 (a % b) («, p € K);
(4.4) (% x) % r=1Q(x) ,

T % (% ) =12Q() x;

(X y)kz+(2ky)*kr=1(, 2) ¥,
Kk (y*z)+2% (y* 2) =132, 2) ¥;
(x % ¥y, 2)=1(2% 2, y) =12(x, y % 2).

Every space is of the form axC or Cx a with a0, @(a)=0. Suppose
a,b#0, Q(a)=Q(b)=0, then we have

(4.5) Ka=Kb <axC=bxC,
Ka#Kb, (a,0)=0 <dimaxC NbxC=2,
(a, b)#0 <axCNbxC=0;
axb=0 <dimaxC NCxb=3,
axb#0 <>axCNCxb=Kaxb;
(4.6) xeaxkC <x%xa=0,

z2eCxb<bkxzr=0.
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Suppose o, t1, t2 € ['0s+(K, @) such that

2
tl* = tO#Q’, t24¢= = tO#(gt) ’

then from (2.1) follows
(4.7) ti(ax b)=Ai(ti—10 % t111D).

A semi-linear transformation ¢ of C' will be called a x-automorphism if
{(a* b)=tax tb. We denote the group of x-automorphisms of C by %c¢*.

5. A line I will be fixed for the triality o7 if I=ptl=(l)", so if [-7l=0,
I{x1=0. This means ax b=0 for all a,b €l. A point a, is called auto-
conjunct (short: a.c.) if axa=0. This implies a, CC* a=pra, and
ay CaxC=(p7)2ay. By (4.2) ax a=0 implies @(a)=0. A fixed line for
ot will be called an autoconjunct line (instead of “droite fixe” TITs [2]
§4.1). All its points are a.c. To an a.c. point @, corresponds a plane
ax C N Cx% a, containing a,. This will be called the centric plane with
centre ay and its points will be called centripetal points (instead of “plan
spécial”’ and ‘“‘points spéciaux’ TriTs l.c.). Let b, be centripetal, a, a.c.
and b eaxC NCxa. This implies a ebxC NCxb (by (4.6)), so if
b% b+ 0 we have a € Kb b. It follows that (b b) x (b* b)=0. This relation
characterizes all centripetal points. We shall say that two a.c. points
ay and by are conjunct if they lie on an a.c. line or coincide.

For a given semi-automorphism v of order 3 write I'={a € C | a x a=0}.
So a € I means a, a.c. for pr. Define a relation

a~b<axb=0 (a,bel).

It follows from (4.6) that @ — b implies ¢, b €b*xC N Cxa, so a,b are
dependent or bx a=0. The relation — is symmetric. Moreover, a —~ b
implies (@, b)=0, and hence @ and b span a line. This line is a.c., soa —~ b
means that a, and b, are conjunct.

Suppose a1, a2, b € I' and a; —~ b — a2. We have

bea*xCNCxarNaxCNCxaxnN I'=1 (say).

The following possibilities arise:

(@1, a2)#0: then b=0;

(a1, a2)=0: now a1 % az € I', for
(@1 % ag) % (a1 % az) =1(a1, a1% a2) az— ((@1% az) % az) * a1 =
2(a1 % @1, a2) a2 — (A1, A2) A2% a1+ ((@2% a2) % a1) * a1=0.
We have (01% a2) % a1=(a1% a2) % as=0, a1 —~ a1 % az — as.
Distinguish two cases:

a1% as=0: then I=Kaix as=Kasx a1;

a1 % az=0: it follows that a1, as € I, so for independent a;, a2 I coincides
with the a.c. line spanned by a;, as.
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We have proved:
(5.1) A triangle of a.c. lines is degenerate.

(5.2) If two a.c. points are not conjunct, at most one a.c. point s conjunct
with both, so a quadrangle of a.c. lines is degenerate.

Suppose a, ..., a5 € I', a1 —~ azg —~ ... ~ a5 — a1, but not

ay — ag, Az — A4, ..., A5 — A2.
We have

as € Kaykx ag, as € Kaix as, $0 a3 € Kasx (a1% a3), as € Kagx (a1 % as).

But asx (a1% a3) +azx (@1 % as) =72(as, as) a1=0. This implies:
(5.3) A pentagon of a.c. lines is degenerate.

Suppose I' contains an independent pair a, b with a —~ b. Take ¢ € I
The line spanned by a, b contains an a;#0 with (a1, ¢)=0. So there is
an az # 0 such that a — a; — a2 — c¢. It follows that we can find an element
d e I' with ¢,d independent and ¢ ~ d. For every pair a,c € I' there
exist a1, az, both # 0, for which ¢ —~ a; — a3 — c.

For the case v=id, the preceding proofs were communicated to me
by Professors F. van der Blij and T. A. Springer.

Hexagonic structures. Axial automorphisms

6. Let "V, E;I" be an incidence-structure, consistsing of a set V of
vertices, a set E of edges and a relation I, symmetric between V and E.
p €V and g € E are said to be incident if plq. The elements p,ge V U E
are called similar, p ~ ¢, when both are vertices or both are edges. A chain
of length = is a sequence po, p1, ..., Pn € V U E such that p;_y ~ pi, pi-11pi
(¢=1, ..., n). po and p, are said to be joined by the chain. The chain is
irreducible when all its elements are different.

(6.1) Definition. An n-gonic structure is an incidence-structure "V, E ;1"
meeting the following requirements (see TiTs [2] § 11.1):

every pair p,q € V U E is joined by a chain of length <n;

a pair p,q €V U K is joined by at most one irreducible chain of length <n.

As before, let 7 be a semi-automorphism of the split octaves of order 3.
Take for V the set of a.c. points, for E the set of a.c. lines with respect
to the triality oz. Suppose £+ (void set), then TV, E; €7 is a hexagonic
structure; to be proved from the results of § 5 by straightforward veri-
fication. We shall denote this hexagonic structure by H,. The simplest
example Hiq corresponds to 7=id. In this case we have

I's{ae@Q|a?=0}={acQ|(a,e)=0}, and a ~b < ab=0.
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So ay is a.c. iff (@, e)=0, the line [ is a.c. iff / is a totally singular sub-
algebra of C. There is no distinction between a.c. and centripetal points,
because Q(b)=0 =-b2=(b, e)b, so b2-b2=(b, ¢)2b2=0 = (b, ¢)=0 or b2=0.

Let ¢, be the group of H,, consisting of all permutations of the sets
of a.c. points and a.c. lines preserving incidence. It is clear that a x-auto-
morphism of C induces such a permutation. The following theorem I owe
to Professor T. A. Springer:

(6.2) The homomorphism G¢ —> Gia is onto.

Proof: A ne % maps a conjunct pair of a.c. points on a conjunct
pair of a.c. points, and an orthogonal pair on an orthogonal pair. So
7 permutes the totally singular subspaces of I. By CHOW’s theorem, =
is induced by a semi-similarity ¢ of Co={a €C | (a, ¢)=0} with respect
to . However, if y(K)=2, this argument does not work, since the restric-
tion of @ to Cy has defect 1. For the present we suppose y(K)#2. Let r
be the multiplier of ¢, then (det ¢)2=77, so r € K*2. Now ¢ can be chosen
to have r=1. We extend ¢ to C by te=e. If t ¢ I'Ost(K, @), replace it by
x — tx. Then x is induced by ¢ € I'Og*(K, Q). According to (2.2), we can
find ¢',¢" such that t'zy=tx-t"y (x,y €C). From te=e¢ we derive

te=t"r=tx-t"e.

If a,be I, we have ab=0 <ila-t-10=0 < t'(t"1a-t-1b) = a(b-t"e) = 0.
Take be I', b#0 and a1, az €C0b N I'=Cb N bC such that a;, as, b are
independent. Then a1b =asb=0, a1a27#0 (see § 5). So b-t"eca;C NaxC = Kb.
It follows that t"e=xe, » € K, and ¢’ =t" =xt. So ¢ is a semi-automorphism.

We assume theorem (6.2) to hold if y(K)=2 as well. The only result
dependent on it will be (8.7).

As the a.c. points of Hiq span Oy (see above), ¢ € ¢ induces the identity
iff the restriction ¢ | Cp is a homothetic transformation. It is easily verified
that this implies t=id. So %¢=%iq. The subgroup of (linear) auto-
morphisms is an algebraic group of type G: (see Tirs [2], §8).

A theorem similar to (6.2) seems to hold for %¢* — ¥,.

7. In the sequel we shall characterize the hexagonic structure Hiq by
means of some geometrical properties, which we proceed to derive.

Let H="V, E; I" be a hexagonic structure. If p, g € V U E we define
the distance d(p, q) to be the length of the shortest chain joining p and gq-.

‘We have

a(g, p),

d(p, 9)=4d(q,
d(p, q) < 6 and d(p, ¢)=0 = p=g,
d(p, r) < d(p, q)+d(g, r).

p and q are incident iff d(p, q)=1, joined iff d(p, ¢)=0 or 2. In the cases

d(p, q9)=2 and 4 we shall denote the middle of the shortest chain joining

p and ¢ by p~q and p A g respectively.

<
<
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It follows from the definition of H that two vertices are joined by at
most one edge, and that every 2-, 3-, 4-, 5-gon is degenerate. A sharper
consequence is the following:

(7.1) Lemma. Let p1, ps, p3 €V U K. Then
(8) d(p1, p2)=d(p1, ps)=2, d(p2, P3)=2 = P1 = P2="P1— P3,
(b) 4, 2 =>p1 A P2=DP1 A D3,
(c) 2 = d(p1, p2 — ps)=2,
(d) 4 = d(p1, p2 A p3)=1.

Proof: (a) The chain pg, p1 —~ P2, P1, 1~ ps, p3 has length <6
and > d(pz, ps), hence cannot be irreducible J
(b) Consider the chains p1, p1 — (P1 A P2), P1 A P2, (P1 A P2) = P2, P2, P2 — P3
and p1, p1 i (P1 A ps), P1 A3, (P1 A P3) — Ps, D3, P2 — Ps.
These are different, hence must be reducible.
So (p1 A p2) = pa=p2 = P3=(P1 A P3) — Pps.
The chains i, ..., (p1 A p2) — p2 and P, ..., (p1 A p3) — p3 are irreducible.
So p1 Ape=p1 Apsll
(c) Let p1, g2, g2 ~i P2, P2 and p1, gs, g3 — ps, ps be the irreducible chains
joining p1 with pe and ps.
Lengthen both by p2 =~ ps. The resulting chains are reducible, so
g2 p2=p2—ips |
(d) Take g2, ¢3 as in (¢) and consider the chains
D1, g2, @2 = P2, P2, P2 — (P2 A P3), p2 A ps and
D1, q3, 93 — P3, P3, P3 = (P2 A p3), P2 A ps. These are reducible, so
g2 — p2=p§ i (P2 A P3), 3+ P3=p3 i (P2 A p3). Suppose that
P1, G2, Q2 = P2, P2 A ps and  P1, g3, g3 — P3, P2 A ps are irreducible, then
q2=¢q3, and ¢a=¢3=p2 A p3. So the chains must be reducible, which
implies again ¢a=q3=p2 A p3 ||

3,
3,

(a) (b) (c) (d)

i ;
R
R AD
*—o—o pz 3
P, R B RARBE R B R
s 77y
Fig. 1

For obvious reasons p,q € V U E are said to be orthogonal, p | g, if
d(p, q) < 4. By the orthoplement of a subset S C ¥V U E is meant the set
Sit={peVUE|p | s for all se8}. The pencil of p is the set
P(p)={qg eV U E|d(p, q)=1}. We define
Prp)={ge VU E|dp,q)=n,n—2,..}=\JP(q) where g € P»1(p).

If d(p, q)=6, to each p; € P(p) there is exactly one ¢ € P(g) with
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d(p1, ¢1)=4. This correspondence P(p) <> P(q) is called a perspectivity
(Trrs [2] § 11.2). It follows that P(p) and P(q) contain the same number
of elements.

In H a closed irreducible chain of length 12 is called a hexagon. It is
easily verified that if po, p1, ..., p12=2po is a hexagon we have d(p;, p;)=
=min ([¢—7], [—¢]), where [¢] is defined by [¢] = ¢ mod 12, 0< [1]<12.

(7.2) Let po, p1, -.., p11 be a hexagon contained in H. For each ¢ € V U E,
we have d(q, p;)=6 for at least one 1.

Proof: Take ¢ such that d(g, p;) is maximal. Suppose d(g, p;) =d < 6.
Then p;-1 and p;41 are not both contained in the shortest chain joining
g and p;, so d(gq, pi-1)=d+1 or d(g, pir1)=d+1 |

From (7.2) we infer that, if H contains a hexagon, each pencil contains
at least 2 elements. A hexagon is an example of a hexagonic structure.
When we want to avoid this and other freak cases, such as degenerate
or improper hexagonic structures (see T1iTs [2] § 11.2), we shall suppose
that each pencil contains at least 3 elements.

Let ¥ be the group of automorphisms of H (pairs of permutations of
V and E preserving I and consequently d). The pencil P(q), g€ V U E
is said to be an axis of n € & if P(q)! is kept fixed by = elementwise.

(7.3) Suppose H contarns a hexagon. Then
P(gr={peV uE|dp q<3}

Proof: Take p € P(q)! and ¢i, g2 € P(q), d(g1, ¢2) =2. Distinguish the
following cases:
d(p, 1) <2 or d(p, ¢2)<2. Then d(p, q)<3.
d(p, q1)=d(p, g2)=3. Apply (7.1(c)).
d(p, q1)=d(p, ¢2)=4. From (7.1(a), (b)) we infer
PAqi=pAgeP(), dp,q)=2 |

(7.4) Suppose each pencil contains at least 3 elements. Then an axial
automorphism is determined completely by an axis and the image of ome
element outside the orthoplement of this axis.

We shall need two steps:
Suppose H contains a hexagon. Let P(a) be an axis of =, p, g ¢ P(a)L
and d(p, g)=1. Then mp determines =g uniquely.

Proof: Write p=pa@,0), ¢=7Pa@,q- If ps is lacking, take the element
next to ps in the shortest chain joining ps and a. Let ¢ be the element
after ps in this chain. If pg is lacking, take pg € P(ps), pe+#ps. Then
d(a, ps)=6. Select a b e P(pe), b+#7ps and take ¢’ such that d(b, ¢')=2,
d(a, ¢')=3. We have pys=c — ps, ps=P(ps) N\ {c'}L=P(ps) N {p|d(c, p)=2},
Pe=p5 = (¢’ Aps). These relations are preserved by =, since mc=c,
ac' =c' |
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Now the proof of (7.4) is easily completed by means of:

(7.5)  Suppose each pencil contains at least 3 elements. Then the complement
of P(g)t,q eV UE, is connected, i.e. a pair p,p’ ¢ P(q)t can be joined
by a chain of elements outside P(q)L.

Proof: If d(p, q)<6, we can find r € P(p) such that d(r,q)=d(p,q)+1.
So we may confine ourselves to the case d(p,q)=d(p’,q)=6. Let
pP="7o, P1, ..., pa=p  be a chain of length d=d(p, p'). Now d(pi, q)>
>max (6—17, 6—d+1)>6—1d. So only the case d=6, d(ps, ¢) =3 needs
further consideration. Select a € P(p’), a#ps and p" € P(a), p”"#p" such
that d(p”, q)=6. This is possible because P(a) contains at least 3 elements.
d(p1, @)=6, so d(p1, p")=5. Let p1, p2, ..., ps’=p" be the shortest chain
joining p; and p”. We have pe+#ps, since ps=pe’ = pa=p4s € P(a),
d(p1, @) <4 by (7.1). Suppose d(ps’, q)=3, then d(ps, q)=d(p2’, ¢)=4, so
d(p1, ¢)=3, contradictory to d(p1, ¢)=5 |

Remark: We need the property of P(az) to contain 3 elements only
for a with d(a, ¢) odd.

Let & be an axial automorphism, n+#id, and P(e) an axis of n. P(a)L
is the set of fixed elements for z. It is easily verified that « is determined
by P(a)l. So, except for the identity, an automorphism has at most
one axis.

For brevity we shall sometimes say: = has axis @, when we mean:
7z has axis P(a).



212

8. Now we shall investigate the axial automorphisms of H,. Let
7 € 9, have the a.c. line [ for axis and consider an a.c. point z,, z € I
outside the orthoplement of the axis. This means (x, a)#0 for an a €l.
(The concepts of orthogonality in the linear space and in the incidence-
structure are not to be confused: if z,, v, denote a.c. points and 7, m a.c.
lines, we have (z,%)=0 <24 | Y4, @, 1)=0<z4 | I, and (I, m)=
=0=-1 | m, but not inversely, since (I, m)=0 iff d(l, m)<2). Take
y €l such that (z, y)=0, and suppose there is an a.c. line m through =,
not containing z % y. Select ' € m independent of x, and ¥’ €1 such that
(', y')=0. Now nx, is conjunct to xzxy, and orthogonal to x'xy’,
hence contained in the 2-dimensional intersection of the centric plane
(zxy)*x C N Cx (% y) and the orthoplement of 2’ y'. It follows that
nxy is dependent on z, and y,.

Xy m e
]
i
(] 1
XAy y XxYs
Ya ( Ye
Fig. 4

In the case of Hiq, according to (6.2), = is induced by a semi-linear
transformation ¢ of C. As the axis remains fixed pointwise, ¢ is linear.
So tz is a linear combination of # and y with for coefficients constants.
If a1, a2 is a basis of I, we may choose y = (x, a1)az — (z, ag)ai. This induces
us to investigate the transformations ¢ of the form

(8.1) te=x+A{(x, a1)as— (x, az)a1}.
Consider H, again. Let ao, a1, as, ag € I', ap — a1 —~ az — ag, but not
ap — az and a; — as. Define &x02, *X20, X13, X31 by
a1 = op2(o % a2) = az0(az % o),

as = x13(a1 % ag)=xg1(az % ai).
Then we have

a1 = oo2(ao % (x13(@1 % as))) = ooz Toaas (Ao * (@1 % a3)) = xo2 To13 T2(ao, ag) a1,
and similarily @; =90 t2x31 (2%, a3) @1. So

13
%02 TK13 Tz(ao, a3) = xg0 20031 T(Q0, ag)=1.

It follows that

(t20x20) 1 Toxoz = (t2013) 7L Tova1 = p(aa, as)
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is independent of ap or as and invariant under inversion of the order.
So y(a1, az)=y(as, a1). Let A be a linear transformation of the line I
spanned by ai, az. Write Aa;=Ana1+ Asnas, then

Aal* (l3=12A11 (al* (l3)= (0613)"1 ’l‘zAu az, agz % Aa1: (0631)'1 ‘L’An as. So
y(day, a2)=(12411)71 t411 y(a1, @2) and in the same way

y(al, Aaz) = (‘tzAzz)_l TAgz y(al, az). Combinjng we get

y(day, Aaz)= (2 det 4)1 zdet 4 y(a, as).

(8.2) Let t be of the form (8.1) with a1, as € I', independent, a1 —~ az, and
suppose for some x € I' we have tx+zx, tx € I, then ¢ satisfies

(8.3) (TA)L 12 = —p(aq, a2).
Proof: It is easily verified that for 4 as above
ter =2+ (det 4)1 A{(x, Aar)Aas— (x, Aaz)Aa1}.

It follows that 4 affects both sides of (8.3) in the same way. We may
suppose (x, a1)=1, (z, az)=0. Write as=ux, ag=x24(@2 * A1) = xa2(c1 % ag).
Then tx* tx=(as+ Aa2) % (aa+ Aaz)=

2] (2 % @4) + T (@2 % a2) = ((ov2a) 1724 + (xa2) 27A) a3 =

= (724 12013+ 7A Tovz1) az=0.

So (zA)1e2l= — (v2x13) Lrosr = — (a1, az) ||

(8.4) Let t be of the form (8.1) with a1, as € I', independent, a; — as and
satisfying (8.3). Then t induces an automorphism of H..

Proof: As¢!is of the form (8.1) with — 2 instead of 4, it suffices to
show x e I'=tx e I' and © —~ y =tx —~ ty. The first follows from the
proof of (8.2). For the second, we need only consider the case tx#z, ty+#y.

Take as, as as before. Now if (y, a2)=0, y is dependent on a3 and a4. If
(y, a2) # 0, we may suppose (y,a1)=0, (y, as) = 1. Write as=y, as= ass5 (aska).
Now (as, tas)=0. We have agx tas=as* (a5 — Aa1) = (ags)~Las— (xs1) 174 ae.
Now — (0&31)_11:1 = (0631)_12, sz(a1, az) = (‘L’(xls)‘ll =2 12094= (10635)‘13..

So as* tas=(xgs) tas. This implies tas — tas.
Combining (8.2) and (8.4) we get (see also TiTs [2] § 6.4):

(8.5) Letlbean a.c. line, a1, az a basis of I, x4 and xy' a.c. points of H, with
' =x+M(x, ar)az— (x, az)ar}. Then there exists a m € G, with axis 1 such
tkat Xy = x#’.

Proof: Define ¢ by (8.1) with y instead of = for all y € C. Then (8.2)
applies, so (8.3) is satisfied. It follows that (8.4) also applies. m=t, |

Let L be the subfield of K of fixed elements for 7. K is a cyclic extension
of L of order 3. Condition (8.3) means that Ng/(y(a1,a2))= —1. If this
is fulfilled, 2 is determined up to a factor from L* (see e.g. BOURBAKI [1]
Algébre, chap. V §10, no 5 and § 11, no 5). Suppose that there are at
least 3 a.c. lines through each a.c. point, then it follows that for each
axis there exist axial automorphisms of the form (8.1) and no others.
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The automorphisms with the same a.c. line for axis constitute a group
isomorphic to the additive group of L.

For Hiq we have y(ai1, az)= — 1. Moreover, it may be verified directly
that every linear transformation of the form (8.1) with ai, as € I', in-
dependent and a; —~ az is an automorphism of C. We indicate the lines
of the computation. The line spanned by a1, a2 is a totally singular sub-
algebra D of C. Its orthoplement D’ is a 6-dimensional subalgebra
with radical D. D' contains a split quaternion algebra 4. So C=A4 @ Ax
with suitable x (see vAN DER Briy and SpRINGER [1] § 2), and
D'=A @ Bz, D= Bx, where B is a right ideal of A, satisfying ¢c’=0 for
all ¢, ¢’ € B. The rest is straightforward, utilizing the multiplication rule
(a1 +b1x)(az + box) = (alaz—Q(m)Ezbl)—i—(szh+b1dz)x (@1, b1, ag, be € 4).

A similar treatment of H, would require an elaboration of the structure
of C as a ring with respect to the x-multiplication.

Now we restate the result (8.5) in terms of distance:

(8.6) Let l,m,m' be a.c. lines of H, satisfying d(l, m)=d(l, m')=4,
d(m, m')=2 and d(l, m ~m')=3. Then there is a n € Y, having 1 for axis
such that wm=m'.

Proof: Take z, em, z,#mm~m/, and z,' em’ such that z, and
x,' are collinear with the point y, €l having d(y4, m —m')=2. Apply

(8.5) I

Concerning axial automorphisms with an a.c. point for axis we have
the following result:

(8.7) For Hiq the only axial automorphism having an a.c. point for axis
is the identity, except if y(K)=3. In this case, for every a.c. point ay and
pair of a.c. points x4, x,' on an a.c. line I, such that d(ay, 1)=3, d(ay, x4)= .
=d(ay, ') =4, there is a n € Giq with axis ay such that mxy =x,'.

Proof: Let the a.c. point ay be an axis of m € %3. We can find a
normal basis wo, Yo, %1, T2, X3, Y1, Y2, Y3 of C (§ 1, end) with z;=a. The
points x4, ..., y34 and the joining lines constitute a hexagon of Hiq.
According to (6.2), & is induced by t € ¥¢. The plane spanned by z1, ¥2, ¥3
is fixed pointwise, so ¢ is linear, and fx;=2Ax1, fy2=2Ays, tys=Ays. Now
tx1=tys-tys implies A=1. The lines joining yay, ¥34 and ysy, Z2. are a.c.
A straightforward computation shows that ¢ has the form

txr =11, tya=1ys, tys=ys,
lra=22+ xys, tx3=x3— Y2,
ty1=1y1+ (2o — Yo) + o1,
txo=2xo+ x1, tYo=1yo— 1.

It can be verified that ¢ is an automorphism. Now the pencil

P((A1+ Asy2 + A3ys)4)
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remains fixed elementwise. We may suppose 427#0. In the plane spanned
by 41, 22, y3 we have

(A1 + Yo + Asys, piy1 + paxe + psys) = Aips + pe.
The line Aju1+pu2=0 is not a.c., since it does not contain xs. Consider
z= (M1 + Y2 + A3ys)(pu1y1 — Apaxe + psys).

Now (t—1)z=opa(A1x1+y2+ Asys) — 3xAipixr has to be proportional to
My +ye+Asys for all A1, pa. So y(K)=3 or «=0. If 3=0, ¢ is axial for all
« € K, for the line containing z may arbitrarily be chosen in the pencil
P((Az1+y2+23y3)+) |

T X34

Yiu X8
Fig. 5

The different behaviour if y(K)=3 is related with several other peculiar-
ities of the algebraic groups of type G» in this case (see TrTs [2] § 10).

Similar results to (8.7) seem to be obtainable for H,, t+#id. Instead
of 3x the trace &+ 7x+72x will occur.

9. In order to distinguish Hiq from H,, 7+#id, by geometrical means
we consider for an a.c. point a, the pencil P(a,) of a.c. lines containing a.,.
If 7=id, in the centric plane aC N Ca every line containing « is a.c. In
the general case, however, we have the following theorem:

(9.1) Suppose H, contains a hexagon. Then the pencil P(ay) of an a.c.
point a, possesses in the centric plane ax C N Cx a the structure of a
projective line over L, embedded in the pencil of all lines of axC NCxa
containing Q..

Again L designates the subfield of K of invariant elements for . The
proof of (9.1) requires an algebraic preliminary, the proof of which I
owe to Professor T. A. Springer:

(9.2) Suppose ax a=bkxb=(a,b)=0, axb+#0, so bk a=x(axb). Then
NK/L(Ot)=——1.
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Proof: Choose xeC satisfying (z,axbd)=1. Then (z,bxa)=«.
We have
((akz)xb)ka=—((bkx)ka)ka=—(bxz, a)a= —a,

((ax x) % b) %k b=t(a% z, b) b=12x b.

Write (ax x) % b=wu, 80 ux a=—a, ux b=12xb.

Now (u, a)=((ax )% b, a)= —((b*x x) % a, a)=0, (u, b)=0.
Compare the following expressions (bkx a)k u=—(uxa)kb=axb,
bxa)ku=71%x (ax b) %k u= —72x (ux b) %k a= —12x 7 (b%k a)=
=—12x 7x x (% D) |

Proof of (9.1): According to a conclusion from (7.2), P(a,) contains
at least 2 a.c. lines Iy, ls. Take a; €1y, ag € Iz such that a is not dependent
on ai, ag. Then a; % az#0, and from (9.2) we deduce az* a1=ox(a1% as2),
Ngi(—«)=1. Now we have

(0101 + x2a2) % (o101 + xote) = (12001 Tovg + ¢ T20x2 Tov1) (@1 % A2).
So xia1+asaz € I' iff x1=0 or xz=0 or
o1, e #0 and (T(xe o))t (e log) = —ox.

We have remarked already (§ 8, after (8.5)) that this equation is solvable
and that the solutions form a coset mod L* in K*. Finally xia1+ oeas € I’
implies that the line spanned by @ and wia;+aeas is a.c. |

Consider a centric plane ax C N C* a of H,. If 7+id, the set of a.c.
points contained in @ x C N Ck a is not a projective plane, as it is in
the case t=id. The point of intersection of a pair of non-a.c. lines need
not be a.c. We want to express this property in terms of the elements of
the hexagonic structure and its group.

Suppose aj, az, a3 € I' such that d(aiy, ase)=4, d((a1% a2)s, asy)=6.
We ask for an axial automorphism  with an a.c. line for axis satisfying
A1y = A2y, W34 =a34. The axis of z has to intersect the non-a.c. line 7
spanned by ai, a2 in an a.c. point. This point has to be orthogonal to

I
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@34, hence must belong to the non-a.c. line m, which is the intersection
of the orthoplement of as with (@1 % as) x C N Cx (a1 % ag). If 7#id, it is
eagy to choose ai, a2, a3 so as to ensure that I N m is not a.c. If v=id,
each point b, €l N m is necessarily a.c., and we may take the line spanned
by b and asx b for axis, except if I##m and by=a14 or by=as,.. We
have shown:

(9.3) Suppose ary, asy, azy are a.c. points of Hig, d(aiy, asy)=4 and
d(a14, a34) =d(A24, asy) =d((a1 % A2)4, asy)=6. Then there is a w € Giq with
an a.c. line for axis such that mwai1y = oy, T34 = A3y,

Finally we remark that, for each automorphism o of order 3 of K,
there is a hexagonic structure H, containing a hexagon with 7 = ¢ on K.
To prove this, take a normal basis of C, and put

3 3
T > (& +niys) = D (0&i- @i+ 0mi - Yi).
0 0

Then zi, y2, 3, ¥1, 2, y3 determine a hexagon.
(To be continued)





