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Abstract

Simultaneous eigenfunctions of two Askey—Wilson second-order difference operators are con-
structed as formal matrix coefficients of the principal series representation of the modular double
of the quantized universal enveloping algebra %, (sl(C)). These eigenfunctions are shown to
be equal to Ruijsenaars’ hypergeometric function under a proper parameter correspondence.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The main goal of this article is to construct a solution of two commuting Askey—
Wilson second-order difference equations using representation theory of the modular
double of the quantized universal enveloping algebra U/, of sl(C). Furthermore, we
relate this solution to Ruijsenaars’ hypergeometric function from [11].

By Masuda et al. [8] there exist three inequivalent x-structures on U,, one as-
sociated to the real form su(2) of sl,(C), one associated to su(l, 1), and one to
slp (R). Koornwinder [7], Noumi and Mimachi [9], and Koelink [5] have shown that
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the Askey—Wilson polynomials arise as matrix coefficients of x-unitary irreducible repre-
sentations of U, (51(2)). To prove these results they used the fact that the Askey—Wilson
second-order difference operator arises as the radial part of the quantum Casimir in U,
when calculated with respect to Koornwinder’s [7] twisted primitive elements. In [6,14]
Koelink and Stokman constructed the trigonometric Askey—Wilson functions as matrix
coefficients of *-unitary irreducible representations of U, (su(1, 1)). In this paper we
consider matrix coefficients of U, (sl (R))-representations.

An essential tool is the embedding of U, (sl2(R)) in Faddeev’s [2] modular double of
Uy. The modular double consists of two commuting copies of the quantized universal
enveloping algebra of slp(C) with deformation parameters g = e™¥!/¥2 and § =
emiw2/wi (w1, wa € R~p), respectively. Kharchev et al. [4] made the crucial observation
that the algebraic version 7, of the principal series representation of U, (sl(R)) on
the space M of meromorphic functions on C can be extended to a representation of
the modular double on the same space. In the same article they construct generalized
Whittaker functions as matrix coefficients of x;.

We construct joint eigenvectors to the action under m; of two commuting twisted
primitive elements (one for each copy of the quantized universal enveloping alge-
bra of sl(R) inside the modular double) in terms of Ruijsenaars’ [10] hyperbolic
gamma function. The action of the two commuting quantum Casimir elements in
the modular double shows that the corresponding matrix coefficients, for which we
have an explicit integral representation, satisfy Askey—Wilson second-order difference
equations in step directions iw; and iw;. By construction these matrix coefficients
are invariant under interchanging of w; and w;. We show duality of this solution S
in its spectral variable A and its geometric variable. Consequently, it satisfies another
two  Askey—Wilson  second-order  difference  equations in  its  spectral
variable.

In a series [11-13] of papers, Ruijsenaars considered a solution R of the same
Askey—Wilson difference equations. These equations arose in his study of relativis-
tic quantum integrable systems. Ruijsenaars defined the hypergeometric function R as
a Barnes’ type integral with integrand expressed in terms of the hyperbolic gamma
function. Subsequently, he established for R duality, D4-symmetry in the parameters,
asymptotic behaviour and the reduction to Askey—Wilson polynomials. We use these
properties to show equality of R to S, which is not apparent from their explicit integral
representations.

The structure of this paper is as follows. In Sections 2 and 3 we recall some
properties of the hyperbolic gamma function and of Ruijsenaars’ hypergeometric
function R, respectively. In Section 4 we define the modular double of U, and its
principal series representation on meromorphic functions. In Section 5 we consider
the corresponding eigenvalue problem of two commuting twisted primitive elements.
Using the matrix coefficients of the principal series representation we construct
a solution § to the Askey—Wilson difference equations in Section 6, and we es-
tablish the duality of S. In Section 7 we show by a direct calculation that S re-
duces to the Askey—Wilson polynomials for certain discrete values of the spectral
parameter. Finally, in Section 8 we show that S equals Ruijsenaars’ hypergeometric
function R.
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1.1. Notational conventions

If £ appears inside the argument of functions we mean a product, e.g.

flzxa)= fz+a)f(z—a). (1.1)

Otherwise it means that all sign combinations are possible.
Whenever we use a square root, we always mean the branch which has a cut along
the negative real line and maps the positive real line to itself.

2. The hyperbolic gamma function

Both Ruijsenaars’ and our solution to the Askey—Wilson second-order difference
equations are expressible in terms of the hyperbolic gamma function, which was intro-
duced in [10]. Let us therefore recall some basic properties of this function, see [10]
and the appendices of [11] for more details. Some results are stated for the parameters
w; and w» in a larger set than in the corresponding results of the references, but these
extensions are all obvious.

Let us first define for wi, wy € C4 = {z € C|N(z) > 0},

2.1)

g(wi, w; z) = /Oo < Sin(2y2) < ) 4.

o \2sinh(w;y)sinh(woy)  wiway) v

Note that the integrand has no pole at 0. To ensure convergence of the integral at
infinity however, we must impose the condition |J(z)| < M(w), where w is defined by

w1 + wy
—2 .

w =

The hyperbolic gamma function G(z) = G(wy, wa; z) for |I(z)] < N(w) is now defined
by

G(wy, wy; 2) = 812, (2.2)

The hyperbolic gamma function G owes its name to the fact that it satisfies the differ-
ence equations

G(z+iwy/2) = 2cosh(nz/wy)G(z — iw1/2),
(2.3)
G(z +iwy/2) = 2cosh(nz/w1)G(z — iwy/2).

In these equations we suppress the w; and wy dependence of G, which we continue
to do whenever this does not cause confusion. These two difference equations allow
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for an analytic continuation of G to a meromorphic function on C. The hyperbolic
gamma function can also be expressed in terms of Barnes’ double gamma function, or
Kurokawa’s double sine function. Details can be found in [11, Appendix A].

Let us first note a few symmetries of the hyperbolic gamma function, which are all
obvious from (2.1):

G(wy, w23 2) = G(wz, wi; 2), 2.4

G(wi, wy; 2) = G(wy, w3 —2) ', 2.5)
G(wi, wy; 2) = G(Wy, wa, —2), (2.6)
G(pwy, pwa; pz) = G(wy, wa;z)  (u € Rop). (2.7

The pole and zero locations of G are easily derived from the difference equations (2.3),
since G has no poles or zeros in the strip z € R x i(—%(w), R(w)) in view of (2.2).
The zeros of G are contained in the set

Ay =iw+iwmiZzo+iwaZ x> (2.8)
and the poles in —A. The pole at z = —iw is simple, and its residue equals
i
%«/wlwz. 2.9)

If wi/w> is irrational all other poles are also simple and their residues can be calculated
from (2.9) and the difference equations (2.3), see [10, Proposition III.3].

For later purposes it is convenient to call an infinite sequence of points in C increas-
ing (respectively decreasing) if it is contained in a set of the form a + A (respectively
a— A4) for some a € C. In this terminology, G has one increasing zero sequence and
one decreasing pole sequence.

We also need an estimate for G(z) as M(z) — oo and J(z) stays bounded. In fact,
we only need it for the quotient of two hyperbolic gamma functions, which is easily de-
rived from the estimate of the hyperbolic gamma itself as described in [10, Proposition
I1.4; 12, (3.3)]. For a,b € C and wy, wy € (0, 0o) the resulting estimate reads

Ge-a _ m B .
G(Z—b)_exp<2iw1w2 @zb—a)+a”—b +f<Z>>)a (2.10)

where f(z) satisfies for N(z) > max(wy, wy) + max(N(a), RN(b)),
If @] < Cwi, w2, 3(2), @, bye ™/ maxtwrv2), 2.11)

with C depending continuously on (0, 00)® x R x C2.
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We also use the description of G as a quotient

E
6@ = 5.

(2.12)
where E is an entire function with zeros at A4 which are all simple if w;/w; is
irrational. For a precise definition of E, see [11, Appendix A].

We will occasionally meet functions defined by an integral of the form

ﬁ Gl wyiz—up)

(2.13)
G(wy, wa; z — dj)

Mmmzf
R P

for wi, wz > 0 and for parameters u; and d; satisfying [3(u;)|, |3(d;)| < w and
(=1 (wj —dj)) > 0. These conditions ensure that the integral is well defined (the
contour meets no poles and it decreases exponentially at =00). In [11, Appendix B] it
is shown that there exists a unique analytic extension of

j=1

n
MWJ)FIEEWHMJ—@)
jik=1

to the set {(wy, wa,u,d) € C3 x C*|S(X(u; —d;)/wiwz) > 0}. Hence M(u,d) is
a meromorphic function which can only have poles when some E(—iw +u; — dy) is
zero.

3. Ruijsenaars’ hypergeometric function

Ruijsenaars [11] introduced a generalization R of the hypergeometric function as a
Barnes’ type integral. We recall several properties of R from [11,12] which we will
need to relate R to the formal matrix coefficients we are going to define in subsequent
sections.

We define Ruijsenaars’” hypergeometric function in terms of a parameter set y, (1 =
0, 1,2, 3), which is related to Ruijsenaars’ original c-parameters by [12, (1.11)]. Dual
parameters f)u are defined as

9 L1 (%
1 —1=1]|n
V2 2 1 -1 1 —1 V2

(3.1)

We denote the set of parameters (}q., 71, }2,73) by y and the set of dual parameters by
7. Note that taking dual parameters is an involution, } = 7.
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Ruijsenaars’ hypergeometric function R is now defined for generic parameters wi, w»
C.. 4
€Ct,7eC by

G(ztx+iy)G(z £ A+ i%)

1
R(y;x, ) = / . — .
Jwiwz J ¢ G(Ex +iv9)G(E£A+i99)G(z + iw)

X

(3.2)

Note that we use convention (1.1) in this expression. The integral is taken over a
contour C, which is a deformation of R seperating the poles of the numerator from
the zeros of the denominator (equivalently, C separates the increasing pole sequences
of the integrand from the downward pole sequences). R has an analytic extension to
a meromorphic function on (wi, wo, 7, x, 1) € Ci X C6, with possible poles for fixed
values of wi, wp, and y at

xe(Ay —iy)). Aex(Ap—if,) (j=0,1,2,3). (3.3)

Recall that Ay is defined by (2.8).

We now look at the Askey—Wilson second-order difference equations which R
satisfies. The equations are obtained from [11, Theorem 3.1] by not only replacing the
c-variables by 7, but also multiplying the equations by a constant. These descriptions
of the Askey—Wilson difference equations are more convenient for the representation
theoretic approach we consider in the following sections.

Let us define the function A by

MW Jwa42miy/wo
h 2 2 j
sinh (ﬂ) sinh (M)
wy )
3 T iw]
X cosh | — — 4y
/U) <w2 (x+ 2 +W’>>

3
1 2n(iw+iy ;+x)/w
T (1 = Ay (] — AnGerim/un) H(l ¢ ! »)-
=0

A(wy, wa, 75 x) =

3.4)

The Askey—Wilson second-order difference operator Ej‘ is defined by

L3fx) = A(wr, wa, 73 X)(f (x +iwy) — f(x))

+ A(wy, w2, y; —x0)(f (x —iwp) — f(x)). (3.5)
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Here the superscript x is added to emphasize that the operator acts on the x-variable
(in a moment we will also consider the operator £ acting on the spectral variable /).
We write Ei{‘, for the Askey—Wilson operator (3.5) with w; and w; interchanged.
Ruijsenaars’ hypergeometric function R is an eigenfunction of four Askey—Wilson
second-order difference operators with eigenvalues expressible in terms of

v(wi, w, 33 ) = —2e™ /Wt w2

x(cosh(2mA/wy) + cosh(miw /wa + 27iYy/w2)). (3.6)
Specifically, R satisfies the difference equations
LIR(; x, A =v(wy, wa, y; HR®G; x, A),

LER(y: x, 7) = v(wa, wi, 73 HRG: X, 1),

(3.7
EéR("y; x, ) = v(wy, w2, P; X)R(y; x, A),

LIR(y; x, 2) = v(wa, wi, %5 )RG: x, 7).

Actually, the last three of these equations follow from the first by various symmetries
of R. The second difference equation can be derived from the first (and the fourth from
the third) by using the fact that R is invariant under the exchange of w; and wj,

R(wi, wa,v; x, A) = R(wa, wy, 95 x, A).

This symmetry can be directly seen from definition (3.2) of R and the corresponding
symmetry (2.4) of the hyperbolic gamma function. The third difference equation can
be obtained from the first by using the duality of R under the exchange of x and 4,

R(;x, ) = R(; 4, x). (3.8)

This duality is also a direct consequence of the definition of R using the fact that
20 +7; =% +7; for j=1,2,3.

There are more symmetries of R directly visible from the definition. Since the
hyperbolic gamma function is scale invariant it follows that R is scale invariant as
well,

R(vwy, vwy, vy; vx, vA) = R(wr, wa, ;5 x, 4)

for v € (0, 00), where vy denotes the scaled parameter set (vyq, vy, vy, vy3). Further-
more, it is immediately clear that R is symmetric under permutations of 7, y,, and 75.
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This symmetry can be extended to a D4-symmetry in the four parameters y (where the

Weyl group of type D4 acts on the parameters by permutations and an even number
of sign flips). To formulate this result we need the c-function

3
| 3
=[] 6o —iy
) = Gy T 111 (v —i7))
and the normalization constant
3
N@) =[] Glivg +iy; +iw). (3.9)
Jj=1
The Dj4-symmetry [12, Theorem 1.1] of R then reads

R(y;x,2) Rw®); x, )

— = AR (3.10)
() ANG)  c(w®); x)ew(y); AN (w(p)

for all elements w of the Weyl group of type D4. Notice that both the c-function and
N are invariant under the action of the S3-subgroup which permutes 7y, y,, and y3.

Finally we recall the limit behaviour of R, cf. [12, Theorem 1.2]. Set o = 2n/wiw;.
For wy, wy € Raog, 7 € R*, and w] # wy there exists an open neighbourhood U C C
of R, such that the asymptotics of R for fixed A € U are given by

R(p: x, ) = O(eXRDI=To—w)R0l) (3.11)

for N(x) — *oo, uniformly for J(x) in compacta. In fact, Ruijsenaars gives a precise
expression for the leading term of R as 9(x) — Foo when 4 € R. These results easily
extend to A in some open neighbourhood U of R.

4. The modular double of U4, (s[>(C))

In this section we consider a slightly extended version of Faddeev’s [2] modular
double of U, (sl2(C)) and define an algebraic version of its principal series representa-
tion on the space M of meromorphic functions on C. We define an inner product on
some suitable subspace of M, which is compatible to the *-structure on U, (sl>(C))
associated to the real form sl(R) of sl(C), cf. [8].

Throughout Sections 4-6 we assume that wi and wy are positive real numbers such
that neither wi/w; nor wy/w; is an integer, unless specifically stated otherwise. We
define

q = exp(miw; /wz), § = exp(miwa/wy),
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which both lie on the unit circle (but they are not £1). For complex numbers f we
define

gP = efmiwi/wa G Bmiwa/wy

Definition 4.1. The quantized universal enveloping algebra U, = U, (s2(C)) of sl (C)
is the unital associative algebra over C generated by K*!, E, and F, subject to the
relations

KK '=K 'K =1,

KE = ¢’EK,
KF = g *FK,
K—K!
EF —FE = ———.
q—q

If wy/wy is irrational, then the center of U, is generated by the quantum Casimir
element Q, defined as

Q=gK+q 'K '+ (g — g "?FE.

By simply replacing g by ¢ (or interchanging w; and w;) we obtain the quantum
universal enveloping algebra U;. The generators of U{; are denoted by K*' E, and F.
The following concept of modular double was 1ntroduced by Faddeev [2].

Definition 4.2. The modular double Q is U; ® U; endowed with its standard tensor
product algebra structure.

For elements X € U, (respectively X e Uz) we also write X (respectively X) for
its image under the natural embedding of U, (respectively Uz) in Q. In particular,

XX =XX in Q for elements X € U, and X € Uj.
We now define an extension of the modular double by formally adjoining complex
powers of Kand K to Q. Let A =D, ¢ Cx be the group algebra of the additive group

= (C, @), where @ is the translated addition x®y =x + y + iw (thls translation in
addmon will make formules simpler later on). The unit of C is —iw.

Lemma 4.3. There exists a unique left A-action by algebra automorphisms on the
modular double Q satisfying
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. E = _qunx/sz7 % E~ — —qezm/"”E,
- F = _qe—Zrzx/wzF, 3. F = _qe—ch/wlﬁ‘

Proof. Observe that e.g. the action of X on E can be rewritten as

t.E= 627r(x+iw)/w2E.

The lemma now follows by direct calculations. [

Definition 4.4. The extended modular double D = O %A is the crossed product of the
modular double Q and the algebra A under its action on Q as defined in Lemma 4.3.

Hence D is the vector space Q ® A endowed with the unique algebra structure
such that the natural embeddings of Q and A in D are algebra morphisms and such
that

f0=(-0)% VxeC,VQeQ,

where we identified x (respectively Q) with their images under the natural embeddings
of A (respectively Q) in D.

Now we define representations 7; of the extended modular double Q on the space
M of meromorphic functions on C depending on a complex representation label 4, cf.
[4]. These representations may be viewed as algebraic versions of the principal series
representations of U, (sl2(R)). We define these representations in terms of the operators
Ty and Sy on M, which act by

T f@ =[G+, S$f@="Pf@) (veO.
Lemma 4.5. For 1 € C the assignments

m(K) = Tiw1 , 77/1(16) = Tiwz, TC}_(XA) = Txtiw,

1/2
q - ) —nl
7, (E) = = Siws (q V2pmi/we 4 112, M/sziwl),

g2

7, (F) = S S_ v, <q—1/2en)./w2 + ql/ze_m/szfin,
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<

m(E) = ———

~1/2 )
= i (q—l/2e7u/w1 _’_él/2e—n2/w|TiW2>’

- 5172 ,
TC).(F) = _~q—~_1 S—iw1 (57]/267M/w1 + 51'1/287711/111] T—iw2> s

uniquely define a representation ©; of D on M.

Observe that the action of the generators of Uf; are obtained from the action of the
generators of U, by interchanging w; and w,.

Proof. The defining relations of D are easily checked using S,S_, = 1, T, T\, =
Tyyy = TyT,, and the equation

TSy = 2™YS, T, O

Remark 4.6. Denote v = (w; — w»)/2, then 7, (iv) = 7,(K) and 7;(—iv) = 7, (K).
The extension of the modular double Q by A and the extension of the representation
m;lg to m; thus have the effect of introducing non-integral powers of Tj,, and Tj,,
in the image of m;. The introduction of this extension is not an essential part of the
analysis later on and is only included for simplification. Using only integral powers of
K and K we can simulate the action of £ for x in some dense subset of R, cf. [4,
Proposition 1.6].

A simple calculation shows that 7;(Q) acts as a scalar,
) (Q) f = —2coshRni/w») f, feM. 4.1

Since 7, is an algebraic version of the principal series representation with representation
label /4 € C, this is as expected.

Definition 4.7. We say that f € M has exponential growth with growth rate ¢ € R if
there exists a compact set K y € R such that all poles of f are contained in K xiR =
{x+iylx € Ky, y € R} and if | f(x +iy)| = O(exp(e|x])) for x — £oo, uniformly for
y in compacta of R.

On the space of meromorphic functions which have negative exponential growth and
which have no poles on R, we define a sesquilinear form by

(f.g) = / . f(2)g(2)dz. (4.2)
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Observe that this expression is already well defined under the milder asymptotic
condition that the sum of the two exponential growths of f and g is negative. Note
furthermore that (4.2) can be rewritten as

(fog) = / NCHOS 43)

where g(z) := g(z) now is analytic at z € R.
Following [4] we define an antilinear anti-algebra involution * on the extended
modular double D by

K*=K, E*=—E, F*=—F, K*=K, E*=—E, F* = —F, 3* = _%. (4.4)

If we restrict this involution to U, (respectively U;) we obtain the x-structure on U,
(respectively Uz) corresponding to the noncompact real form sl (R) of sl (C), cf. [8].

The following lemma relates the sesquilinear form (4.2) to the x-structure (4.4)
on D.

Lemma 4.8. Let . € C and f,g € M. If the poles of f and g are outside the strip
R x i[—w1, wy] and if the sum of the exponential growth rates of f and g is smaller
than —2n/w>, then

(m(X) f, 8) = (f. m3(X")g)

for X €Uy 1 = spanc{l, E, F, K, K~', FK, EK~'}.

Proof. In view of (4.3) the proof follows by a change of variables and some contour
shifting using Cauchy’s theorem. [

A similar lemma holds for the dual algebra I{;.

5. Twisted primitive elements and matrix coefficients

Koornwinder [7] introduced twisted primitive elements to obtain the Askey—Wilson
polynomials as matrix coefficients of finite dimensional I, (sl(C))-representations. We
recall the definition of twisted primitive elements and show that they act as first-order
difference operators under the representations 7;. We construct eigenvectors to these
operators in terms of the hyperbolic gamma function and we consider the corresponding
formal matrix coefficients y of 7,. In subsequent sections we relate iy to Ruijsenaars’
hypergeometric function.

Let p € C and set

vy = g2 4 g2 = 2 cos2mp/wo).
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The twisted primitive element Y, € U, C D is defined as

v
Y, =iqg '?E+iq”"*FK — —2— (K —1). (5.1)
q

Analogously, we define the twisted primitive element Y » € U; by interchanging w; and
wa, Viz.

~ - -~ y ~
Yp=iGg "PE+ig '?FK - —L - (K - 1),
q-q

where v, = 2cos(2np/wy).
Denoting

Vv, —V B Vv, — 7V
uf<p>=q” — I(p) =ZF qjl,

we now have the following lemma.

Lemma 5.1. The meromorphic function

G(z +2)2 — 3iw/2 £ it)
G(z— 22 —iw/2 £ ip)

A
Hy ) (2) =
satisfies

0, (Yp)HY: ) = () HY .,
(5.2)
n,(Yp) HY ) = i () HY .

Proof. Since HT}: P is invariant under the exchange of w; and wy, it is sufficient to
prove only the first eigenvalue equation. A calculation shows that 7;(Y)) f = u.(p) f
is equivalent to the first-order difference equation

cosh <l (z+ 22— 3iw/2 + l"l,'))
2

fl+iw/2) = fz—iw/2). (5.3)

cosh <l (z—2/2 —iw/2 + ip))
w)

(The exact calculation can be found in Appendix A.) Using the difference equation
(2.3) for the hyperbolic gamma function it immediately follows that H/ o satisfies the
difference equation (5.3). O
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Remark 5.2. For any one of the two equations (5.2) there are infinitely many solutions
(we can e.g. multiply a solution to the first equation by any iwj-periodic function).
The crucial step in finding common solutions to both difference equations is to rewrite
the first difference equation in the specific form (5.3). Indeed, the resulting solution
Hr’l’ p in terms of hyperbolic gamma functions is invariant under interchanging w; and
woy, hence it automatically satisfies the second difference equation. This is the main
difference between our analysis and the one in [14].

Now let us consider the adjoint Y}, which is
V-
Yy =iq'?E +iqg PFK + ——— (K — 1).
9—49

Since p,(0)* = —uz(6), we are interested in so~lutions to the equation 7;(Y;)f =
—p5(0) f and the corresponding equation 7;(Y;)f = —[i(0)f for the second
component of the modular double.

Lemma 5.3. The function

G(z+ A —iw/2+iD)

A
F (Z) = =
0o G(z—l+iw/2+i5)
satisfies
nZ(Y:)FrJ):a = _ﬂb(‘})Fxf:a’
_ ?* F}. — T~ F}.
7[;.( o‘) v,6 — /‘l)(g) v,0°

Proof. The proof is similar to the proof of the previous lemma. [

We will need a few results on the analytic properties of the two functions Hr); p and
F

v,0*
Lemma 5.4. The possible pole locations of HT% 0 and FU):(, are at
—22xit+iw—Aq, A2 Exip+iw+ Ay
and
—A)2+iv— Ay, 2405+ Ay,

respectively. Furthermore, HT;' and FU;‘G have exponential growth with growth rates

n(2J(A) — 2w) /wiwy and n(—2I(A) — 2w)/wiwy, respectively.
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Proof. The proof follows directly from the zero/pole locations and asymptotics of the
hyperbolic gamma function (see Section 2). [

Define
& = max(IR(p)]. K@), RO, (R W) (5.4)
and
{=w/2— &~ 30/ (5.5)

We assume that the parameters p, o, v, T and the variable A are such that { > 0. For
|J(x)] < ¢ define

Yip. 0.1 0x, ) = (MR HL . ), (5.6)

v,0

which is well defined since the exponential grpwth —2n(w1+w2)/wiw; of the integrand
is negative and the pole sequences of 7, () H/ p and FU): . all stay away from the real line

due to the condition |J(x)| < {. Note that the increasing pole sequences of ()?)HT% P
and F/

v,0
located below the real line due to the shifted addition in C. Observe furthermore that
the matrix coefficient i is invariant under the exchange of w; and wy, cf. Remark 5.2.
The function y will be related to Ruijsenaars’ hypergeometric function R in Section 8.

Using (2.5), (2.6), and (4.3) we can write \/ as

are all located above the real line and the decreasing pole sequences are all

Y(p, o, T, 0%, 4)
_/' Gz+x+A2—iw/2+it1)G(z— /2 —iw/2ti0)
T RGGErx— A2+ iw2Lip)G(z+ A2+ iw/2 £ iv)

dz, (5.7)

which is of the form (2.13). It follows from the discussion at the end of Section 2 that

W(y;x,2) = E(x £iyg) E(x £iy)E(—x £ip)E(—x £iy3)
XE(A£iPg)E(A L i)DE(=AE£i)E(=L L i))Y(y;x,4)  (5.8)

has an entire extension to
O = {(wy, wy, p,0,7,0,x,4) € Ci X C6}. (5.9)

Hence y is meromorphic on the same domain O.
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6. The Askey—Wilson difference equations

We show that the formal matrix coefficient y (see Section 5) satisfies a second-order
difference equation with step size iw; using a radial part calculation of the Casimir
Q with respect to twisted primitive elements. As a consequence a renormalization S
(6.10) of  satisfies an Askey—Wilson second order difference equation. Since S, like
Y, is invariant under exchanging w; and w,, we obtain a second difference equation
with step size iw,. We furthermore show that S satisfies a duality in the geometric and
spectral variables, and we derive various obvious symmetries of S.

Let us start by establishing a correspondence between the set of parameters p, o, T,
and v and Ruijsenaars’ parameter set y by

Yo=—p+0o, yy=p+0o, P=—T—0, Y3=T—0. 6.1
Observe that § (see (3.1)) becomes
Jo=3Go+n+0+73)=0-0,
We will also use the abbreviation y for the parameters (p, g, 7, v). In particular, we
write Y(y; x, A) for (5.6). Later we show that (6.1) is the parameter correspondence
which relates y to Ruijsenaars’ hypergeometric function.
Now we perform a radial part calculation of the Casimir element Q with respect to

the twisted primitive elements (see (5.1)). The result is stated in terms of the function
A, see (3.4).

Lemma 6.1. We have
£Q = 2Q(x) mod £Uy 2(Y, — p1:(p) + (Y — 1, (0)) iUy 2.

where Uy 5 := spanc{l, K=, F} and Q(x) is defined as the element

Q(x) = BX)K + C(x) + D(x)K !
with coefficients

B(x) =g~ AGo. =70, 71> =715 %),

C) =g/ [ 4G x) = AG: —x) + 1+ g2 40/ ],
D(x) =g~ Ay, =7, 730 =731 =),

Proof. The proof involves a radial part calculation similar to the one performed in [14,
Proposition 3.3]. In fact, we can use the calculation in [14] using an embedding ¢ of
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the extended quantum universal enveloping algebra L{qm@ into the one in [14], given
by

—
2x 4+ iwy
AT

d(K)=K?, $G&) = K,

HE)=—iKXt, ¢(F)=ix"K

A direct calculation gives ¢(Q) = (¢ — ¢~ ")?Q+2 and ¢(Y,) = Yo/, (on the right-
hand side we use the Q and Y from [14], which have a slightly different definition).
Note that in [14] the radial part is calculated modulo a larger vector space. However,
it is easily verified that the present smaller space suffices for the proof. O

Using this radial part calculation we can prove that } (5.6) satisfies a gauge trans-
formed Askey—Wilson second-order difference equation.

Lemma 6.2. The function (x) = y(y; x, /) satisfies the difference equation
—2cosh(2mA/w(x) = BOW(x + iwr) + CEOWE) + DEOY(x — iw),  (6.2)

and a similar equation with wy and wy interchanged. These equations hold as identities
between meromorphic functions on the domain O (see (5.9)).

Proof. Observe that by the symmetry of { in w; and w; we only have to prove the
difference equation (6.2).

We first prove the lemma under restricted parameter conditions, which allow us to
use expression (5.6) of ¥ as a matrix coefficient of the D-representation m;. Using
analytic continuation we can subsequently remove these parameter constraints, cf. the
discussion at the end of Section 5.

Let us assume that w;, wy > 0 and that

wy > Twy + 48+ 2IJ(A)] + 4|3 (x) | (6.3)

holds. Then [J(x)| < {, so y is defined by (5.6) (recall that ¢ and { are defined by
(5.4) and (5.5), respectively). By (4.1),

—2cosh@mi/wo)y(x) = (m;(RQH . ) (6.4)

holds. By Lemma 6.1 there exist X, Z € U, > such that

Q= 3Q0) + XX Yy — p(p) + Yo — iy (0))XZ. (6.5)
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Since (Y, — ,uf(p))HT%,J =0, we have
()X (Yp — p (N H{ . F, ) =0. (6.6)

The exponential growth of 7; (X Z)HTA: p 1s at most the exponential growth of Hg: p Plus
2n/wy (due to the possible occurrence of an S, factor in m,(Z)). The sum of the
exponential growths of 7 i()?Z)Hé and FU - 1s at most —27/wy, hence strictly smaller
than —2m/wy, since the restrictions on the parameters imply that wy > w;. Moreover
condition (6.3) implies that neither m(xZ)H {p mor FJ A has any poles in the strip

R x i[—wi, wi]. Using Lemma 4.8 and the fact that Y, e Uy,1, we thus obtain
(0, (Yo — w,(0)XZ)Hr p, Foo) = (m)(RZ)Hyr p, 15 (Vg + 115(6)) Fo6) = 0. (6.7)
Combining (6.4)—(6.7) now yields

~2coshQni/w)y(x) = (n; GQH, ,, F ) = (m;RQ)) H ., Fl (). (6.8)

rp» rp’

Furthermore, by Lemma 6.1 (remember that xml and XK act in the same way
under 7;) we have

(m)(RQ(x)) Hr,p, Fo o) = BOY(x +iw1) + COY(x) + DY (x —iwy).  (6.9)

The lemma for the restricted parameter conditions follows now directly from (6.8) and
6.9). O

Using the function

Gx +ip)G0x +ip3)
G(x —ip))G(x — iyl)’

A(y; x) =

we can define a renormalization S of Y as

S(ix. i) = NOW(y; x, A) 6.10)

VWi A )AG; D)

The function N (3.9) is a convenient normalization factor when matching S to R in
Section 8.

Lemma 6.3. S(y; x, A) is meromorphic on O with possible poles at
A=x0—iP), x=x0—ip), ivg+iy =—v—iw

forve Ay, k=0,1,2,3,and 1 =1,2,3.
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Proof. Using (5.8) and (2.12) we can express S as

W(y; x, HN ()

S(ix, A) = — : —.
[Tico E(Ex +iv ) E(EA+ i)

From this expression we can easily read off that the possible pole hyperplanes are
as stated in the lemma (they have to be either poles of N(y) or zeros of one of the
E-functions in the denominator). [

Theorem 6.4. The function S(y; x, 7) is a simultaneous eigenfunction of the two Askey—
Wilson type second-order difference operators E; and Ei{f (see (3.5)) with eigenvalues

v(4; wy, wa, y) and v(A; wy, wy, y) respectively, where v is defined by (3.6).

Proof. Note that A satisfies the first-order difference equation
T T

cosh <—(x + iy2)> cosh (—(x + iy3)>
w2 wo

b s
cosh <—(x — iy0)> cosh (—(x — iyl))
wy w2

The desired eigenvalue equation (3.5) for Lf/‘ now follows immediately from
Lemma 6.2. -
To prove the result for the operator Lf; we note that S is symmetric in w; and wo,

Alx +iwy/2) = A(x —iw1/2).

while interchanging w; and w, transforms £ to £. We could also prove the second
difference equation by repeating the argument for the first difference equation using
the component U; of the modular double. [

We continue the analysis of the eigenfunction S by proving its duality in the
geometric variable x and the spectral variable A, similar to duality (3.8) for Ruijse-
naars’ hypergeometric function R. The duality transformation 7y — § of the parameters
(see (3.1)) is equivalent to interchanging p and v under the parameter correspondence
6.1): (p,0,7,0) > (v, 0,1, p).

Theorem 6.5 (Duality). We have
Sy;x,2) =S@; 4, x)

as meromorphic functions on O.

Proof. Assume that wy, wy > 0 and w/2 > &+ |J(x)| + |I(L)|, where ¢ is as in
(5.4). Note that these restrictions on the parameters are invariant under the exchange
(x,7) <> (4, %). Then we can use the integral representation (5.7) for both y(y; x, )
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and Y(9; A, x) to compute

Gz+x+12—iw/2+i1)G(z — /2 —iw/2+ i)
(x4 =/ e - ; ; : —d
RGGEz+x—2/2+iw/2+ip)G(z+ 2/2+ iw/2 +iv)
_/ Gz+x/2+2—iw/2+i1)G(z —x/2 —iw/2 £ i0)
CJRGGHx/2+iw/2+ip)G(z —x/2+ A+ iw/2 % iv)

=¥ (§; 4, x),

where we used the change of integration variable 7 — z + (4 — x)/2 and a contour
shift in the second equality. This contour shift is allowed since the integrand converges
to zero exponentially at +o0o, and the conditions on the parameters ensure that there
are no poles picked up by shifting the contour back to R.

Since W (see (5.8)) is entire on O, it follows that y(y; x, A) = ¥(}; 4, x) holds as
identity between meromorphic functions on O. The desired duality for S now follows
from N(;) = N() and =, O

Corollary 6.6. The function S(y;x, ) is a simultaneous eigenfunction of the Askey—

Wilson second-order difference operators L2, L2 Eé‘, and £§} with eigenvalues v(A; wy,

}7’ }7’
w2, 7), v(4; wa, wi, ), v(x; wi, wa, y), and v(x; wy, wy,}), respectively.

Proof. The fact that S is an eigenfunction of £7 and Z’/‘ was proved in Theorem 6.4.
The proof for the other two difference operators follows from this fact and duality
(Theorem 6.5). [

It is immediately clear from the integral representation (5.7) that y is invariant under
sign flips of the parameters p, o, 7, and v. This leads to the following symmetries for
S.

Lemma 6.7. Let W,, be the Weyl group of type D,,, which acts on n-tuples by permuta-
tions and even numbers of sign changes. Let V.= Wy x Wo C Wy be the Weyl group of
type D> x D>, where the first (respectively second) component acts on the parameters
(7o, v1) (respectively (y,,73)) of the four-tuple (g, vy, V2, 73). For an element v € V
we have

S(y; x, 4) _ S);x, A)
c: )G ANG) — c@); x)eG); AN @E))

as meromorphic functions on O.

Proof. Note that the action of V ~ ZQX4 on the parameters (p, g, 7, v) is by sign flips
of p, g, 7, and v. Under the conditions { > 0 and [J(x)| < ( it follows from the
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integral representation (5.7) of  that  is invariant under the action of V on y (note
that the parameter restrictions are V-invariant).
Observe that

G(x £ip))G(x £1iy3)
G(2x + iw)

c(y; )A(; x) =

is also V-invariant. Since the action of V commutes with taking dual parameters (which
is obvious in the parameters p, o, 7, v, since V acts by flipping signs while taking dual
parameters amounts to interchanging p and v) we have a similar result for c(5; H)A(}; A).
Combining these results and using (6.10) now yields the desired symmetry of S for the
restricted parameter set. These extra conditions on the parameters can be removed by
analytic continuation (compare with the proof of Theorem 6.5). [J

Remark 6.8. The symmetries described in Lemma 6.7 should be compared to the Dy
symmetry (3.10) of R. Note that for R only an S3 C W4 symmetry holds trivially from
its integral representation (3.2), where S3 acts by permuting y,, y,, and y;.

Let us now consider asymptotics of S, compare with asymptotics (3.11) of R.

Lemma 6.9. Let wi, w; € Rog, 7 € C* and ). € C\ R such that { > 0, where { is
given by (5.5). Then

S x, 7) = O PBA=MG)-w) M)

for N(x) — oo, uniformly for I(x) in compact subsets of (—(, (), where o =
2/ wiw;.

Proof. Under the parameter restrictions as stated in the lemma, S does not have x-
independent poles (see Lemma 6.3) and the integral representation (5.7) for y holds.
In view of (6.10) and the asymptotics

1

o Faox
Ao = O(eFH0v) (6.11)

for M(x) — Foo, uniformly for JI(x) in compacta, it suffices to prove
@y x, A) = O(ed(‘s(i)l_w)mi(x)l) (6.12)

for M(x) — Fo0, uniformly for J(x) in compacta of (—{, {). The asymptotic formula
(6.11) follows directly from estimates (2.10) and (2.11) for the hyperbolic gamma
function.
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Note that it suffices to prove (6.12) for f(x) — oo since

Y@ x, ) =y —x, =), (6.13)

where § = (o, p,v,7) (in the y, notation, 7 = (=70, 71, ¥2, —73))- Eq. (6.13) follows
by the change of integration variable z — —z in (5.7) and a subsequent contour shift.

To prove (6.12) for R(x) — oo we consider the integral representation (5.7) of .
We define

¢ =max(wi, w2) + 51N +max(I3()], 3@, 3D, 13W)]) (6.14)
and we consider the division of R in five intervals
I} = (—o0, =N (x) — &), L = (=9N(x) —¢& —Nx) +9),
I3 = (—N(x) + ¢, —¢), Iy = (—¢,¢), Is = (g, 00), (6.15)

for M(x) > 2e. We write integral (5.7) defining  as the sum of five integrals over
I; (j =1,2,...,5) and we bound the integral over each I; seperately. The intervals
are chosen in such a way that estimates (2.10) and (2.11) for the hyperbolic gamma
function can be used to bound the integrand over the intervals Iy, I3, and Is. To
estimate the integrals over the remaining intervals I and I4 we use the fact that their
lenghts are finite and independent of Ji(x). For each interval I; we show that the
integral over I; is O(e“(m}“)‘_w)'m(x)‘) as N(x) — oo, uniformly for J(x) in compact
subsets of (—{,{). As a consequence / is also of this order. Details are given in
Appendix A. O

7. Reduction to Askey—Wilson polynomials

Using an indirect method, Ruijsenaars [11, Theorem 3.2] proved that R reduces to
the Askey—Wilson polynomials [1] when the spectral parameter is specialized to certain
specific discrete values. We now show by a direct calculation that S (6.10) reduces to
the Askey—Wilson polynomials for the same discrete spectral values.

Let us first introduce some standard notations for basic hypergeometric series, see
[3]. For ¢ € C we write

n—1

(@ qn =[] —ag".

k=0

k
(ar, a2, ....ax; n = [ [ (@j; -

j=1
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The g-hypergeometric series is defined by

00
ai,...,as1 @, ..., @515k k
, 1 q,7| = z
S+1¢j|: by, ..., by 4q ] ]; (b1, bs, q; 9k

provided that either |g| < 1 or that the series terminates. The Askey—Wilson polynomials
[1] are defined as

—n’ abed n—l’ annx/wz’ ae—27rx/w2
rn(X;a’baC’d|Q):4¢3|:q a 2 q,4 |-

ab, ac, ad

Note that the ¢~ term in the above expression causes the series to terminate. This
implies that r, is a polynomial of degree n in cosh(2nx/w,). Finally, if we use the
parameter correspondence

4= _82niy0/w2q’ b= _627riy1/w2q’ c= _62niy2/w2q’ d = _62m'y3/w2q’ (7.1)
and if we define
Jn = iw + iy + inwy, (7.2)

then the Askey—Wilson polynomials satisfy the Askey—Wilson second-order difference
equation

Lira(xia,b,c.dlg?) = v(wi, wa, ; An)ra(x: a, b, . d|g?).

Here we use the Askey—Wilson operator Lf,f (3.5) and eigenvalue v (3.6).
Ruijsenaars has shown in [11] by an indirect method that

R(wi, w2, 73 X, ) = ra(x; a, b, ¢, d|g?) (7.3)
for n € Z >0, under the parameter correspondence (7.1). Similarly we have
Theorem 7.1. Under the parameter correspondence (7.1) we have
S(wi, wa, 7; x, Ay) = ra(x:a, b, ¢, d|g?)

for n e Z>y.

Proof. Without loss of generality, we assume that the parameters wp, ws, 7y, x are
generic.
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For generic 4 we can express Y/ as an integral

V(s x, L) = /c I(y; x,2,2)dz (7.4)

with 7(z) = I(y; x, 4, z) given by

Gz+x+1/2—iw/2+it)G(z — 1/2 —iw/2 +io)

I(z) = - . . . .
G(z+x—2/24+iw/2+ip)G(z+ 2/2+iw/2 £ iv)

and with contour C a deformation of R seperating the upward pole sequences of I from
the downward pole sequences of I. When A — 1, the pole z; := 1/2—iw/2—ioc—ikw
from a downward pole sequence of I will collide with the pole —1/2 + iw/2 — iv +
i(n — k)w; from an upward pole sequence of [ for 0<k<n. In order to compute
the limit 1 — 7, in (7.4), we therefore first shift the contour C over the poles at zj
(0<k<n) while picking up poles. In the resulting integral the colliding poles are on
the same side of the integration contour, hence the limit A — 4, can be taken.

To calculate the residues of I at z; we first remark that k consecutive applications
of the difference equation (2.3) yield

G(2)

knz/wz —k%/2 6727Zz/w2
Gz —ikwy) 1 - 7

).

Using this equation we can write

G(z+ikw +x+2/2—iw/2 £it)G(z +ikw) — 4/2 —iw/2 £ i0)

I(z) = p : ;
@ Giz+ikwy+x—21/24+iw/2+ip)G(z+ikw; + A/2 +iw/2 £ iv)
L (—e — o (ikw - )/2+1w/2:|:lp)q _e—i—“(z+ikw1+,1/2+iw/2iiu)q; ey
xXq (—e uz(z+1kw1+x+ﬂ/2 zw/2:|:zr)q e ig(z—&-tkwl —2/2— zw/2:|:16)q’q )
Using the fact that the residue of the hyperbolic gamma function at z = —iw equals

(2.9), we obtain that the residue Res; of I at z; equals

iJwiwry Gx +A—iw—iocxit)G(—iw — 2io)

Resy =

27 Gx—iocxip)G(A—io=xiv)
qzk( e wz(x za:l:zp)q _ wz(X m:l:w)q,q )
5Ty .

(e (x+i za:l:zr)qz e“’22mq2,q2;q2)k

Now we can rewrite S as

o N e
SO = G MG ) ( 2ni Y2 esit [ 160 dz) |

k=0
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where the contour C’ is chosen in such a way that all upward pole sequences and the
poles zi (0<k<n) are above C’, while all poles in downward pole sequences except
7k (0<k<n) are below C'. In this expression the integral f ¢ 1(z) dz has an analytic
extension to A = 4,. Furthermore S(y; x, A) is analytic at A = 4,, while A(}; 1) and
Resy (0<k<n) have simple poles at 2 = 4,. Hence we obtain

Strs %4 = i 27N (7) R
P; X, Ay) = lim — _ Z esk
I i N WIW2AQ; X)AG A =
2n .
— 2= (x—iw+y23)  —2n. 2
_ ezll?'—;(x—iw—iyo) (e m 123 q ",CI In
2 (i [
(e_u_vz (’/0+l/2/3)q—2n; q2)n
2T e iw—i _2mi 4
i q—zn,ze wy (—iw 110/1)76 ;,,2.(/2+/3)q—2n.q q2
’ g_ﬁ(x_iwﬁ‘;’z/s)q—%’ewiz’("/o"‘?’l)qz T ’

where the notation y,,; (respectively y,,3) means that there are two terms, one with y,
and another with y; (respectively, 7, and y3). Inserting the parameter correspondence
(7.1) we obtain

(e—2nx/wzc—lq—2n+2’ e—27rx/w2d—1q—2n+2; q2)n

(a—lc—lq—2n+2’ a—ld—lq—2n+2; qZ)n

S@; x, Jn) = 027"
72n, efznx/wza’ efzﬂ:x/wzb’ Cfld71q72n+2 2i|
¢ .

X 4¢3 [e—an/wzc—lq—2n+2 —2mx/wa g =14 =2n+2 ab’ 44

Using Sears’ transformation [3, (III.15)] of a terminating balanced 4¢3 series with
parameters specialized to a = ae ™ 2™/W2 b = pe /W2 ¢ = ~lglg72t2 g =
ab, e = e X/ w2e=1g=H2and f = = FW/w2g—1g=2+2 now yields the desired
result. [

8. Equality to Ruijsenaars’ hypergeometric function

We have already seen in previous sections that Ruijsenaars’ hypergeometric function
R and the renormalized formal matrix coefficient S have several properties in common.
They satisfy the same Askey—Wilson second-order difference equations, they have the
same duality property, they specialize in the same way to the Askey—Wilson polynomials
and their possible pole locations coincide. These common properties suffice to show
that R and S are equal.

Theorem 8.1. We have

R(wi, wa, 75 x, 4) = S(wi, w, y; X, A). (8.1
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This theorem is equivalent to the following identity between hyperbolic integrals.

Corollary 8.2. For wy, wy, 9{("/]») > 0 and |x|, ||, |yj| < w/6 we have

/ G(z+x44/2 —iw/2 i3 —92)/2G(z — )2 — iw/2 £ i (39 + 71)/2)
RGE+x—2/24iw/2Ei(—71)/DGE+ /2 + iw/2 i (73 + 73)/2)

G +i)G(x +i93)G(A+19)G (L +i73)
G +iy)Gx —iy)G U+ i90) G —if))
x/ GzEx+ip)G(z L2+ i%)
¢ G+ iw) [Ty GG +iy +ip; +iw)

dz,

where the contour C is the real line with a downward indentation at the origin.

Proof. The proof consists of inserting the integral representations of R and S in (8.1).
See (3.2) for the integral representation of R, and (5.7), (6.10) for the integral repre-
sentation of S. [

In order to prove Theorem 8.1 we first consider the Casorati-determinant of S and
R in the iw; direction.

Lemma 8.3. The Casorati-determinant

o(y; 2, 4) = Sy z+1iw /2, )R(y; z —iw1 /2, A)
=Sz —iw1 /2, VR(y; z+iwy /2, A)

of S and R in the iwy direction is identically zero.

Proof. We suppress the 4 and y dependence of d(z) whenever this does not cause
confusion. We prove the lemma for generic parameters wi, w2 € R~q, 7 € R*, and
A € U\ R, under the condition wy > 2¢ 4 2|J(A)| + 3wy, where U is an open subset
such that asymptotics (3.11) of R hold for A € U.

A simple calculation involving the Askey—Wilson difference equations satisfied by R
and S (see (3.7) and Theorem 6.6, respectively) shows that

A(y; —2)

oz +iwy/2) = )

oz — iw1/2),
where A is defined by (3.4). Since the function

Gz —iy; —iwi/2)
G +iy; +iwi/2)

3
T(z) = sinh(2nz/w») ]_[
j=0
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satisfies the same difference equation, we conclude that

_ i@

&= 70

is an iwp-periodic function.
We now show that m(z) is an entire function in z. Let us look at the possible poles
of the Casorati-determinant ¢(z). By Lemma 6.9 the possible poles of S are located at

+(Ay —iy), (j=0,1,2,3).

From (3.3) the possible poles of R are located at the same points. Hence d(z) can only
have poles at

£(Ay —ipp) £iw/2 (j=0,1,2,3)

Here all sign combinations are possible. Furthermore, using the pole and zero locations
(2.8) of the hyperbolic gamma function, we can easily see that the possible zeros of
T (z) are located at

(A +iy; +iw/2), riwy, (j=0,1,2,3; re 7).

By the assumption that the parameters are generic, we conclude that m has no pole
sequences of the form p + ikw; (k € Z). By the iw-periodicity of m it now follows
that m cannot have any poles.

In the limit M(z) — oo we have

1 — @(ea(iloﬂvl)Z)
T(z)

uniformly for J(z) in compacta, in view of estimates (2.10) and (2.11) for the hyperbolic
gamma function. Here o = 2n/w;w, as before.

Furthermore, using the asymptotics for S (see Lemma 6.9) and for R (see (3.11)) we
have for 9i(z) — oo

5(z) = O(eza(m}.)|+|&0\—w)|m(z)|)

uniformly for J(z) in compact subsets of (—( + wi/2,{ — w;/2). Observe that the
interval (—{+ w1/2,{— w;/2) is nonempty due to the conditions on the parameters.
Combining these two asymptotic estimates we obtain

_ @ _ 221 |—w2) N (2)|
m(z) = @ O(e 2 ) =0 (8.2)

for M(z) — oo, uniformly for J(z) in compacta of (—{ + wy/2, { — wy/2).
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The asymptotics of m(z) for R(z) — —oo can be obtained in a similar way and is
also given by (8.2). Combining the asymptotics with the fact that m(z) is analytic and
iwg-periodic we conclude that m(z) is bounded on C since { — w;/2 > wi/2.

For these parameters we conclude by Liouville’s theorem that m(z) is constant. In
fact, by the asymptotic expansion (8.2), m is identically zero. We can now extend
this result to all values of the parameters by analytic continuation, which proves the
lemma. [J

Proof of Theorem 8.1. Consider the quotient

R(y; x, 2)
Oy x,A) = S )
By Lemma 8.3, Q is an iw;-periodic meromorphic function in x. Since Q is symmetric
in w; and wy (for both R and S are invariant under interchanging w; and w»), Q is
also iwp-periodic. If we choose wi, wy > 0 such that wi/wy ¢ Q, then the set {kw; +
lwylk,l € Z} is dense on the real line, hence Q(y; x, A) is constant as meromorphic
function in x. Analytic continuation (in wj, wy, and y) allows us to extend this result
to all possible values of w; and wy in Cy and y € C*.
By the duality properties of R and S (see (3.8) and Theorem 6.5, respectively), we
have

0 x,2) = 0@; A, x).

This implies that Q is also constant as function in A.
In particular, we have

S(wl ’ w25 ”/; -x5 ;"0)

Q(w]5 wz; V; x5 )") =
R(wr, wa, 7; x, 49)

with ¢ given by (7.2). By Theorem 7.1 we have S(wi, wa, y; x, 49) = 1, and by (7.3)
we have R(wi, wp,y; x, 49) = 1. Hence Q = 1, as desired. [
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Appendix A. Eigenfunction of 7;(Y))

In this appendix we give the explicit calculation to rewrite the eigenvalue equation
7, (Yp) f = u(p)f as the first-order difference equation (5.3).
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Using the explicit expression (5.1) of Y, the eigenvalue equation becomes

ig™\ Py (E) f +iq~ P, (FK) f — T g T K =D = -1 /-

By the explicit definition (Lemma 4.5) of ©; we obtain

i

el (q‘l/ze“/mf(z) +q' e f (7 4 iw1))

q9—d4
B - _iq_1 o 2mz/w2 (q_l/ze”}'/wzf(z +iw) + ql/ze—n/l/wzf(z))
_q 1(f(z+lW1)—f(Z))— lf(Z)

1

Multiplying by ¢ — ¢~ and rearranging the terms yields

(l-62nz/w2q71/26n/1/w2 _ i672nz/w2ql/26771/1/w2 4 w) @)
_ (_iean/wqu/Zefn}./wz _}_iefZTcz/wzqfl/Zeﬂ:ﬂv/wz +vp) fz+iwy),
which is equivalent to

fz+iwy)
_cosh(mi/2 + 2nz/wy — miw /(Qws) + A/ w2) + cosh(Rmit/wy)
"~ cosh(—mi/2 4 2nz/ws + miwy /Qwa) — 1A /wy) + coshRmip/w2)

Replacing the variable z by z — iw;/2 we can now rewrite the latter equation as

fz+iw1/2)
f(z—iw1/2)
cosh(ni /2 + 2nz/wy — 3wiw;/(Rwy) + A/ wa) + coshRmit/wy)
~ cosh(—mi /2 4 2nz/ws — miwy/wy) — wA/wa) + cosh(2mip/w»)

cosh (l(z 4 7/2 = 3iwy JA+ iwy /4 + if))
w2

cosh (l(z 22— iw /A — iwa )b+ ip))
w2

cosh

(
cosh

(z4+4/2 =3iw/2 £ l‘E))

Sla

’

(z— 22 —iw/2 + ip))

§l=

where we used the im-antiperiodicity of the hyperbolic cosine in the last equality.

f(@).

567
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Appendix B. The limit behaviour of
In this appendix we give the details on the calculation of the limit behaviour of i,

cf. the proof of Lemma 6.9. Throughout this section we assume that wi, wy € Ry,
)¢ R, yeC* and that { > 0 (with { given by (5.5)). We prove that

Yy x, ) = O(ed(|3(i)|—w)|9€(x)|) (B.1)

for M(x) — oo, uniformly for J(x) in compacta of (—{, {). As explained in the proof
of Lemma 6.9, we prove (B.1) by splitting R in five intervals and bounding the integral
representation (5.7) of y over each interval.

B.1 Preparations

Let us first define a function K by

G(z+ )2 —iw/2 £ ia)
G(z— )2+ iw/2+ib)’

K(z,4,a,b) =
The integral representation (5.7) for i can then be written as
(s x, A) = / K(z+x,4,1,p)K(z, -4, 0,v)dz. (B.2)
R

The behaviour of K in the limit z — 400 is controlled by
Ki(z, A a,b) = eq:ia(z(ifiw)fa2/2+b2/2)'
Explicitely, for fixed a, b, and . we have
K(z./.a.b) = Ki(z. ), a, bes &b (B.3)
for £M(z) > max(wi, wy) + |N(A)]/2 + max(|J(a)|, |I3(b)]), where
18z, 2, a, b)| < C(3(z))e” *mintwn w2 M@I/2, (B.4)

with C depending continuously on J(z), cf. (2.10) and (2.11).
B.2 General estimation scheme

Let ¢ and the intervals I; (j € {1,...,5}) be defined as in (6.14) and (6.15). We
only consider the asymptotics for f(x) — oo. Assume that Ji(x) > 2¢, causing the
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intervals to form a partition of the real line. We write integral (B.2) defining  as

5
Y =Y i), (B.5)
j=1

where

Yix) = / K(iz+x,2,7t,p)K(z,—2,0,0)dz

1

for j € {1,2,...,5}. We bound these integrals using (B.3) (if one of them is applicable
for the interval at hand).
For j =1 we have

—R(x)—e

Yy (x) = f K_(z+x,21,pK_(z, =1, 0,08 Y gz
—0o0

— eioc),xe—ocwieiac(p2+vz—12—02)/2 /S eZocwz+g1(z+i%(x),x) dz

—00

— O(e—oc(@“s(l)+w)§}t(x))

for N(x) — oo, uniformly for J(x) in compacta of (—{, {). Here g1(z, x) = g(z, 4, 7, p)
+ g(z — x, —4, 0, v) which satisfies an equation like (B.4) for z < —¢

|g1 (Z + iQs(x), x)| < Ce—otmin(11)1,11)2)|9f(z)|/2,

where the constant C is independent of J(x), because J(x) is bounded. In particular,
g1(z + iJ(x), x) is uniformly bounded for z € (—oo, —¢) and x € {z € C|N(z) >2e,
I3(2)| <}

Likewise we have for j =5,

(o 0]
Ws(x) = f Ki(z+x, 2,1, p)Ki(z, =2, 0,059 dz

&

SN (22 22 ©
— e—ocx(w+li)gtcx(a +1°—p —v )/2/ e—2awz+g5(z,x) dz
g

— O BD—wR)

for N(x) — oo, uniformly for J(x) in compacta of (—{, (). Here g5 is a function
which satisfies a bound like (B.4) for z > ¢, cf. the previous paragraph.
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For j =3 we need to be a bit more careful. First observe that

—&
Y3(x) = / Ki(z4x, 2,1, p)K_(z, =2, 0,0)e83E¥ dz
—Nx)+e
= e_m("H_M)eia(72+l)2_p2_a2)/2f_(; o~ 2i%Az+g3(2.x) dz,
R 4e

where g3 = g(z + x, 4,7, p) + g(z, —4,0,v) is bounded on z € (—MN(x) + ¢, —&) by
Ce~xmin(wi,w2) min(=2,z=M(x))/2 " and hence by the constant C itself. Therefore we have

&
W3 ()| < ea(:s(/1)—w)m(x)ws(x)»t(),)eas(rz+uz—p2—az)/2/ 2Dz +C dz
—R(x)+e

— O(ea(\S(/l)kw)})t(x))

for N(x) — oo, uniformly for J(x) in compacta of (—{, ). Here we get the final
approximation by evaluating the integral and using that J(4) # 0.
For j =4 we cannot use (B.3) for the entire integrand. However we still have

&
Ya(x) = / Ki(z+x,4,1,0)K(z, — 4,0, v)e$+ @Y g7

—&
X €
= el v=0) / K4 (2, 2,1, p)K (2, —1, 0,0)e$4E9 dz
—&

— O(ea(ﬁ(l)fw)m(x))

for N(x) — oo, uniformly for J(x) in compacta of (—{, (). Here g4 is a function
satisfying the bound g4(z,x) < Ceomin(wi.w)R)=8/2 < C for z € [—e¢ ¢] and
N(x) > 2e.

Finally for j =2 we have in a similar way

&
000 = [ K40t R @ = 9w, .0 dz
—¢

&
= o i) (=A=iw) f K(z+3(x), 4,1, p)K_(z, =4, 0, 0)e2E¥ dz
—e

— O(e—a(3(2)+w)x)

for N(x) — oo, uniformly for J(x) in compacta of (—{, (), where gy is a bounded
function, cf. the previous paragraph.
By (B.5) we conclude that asymptotics (B.1) for y holds, as desired.
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