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1. Introduction

We consider the following box-constrained system of nonlinear equations:
(SNE) F(x) =0,
xeX,

where the mapping F : R" — R™ is continuously differentiable on §2, which denotes an open set containing the box X C R".
Let F(x) :== (fi(%), ..., fo(x))" and let

-l n
f®) =2 .
i=1

To solve (SNE), we can solve the following box-constrained global optimization problem:
(GOP) min f(x)
st. xeX.

Assume that (SNE) has at least one solution. Then, X is a solution of the system (SNE) if and only if it is a global minimizer of
problem (GOP) and satisfies f (x) = 0 (see Chapter 11in[1]).

In this paper, a filled function F(x, x*) of problem (GOP) at x* with f(x*) > 0 will be proposed. We will introduce
a filled function method to obtain a global minimizer of problem (GOP) by locally solving the following box-constrained
optimization problem:

(BOP) min F(x, x*)
st. xeX
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starting from the point near x*. If x* is not a global minimizer of f (x), we are able to obtain a local minimizer x of F(x, x*)
onS; = {x|f(x) < f(x*),x € X} since F(x, x*) does have a minimizer in S,. Then, we can manage to obtain a new local
minimal point x7 of f(x) satisfying f(x]) < f(x*), by locally minimizing f(x) starting from the point X (see e.g., [2-8]).
Finally, we can obtain a global minimizer or an approximate global minimizer of problem (GOP) by solving a finite number
of box-constrained problems (BOP).

The numerical results obtained show that our method is applicable and efficient. The rest of this paper is organized
as follows. In Section 2, we propose a new filled function for the optimization problem. The corresponding algorithm
is presented in Section 3. Several numerical examples are reported in Section 4. Finally, some conclusions are drawn in
Section 5.

2. Properties of the filled function of problem (GOP)
Throughout this paper we make the following assumptions:

Assumption 1. fi(x) (i = 1,...,n) is continuously differentiable on 2, which denotes an open set containing the box
X C R
Assumption 2. The value of f (x) for x on the boundary of X is greater than the value of f (x) for any x inside X.

Notice that Assumption 1 implies that f (x) is Lipschitz continuous on int X, i.e., there exists a constant L > 0 such that

Ifx) —f ()| < L|]x —y|| holds for all x, y € intX. Assumption 2 implies that the interior of X contains all minimizers of f (x).

Definition 2.1. A continuous function F (x, x*) is said to be a filled function of problem (GOP) at a local minimal point x* of
f(x) if it satisfies the following conditions:

1° x* is a local maximizer of F(x, x*).

2° F(x, x*) has no stationary point in the region

S1={XIf(x) = f(x"), x e X\ {x}}.
3° If x* is not a global minimizer of f (x), then F(x, x*) does have a minimizer in the region
S2 = xlf(x) < f(x), x € X}

In the following, we will introduce a function F (x, x*, q) which only has one parameter q and satisfies Definition 2.1. To
begin with, we present a function

2

¢\
¢g(0) = P <_72> . IFE#£0, @2.1)
0, ift = 0.

It is easy to prove that ¢, (t) is a continuously differentiable function (see Fig. 1).
The filled function given at x* has the following form:

f&x)
2

)= -
F(x,x*,q) = =y ||x—x*||¢q (f(x)

The following theorems show that F (x, x*, q) satisfies Definition 2.1.

), xeR", qg>0. (2.2)

Theorem 2.1. Suppose that f (x) is continuously differentiable on §2 and x* is a local minimizer of f(x) with f (x*) > 0. Then,
there exists a number q' > 0 such that, point x* is a local maximizer of F(x, x*, q) forallq € (0, q').

Proof. Since x* is a local minimizer of f (x), there exists a neighborhood N (x*, §) of x* with § > 0 such that f (x) > f(x*) for

all x € N(x*, §), therefore f(’})(x*) < 2.Then,
f)—=5—+

F(x,x*, q) _ q ox 2 ~ qz
Foe g gt lx—xl T \(907 T G - 1502
I I -5 (G l{ R ()
a+ Ix=xl TR - 2y

q ( 2¢2(F(X) — F(x*)) )
ex ) .

- oy f(x*) f(x*)
g+ lx—x 0\ (@22 — L0
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Fig. 1. The graph of ¢, (t) with g = 1.0, 0.5, 0.2, respectively.

*

[ y2
Ifg? < (2% and f (x*) > 0 is known, then

2°(F0) —fx))  _ 2¢°
S0 =15 — )

Hence, by & < ﬁ forally < 1andy # 0, we have

F&x X", @) - q exp 2¢°(f (%) — f(x*))
Fix*,x*,q)  q+ |lx —x*|| Ly (5 (x) — [69)

- / 2¢°(Fx) —f(**))
q+ ||x—><*|| Dy (x) — &)

2w~ 15
q+ ||x ol TSy ) — [50) g2 () — £ (x)
G RO e )
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where

Y\ 2 *
A= (f (’2‘ )> [lx — x*|| (f(x) _f (’2‘ )) —2¢° (f(x) — f(x") — 2¢°IIx — x*|| (f ) — f(x"))..

b (f(X>) R )
enote ¢ = min{—2— f I

)\ 2 Y’
Az ((“’2‘)) —2q2> e = (f(X)—f(X*))JF((f(;)) ‘m) o= o

}and let g € (0, ¢'), we have
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All of above inequalities hold for 0 < q < ¢/, thus,
F(x, x*, q)
_— <
F(x*, x*, q)

x* is a local maximizer of F(x, x*,q). O

1,

Theorem 2.2. Suppose that f (x) is continuously differentiable on $2 and x* is a local minimizer of f (x) with f (x*) > 0. Then,
there exists a number q” > 0 such that, function F (x, x*, q) has no stationary points on the set S; = {x|f (x) > f(x*), x € X /{x*}}
forallq € (0, q").

Proof. Letx € Sy, i.e., f(x) > f(x*) and x # x*, we have

VF(x, x*, q)7 X=X = — L exp —L
llx — x| (q+ lIx —x*[)? (f (0) — L1522
2 q VI (x —x%) 7
+ ) P\ T f&x)\2 * f&x*)\3
g+ llx —x*|| fx) =55 x=x*l  (fx) — 552
S S 7 N 2L 7
T @+ lx=x)? (822 | g+ llx— x| (152)3
1 q ) q
< - exp (— - +2L———.
— x*[)2 [&x9y2 f&x)y3
(g + max |lx — x*[}) ) )
&) y3
Let M = maxyex ||Xx — x*||, and 0 < q < min{1, ﬁ},we have that
X —Xx* q 1
VF(x, x*, q)7 < - exp | ——— )
C X D el S T a2 p( (f(;>)2> T2 My
&3 X
Thus, let ¢’ = min{4(L(12+,V;)z, (f(;( 2)21n2, 1}, when q € (0, ¢”), we have
X —Xx*
VE®x, x*, ) ———— <0
llx — x|

It implies that the function F(x, x*, q) has no stationary points in the region S; = {x|f(x) > f(x*),x € X \ {x*}} when
0<qg<q'. O

Theorem 2.3. If x* is a local minimizer and it is not a global minimizer of f(x) in X, then for arbitrary q > 0, there exists a
minimizer x* of F(x, x*, q) in the region S, = {x|f (x) < f(x*), x € X}.

Proof. Since f(x) is continuous and x* is not its global minimizer, and the global minimum of f(x) is zero, there exists a
point x*, such that

— _f&)
fx*) 5 =0,
therefore,
ot ) 1 = _F&HY _
F(x,x,q)—q+“x_x*”¢q(f(>() 5 >_0.

On the other hand F(x, x*, g) > 0 from the form of the filled function. Therefore,
F(x,x*,q) = F(x*, X%, q).
Thus x* is a minimizer of F(x, x*, q) foranyq > 0. O

Theorems 2.1-2.3 show that, for all numbers q € (0, min{q’, q"}), function F (x, x*, q) satisfies all the conditions of filled
function in Definition 2.1. In other words, F (x, x*, q) is a filled function for sufficiently small number q > 0.

We note the following two important issues. Firstly, in the phase of minimizing the filled function, Theorems 2.1-2.3
guarantee that the present local minimizer x* of the objective function is avoided. Moreover the minimum of the filled
function will always be achieved at a point where the objective function value is not higher than the current minimum of
the objective function.

Secondly, the parameters q are easier to be appropriately chosen than those of the original filled function [2].

In Section 3, we describe an optimization algorithm that employs the filled function F (x, x*, q) presented above.
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3. Algorithm

In Section 2, we discussed some properties of the filled function. Thus, a global minimizer or an approximate global
minimizer of (GOP) can be obtained in finite steps. The corresponding algorithm is denoted by Algorithm MSNE (method of
solving nonlinear equations) and detailed as follows:

MSNE

1. Initial Step Choose 0 < ry < 1 as the tolerance parameters for terminating the minimization process of problem
(GOP).

Chooseq=1In2,0 <qg < 1land M > 0.

Choose directione;, i =1, 2, ..., ko with integer ko > 2n, where n is the number of variable.
Choose an initial point x{ € 2.

Letk = 1.

2. Main Step

1°. Obtain a local minimizer of prime problem (GOP) by implementing a local downhill search procedure starting from
the x0. Let x} be the local minimizer obtained. Leti = 1,q = In2.

2%, If i < ko, then goto 5°, otherwise goto 3°.

30 If @ < 1o, then terminate the iteration, the x; is the global minimizer of problem(GOP), otherwise, goto 40,
4% Ifq < qo, thenletq = f(ka) In2andi = 1, goto 5°, otherwise, let g = q/10,i = 1, goto 5°.

59X = x} + oe; (where o is a very small positive number), if f (X}) < f(x}) thenletk = k + 1,x} = X} and goto 1°;
otherwise, goto 6°.

6°. Let

F(x,x;, q) = ﬂxb) ,

1
P T <f(")_ 2

and yo = X;. Turn to inner loop.
3. Inner Loop
1% Letm = 0.
2% Yir1 = @(ym), where g is an iteration function. It denotes a local downhill search method for the following problem:

min  F(x,x;,q) st xeX.

Such as F-R method, BFGS method, etc.
3% If |yms+1 — X9|l > M, thenleti = i + 1, goto main step 2°, otherwise goto 4°.
4. If f (Ymy1) < f(x}) thenletk = k + 1,x) = ymmy1 and goto main step 1°, otherwise let m = m + 1 and goto 2°.
The idea and mechanism of algorithm are explained as follows:
There are two phrases in the algorithm. One is that of minimizing the original function f, and the other is that of

f)
— and q

is less than

minimizing the new filled function F (x, x*, g) in the inner loop. We let ¢ = In 2 in the initialization, afterwards,
fx)

are gradually reduced via the two-phase cycle until they are less than sufficiently small positive scales. If —

1o, then we think that xj is the global minimizer of f (x). The algorithm is terminated.

4. Numerical examples

In this section, we apply Algorithm MSNS to several test examples. The proposed algorithm is programmed in Fortran 95
for working on the windows XP system with Intel cl.7G CPU and 256M RAM.
In this section, as a local optimization method in both Main Step and Inner loop, we use BFGS Method to get the search
direction and the Armijo line search to get the step size. We use ¢ = 10~ as a termination condition in || VF|| < «.
In the numerical experiments below, we take ky < 1000 and define the set {e; € R" : i =1, ..., ko} as a subset of points
e; = (ei(1), ..., ej(n)) defined by
ei(1) = sin(6y;) sin(6y;) - - - sin(On—2,) Sin(6n—1,i),
ei(2) = sin(6y;) sin(6ai) - - - sin(Bp—,1) €OS(On—1,i),
ei(3) = sin(61;) - - - sin(Gn—3,i) COS(6n—2,1),
ei(n — 1) = sin(6y;) cos(6),
ei(n) = cos(01i),

where n is the number of variables and 6;; € {k% k=1,...,32},j=1,...,n—1,i=1,..., ko.
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Table 4.1

Numerical results for Example 4.1.

k Xk Local minimizer x;; f&5) F(xg)

0 (S (2T 25070 (e

1 i 225 16212 )

: ) 25 061647 (e

3 ) ) 035576 (=

; (72) (L) (e 1e7)
0 ) e 99739 (e

1 ey [5s) 48916 (N

. ) [ 555 35917 x 10772 o)

Table 4.2

Numerical results for Example 4.2.

k Xk Local minimizer x;; f&g) F(xg)

: (z5me) (o) (31m0)

1 iy (M) (o)

0 e (55607) 1.0000 loomn 02

1 ) (o) 51280 x 107 (e

The computational results are summarized in tables for each example. The symbols used in the tables are given as follows:

e kis the number of iterations in finding the k-th local minimizer.

e X, is the starting point in the k-th iteration in finding the k-th local minimizer.

o x; is the k-th local minimizer.

e f(x}) is the function value of f (x) in finding the k-th local minimizer.

e F(x}) is the function value of F(x) in finding the k-th local minimizer.
Example 4.1 (Test Problem 1 in [8]).

fi(x) =1 —2x, + 0.2 sin(4rx;) — x; = 0,
fr(x) =x — 0.5s5in(27x1) =0

where —10 < X1, X, < 10. The solution is (0.1025250, 0.3005036). The computational results are summarized in Table 4.1.

Example 4.2 (Test Problem 14.1.3 in [9]).

fix) = 10%x, — 1=0,
H&x)=e 1 +e™™ —-1.001 =0

where 5.49x 107% < x; < 4.553,2.196x 1073 < x, < 18.21.The solutionis (1.450 x 10~>, 6.8933353). The computational
results are summarized in Table 4.2.

Example 4.3 (Test Problem 14.1.4in [9]).

fi(x) = 0.5 sin(x1x) — 0.25x,/m — 0.5x; = 0,
f(x) =(1—025/7)(e* —e)+ex,/m —2ex; =0

where 0.25 < x; < 1, 1.5 < x, < 2m. The solution is (0.29945, 2.83693) and (0.5, 3.14159). The computational results
are summarized in Table 4.3.
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Table 4.3
Numerical results for Example 4.3.
k X Local minimizer x;; F&x5) F(xg)
1.0000 0.9717 3 —0.1108
v (6.0000) (1.56]0) il il (6‘8414 X 10*3)
0.30293 0.50000 B 3.39038 x 1078
E (3‘83692) (3‘14159) 1.27661 x 10 <73.74668 x 1078
0.8000 0.9717 . —0.1108
v (1.5000) (1.5610) (PEZI Y (76.8459 X 10*3>
0.1505 0.2994 5 —8.4537 x 107°
L (2.3834) (2.8369) 8.3734 %10 <79.1502 x 1077
Table 4.4
Numerical results for Example 4.4.
k Xk Local minimizer x;; F&E) F(xg)
30.0000 0.0000 0.0000
30.0000 15.50422 7.0035
0 30.0000 0.0000 0.49976 0.0000
30.0000 0.0000 0.0000
30.0000 0.0000 —0.99976
4.0169 x 107° 3.4305 x 1073 3.6892 x 1077
15.5042 31.3238 —1.8673 x 1077
1 2.52286 x 107° 6.8353 x 1072 9.0569 x 10~ 1.0065 x 1077
1.59228 x 107> 0.8592 —4.8858 x 107°
1.0000 3.6962 x 1072 —3.5825 x 107°
40.0000 0.0000 0.0000
40.0000 20.5481 1.2272 x 1073
0 40.0000 0.0000 0.4996 0.000
40.0000 0.0000 0.0000
40.0000 0.0000 —0.9996
4.0168 x 107° 3.4302 x 1073 5.2640 x 107°
20.5482 31.3264 —1.0104 x 1078
1 2.5226 x 107° 6.8350 x 1072 9.1852 x 10717 5.8779 x 107°
1.5923 x 1073 0.8595 2.7078 x 107°
1.0000 3.6962 x 1072 —3.4383 x 107°

Example 4.4 (Test Problem 14.1.2 in [9]).
fi(x) = x1%, +x1 — 3x5 =0,
fz(X) = 2X1X2 + X1 + 3R10X§ + szg + R7X3X3 + RgX2X4 + RgX; — Rxs = 0,
f3(X) = 2x2X5 + RyXyx3 + 2RsX5 + Rex3 — 8x5 = 0,
f4(X) = RoX3X4 + ZXﬁ — 4RX5 =0,
fs(X) = x1%; + X1 + R10X3 + X3X5 -+ RyXpX3 + RoXoX4 + RgXy + Rsx3 + Rex3 + x5 — 1 =10
where 0.0001 < x; < 100,i =1, ...,5,andR = 10,Rs = 0.193,Rs = 4.10622x 1074 ,R; = 5.45177x10~* Rg = 4.4975 x

1077, Ry = 3.40735 x 107>, Ryg = 9.615 x 10~7. The solution is (0.003431, 31.325636, 0.068352, 0.859530, 0.036963).
The computational results are summarized in Table 4.4.

5. Conclusions

In this paper, a new global optimization approach based on the filled function method is proposed for finding solutions
to nonlinear systems of equations. We transform given system into an optimization problem and construct a new filled
function by employing some special properties of the transformed optimization problem. This approach allows us to reduce
a currently found best value of objective function in each iteration. The computational results show the efficiency of the
algorithm developed.

Acknowledgement

The authors acknowledge support by Shanghai Leading Academic Discipline Project ]50101.



702 Y. Lin, Y. Yang / Journal of Computational and Applied Mathematics 234 (2010) 695-702

References

[1] J. Nocedal, S.J. Wright, Numerical Optimization, second ed., Springer Verlag, 2006.

[2] R. Ge, A filled function method for finding a global minimizer of a function of several variables, Math. Program. 46 (1990) 191-204.

[3] R.P.Ge, Y.F. Qin, A class of filled functions for finding global minimizers of a function of several variables, ]. Optim. Theory Appl. 54 (1987) 241-252.

[4] X. Liu, Finding global minima with a computable filled function, J. Global Optim. 19 (2001) 151-161.

[5] YJ. Yang, Y.L. Shang, A new filled function method for unconstrained global optimization, Appl. Math. Comput. 173 (2006) 501-512.

[6] Z.Y. Wu, M. Mammodov, E.S. Bai, Y.J. Yang, A filled function method for nonlinear equations, Appl. Math. Comput. 189 (2007) 1196-1204.

[7] Z.Xu, H.X. Huang, P. Pardalos, Filled functions for unconstrained global optimization, J. Global Optim. 20 (2001) 49-65.

[8] LS. Zhang, C.K. NG, D. Li, W.W. Tian, A new filled function method for global optimization, ]. Global Optim. 28 (2004) 17-43.

[9] C.A. Floudas, P.M. Pardalos, C.S. Adjiman, W.R. Esposito, Z.H. Gumus, S.T. Harding, ].L. Klepeis, C.A. Meyer, C.A. Schweiger, Handbook of Test Problems
in Local and Global Optimization, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1999.



	Filled function method for nonlinear equations
	Introduction
	Properties of the filled function of problem (GOP)
	Algorithm
	Numerical examples
	Conclusions
	Acknowledgement
	References


