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Abstract

We define a new family of matrix means { P (w; A)};c[—1,1], Where @ and A vary over all positive prob-
ability vectors in R" and n-tuples of positive definite matrices resp. Each of these means except ¢ # 0
arises as a unique positive definite solution of a non-linear matrix equation, satisfies all desirable properties
of power means of positive real numbers and interpolates between the weighted harmonic and arithmetic
means. The main result is that the Karcher mean coincides with the limit of power means as r — 0. This
provides not only a sequence of matrix means converging to the Karcher mean, but also a simple proof
of the monotonicity of the Karcher mean, conjectured by Bhatia and Holbrook, and other new properties,
which have recently been established by Lawson and Lim and also Bhatia and Karandikar using probabilis-
tic methods on the metric structure of positive definite matrices equipped with the trace metric.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction

The Riemannian trace metric on the convex cone P = P, of m x m positive definite Hermitian
matrices plays an important role in many applied areas involving matrix interpolation, filtering,
estimation, optimization and averaging, where it has been increasingly recognized that the Eu-
clidean distance is often not the most suitable for the set P and that working with the appropriate
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geometry does matter in computational problems. (Recall the trace metric distance between two
positive definite matrices is given by §(A, B) = (Zf;l log2 )\i(A_lB))%, where 1;(X) denotes
the i-th eigenvalue of X in ascending order.) It turns out that the Riemannian geometry plays a
key role particularly in the study of inversion invariant data averaging procedures in image pro-
cessing, in radar detection and in brain-computer interfacing [5,4,29]. An attractive candidate of
data averaging procedures is the least squares mean [24] of positive definite matrices. This mean
has appeared under a variety of other designations: Frechet mean, Cartan mean, Riemannian
center of mass [18], Riemannian geometric mean [29], or frequently, Karcher mean [14], the
terminology we adopt. The Karcher mean of n positive definite matrices Ay, ..., A, is defined
as the unique minimizer (provided it exists) of the sum of squares of the Riemannian trace metric
distances to each of the A;, i.e.,

n
A(AL, ..., Ap) :argminZSz(X, A)). (1.1)
XeP

i=1

This idea had been anticipated by Elie Cartan (see, for example, Section 6.1.5 of [6]), who
showed among other things such a unique minimizer exists if the points all lie in a convex ball in
a Riemannian manifold; see also Karcher’s paper [18]. Using Karcher’s formula for the gradient
of the objective function (Theorem 2.1 of [18]) or computing appropriate derivatives as in [10,28]
yields that the Karcher mean coincides with the unique positive definite solution of the Karcher
equation

n
> log(x'2A71x1?) =o0. (1.2)

i=1

Various numerical methods for the solution of (1.1) or (1.2) have been introduced in the liter-
ature: fixed point methods, optimization algorithms like Newton’s method or a gradient descent
method, and iterative methods; see [14] and references therein. Unfortunately neither an ex-
plicit expression nor an explicit sequence of matrix means converging directly to the Karcher
mean is known. Nevertheless the monotonicity of the Karcher mean, conjectured by Bhatia and
Holbrook [11] and one of key axiomatic properties of matrix geometric means, was recently
established by Lawson and Lim [24] via a probabilistic convergence of approximations and by
Bhatia and Karandikar [12] via some probabilistic counting arguments, both arguments depend-
ing heavily on basic inequalities for the Riemannian metric. In this paper we provide a more
direct, non-probabilistic proof of the monotonicity of the Karcher mean that depends on finding
a sequence of matrix means satisfying monotonicity that converge directly to the Karcher mean.
The principal goal of this paper is to construct a particular family of matrix means, each with nu-
merous desirable properties such as monotonicity, that converges to the Karcher mean and show
that these properties are preserved in the limit.

. . . al+-+a’ 1
The basic family of means we consider are the power means. The power mean (--——")7

of n positive real numbers ay, ..., a, arises as the unique positive solution of the elementary

equation x = %Z?zl xl”af , and converges to the geometric mean of ay,...,a, as t — 0. In
: : : S I o B R

this paper we consider a matrix analogue of x = - > | x'~'a], namely

l n
X:;ZX#tA,', (1.3)

i=1
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where A#, B = AYV2(A~V2BA-V2) AV2 the t-weighted geometric mean of A and B. We
prove that for each t € (0, 1], Eq. (1.3) has a unique positive definite solution, denoted by
P (A1, ..., A,), and show that each of these matrix means (called a power mean) arises as
a unique fixed point of a strict contraction for the Thompson metric. We show these power
means vary continuously with ¢ and satisfy analogues of basic properties of power means
of positive real numbers (e.g., monotonicity and joint concavity). We then establish that the
Karcher mean is the limit of power means as t — 0. This gives, in particular, a simple and
non-probabilistic proof of monotonicity, joint concavity and other new properties of the Karcher
mean recently established by Bhatia and Karandikar [12], and a globally convergent method for
obtaining the Karcher mean by taking the limit of Xy = P 1 (A1, ..., Ay). Moreover, together

with P_,(Ay,..., A,) = P, (A_l, e A;] y~1, this provides a complete extension of the power
means of positive reals to positive definite matrices in the sense that the family of matrix means
{P(A1, ..., Ap)}ie[—1,1] interpolates continuously between the harmonic (+ = —1) and arith-
metic ( = 1) means with the Karcher mean appearing at t = 0.

2. Riemannian and Thompson metrics

Let H be the space of Hermitian matrices of a fixed size m, and P the convex cone of positive
definite Hermitian matrices. For X, Y € H, we write that X < Y if Y — X is positive semidefinite,
and X <Y if Y — X is positive definite. The Frobenius norm || - ||, gives rise to the Riemannian
structure on P: (X,Y)4 = Tr(A~'XA~'Y), where A € P, X,Y € T4(P) = H. The Rieman-
nian metric distance is given by §(A, B) = [Z;”zl log2 )\,-(A_IB)]%, where the X;(X) denote
the eigenvalues of X. Then PP becomes a Cartan—-Hadamard manifold, a simply connected com-
plete Riemannian manifold with non-positive sectional curvature [20]. For A, B e P and r € R,
the r-weighted geometric mean of A and B is defined by A #, B = AY/2(A=1/2BA~1/2)1 A1/2,
The curve t — A #; B yields the unique geodesic from A to B for the Riemannian metric and
A# B = A# 2 B is the unique midpoint between A and B. The following properties for the
weighted geometric mean are well known [19,24,22].

Lemma 2.1. Let A, B,C, D € Pand let t € R. Then

(i) A#; B=A'"""'B' for AB=BA, and (aA)#, (bB) =a'~'b'(A# B) fora,b > 0;
(i) (Lowner—Heinz inequality) A#; B< C#; D for ALC, B<Dandt€[0,1];
(iii)) M(A#, BYM* = (M AM*) #, (M BM*) for any non-singular M,
(iv) A#, B=B#,_, A (A#, B)"'=A"1# B!,
(V) WA+ (1 —=2)B)# WC+ (1 —1)D)=>r(A# C)+ (1 —1)(B# D) forr,t €0, 1];
(vi) det(A#; B) =det(A)! ! det(B)'; and
(vil) (1—0A '+ B Y T<A# B<(1—1)A+1B fort €[0,1].

The Thompson metric on P is defined by doo (A, B) = ||llog(A~/2BA™1/2)|| 5, where || X || o
denotes the spectral norm of X. It is known that do, is a complete metric on P and doo (A, B) =
max{log M(B/A),log M(A/B)}, where M(B/A) =inf{a > 0: B <aA}=Ar(A"/2BA™1/?),
the largest eigenvalue of A~1/2BA~1/2. See [32,16].

Lemma 2.2. (See [9,16].) We have

(i) doo(A, B) =doo(A™, B™Y) = doo (MAM*, M BM*) for any M € GL(m, C);
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(i) do(A#B,A) =dxc(A#B,B) = %doo(A,B);
(iii) doo(A# B, C# D) < (1 —1)doo(A, C) + tdoo(B, D), t € [0, 1].

The following non-expansive property of addition for the Thompson metric will be useful for
our purpose.

Lemma 2.3. (See [23].) Let A;, B; € Pandlett; >0,i =1,2,...,n. Then

n n
doo( ;h‘f\i, gn&) < lglagn{doo(f\i, B)}.

3. Matrix power means

We denote by A, the simplex of positive probability vectors in R” convexly spanned by the
unit coordinate vectors.

Theorem 3.1. Let Ay,...,A, € P and let w = (wy,...,wy) € Ay,. Then for each t =
(t1,...,ty) € (0, 11", the following equation has a unique positive definite solution:

X =) wi(X# Ay). (3.4)

i=1
Furthermore, the solution varies continuously over t € (0, 11".

Proof. We will show that the map f : [P — P defined by f(X) = Z?:l w; (X #;, A;) is a strict
contraction with respect to the Thompson metric. Let X, Y > 0. By Lemma 2.2 and Lemma 2.3,

doo(f(X), f(Y)) < max {doo(wi (X #, AD), wi (Y #; Ap))}

<ikn

< max {doo(X #, A, Y #, A)}

1<i<n
< max {(1 —ti)doo (X, Y)} = max {(1 — tl-)}doo(X, Y).
1<ign 1<ign

Since max; ;<. {l —#} €[0, 1), f is a strict contraction.
By the continuity of fixed points of strict contractions (see e.g. [30]), the solution of (3.4)
varies continuously over t € (0, 1]*. O

Definition 3.2 (Matrix power means). Let A = (Ay, ..., Ay) e P" andw € A,,. Fort € (0, 1], we
denote by P;(w; A) the unique solution of

x:Zw,»(x#t Ap). (3.5)

i=1

For t € [—1,0), we define P;(w; A) = P_i(0; A1), where A™1 = (A7, ..., A1), We call
P (w; A) the w-weighted power mean of order f of Ay, ..., A,. To simplify the notation we write
Pi(A)=P(/n,...,1/n; A).
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Remark 3.3. We note that Py (w; A) =Y ', w;A; and P_j(w; A) = (3}, wiAl._l)_l, the w-
weighted arithmetic and harmonic means of Ay, ..., A,, respectively. For r € [—1,0), P;(w; A)
is the unique positive definite solution of

n —1
X = [ Zwi(X #_, A,-)_l:| ) (3.6)

i=1
Indeed, X' = Y"1, wi (X' #_, A, ) if and only if X! = P_(w; A7).

Remark 3.4. Let f : P — P defined by f(X) =Y, wi(X # A;), t € (0, 1]. Then by the
Lowner—Heinz inequality, f is monotone: X < Y implies that f(X) < f(Y). By Theorem 3.1,
f is a strict contraction for the Thompson metric with the least contraction coefficient less than
orequalto 1 —¢.

ForA=(A,...,A) eP", M eGLm,C),a=(ay,...,a,) € (0,00)", w=(wq,..., w,) €
Ay, and for a permutation o on n-letters, we set

MAM* = (MAM*,...,MA,M¥), As = (As(1),---» As,),

1
AP = (A, ..., A) e P, 0® =Z(w,...,0) € A,
— —— k ———

k k

a =(a€,...,an), w@a:n—‘(wlal,...,wnan)eAn,

Die1 Wid

1
(Wi, ..., wp—1) € Ay, a-A=(a1A1,...,a,4n).

1 —w,

o=
We list some basic properties of P;(w; A).

Proposition 3.5. Let A = (A1,...,A,), B=(B1,....By) €P", we Ay, a=(ar,...,an) €
(0,00)" and let s, t € [—1, 1]\ {O}.

(1) Piw; A=, w,'Af)fl if the A;’s commute;
(@) Pwia-A)= (0 wia))T PwOa'’; A);
3) Pi(ws; Ay) = Pi(w; A) for any permutation o
4) Pi(w; A) < Pi(w;B)if A; < Bj foralli=1,2,...,n;
(5) doo(Pr(w; A), Pr(w; B)) < max)gi<nl{deo(Ai, Bi)};
6) (1 —u)Py(w; A) +uPy(w; B) < Ppy(w; (1 —u)A +uB) for any u € [0, 1];
(7) P(w; MAM™) = M P,(w; A)M* for any invertible matrix M ;
®) Pi(w; AT = P_y(w; A);
(9) Det(P—j(w; A)) < JTi—; Det(A)™ < Det(Py(w; A));
(10) i wiA; DT < P(wi A) <Y wids
(11) P (0®; A®Y) = P,(w; A) for any k € N;
(12) Pi(w; Ay, ..., A1, X) = X if and only if X = Py(@; Ay,...,A,—1). In particular,
Pi(Ar, ..., A, X)=X ifand only if X = P;(Ay, ..., Ap);
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(13) Fors € (0,1], Pi(w; X #; Ay, ..., X #; Ay) = X ifand only if X = Py (w; A);

(14) Ift € (0, 1], then @ (P;(w; A)) < Pi(w; @ (A)) for any positive unital linear map ®, where
DA) = (D(A1),...,D(AY). If t € [—1,0), then @ (P;(w; A)) > Pi(w; @ (A)) for any
strictly positive unital linear map @; and

(15) For any unitarily invariant norm || - || and t € (0, 1],

~|—

1 _
mPAw;A)Hrs[Zwiumiuv} and wPf«»;muv[wamA:wu'} |
i=1

i=1

Proof. (1) Suppose that the A;’s commute. Let r € (0,1] and X = (Zl" Wi A )l/t Then
X# Aj=X""TA and Y wi (X # A =Y wi XAl =X YT A= x\-txt = x.
By uniqueness, (31, w;A)!/! = X = P(w; A). Furthermore, P_;(w; A) = Py(w; A=)~ =
(Z?zl U)iAl-il)il/t.
(2) Let 7 € (0, 1]. Set B = (Z” wia)T, { =wOa' €A, and X = P( ®a'; A). Then
=(woa); = Z" a,w a and X =) "_, ¢i(X # A;). Therefore,

n

S wi((BX)# (@A) =) B wial (X # A=) BTGB (X # Ai)
i=l i=1

i=1

=B G(X# A)=BX.

i=1

By uniqueness, (3}, w,-af)% Pi(w®a'; A)=8X = P/(w;a-A).
Fort € [—1,0), we have

_% 1
Pi(w;a-A)=P_(w;(a- A)~! |:<Zw, ) P_,(a)Qat;Al):|

(Zw, >1P_,a)®a ;AT <Zw, )IP,a)@a JA).

(3) Follows from the defining Egs. (3.5) and (3.6).
(4) Suppose that A; < B; foralli =1,2,...,n. Lett € (0, 1]. Define

FXO =) wi(X#A) and g(X) =) wi(X# B)).

i=1 i=1

Then P;(w; A) = limj_ o0 fX(X) and P, (w;B) = limy_ o0 g¥(X) for any X € PP, by the Ba-
nach fixed point theorem. By the Lowner—Heinz inequality, f(X) < g(X) for all X € P,
and f(X) < f(Y), g(X) < g(Y) whenever X < Y. Let Xog > 0. Then f(Xo) < g(Xp) and
f2(X0) = f(f(X0) < g(f(X0)) < g*(Xp). Inductively, we have f¥(Xo) < g¥(Xo) for all
k € N. Therefore, P; (w; A) = limg_, o0 f¥(X0) < lim_ o0 g5(X0) = P (w; B).
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Let r € [-1,0). Then A~! > B~ and thus P_,(w;A™") > P_,(w;B~"). Therefore,
Pi(@; A) = P_(0; AHTT < P_i(0; B~ 7! = Py(w; B).
(5)Lett € (0, 1]. Let X = P;(w; A) and Y = P;(w; B). Then by Lemma 2.2 and Lemma 2.3,

doo(X,Y) = doo( D wiX# A, Y wiY # Bi))

i=1 i=1

< max {doo(X # Ai, Y # B} < max {(1 - 1)doo(X,Y) +1doo(Aj, By)
1<i<n 1<i<n

= (1 = Ddoo(X, Y) +1 max {dos(A;, B},
1<i<

1<ign

which implies that doo (X, ¥) < max
we also have

<nf{dso(Aj, B;)}. Since d is invariant under inversion,

1<i<

o (Pi(@; A), P_y(@; B)) = doo (P (03 A7), Py (0 B™1) ™)
doo (P,

(@ 871), P(@:B7)

ax ldso(A7 ", B ')} = max {doo(A;, B}

ISi

<

NE

(6) Let t € (0,1]. Let X = P/(w;A) and Y = P;(w; B). For u € [0,1], we set Z, =
(1—w)X +uY.Let f(Z)=Y"_,wi(Z# ((1 —u)A; + uB;)). Then by the joint concavity
of the two-variable geometric mean

Zu=0—wX+uY =Y wi[(l —u)(X# A) +u(Y # B))]
i=1

< wi((A=wX +uY)# ((1—wA; +uB;)) = f(Z).
i=1

Inductively, Z, < fk(Zu) for all kK € N. Therefore, (1 — u)P;(w; A) + uPi(w;B) = Z, <
Pi(w; (1 —u)A + uB).

(7) Follows from the defining equation of P;(w; A) and the uniqueness of the positive definite
solution.

(8) True by definition.

(9) Letr € (0,1]. Let X = P;(w; A). Then X = Z?:l w; (X #; A;) implies that

Det(X) = Det( Z w; (X # A,»)) > l_[Det(X # AV

i=1 i=1

n n t
= ]_[ Det(X)1 =% Det(A;)"™ = Det(X)1~" [ ]_[ Det(Ai)w":| ,

i=1 i=l1

where the inequality follows by Corollary 7.6.9 of [17] for n = 2 and by an appropriate sym-
metrization method for n > 2, and thus Det(P, (w; A)) > []i_, Det(A;)¥. From this, we also
have
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Det( P (; A)) = Det(P; (w; A~ ") = [Det(P, (w; A~))] ™

<[][Det(a; )] ™ = li[Det(Ai)w".

i=1 i=1

(10) Let t € (0,1]. Let X = P;(w; A). By using the two-variable weighted arithmetic-
geometric mean inequality, we obtain

X=>wiX#A) <Y wi((l-DX+1A)=1-DX+1Y wiA;,

i=1 i=1 i=I
which implies that X < Y "_, w; A;. Similarly,

-1

n n n —1
X =) wi(X#Aj)> |:Zw,-(X#, A,-)_l:| [Zwi(x—l#, Al.]):| :
i=1

i=1 i=1
Taking inverses of both sides leads to

n n n
XY wi(x T AT S wi[A =X T AT ==X ) wiAT!
i=1 i=1 i=1

which implies that X > (30, w; A7)~

The case t € [—1, 0) holds by duality.
(11) Letr € (0, 1] and let X = P;(w; A). Then

n 1 n n
X=> wi(X# A,-)=§(Zw,-(X#, A+ Y wi(X # A,-))
i=1

i=1 i=1

k

and therefore X = P; (a)(k); A(k)). The case t € [—1, 0) is similar.

(12) Lett € (0, 1]. Then Py (w; A1, ..., Ay—1, X) =X ifand only if X = Zl'-’:_ll wi(X# A+
w, X if and only if X = - S wi(X # Ap) if and only if X = Pi(&; Ay, ..., Ay_1). By
duality, (12) holds for € [-1,0). f @ = 27 (1,1,.... 1) € Apyp, then @ =1 (1,.... 1) € A,,
and thus, P;(Aq,..., Ay, X) =X ifand only if X = P;(Aq, ..., Ay).

(13) Note that X #; (X #; A;) = X #5; A;. Let s € (0, 1]. Suppose that ¢ € (0, 1]. Then X =
P(w; X#; Ay, ..., X#, Ay) ifand only if X = Z?:l w;i (X #5; A;) if and only if X = Py (w; A).
If r € [—1,0), then X = P;(w; X #; A1,..., X #; A,) if and only if X! = P_,(w; X~ #
ATY X7 ALY ifand only if X! = P_g(w; A7) if and only if X = Py (w; A), since
st € (0,1].

(14) Note that @ (A#, B) < ®(A)#; &(B) forany A, B > 0and r € [0, 1] (cf. Theorem 4.1.5
of [10]). Let ¢ € (0, 1] and X; = P;(w; A). Then

n

DX) =D wid(Xi# A) <Y wi(PX)# D(A)). 3.7)

i=1 i=1
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Define f(X) = Z?:l w; (X #; ®(A;)). Then limg_, fk(X) = P/(w; ®(A)) for any X > 0.
By (3.7), f(®(X;)) > ©@(X;). Since f is monotonic, fk(QD(X,)) > @(X;) for all k € N. Thus,
Py(w; @(A)) =limp oo fX(P(X))) = (X)) = D (Pi(w; A)).

Let t € [—1,0) and let @ be a strictly positive unital linear map. By Choi’s inequality (The-
orem 2.3.6 of [10]), ®(A)~' < ®(A™") for all A > 0. By (4) and the preceding paragraph,
@ (P_;(w; A7) < P_j(w; ®(A™Y)) < P_j(w; ®(A)™"). This implies that @ (P, (w; A)) =
(P (@; A™H ™ 2 @(P_(@; A7) 2 P (A7) ™! = Pr(w; @(A).

(15) Letr € (0, 1] and X = P;(w; A). Then

n n n
I <D will X # A< will XN A = X0 will Al

i=1 i=1 i=1

where the second inequality follows from Theorem 2.10 of [27] and Corollary IX.5.3 [8], and
1 . _ _
hence || P (w; Al < Qof—; will Aill*)7 . Since [|A™!| > A~ for any A > 0, | P—; (w; A)|l| =
_ _1
P (s A™H U= 1P (s ATHIEY > (20 will A7 7. O

Remark 3.6. From the (AGH) inequalities (Proposition 3.5(10)) we can obtain other inequalities

from operator monotone functions on the positive reals. Let f : (0, c0) — (0, 0o) be an operator
monotone increasing (resp. decreasing) function. Then

(@3 f(A) Zw,ﬂA) (ZwiA,),
i=1
1 n
Pi(; f(A)) > [Zw,f(A) 1} f(ZwiA,-),
i=1

respectively; these follow from the equivalence between operator monotonicity and operator log-
concavity by Ando and Hiai [1].

Property (12) implies in particular that P, (®; Ay, ..., Ay—1) is the unique fixed point of the
map f(X)= P/(w; Ay, ..., Ay—1, X). By Proposition 3.5(5), f is a non-expansive map for the
Thompson metric.

Corollary 3.7. Let t € [—1,1]1\ {0}, w € A, and let Aq,...,Ay—1 € P. Then there exists

Xo € P such that limg_, fk(Xo) = Pi(@; A, ..., Ay_1), where f :P — P is defined by
f(X)=Pi(w; Ay, ..., Au—1, X). Furthermore, for B € P,

P(w:Ay,...,A,_1,B)<B implies P/ (®;A,...,A,1)<B
In particular, P;(A1, ..., Ap—1, B) < B implies that P;(Ay,...,Ay—1) < B
Proof. Let f(X) = P;(w; A1, ..., Ay—1, X). By Proposition 3.5(4), f is monotonic. Let B € P.

Pick o, B > Osuchthat B, A; e [Bl,al]={Xe€P: I < X <al}foralli=1,...,n—1.Then
by Proposition 3.5(10), f maps [B1, « 1] into itself. Indeed,
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ﬂIZPt(CU;ﬁI,...,‘BI)gPt(Cl);Al,...,An_],X)gPr(C{);C{I,...,C{I)ZaI

for any X € [B1,«l]. So, fk(Xo) e [Bl,al] for all k € N and for any X¢ € [BI,al]. Let
Xo € [BI,aI] such that f(Xo) < Xo. Then by induction f*¥+1(X¢) < f¥(Xo) for all k € N.
That is, {f* (X0)}72, is a decreasing sequence bounded below by BI and thus converges to
Pi(w; Ay, ..., A,—1), which is the unique fixed point of f. In particular for Xo = a/, we have
that f(al) <ol and limg_ oo fX(al) = Pi(&; A1, ..., Ap_y).

Suppose that f(B) < B. Then f*t1(B) < f¥(B) < B for all k € N and hence P, (&; Ay, ...,
Ap—1) =limgo0 fX(B) < f(B)< B. O

The problem of finding an explicit form of P;(w; A) is non-trivial, except for n = 2.

Proposition 3.8. For t € (0, 1], we have
1
Pi(wi,wy A, B) = A#1 [wiA+wr(A# B)] = AV (w1 +wy(A712BATI2) )1 A2,
t
In particular, P1 (wi,wy; A, B) =) }_ 0( ) “*B #k A).

Proof. Let X = P;(wy, wy; A, B). Then by definition, X = wi(X # A) + wy(X #; B). Set-
ting U =A""2XA"12 and Z = A~V2BA~1/2 yields U = wiU'™" 4+ wy(U #, Z), which
is equivalent to 7 = w U ™" + wy(U~V2ZU~1/?)! thatis, Z = (Ur;—g”l)%. This implies that

U=[w11+sz’]% and
1 1
X =AYV2UAY? = AV2[wi 1 + wrz'|T AY? = AV w1+ wo(A7V/2BATI2) |7 A2
=AYV (I #1) [wn] +wo(A7V2BATV2Y AV = Aty [wiA+wa(A# B)).
Ifr = % for some n € N, then
1 1 —k
ATV2xA V2 =U = [w11 + szﬁ]n = Z (n) w]fw;’_kZT
i=1
and hence

n
X=A1/2<Z< )w]w; kzm >A1/2=Z<Z)w1w2 K(A2Z"5 A1)

i=1

n n
:Z(Z)w’fwg_k(A#% B):Z(Z)w]fw;’_k(B#% A). m]
i=1

i=1

Remark 3.9. We observe that for any (wy, wy) € A,

lim Py (w1, wa; A, B) = Ay, B.
t—
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Indeed, setting Z = A~Y2BA~Y2 we have fort > 0
AT2(A# [wiA+wa(A# B)))ATV2 =[wil + wzzf] — Z"2. (3.8)

That is, Py (wy, wp; A, B) — A/2Zw2 A2 = Al2(A=12BA~1/2y w2 A1/2 = A 4, B. This fur-
ther implies that

hm Pi(wy,wy; A, B) = lim P_t(wl wo; A” ! ,B™ ) !
-0~

t—0~

=(A""#y, B7') T = Ay, B.

Remark 3.10. We note that the power mean P;(A, B) coincides with the operator mean aris-
ing from f; : (0, 00) — (0, 00) defined by f;(x) = (x’;- 1)%. It is called the quasi-arithmetic
(power) mean of order t. Its operator monotonicity (cf. Proposition 3.5), infinite divisibility,
and the complete positivity of an associated linear operator have been studied by Bhatia and
Kosaki [13] and Besenyei and Petz [7]. It turns out [31] that the power mean P;(A, B) arises
as the midpoint operation of a manifold equipped with an affine connection. One can also see
that P;(wy, wa; A, B)(= A #1 [wiA+ wy(A# B)]) # (w A + wgB’)% for non-commuting A
Al AL al

and B. In fact, lim;_, o(—/—2 )r exp(w) and is known as the Log-Euclidean

mean [3]. We note that the Log-Euclidean mean is far from the geometric mean A # B for
n=2.
4. The Karcher mean via power means

LetA=(Ay,...,Ay) P, w=(wy,...,w,) € A,. The w-weighted Karcher mean A(w; A)
of A is defined to be the unique positive definite solution of the equation

n
Zu)i log(X~12A;x71%) =0. 4.9)

We note from (4.9) that A(w; A~1)™! = A(w; A), the self-duality of the Karcher mean.

Lemma 4.1. Let D C R be an open interval and let g > 0. Let F : D x (—¢q, €g) = R be a map
satisfying

(i) F is an increasing function in the first variable,

(i) there exists a continuous and increasing function f : D — R such that forall a € D, f(a) =

P F(a.n)li=o.

Then for any a € D and any sequence a,, of D converging to a,

nli)rgon(F(an, %) — F(a, 0)) = f(a).
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Proof. Let a € D and let a,, be a sequence converging to a. Let € > 0. Since f is a continuous
and increasing function, there exists § > 0 such that

fl@—e<fla=-38)< fla)<fla+é) < fla)+e. (4.10)
Since a,, — a, there exists N1 > 0 such that a — § < a,;, <a + § for all n > Nj. Since F is an

increasing function in the first variable, F(a — §,1/n) < F(a,, 1/n) < F(a + §, 1/n) for all
n > Njp. Thatis, for all n > Ny,

n(F(a —68,1/n) — F(a,O)) gn(F(a,,, 1/n) — F(a,O)) < n(F(a +4,1/n) — F(a,O)).
By (4.10), f(a) — € < f(a—48) and f(a+d) < f(a) + €, and by (ii),
nli)n;on(F(a:I:S, l/n)—F(a,O))zf(a:I:S)

one can find Ny > N such that for all n > N», f(a) —e€ <n(F(a £6,1/n) — F(a,0)) and
fa)+e>n(F(a+6,1/n) — F(a,0)). This completes the proof. O

Since the map F(x, ) = x’ on (0, 00) x R satisfies the conditions in Lemma 4.1, we have the
following result.

Lemma 4.2. Let xg > 0 and let x,, be a sequence of positive real numbers converging to xo. Then
lim,, s 00 n(x,l/" — 1) =logxp.

The main result of this paper is the following.
Theorem 4.3. We have

lim Py (w; A) = A(w; A).
t—0

Proof. By Proposition 3.5(8) and the self-duality of the Karcher mean, it suffices to show that
lim,_, o+ Pr(w; A) = A(w; A). Set X; = P (w; A). Since X, =Y 7 wi (X, # A;),

n

n
1= wi(X, Xt ADXT ) =3 wi(x P
i=1 i=1

In particular for all ¢ € (0, 1],

n —1/2 —1/21
o:Zw,[(X ; ) — } 4.11)

i=1

Let {tx}z2, be a sequence in (0, 1] converging to 0. Since X; lies in the order interval
determined by the w-weighted harmonic mean and arithmetic mean, which is compact, the
sequence {X;} has at least one limit point. Suppose that X is a limit point of {X;}. We
will show that Xo = A(w; A). Passing to a subsequence, we may assume that X; — X, as
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k — 0o. Then X*‘/zAix,;‘/2 — Xy '?4;x, "% for all i. Setting Y, = X, '*A4;X;'/* and

Yo=X, ~l/ 2A X yields Y, — Yo. Let Uy, be a unitary matrix such that U, Y;, U,k =Dy, is
a diagonal matnx Since Y;, converges to Yy and the unitary group is compact, we may assume
that U;, — Up and D;, — Dg for some unitary matrix Uy and a diagonal matrix Dy. Indeed, first
consider a subsequence of Uy, converging to a unitary matrix Uy, second the corresponding sub-

sequence of Y;,, which always converges to Yy, and then finally consider the corresponding sub-
’k

sequence of Dy, , which converges to Dg := UpYy Ug‘. By Lemma 2.3, limj_, o =log Dy.

This implies that

—1 2 —l 2
lim I:(Xt" : P - ] = lim [7(1/”‘)[}( — 1:| = lim I:U;Z (D))" Uy — Im]

k— 00 tk k— 00 T k— o0 174

Ik

. * Dtk
= lim Uy
k—o00

-1
}U,k =log(Ug§ DoUy)
=log Yo =log(X, 1724, X_l/z)
This together with (4.11) yields 0= Y7 w; log(X, /> A; X, /). Thatis, Xo = A(w; A). O
From Theorem 3.1 and Theorem 4.3 we obtain
Corollary 4.4. With Py(w; A) = A(w; A), the map t — P;(w; A) is continuous on [—1, 1].

The basic properties of power means in Proposition 3.5 together with Theorem 4.3 provide
simple proofs of some important properties of the Karcher mean.

Corollary 4.5. (Cf. [24,12].) The Karcher mean satisfies the following properties:

(P1) (Consistency with scalars) A(w; A) = Alfl e ;f” if the A;’s commute;
(P2) (Joint homogeneity) A(w; a1 Aq, ..., a,Ap) —a cea)" Alw; A);
(P3) (Permutation invariance) A(wq; Ay) = A(w; A), where ws = (W (1), - ., Wo(n))}

(P4) (Monotonicity) If B; < A; forall 1 <i < n, then A(w; B) < Ay(w; A);
(P5) doo(A(w; A), Alw; B)) < maxigiga{doc(Ai, Bi)};
(P6) (Invariancy) A(w; M*AM) = M* A(w; A)M for any invertible M ;
(P7) (Joint concavity) A(w; (1 —u)A+uB) > (1 —u) A(w; A) + uA(w; B) for 0 <u < 1;
(P8) (Self-duality) A(w; AT', ..., A-1H)" 1 = A(w; Ay,..., Ay);
(P9) (Determinant identity) DetA(w; A) = []/_, (DetA;)"i; and
(P10) (AGH weighted mean inequalities) (3 _;_, u)iAl._l)’1 < Alw; A) < Y7 wiAj;
(P11) A(@®; A®) = A(w; A) for any k € N;
(P12) A(w; Ay, ...,Ap—1,X) = X if and only if X = A(w; Ay,...,A,—1). In particular,
A(Ay, ..., A, X) =X ifandonly if X = A(Aq, ..., Ap);
(P13) foranyt € (0,1], X = A(w; X #; Ay, ..., X #; A,) ifand only if X = A(w; A);
(P14) @ (A(w; A)) < A(w; @ (A)) for any positive unital linear map @. If @ is strictly positive,
then @ (A(w; A)) = A(w; ®(A));
(P15) [Ty A, I~ < A A< TT/=y Al for any unitarily invariant norm || - ||.
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Proof. By Proposition 3.5, Theorem 4.3 and by the Karcher equation, (P1)-(P13) are immediate.
For instance, since each P, (w; -) is monotonic, its limit A(w; -) also is.

(P14) By Proposition 3.5(13), @ (P (w; A)) < Pi(w; @ (A)) for all t € (0, 1]. As t — 0, we
have @ (A(w; A)) < A(w; @(A)). If @ is strictly positive, then @ (P, (w; A)) > P (w; @ (A)) for
all t € [—1, 1) by Proposition 3.5(13). Then @ (A(w; A)) > A(w; ®(A)).

(P15) By Proposition 3.5(11), [| P, (w; Al < O 7, will A |||’)% forall t € (0,1]. Ast — O,
we have || A(w; A) || < lim—o(O ", w; |||A,-|||’)fl = [T, llA; I, where the equality follows

i=1
from the fact that weighted power means of positive real numbers converge to the weighted

geometric mean. The other inequality follows similarly. O

Ando, Li and Mathias [2] listed the ten properties (P1)-(P10) for the unweighted case
w=(1/n,...,1/n) as properties that a geometric mean of n positive definite matrices should
satisfy, and their mean, called the ALM geometric mean, possesses all of them. The BMP
geometric mean of Bini, Meini and Poloni [15] is also a matrix geometric mean in this ax-
iomatic sense. In fact, there are infinitely many matrix geometric means: fixed point means of the
ALM and BMP geometric means [26] and their weighted geometric means ALM(A¢, ..., A,) #;
BMP(Aj1, ..., A,), t €0, 1]. The properties (P11)—-(P13) are special for the Karcher mean. Some
parts of the properties (P14) and (P15) have been established by Bhatia and Karandikar [12]. For
the weighted case, there are also infinitely many weighted geometric means of n positive def-
inite matrices: the weighted Karcher mean, the weighted BMP geometric mean [25] and their
weighted geometric means. We note that there has been no successful weighted extension of the
ALM geometric mean.

Next we investigate some other properties of the power mean that hold for the Karcher
mean.

Corollary 4.6. If A < B and A; < B; for some i, then A(w; A) < A(w;B) and P;(w; A) <
P;(w; B) for any sufficiently small t.

Proof. Find 0 < o < 1 such that A; < aB;. Then

Alw; Ay, ..., Ai, ..., A) < Alw; By, ...,aB;,...,B) =a% A(w; By, ..., Bi,..., By)

< A(w; By,...,B;,...,By)

where we used the joint homogeneity and monotonicity of the Karcher mean. Finding 0 < 8 < 1
such that A(w; A) < BA(w; B) < A(w; B), we have from Theorem 4.3 that

lin’(l) Pi(w; A) = A(w; A) < BA(w; B) < A(w; B) = ling) P (w; B)
t— t—

which implies that P;(w; A) < P;(w; B) for any sufficiently small . O

The continuity, indeed Lipschitz continuity, of the Karcher mean (P5) follows from dso (A (w;
A), A(w; B)) < max{ds(A;, B;)}, which in turn follows from Proposition 3.5(5) and Theo-
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rem 4.3. A stronger result is the non-expansiveness of the Karcher mean;

5(A@: A), A B)) <Y wis(A;. By). 4.12)

i=1
This nice inequality has been proved by Lawson and Lim [24] and Bhatia and Karandikar [12].

Corollary 4.7. If §(A(w; A), A(w; B)) # Z?:l wib(A;, By), then for any sufficiently small ¢,
8(Py(w; A), Pi(w;B)) <>/ wis(A;, By).

Proof. Note that

linz)S(P,(a);A),P,(a);IB%))=8(A(a);A),A(w;IB3))<2 wis(Ai, B). O
—
i=1

Property (P12) of the Karcher mean implies that A(®; Ay, ..., A,—1) is the unique fixed point
of the map f(X) = A(w; A1, ..., An—1, X). By (4.12), f is a strict contraction on [P with respect
to the Riemannian metric. The following (Lower) order behavior around the fixed point of f is
special for the Karcher mean.

Corollary 4.8. We have
Alw; Ay, ..., Au_1, Ay) < A, implies A(@; Ay, ..., A1) < Alw; Ay, ..., A1, Ay),

and if Y 7_ wilogA; <0, then A(w; Ay, ..., A,) < I and Py(w; A) < I for any sufficiently
small t.

Proof. Suppose that B := A(w; A1,...,Ap—1,A4,) < A,. Define f: P — P by f(X) =
A(w; A1, ..., Ay—1, X). Then by (4.12), it is a strict contraction for § and hence has a
unique positive definite solution. By (P12) and Banach fixed point theorem, limy_, o, f¥(B) =
A(@; Ay, ..., Ay—1). It follows from f(A,) = B < A, and strict monotonicity of the Karcher
mean (Corollary 4.6) that f(B) = A(w; Ay,...,Ap—1,B) < A(w; Ay, ..., An—1,Ay) =
f(A,) = B. By induction, f¥(B) < -+ < f(B) < f(Ap) = B and therefore A(®; Ay, ...,
Ap—1) =limgoo fX(B) < B= A@; Al ..., An—1, Ap)-

Next, suppose that >/ w;logA; <0. Set Y = —3"7_, w;logA;. Then ¥ > 0 and hence
B :=exp(Y) > I. From

N =

n n
0:Zw,~logA,-+Y:Zw,'logA,~+10gB:

i=1 i=1

n
( Zwi log A; 4 log B)

i=1

and w; ;= %(un, .oy Wy, 1) € Apyq, we have A(wy; Ag, ..., An, B) =1 < B. By strict mono-
tonicity of the Karcher mean, A(wy; Ay, ..., Ap, I) < A(wy; Ay, ..., Ay, B) = I. From the first
paragraph and the fact that @; = w, we have A(w; Ay, ..., A,y) < A(w1; Ay, ..., Ap, I) < 1.
Finally lim;_,o P;(w; A1, ..., Ay) = A(w; Ay, ..., Ay) < I implies that for sufficiently small ¢,
Pi(w; Ay, ..., A <I. O
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One can obtain in a way similar to the preceding that A(w; A1, ..., Ay—1, Ay) < A, implies
A(é); A17 cer An—l) < A(a); Al? R An—la Al‘l) and

n
(Y) ZwilogAigo implies A(w; A1, ..., Ay) <I.

i=1

The property (Y), which was established by Yamazaki [33], is one of characteristic properties of
the Karcher mean by the following result.

Theorem 4.9. The Karcher mean is uniquely determined by congruence invariancy (P6), self-
duality (P8), and (Y).

Proof. Let g : A, x P" — P be a map satisfying (P6), (P8) and (Y). By (P8) and (Y),
Yoi_jwilogA; = 0 implies that g(w;Aj,...,A,) = I. Let X = A(w;A). Then
S wilog(X~1/2A4;X712) = 0 and hence g(w; X~ V2A X712 . X7124,X71%) = 1.
By (P6), g(Ay,...,Ap)) =X =A,(A,...,A,). O

Our method of deriving the monotonicity of the Karcher mean is free from any probabilistic
and Riemannian geometric techniques because we have just started from the Karcher equa-
tion (4.9). The Karcher equation can be defined on the convex cone of positive definite operators
on an infinite dimensional Hilbert space. But the existence and uniqueness of a positive definite
solution have not previously been investigated in any depth. The weighted power means exist
since the Thompson metric exists on the cone of positive definite operators, on which Lemma 2.2
and Lemma 2.3 are still valid [21,22]. So if one can show the monotonicity of the power mean
function t — P;(w; A), then the strong limit of the sequence X = P% (w; A) exists and is prob-

ably a solution of the Karcher equation. Note that the power mean P, (w; A) is contained in the
order interval determined by the weighted harmonic and arithmetic means.

By a numerical simulation, the following result seems to be true. If 0 <t < s < 1, then
Pi(w; A) < Pg(w; A) forall w € A, and A € P". By (3.8), it is true for n = 2.

Changing the weighted arithmetic mean operation in the defining Eq. (3.4) of the power mean
Pi(w; A) into any weighted geometric mean G(w; A) of n positive definite matrices, which is
non-expansive for the Riemannian metric or the Thompson metric, yields other matrix geometric
means via the geometric mean equation

X=G(w: X# A1, ..., X# Ay, te(0,1].

For instance, one may take G = BMP and G = ALM for the unweighted case (see [25] for their
non-expansiveness). One can check by the non-expansive property that a unique positive definite
solution exists, denoted by G;(w; A). By the self-duality of G, G_;(w; A) := G (w; AH-1 =
G (w; A). Then by using the fixed point approach in Proposition 3.5, one can see that G; is a
weighted matrix mean (satisfies (P1)—(P10)) and is also non-expansive. By (P13), A; = A for all
t € (0, 1]. The general convergence of G;(w; A) as t — 0 and the monotonicity of r — G, (w; A)
are non-trivial and suggest interesting future work.
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