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1. Introduction

It is well known that the monotone iterative technique offers an approach for obtaining approximate solutions of
nonlinear differential equations. There exists much literature devoted to the applications of this technique to boundary value
problems of ordinary differential equations, see [1-6]. There are also a few papers where the monotone iterative technique
is used on nonlinear differential problems with delay, see [7-11]. In [12,13], Nieto and Rodriguez-Lopez introduced a new
concept of lower and upper solutions, and considered the periodic boundary value problems for the following first-order
functional differential equation

{u/(t) =gt u®),u@()), tel0,T], (1.1)
u(0) = u(T). .

A similar method has already succeeded to solving nonlinear impulsive integro-differential equations [14] and impulsive
functional differential equations [15].
Motivated by [12-15], we consider the multi-point boundary value problems for the functional differential equation

{—u”(t) = f(t, u(t), u@())), te]=1I0,1], (1.2)
u(0) — au'(0) = cu(n), u(1) + bu'(1) = du(®), ’

wheref € C(J xR?,R),0<6(t) <t,te],0eC(),a>0b>0,0<c<1,0<d<1,0<n&<1
When 6(t) = t, the boundary value problem (1.2) reduces to multi-point boundary value problems for ordinary
differential equations which have been studied in many papers, see [16-19]. To our knowledge, only a few papers paid
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attention to multi-point boundary value problems for functional differential equations. Recently, Jankowski [20] discussed
solvability of three-point boundary value problems for a class of second-order differential equations with deviating
arguments by using the monotone iterative technique. Our method is different from that of [20].

In this paper, we are concerned with the existence of extreme solutions for the boundary value problem (1.2). The paper
is organized as follows. In Section 2, we establish two comparison principles. In Section 3, we consider a linear problem
associated to equation (1.2) and then give a proof for the existence theorem. In Section 4, we first introduce a new concept
of lower and upper solutions. By using the method of upper and lower solutions with a monotone iterative technique, we
obtain the existence of extreme solutions for the boundary value problem (1.2).

2. Comparison principles

In the following, we always assume that the following condition is satisfied.
(Ha>0,b>0,0<c<1,0<d=<1,0<né<1l,a+c>0,b+d>0.
For any given function g € E = C?(J, R), we denote
8(0) —ag'(0) — cg(n) g(1) +bg'(1) —dg(§)
ar +csintny br +dsinmé ’

Ag = max{

B, = max{Ag, 0}, ¢4 (t) = Bgsin(wt), r=nx"

We now present the main results of this section.

Theorem 2.1. Assume that u € E satisfies

—u”(t) + Mu(t) + Nu(@(t)) <0, te], 2.1)
u(0) —au'(0) < cu(n),  u(1) +bu'(1) < du(é), :
wherea>0,b>0,0<c<1,0<d<1,0<n,& < 1and constants M, N satisfy
M > 0, N >0, M+ N <2. (2.2)
Thenu(t) < O0fort €.
Proof. Suppose, to the contrary, that u(t) > 0 for somet € J.
Ifu(1) = max,g u(t) > 0, thenu’(1) > 0,u(1) > u(¢) and
du(§) < u(1) < u(1) +bu'(1) < du(é).
Sod = 1and u(§) is a maximum value.
If u(0) = max¢ u(t) > 0, thenu’'(0) < 0, u(0) > u(n) and
cu(n) < u(0) < u(0) — bu'(0) < cu(n).
So ¢ = 1and u(n) is a maximum value.
Therefore, there isa t* € (0, 1) such that
u(t™) = majx u(t) > 0, u'(t*) =0, u’(t*) < 0. (2.3)
te

Suppose that u(t) > 0fort € J. From the first inequality of (2.1), we obtain that u”(t) > 0 for t € J. Hence
u(0) = maxu(t) or u(l) = maxu(t).
te] te]
Ifu(0) = maxqg u(t) > 0, then u(t) = K(K is a positive constant) for t € [0, n]. From the first inequality of (2.1), we
have that when t € [0, n],
0 < MK < Mu(t) + Nu(@(t)) <u”’(t) =0,

which is a contradiction.
If u(1) = maxqg u(t) > 0, then u(t) = K(K is a positive constant) for t € [£, 1]. From the first inequality of (2.1), we
have that when t € [£, 1],
0 < MK < Mu(t) + Nu(8(t)) <u”’(t) =0,
which is a contradiction.
Suppose that there exist t;, t; € J such that u(t;) > 0 and u(t;) < 0. We consider two cases.

Case 1. u(0) > 0. Since u(t;) < 0, thereisxk > 0, ¢ > 0suchthatu(x) = 0,u(t) > Ofort € [0, k) and u(t) < 0 for all
t € (k, k + €]. Itis easy to obtain that u”(t) > Ofort € [0, k]. If t* < «, then 0 < Mu(t*) < u”(t*) < 0, a contradiction.
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Hence t* > k + e. Let t, € [0, t*) such that u(t,) = minsepo ¢+ u(t), then u(t,) < 0. From the first inequality of (2.1), we
have

u'(t) > (M + N)u(t,), telo,t").

Integrating the above inequality from s(t, < s < t*) to t*, we obtain
—U'(s) > (t" —s)(M + N)u(ty), t.<s<t",

and then integrate from t, to t* to obtain

—u(t,) < u(t™) —u(ty)
[*

< (s = t)(M + N)u(t,)ds
ty
M+ N

< j ()t — £,)°
M+ N

= 3 u(ty).
From (2.2), we have that u(t,) > 0. This is a contradiction.
Case 2.u(0) < 0. Lett, € [0, t*) such that u(t,) = mingpp ¢+ u(t) < 0. From the first inequality of (2.1), we have
u’(t) = (M + Nu(ty), te[0,t%).

The rest of the proof is similar to that of case 1. The proof is complete. O

Theorem 2.2. Assume that (H) holds and u € E satisfies
—u"(t) + Mu(t) + Nu(8(t)) + [(M + r)c,(t) + Nc,(6(t))] <0, t €],
where constants M, N satisfy (2.2), then u(t) < 0fort € ].

Proof. Assume that u(0) — au’(0) < cu(n), u(1) + bu'(1) < du(§), then ¢,(t) = 0. By Theorem 2.1, u(t) < 0.
Assume that u(0) — au’(0) < cu(n), u(1) + bu’(1) > du(€), then
sin(rt)

cu(t) = m(u(l) -+ bu'(1) — du(§)).

Put y(t) = u(t) + c,(t), t €], theny(t) > u(t) forallt € J, and
7 cos(mt)
b + dsin(w§)
Y'(t) =u"(t) —rey(t), tej.

y®)=u'(t) + (u(1) +bu'(1) — du(§)), tej,

Hence
y(0) =u(),  y(1) =u(l),
sin(w &) ,
¥ =u)+ (1) + bu'(1) — du(§)),

b + dsin(n€)

y'(0) =u'(0) + b

T !
m(u(]) + bu'(1) — du(§)),

/ o _ T / _

YD) =) = e )+ b (1) — due))

—y"(t) + My(t) + Ny(@(t)) = —u"(t) + Mu(t) + Nu(@(t)) + [(M + r)cy(t) + Ney (0(1))]
<o,

¥(0) — ay'(0) = u(0) — au'(0) — ————(u(1) + bu'(1) — du(&))

b + dsin(r€)

< cu(n) < cy(n),
b
y(1) + by’ (1) —dy(§) = u(1) +bu'(1) — du(§) — ﬁ?@(u(l) + bu'(1) — du(§))
dsin(w&)

- m(u(l) + bu'(1) — du(§))

0.

IA
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By Theorem 2.1, y(t) < O forall t € J, which implies that u(t) < Ofort € J.

Assume that u(0) — au’(0) > cu(n), u(1) + bu'(1) < du(§), then

sinswt ,
() = ——————(0) — au'(0) — cu(n)).
am + csin(rn)

Put y(t) = u(t) + cu(t), t €], theny(t) > u(t) forallt € J, and

7 cos(mt)
ar + csin(mwn)
V') =u"(t) —reu(t), tej.

y ) =u'®) + () — au'(0) —cu(n)), tej,

Hence
y(0) =u(0),  y(1) =u(l),
¥ = u(p) + —2D 40y — au'(0) — cutn)).
arr + csin(mn)
Y(0) = /() + ——————(u(0) — au' (0) — cu(n)).
ar + csin(wn)
/ ) _ s _ / _
y () =u(1) ar +csin(rn) (u(0) — au’(0) — cu(n)).
—y"() + My(t) + Ny(0(t)) = —u"(t) + Mu(t) + Nu(0(t)) + [(M + r)cy(t) + Ney (0(t))]
<0,
y(0) —ay'(0) — cy(n) = u(0) —au'(0) — cu(n) — — O (w(0) - au'(0) — cu(n))
arr + csin(wn)
csin(mn)

~ ax + csinry) WO A (@) —aum)

=0

u(1) + bu'(1) — 71”1. (u(0) — au'(0) — cu(n))
ar + csin(wn)
du(§) < dy(§).

By Theorem 2.1, y(t) < O for all t € J, which implies that u(t) < 0fort € J.

Assume that u(0) — au’(0) > cu(n), u(1) + bu'(1) > du(&), then c,(t) = Ay sin(zt). Put y(t) = u(t) + c,(t), t €],
theny(t) > u(t) forallt € J, and

y(1) + by'(1)

IA

Y () =u'(t) + Ay cos(t), te],

y'() =u"(t) —re,(t), te].
Hence

y(0) = u(0), y(1) =u(1),

y(m) = u(n) + Aysin(zn), y(&) = u(§) + Ay sin(r§),
y©0) =u'0) +Am, yQ)=u1)—-Amr.

—=y"(t) + My(t) + Ny(8(t)) = —u"(t) + Mu(t) + Nu(0(t)) + [(M + r)cy(t) 4+ Ney (6(t))]
<0,
y(0) —ay'(0) — cy(n) = u(0) — au'(0) — cu(n) — aA,mw — cAy sin(zn)
<0,
y(1) +by' (1) —dy(§) = u(1) + bu'(1) — du(§) — bA,w — dA, sin(&)
< 0.

By Theorem 2.1, y(t) < O forall t € J, which implies that u(t) < 0fort € J. The proof is complete. O

3. Linear problem

In this section, we consider the boundary value problem

—u"(t) + Mu(t) + Nu(@(t)) = o(t), te], (3.1)
u(0) — au'(0) = cu(n), u(1) + bu'(1) = du(é). :
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Theorem 3.1. Assume that (H) holds, o € C(J) and constants M, N satisfy (2.2) with

_ [ a(1+2b) 1/ 142b \°
“_(2(a+b+1)+8<a+b+1>>(M+N)<1' (3.2)

Further suppose that there exist o, 8 € E such that

(hy) o < pon].
(hz)

—a” (t) + Ma(t) + Na(6(t)) + [(M + 1r)c (t) + Ncg ()] < o(t), te].
(hs)
=B"(t) + MB(t) + NB(O (1)) — [(M +r)c_g(t) + Nc_g(0(t))] = o (t), te€].

Then the boundary value problem (3.1) has a unique solution u(t) anda <u < B fort € J.
Proof. We first show that the solution of (3.1) is unique. Let u;, u; be the solution of (3.1) and set v = u; — u,. Thus

—v"(t) + Mv(t) + Nv(@(t)) =0, te],
v(0) — av’'(0) = cv(n), v(1) + bv'(1) = dv(§).

By Theorem 2.1, we have that v < O for t € J, thatis, u; < u, on]. Similarly, one can obtain that u, < u; onJ. Hence
up = up.

Next, we prove that if u is a solution of (3.1), then @« < u < . Let p = o — u. From boundary conditions, we have that
Ca(t) = cp(t) forall t € J. From (hy) and (3.1), we have

—p"(t) + Mp(t) + Np(O(t)) + [(M + 1r)cp(t) + Nc,(8(t)] <0, te€].

By Theorem 2.1, we have that p = @ — u < 0 onJ. Analogously, u < S on]J.
Finally, we show that the boundary value problem (3.1) has a solution by five steps as follows.

Step 1. Let &(t) = a(t) + c,(t), B(t) = B(t) — c_p(t). We claim that
(1) —a”(t) + Ma(t) + Na(6(t)) + [(M + r)ca(t) + Ncz (O(t))] < o(t) fort €.
(2) =p"(t) + MB(t) + NB(O (1)) — [(M + r)c_g(t) + Nc_z(0(£))] > o (¢) fort € ].
3 a) <a() < B(t) <B)fort .

From (hy) and (h3), we have
—a"(t) + Ma(t) + Na(0() <o (t), te],
—B"(t) + MB(t) + NB(O(t)) = o (t), te], (34)
and
a@(0) —aa’(0) — ca(n) = a(0) — aa’(0) — ca(n) — (aw + csin(wn))B, <0, (3
a(1) +ba'(1) —da(&) = a(1) + ba'(0) — da(§) — (b + dsin(w&))B, < 0, (3
—[B(0) — aB'(0) — cB(m] = —B(0) + ap'(0) + cf(n) — (arw + csin(wn)B_g <0, 3
—[B(1) +bB'(1) — dB(£)] = —B(1) — bB'(0) + dB(§) — (br +dsin(§))B_4 < O. 3

From (3.3)-(3.8), we obtain that cz(t) = c_z(t) =0, t € J. Combining (3.3) and (3.4), we obtain that (1) and (2) hold.

Itiseasytosee thatoe < &, B < BonJ.Weshow that@ < BonJ.Letp = &—fB, thenp(t) = a(t) —B(t)+Co(t) +Cc_p(b).
From (3.3)-(3.8), we have

—p"(t) + Mp(t) + Np(0(t)) <0, te],

and

p(0) — ap'(0) — cp(in) = &(0) —ac’(0) — ca(n) — (ar + csinl(7n))B,

— B(0) +ap’(0) + cB(n) — (am + csin(wn))B_g
0,

p(1) +bp'(1) —dp(&) = a(1) + ba'(1) — da(§) — (b + dsin(w§))B,

— B(1) = bp'(1) +dB(n) — (bm + dsin(&))B_g
0.

IA

By Theorem 2.1, we have that p < 0 onJ, thatis, @ < 8 on]J. So (3) holds.
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Step 2. Consider the boundary value problem

—u"(t) + Mu(t) + Nu(@(t)) = o(t), te],
u(0) — au'(0) = A, u(1) +bu'(1) =4,

where A € R, § € R. We show that the boundary value problem (3.9) has a unique solution u(t, A, §).
It is easy to check that the boundary value problem (3.9) is equivalent to the integral equation

_8(t+a)+ (1 —t+b)r 1
u(t) = P +/0 G(t, s)[o (s) — Mu(s) — Nu(6(s))]ds,
where
G(t.s) = (a+t)(1+b—s), 0<t<s<l1,
(’S)_a+b+1 (@+s)1+b—t), 0<s<t<1

It is easy to see that C(J) with norm ||u|lo = max.¢ |u(t)| is a Banach space. Define a mapping @ : C(J) — C(J) by

_dtta+a—t+br [
(Pu)(t) = R + /0 G(t, s)[o(s) — Mu(s) — Nu(6(s))]ds.

For any x, y € C(J), we have

1
(@x)(t) — (PY)(0) =/ G(t, s)[M(y(s) —x(s)) + Ny (6(s)) —x(0(s)))]ds.

0
Since

! 1+2b 1/ 1+2b \°
max/ G(t,s)d5=u+f +7 s
v ), 20+b+1) " 8\atbt1

the inequality (3.2) implies that @ : C(J) — C(J) is a contraction mapping. Thus there exists a unique u € C(J) such that
@u = u. The boundary value problem (3.9) has a unique solution.

Step 3. We show that for any t € J, the unique solution u(t, A, §) of the boundary value problem (3.9) is continuous in A and
8. Letu(t, A, 8;), i = 1, 2 be the solution of

—u"(t) + Mu(t) + Nu(@(t)) =o(t), te], (3.10)
u(0) — au’(0) = A, u(h)+b/() =6, i=1,2. )
Then
. _ ) 1
u(t, A, &) = St+a)+d-t+bA +/ G(t, s)[o(s) — Mu(s, Ai, 8) — Nu(0(s), A, 8p)1ds, i=1,2. (3.11)
a+b+1 0

From (3.11), we have that

1
lluct, A1, 81) — ult, A2, 32 llo < A1 — A2l + |81 — G2 + (M + N)[[u(t, Aq, 1) — u(t, A2, 82)llo ﬂgeaJX/ G(t, s)ds
0
< 1A = Aol + 181 — 82 + pellut, Aq, 81) — u(t, Az, 82)llo-

Hence

1
llu(t, A1, 81) — u(t, Az, 82)llo < m(l)w — Aol + 181 — 820).

Step 4. We show that

a(t) <u(t, 2, 8) < B(t) (3.12)

foranyt € J, A € [ca(n), cB(n)]and 8 € [da(&), dB(&)], where u(t, A, §) is the unique solution of the boundary value
problem (3.9).

Let m(t) = a(t) — u(t, A, 8). From (3.3), (3.5), (3.6) and (3.9), we have that m(0) — am’(0) < cm(n), m(1) + bm'(1) <
dm(§) and

—m" (t) + Mm(t) + Nm(0(t))

—a”(t) + Ma(t) + Na(0(t)) + u”(t, \) — Mu(t, A, §) — Nu(@(t), A, 8)
<o(t)—o(t) <O0.

By Theorem 2.1, we obtain that m < 0 onJ, that is, @(t) < u(t, A, 8) onJ. Similarly, u(t, A, 8) < 8(t) onJ.
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Step 5. Let D = [ca(n), cB(n)] x [da(&), dB(£)]. Define a mapping F : D — R? by
F(x,8) = (u(n, 2, 8), u(§, A, 8))

where u(t, A, §) is the unique solution of the boundary value problem (3.9). From Step 4, we have
F(D) C D.

Since D is a compact convex set and F is continuous, it follows by Schauder’s fixed point theorem that F has a fixed point
(Ao, 80) € D such that

u(n, Ao, 80, ) = Ao, u(&, Ao, 80) = do.

Obviously, u(t, Ag, 8) is unique solution of the boundary value problem (3.1). This completes the proof. O
4. Main results

Let M € R,N € R. We first give the following definition.

Definition 4.1. A function « € E is called a lower solution of the boundary value problem (1.2) if

—a"(t) + (M +1)ca(t) + Neg (0(8)) < f(t, a(t), a2 (B(1))), te].

Definition 4.2. A function § € E is called an upper solution of the boundary value problem (1.2) if
—B"(t) — (M +r)c_g(t) — Nc_g(8(t)) = f(t, B(t), B(O(t))) te].
Our main result is the following theorem.

Theorem 4.1. Assume that (H) holds. If the following conditions are satisfied

(Hy) «, B arelower and upper solutions for boundary value problem (1.2) respectively, and «(t) < B(t) on].
(Hz) The constants M, N in definition of upper and lower solutions satisfy (2.2) and (3.2) and

Jora(t) =x=x=<B(t), a@(t)) =y <y =< pO®), t €].

Then, there exist monotone sequences {«,}, {Bn} withay = «, Bo = B such that lim,_, o a;(t) = p(t), lim,_ o Br(t) =
o(t) uniformly on ], and p, o are the minimal and the maximal solutions of (1.2) respectively, such that

WS- S Pp=SXZ oS/ =SB/ =h
on J, where x is any solution of (1.2) such that «(t) < x(t) < B(t) on].
Proof. Let [o, B] = {u € E : a(t) < u(t) < B(t), t €J}.Forany y € [«, B], we consider the boundary value problem

—u"(t) + Mu(t) + Nu((t)) = f(t, y (t), y (0(t))) + My (t) + Ny (0(t)), te], (4.1)
u(0) —ax'(0) = cu(n),  u(1) + bu'(1) = du(®). ’

Since « is a lower solution of (1.2), from (H,), we have that
—a"(t) + Ma(t) + Na(0(t)) < f(t, a(t), a(@(t)) + Ma(t) + Na(6(t)) — (M + r)cq (t) — Neo (0(1))
< flt, y @),y @) + My (t) + Ny (©(t)) — (M + 1)ce () — Neg (6(1)).
Similarly, we have that

=B () + MB() + NBO () > f(t, y(t), y(0(t))) + My (t) + Ny ((t)) + (M + r)c_g(t) + Nc_g(0(t)).

By Theorem 3.1, the boundary value problem (4.1) has a unique solution u € [«, 8]. We define an operator ¥ by u = ¥y,
then ¥ is an operator from [«, 8] to [«, B].
We shall show that
@oa=<Va, ¥ <p.
(b) ¥ is nondecreasing in [«, B].
From Y« € [«, B]and ¥ 8 € [«, 8], we have that (a) holds. To prove (b), we show that Wv; < Vv, ifa < vy < vy, < 8.
Let vy = ¥vy, v; = ¥y, and p = v] — vj, then by (H,) and boundary conditions, we have that

—p"(t) + Mp(t) + Np(O(t)) = f(t, vi(t), v1(8(t))) + Mvy(t) + Nv;(O(t))
—f(t, v2(8), v2(6(1))) — My (t) — Nva (O(1))
S 03

p(0) —ap'(0) = cp(m),  p(1) +pu'(1) = dp(§).
By Theorem 2.1, p(t) < 0 onJ, which implies that Yv; < Wv,.
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Define the sequences {&,}, {Bn} with oy = @, Bo = B suchthat oy 1 = Yoy, Burr = ¥y forn=0,1,2,....From
(a) and (b), we have

o= <B=---=h=B=h
ont € J,and each o, B, € E satisfies

— oty () + Mot (£) + Ny (0(8)) = f(E, otn—1(E), otn—1(0(£))) + Mata—1(t) + Nata1 (1)), t €],
an(0) — aa, (0) = can(n),  an(1) + bay (1) = dan(£).

=By () +MBu(t) + NBu(0(D)) = f(t, Ba-1(0), Ba—1(0(D))) +MPBn_1(t) + NBr_1(6(0)), t €],
Bn(0) —aB,(0) = cBu(n),  Bn(1) + b, (1) = dBu(§).

Therefore there exist p, o such that lim,_, o @, (t) = p(t), lim,_, o By (t) = o(t) uniformly onJ. Clearly, p, o are solutions
of (1.2).

Finally, we prove that if x € [ag, Bo] is any solution of (1.2), then p(t) < x(t) < o(t) on]. To this end, we assume,
without loss of generality, that o, (t) < x(t) < B,(t) for some n. Since ag(t) < x(t) < Bo(t), from property (b), we can
obtain

ant1(t) < x(t) < Ba1(t), te].
Hence we can conclude that

an(t) <x(t) < Bu(t), foralln,
Passing to the limit as n — 00, we obtain

pt) =x(t) <o), te].
This completes the proof. O
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