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Abstract

We study a large time behavior of a solution to the initial boundary value problem for an isentropic and
compressible viscous fluid in a one-dimensional half space. The unique existence and the asymptotic sta-
bility of a stationary solution are proved by S. Kawashima, S. Nishibata and P. Zhu for an outflow problem
where the fluid blows out through the boundary. The main concern of the present paper is to investigate
a convergence rate of a solution toward the stationary solution. For the supersonic flow at spatial infinity,
we obtain an algebraic or an exponential decay rate. Precisely, if an initial perturbation decays with the
algebraic or the exponential rate in the spatial asymptotic point, the solution converges to the corresponding
stationary solution with the same rate in time as time tends to infinity. An algebraic convergence rate is also
obtained for the transonic flow. These results are proved by the weighted energy method.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The present paper concerns an asymptotic behavior of a solution to the initial boundary
value problem for the compressible Navier—Stokes equation in one-dimensional half space
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R4 := (0, 00). We especially study a convergence rate toward a corresponding stationary so-
lution for the problem in which fluid blows out through a boundary. An isentropic or isothermal
model of the compressible viscous fluid is formulated in the Eulerian coordinate as

o+ (pu)x =0, (1.1a)
(pw)i + (pu* + p) | = pttre, (1.1b)
where the unknown functions are a mass density p and a fluid velocity u. A constant y is called

a viscosity coefficient. A pressure p is given by p = p(p) = Kp¥ where K >0 and y > 1 are
constants. The initial condition is prescribed by

(0, u)(0, x) = (po, uo) (x), (1.2a)
im (oo, o) (x) = (o, u+), nf po(x) > 0. py > 0. (1.2b)

The main concern of the present paper is a phenomena in which the gas brows out from the
boundary. This is called an outflow problem in [7]. Thus, we adopt a boundary condition

u(t,0) =up <O0. (1.3)

Note that only one boundary condition (1.3) is necessary and sufficient for the wellposedness of
this problem since the characteristic u(t, x) of the hyperbolic equation (1.1a) is negative around
the boundary {x = 0} due to the condition (1.3).

It is shown in the paper [5] that the solution to the problem (1.1), (1.2) and (1.3) converges
to the corresponding stationary solution as time tends to infinity. Here we summarize the results
in [5]. The stationary solution (0, i) (x) is a solution to the system (1.1) independent of a time
variable ¢, satisfying the same conditions (1.2b) and (1.3). Therefore, the stationary solution
(p, u) satisfies the system of equations

(pit) =0, (1.4a)
(5® + ), = pix (1.4b)

and the boundary and the spatial asymptotic conditions

1(0) = u, Aim (0, @) (x) = (o4, u+), inf p(x) >0, (1.5)

X€R+
where p := p(p). Integrating (1.4a) over (x, 00) yields

i=t3, (1.6)

Ut
where v := 1/p is called a specific volume and vy := 1/p4. Due to (1.3) and (1.6), we see that

u+=vv—+ub<0 (1.7)
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is necessary for the existence of the stationary solution to the problem (1.4) and (1.5). Integrating
(1.4b) over (x, co) and substituting (1.6) in the resultant equality, we get

puywy = F(w), (1.8)
u(x) _ py
uy  plx)

Fw):=Kpy(w™ = 1)+ ppuf(w—1), ()= (1.9)

Let ¢+ and M be a sound speed and a Mach number at the spatial asymptotic states, respectively.
Then they are given by

=V o) =\rkel™'. M, '”*'. (1.10)

If M4 > 1, the equation F(w) = 0 has the distinct two roots w = 1 and w = w, satisfying
we < 1. If My =1, the equation F(w) = 0 admits only one root w = w, = 1. The asymptotic
stability of the stationary solution is discussed in the function space X (0, T') defined by

X0,T):={(p,¥); 0 € By 77y e BIF2 (o, 4) € C(10, T1; H' (Ry)),
o € L*(0,T; L*(Ry)), ¥ € L*(0, T; H' (R )}

Proposition 1.1. (See [5].) Assume that the conditions (1.3) and (1.7) hold.

(i) (Existence) The boundary value problem (1.4) and (1.5) has a unique smooth solution (p, i)
ifandonly if My > 1 and weuy > uyp. If My > 1, there exist positive constants A and C such
that the stationary solution satisfies the estimate

|08 (B(x) — pirli(x) —uy)| < Codse™  fork=0,1,2,..., (1.11a)
where 8s := |up — uy|. If M4 = 1, the stationary solution satisfies

Ss k+1

|3)’§(,5(x) — P4, 0 (x) — ”+)| <€ W

fork=0,1,2,..., (1.11b)

where C is a positive constant.
(1) (Stability) Suppose that M+ > 1 and weu > up hold. In addition, the initial data (po, uop)
is supposed to satisfy

(po— p,uo —it) € H'(Ry),  (po, ug) € B (Ry) x B2 (R}) (1.12)

for a certain constant o € (0,1). Then there exists a positive constant gy such that if
l(po — p,ug — u)|l1 + 8s < &g the initial boundary value problem (1.1), (1.2) and (1.3)
has a unique solution (p,u) satisfying (p — p,u — i) € X(0,T) for an arbitrary T > 0.
Moreover, the solution (p,u) converges to the stationary solution (p,u) as time tends to
infinity: lim;, oo || (0, ) (£) — (p, i) |loo = 0.
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The main purpose of the present paper is to investigate the convergence rate of the solution
(p,u) toward the stationary solution (p, ) under the assumption that the initial perturbation
decays exponentially or algebraically fast in the spatial direction.

Theorem 1.2. Suppose that the same assumptions as in (ii) of Proposition 1.1 hold.

(i) Suppose that My > 1 holds. If the initial data satisfies (1 + x)*/*(po — p), (1 + x)%/*(ug —
i) € LZ(]R_,_) for a certain positive constant o, then the solution (p,u) to (1.1), (1.2) and
(1.3) satisfies the decay estimate

o, w)@®) = (B, )|, < CA+1)72. (1.13)

On the other hand, if the initial data satisfies ¢/ (pg — p), e“/?* (ug — it) € L>(Ry.) for
a certain positive constant {, then there exists a positive constant o such that the solution
(p,u) to (1.1), (1.2) and (1.3) satisfies

[0 ) (@) = (B.@)| < Ce™. (1.14)

(i) Suppose that M4 = 1 holds. There exists a positive constant &y such that if the initial data
satisfies ||(1 4+ x)*/%(po — p, uo — i)|l1 < €o for a certain constant « satisfying o € [2, a*),
where a* is a constant defined by

* * 4 k
(@ —2)=— and o >0, (1.15)
y+1

then the solution (p, u) to (1.1), (1.2) and (1.3) satisfies

lto, @ = B, <CU+n~" (1.16)

Remark 1.3. We see that the convergence rate (1.16) for the transonic flow is not as fast as
the supersonic flow. Moreover, we assume the condition o < «*, which is necessary for the
derivation of the weighted estimate (2.48). Also, this type of assumption is used in [8] for the
analysis of the convergence rate toward the traveling wave for a scalar viscous conservation law.
It is still open problem whether the assumption & < a* can be removed or not.

Related results. After the work [1] by II'in and Oleinik, there are many researches which
consider the stability of nonlinear waves. For example, Liu, Matsumura and Nishihara in [6]
study the half space problem for the viscous conservation laws. For the one-dimensional half
space problem to the compressible Navier—Stokes equation, Matsumura in [7] expects that the
asymptotic states of the solutions are classified into more than twenty cases subject to the bound-
ary condition and the spatial asymptotic data. Several problems in this classification have been
already studied. For example, Matsumura and Nishihara in [9] consider the case when the as-
ymptotic state becomes one of stationary solutions, rarefaction waves and superposition of them
for the inflow problem. The research [5] by Kawashima, Nishibata and Zhu shows the asymp-
totic stability of the stationary solution for the outflow problem. Following [5], the present paper
investigates the convergence rate toward the stationary solution for the outflow problem.
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For the multi-dimensional half space problem, Kagei and Kawashima in [2] study the outflow
problem and prove the asymptotic stability of a planar stationary wave. Recently, the authors
have obtained the convergence rate for this problem. This result also will be published soon.

Outline of the paper. The remainder of the present paper is organized as follows. In Section 2,
we begin detailed discussion with a reformulation of the problem (1.1), (1.2) and (1.3) to that for
the perturbation from the stationary solution. Then we derive the weighted a priori estimate of
the perturbation, which yields the convergence rate toward the stationary solution. In Section 2.1,
we consider the supersonic flow. In this case, the algebraic or the exponential rate is obtained,
subject to the decay rate of the initial perturbation in the spatial direction in the L? norm. The
proof is mainly based on the weighted L? energy method. In Section 2.2, we obtain the algebraic
rate for the transonic flow. Here we need to derive the weighted H! a priori estimate.

Notations. For a non-negative integer / > 0, H(R,) denotes the /th order Sobolev space over
R in the L? sense with the norm || - ||;. We note HY=1%and I-1:=1"-llo- The norm || - ||co
means the L°°-norm over R;.. For « € (0, 1), Bk+e (R4) denotes the Holder space of bounded
functions over R4 which have the kth order derivatives of Holder continuity with exponent c.
Its norm is | - |g4o. For a domain Q7 C [0, T] x R, B*#(Q7) denotes the space of the Holder
continuous functions with the Holder exponents @ and B with respect to ¢ and x, respectively.

For integers k and [, Bk+°"l+ﬂ(QT) denotes the space of the functions satisfying 8}' u,dlu e
B*F(Qr) for arbitrary integers i € [0, k] and j € [0, []. We abbreviate B*t ([0, T] x R;)
by Bk+a,l+/3

T .

2. A priori estimate

In this section, we derive the a priori estimate of the solution in the H' Sobolev space. To this
end, we define the perturbation (¢, ¥) from the stationary solution as

(@, ) (1, x) = (p, u)(t, x) — (P, ) (x). 2.0

Due to (1.1) and (1.4), we have the system of equations for (¢, V) as

@1 +ugy + p¥ = —(Uxp + px¥), (2.2a)
oY + putix + p'(0)px — Wnx = — (@Y + g + pyv)iy — (p'(p) — p'(5))px. (2.2b)
The initial and the boundary conditions to (2.2) are derived from (1.2a), (1.3) and (1.5) as
(@, ¥)(0, x) = (9o, Y0) (x) := (po, o) (x) — (0, u)(x), (2.3)
¥(t,0)=0. 2.4)

The uniform bound of the solutions in the weighted Sobolev space is derived later. For this
purpose, we introduce function spaces X,,(0, T) and X/ (0, T') defined by

X0(0,T) :={(¢.¥) € X(0,T); (Vwg, Joy) € C([0, T]; L*(Ry))},
X50,7):={(¢,¥) € X(0,T); (Vwp, Joy) € C([0, T]; H' (R}))}.
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Here the two types of weight functions are considered:

wx)=104+x) or w():=e**.

Also we use the norms | - 2,4, || - [la,e @and || - |le,« defined by
00 172
[fl2,0 = {/w(X)f(X)de} o M fllae =1 2,400 Ifllew = 112,60

0

The following lemma, concerning the existence of the solution locally in time, is proved by the
standard iteration method. Hence we omit the proof.

Lemma 2.1. If the initial data satisfies (1.12) and Jw(po — p), Jw(uo — it) € L>(Ry), there
exists a positive constant T depending only on |pol1+¢ and |uol2+4 such that the initial bound-
ary value problem (2.2), (2.3) and (2.4) has a unique solution (p,u) € X, (0, T). Moreover, if
the initial data satisfies (1.12) and /@ (po — p), /0 (ug — i) € HI(R+), there exists a unique
solution (¢, V) in XLIU(O, T).

2.1. Supersonic flow
In this subsection, we derive the weighted energy estimate of the solution for the case when

M > 1 holds. To summarize the a priori estimate, we use the following notations for a weight
function W (t, x) = x (t)w(x) until the end of this subsection:

N@) = sup |(@,v)(®)],, (2.5)
oLt
t
M(1)? = / x@(|lex ) + ¥ @]} + 0. 0?) dx, (2.6)
0
t
L) := f 1@ (@ 0O, + [ @ v @)
0
+xO(v @], +|@ @), ) dr 2.7)

Proposition 2.2. Suppose that the same assumptions as in (ii) of Proposition 1.1 hold.
(1) (Algebraic decay) Suppose that (¢, V) € X(14+x)2 (0, T) is a solution to (2.2), (2.3) and (2.4)

for certain positive constants o and T. Then there exist positive constants &y and C such
that if N(T) + s < &g, then the solution (¢, V) satisfies the estimate

t
(1 + 0% (g, w>(r>||f+/<1 + 0% (e @+ v @) dr
0
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t
+/(1 + 0 |(0, ) (1, 0 de
0

<C(|(@o. vo |3 + | @o. ¥0) |2 ) (1 +1)° 2.8)

for arbitrary t € [0, T] and € > 0.

(i1) (Exponential decay) Suppose that (¢, ) € X ,¢x(0, T) is a solution to (2.2), (2.3) and (2.4)
for certain positives ¢ and T. Then there exist positive constants gy, C, B (< ¢) and «
satisfying o < B such that if N(T) + 8s < &o, then the solution (¢, ) satisfies

t

(. O[] + [ @ 9®]2 ) + / " |(¢. @) (2. 0)| d
0
t t

+/e“’(H<ox(r>Hz+ wa(rw?)dr+/e“f(u<¢,1/f>(r)ujﬂ+ I @]2,) dr

0 0

< ([0 w1} + [ o V) |2 )- 2.9)

To prove Proposition 2.2, we first derive the basic energy estimate. To this end, we define an
energy form &, as in [5], by

E:= %w2+Kﬁ7’_lq§(£), D (s) ::s—l—/n‘ydn. (2.10)
0
1

Owing to Proposition 1.1, we see that the energy form £ is equivalent to | (¢, v¥)|>. Namely, there
exist positive constants ¢ and C such that

c(p? +v?) <ESC(p* +v7). (2.11)
We also have positive bounds of p as
O<c<pt,x)<C (2.12)
for (#,x) € [0, T] x R4.

Lemma 2.3. Suppose that the same assumptions as in Theorem 1.2 hold. Then there exists a
positive constant o such that if N(T) + 8s < &y, it holds that

t

xO]@. v, + / x@ (@ @5, + U], +0(r.0?)dr

0

<C|wo. vo)5, + CL®). (2.13)
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Proof. Multiplying (2.2b) by v, we see that the energy form satisfies the equality

(PE) — Gix + pr? = (WP Y)x + Ro, (2.14)
Gi:=—pu& — (p(p) — p(P))V, (2.15)

Ro :=—{(pu — pi)y + p(p) — p(p) — p' (D) }itx — %w/fp(ﬁ)x-
Here, the positive bound of p (2.12) and the Schwarz inequality yield the estimate for Ry as
|Ro| < Clitx|(¢® + ¥?). (2.16)
Multiplying (2.14) by a weight function W (¢, x) = x (#)w(x), we have
(Wo€)y = (WG + WiGi +uWy

=W,p€ + (uwwx - %WM) + %mez + W Ro. (2.17)

Due to the boundary conditions (1.3) and (2.4), the integration of the second term on the left-hand
side of (2.17) over R is estimated from below as

{WouE +W(p—p(@)¥}, dx=—x)p(t,0up(t,0) = cx(De(,0,  (2.18)

where we have used the estimates (2.11) and (2.12). The third term on the left-hand side of (2.17)
is computed as

Gi1=Fi(p,¥) + Ry,

-2
Kypl “luyl 5 pyluyl

-1
Fi(p,¥) = ¢ > v? — Kypl” oy,

Ry im - KV Gt r3 20 ey ) {d,(é) _ z(é _ 1>2}
2p? * p) 2\p

Y
—Ky (3" =l ey — Kﬁy{(%) —1- J/(% - 1)}10 — (pu — pyu4)€.
(2.19)

The condition M, > 1 yields that the quadratic form Fj (¢, ¥) is positive definite since

/ 3/2 / /
Fl(w,vf):(”(p*) w2+p”p(”+)w2)<M+—1)+—V’;)(f”(¢p’<p+>w—p+w)2

2,0.;,_ 2
> (9 +v7). (2.20)

Utilizing (1.11), (2.11) and the inequalities
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D(s) — %(s — DX <Cls =1, |7 =1—y(s—D|<Cls — 1 (2.21)

for |s — 1| < 1, we have the estimate for R as

|R1| < C(N(@) +8s)(¢* + ¥?). (2.22)

Therefore, integrating (2.17) over Ry x (0, t), substituting (2.16), (2.18), (2.20) and (2.22) in
the resultant equality, and then taking N(7") 4 §s suitably small, we obtain the desired estimate
(2.13). O

Next, we obtain the estimate for the first order derivatives of the solution (¢, ). As the
existence of the higher order derivatives of the solution is not supposed, we need to use the
difference quotient for the rigorous derivation of the higher order estimates. Since the argument
using the difference quotient is similar to that in the paper [5], we omit the details and proceed
with the proof as if it verifies

(0, ¥) € C([0,T1; HXR4)), ¢r € L*(0,T; H'(Ry)), ¥ € L*(0,T; H*(Ry)).

Lemma 2.4. There exists a positive constant o such that if N(T) + 8s < &g, then

t

x(t>||¢x<t)|!2+fx<r>(||¢x(r>||2+¢x<r,0)2)dr
0

< C(llgoxl? + [(@o. Y05 ,) + CL@)? + C(N () + 85) M (1) (2.23)

Proof. Differentiating (2.2a) in x and multiplying the resultant equality by ¢, yield

1 2 1 2
soy ) H\ suey ) =—p¥xxex + Ro,
2 t 2 X

1 - - - -
Ry:= Euxwf — 0r Qu Wy + 20 @y + 2 Yy + lx P + Prx ). (2.24)

On the other hand, multiplying (2.2b) by p¢, gives

(Pexvr), — (P*0i¥) . + pP (0)Ps = 1pVaxx + R,

Ry = —(205:% — 2V )y — pugpx s — piix (0¥ + it + 5v)px — ppx (P'(0) — P’ (5)) .-

(2.25)
Multiply (2.24) by n and add the resultant equality to (2.25). Then we have
2 w
(5%3 + pz%df) + (Ewﬁ - pzwﬁ) +pp'(p)¢; = Ry + Ri. (2.26)
t X

Owing to the Schwarz inequality with the aid of (1.11), the right-hand side of (2.26) is estimated
as
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I1LRy + R3] < (e + C88)@2 + Ce (Vi + W l@?) + Celitx| (9> + ¥2) (2.27)

for an arbitrary positive constant &, where C, is a positive constant depending on &. Multiplying
(2.26) by a weight function y = x(¢), we have

{x<%¢f+p2¢xw)} + {x(%uwﬁ —PZ(PH//)} + o (D) x 3
t X

w
=X (Efﬂf + pzfﬂxlﬂ) + x(WRy + R3). (2.28)

The boundary condition (1.3) gives the lower estimate of the integration of the second term on
the left-hand side of (2.28) as

/ { X (gwﬁ —~ pzw)} dx > cx (D)ex(t,0). (2.29)
0 X

Integrate (2.28) over Ry x (0, t), substitute (2.27), (2.29) and the estimate

o
2
/ [Wxlor dx < ClIYalillg:ll> < CN @) | (@r, Yies V) | (2.30)
0
in the resultant equality, and take ¢ and §s suitably small. These computations together with
(2.13) give the desired estimate (2.23). O

Lemma 2.5. There exists a positive constant o such that if N(T) + 8s < &g, then

t

x(r)llwx<t)|}2+fx<r>||wxx(r>||2dr

0

< C (| @os. Yoo | + | @o. ¥0) 3 ,) + CLO> + C(N(1) +8s)M ()%, (2.31)

Proof. Multiplying (2.2b) by —1/,, gives

1
(y%?) — (PY )y + k. = Ry, (2.32)
t

1
Ry:=—px¥ihy + Epﬂﬂf + puyx Uy + P/(/O)fﬂxWxx + (pu — pit)iix Yyx
+(P(0) = P'(B)) s s 233)

Note that the function Ry is estimated by using (2.2b) and (1.11) as

|Ral < &Y 2 + Ce(92 + W2 + ¥ + ¢292) + Celiin| (¢ + ¥2), (2.34)
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where ¢ is an arbitrary positive constant and C; is a positive constant depending on ¢. Multiplying
(2.32) by a weight function y (¢), we get

1 1
(Expw)?) — (XPVxV)x + X V2, = Extmzf)% + X Ra. (2.35)
t

Integrating (2.35) over Ry x (0, 1), substituting (2.13), (2.23) and (2.34) as well as the estimate

o
2 2
/ v+ @iy dx <CIYa i a0 | S CN@O | W Y0 | (2.36)
0
in the resultant equality and then letting ¢ sufficiently small, we obtain the desired estimate
(231). O

Proof of Proposition 2.2. Summing up the estimates (2.13), (2.23) and (2.31) and taking
N(T) + 8s suitably small, we have

t

x(r>(||<<px,wx)||2+|<<p,w)|§,w)+/x(r)!<<p,¢x><r,0>|2dr
0

t

+ / x@ (@ @5, + e+ v, + [V (@) dz

0

< C (|| @os. Yoo | + | (@o. ¥0) 3 ) + L. (2.37)

First, we prove the estimate (2.8). Owing to the Poincaré type inequality

lot, )| <o, 0)| + Vx| 0| (2.38)

which is proved by the similar computation as in [4,10], substituting w(x) = (1 +x)? and x() =
(14 1)¢ in (2.37) for B € [0, @] and & > 0 gives

t
A+ (@ »©|7 + @ 0] ,) +/<1 + 0 (@, 0 (T, 0 dx
0
t
+f<1 By + 12+ [ v [P de
0

t
< ([ @o. ¥ [; + | @0, v0) |7 5) + CBB — 1) /(1 + O W12 5y dr
0



T. Nakamura et al. / J. Differential Equations 241 (2007) 94—111 105

t
+CS/(1 + 0 ([@. W g + [ (or w0 | ) dr. (239)
0

Therefore, applying an induction to (2.39) gives the desired estimate (2.8). Since this computa-
tion is similar those in [3,8,11], we omit the details.

Next, we prove the estimate (2.9). Substitute w(x) = eP* and x (t) = ¢* in (2.37) for B < A
to obtain

t

(@ vO2 5 + e v O[) +/e“f|(<p,<px><r,0)|2dr
0

t

+ [ e Ble @I+ L vmo@ + [l ) de
0
t

<C(l@o vy + | os o) |*) + C o+ £7) / S [CRICT T
0
t

t
+Ca / ¢ [[(pr, Y2 (@) | > dT + C8s / ¢ (p(z, 0% + [ (0r, Y)(@)|)dr.  (2.40)
0 0

Here, we have used the Poincaré type inequality (2.38) again. Thus, taking ds, 8 and « suitably
small, we obtain the desired a priori estimate (2.9). 0O

2.2. Transonic flow

This subsection is devoted to prove the algebraic decay estimate for the transonic case M =1
in Theorem 1.2. To state the a priori estimate of the solution precisely, we use the notations:

Ni@t) = sup |((1+x)*p, (1 +x)*2y)(0)
o<t

l’
t

M) :=/(1 o [CARTARVASICH 2
0

Proposition 2.6. Suppose that the same assumptions as in (ii) of Proposition 1.1 hold. Let
(o, V) € X(11+x)°‘ (0, T) be a solution to (2.2), (2.3) and (2.4) for certain positive constants T
and a € [2,a™), where o* is defined in (1.15). Then there exist positive constants gy and C such
that if N1 (T) + 8s < &, then the solution (@, ) satisfies the estimate

t
1+ (@, )|} + f 1+ 0% (9, 9x)(x, 0 dt
0
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t
+/(1 + 02 (il + 1Y 12) d
0

2
< CJ[ @0, 0. gor- Yo) |2, (L +1)°. (2.41)
In order to prove Proposition 2.6, we need to get a lower estimate for .

Lemma 2.7. The stationary solution u(x) satisfies

y+2 52
iy (x) > A(”—*) s

up (14 Bx)?’
|
A= YDA psa (2.42)
2p

for x € (0, 00).

Proof. Since we have F(1) = F/(1)=0and 1 < < up/u, the function F () defined in (1.9)
satisfies

y+1
2

y+1
2

u y+2 y 3 ~
cim(u—:) (i — 1)? < F() < “——clpy (b — D% (2.43)

Substituting the equality F(w) = pu4(w — 1)y in (2.43) and solving the resultant differential
inequality with respect to w — 1 yield

(SS 1 - 85 1
— SwEx)—1<— . (2.44)
lus| 1+ Bx | | 1+ (g /un)? +2Bx

Then, substituting (2.44) in (2.43) with the aid of (1.8) gives the desired estimate (2.42). O

We also need the estimate for the Mach number M on the stationary solution (0, i) defined
by

M(x):= 'Z—. (2.45)

Lemma 2.8. There exists a positive constant C such that

18 82 . 8
r+tl 9 o % - 1<c—5 (2.46)
2|lus| 14+ Bx (1 + Bx)? 1+ Bx
Proof. Owing to M, =1 and (1.6), we see that the equality
~ 1 D(y —1
M—1=p¥th/2 _1= %(ﬁ, D+ Mn(y—ﬁﬂ(w —D% (47

8
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holds for a certain n € (1, w). Substituting (2.44) in (2.47) immediately yields the desired esti-
mate (2.46). O

By using Lemmas 2.7 and 2.8, we obtain the weighted L? estimate of (¢, v/).

Lemma 2.9. There exists a positive constant &y such that if N1(T) + 8s < &o, then

t
a1+ @ w2, +/<1 + 05 (p(z, 02 + B (0, W) |2 5y + 112 ) d
0

1 t
<C|l o, w0 4+ Ct /(1 + 0 @ )|, pdr + Cos /(1 +0)lgclPdT (2.48)
0 0

for Be[0,a] and & > 0.

Proof. The equality (2.17) is written to

n
(Wp&); + (_WGl —uWird, + EWX'(//Z) + MW%? + WG+ Gy

X

=W;p€ — %Wﬁxxﬁow,
G2 = Wiix (o0 + (p(p) = P(B) = P'(5)9)) = 5 War ¥, (2.49)

where G is defined in (2.15) and W := (1 + Bx)?(1 + r)5. By the same computation as in
deriving (2.19), we rewrite the terms G and G to

Gi=F+Rs, Gy=F;+ R,
10 V32 7 _ 15
Fri= (” O g D (p+)¢2>(M—1)+M(\/p/(,5)¢—51#)2,
P+ 2 2p
a1l N (B v (B
Rs = 2 <p2 /32>(p p(p)u<(p<p) 2<p 1))
— (pu — pi)E — (p(p) — p(p) — p'(P)@) ¥

/¢ ~\3/2 ’ 3/2 ~ T /
+{<P(P) _Pey) )(pz+<p p(p)_pﬂ/p(m))wz}m;[_l),

25 204 2 2

~ 1 "
Fs = Wil, <p+w2 + Ep”(m«ﬁ) — EWMI//Z,

1
Re = Wii, {(p — PV + E(p”(ﬁ) - p”(p+))<p2}

1
+ Wity <p(p) —p(P)—p' Py — zp”(ﬁﬁpz) (2.50)
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By utilizing Lemmas 2.7 and 2.8 with the aid of the fact that 8 < o™, we obtain the lower estimate
of W, F, + F3 as

K V_2A y+2
WeF>+ F; > #{(7/ F B+ 2(31—*) (y — 1)}35(1 + )¢ (1 + Bx)f 202
b
A y+2
+ ’%{4(”;—2) —(r+ BB - 2)}85(1 + 0% (1 + Bx)f 2y
— CBS(1L+ 105 (1 + Bx)P3(* + y?)
> c83(1 — C8s)(1+ )5 (1 + Bx)P2(9* + y?) (2.51)

for B € (0, a]. On the other hand, the estimates (1.11), (2.21) and (2.46) yield

|WyRs + Ro| < C(N1(t) +83)8s(1 + 0)F (1 + Bx)P % (¢? + y2). (2.52)
Finally, integrate (2.49) over Ry x (0, t), substitute (2.51) and (2.52) in the resultant equality,
and take Nj(¢) and 8g suitably small to satisfy N;(¢) <« 8% and 8s < 1. This procedure yields the
desired estimate (2.48) for 8 € (0, «].

Next, we prove (2.48) for 8 = 0. Substituting W = (1 + ¢ in (2.49) and integrating the
resultant equality over R x (0, ¢), we get

t
A+ 0@ )|+ / (1 + )% (o(7, 0)* + [lYxI1?) dT
0
t
< c||(¢o,wo)||2+cs/(1 + 05 (@ )| de
0

t o0
+cf(1+r)f/|ﬁxx¢¢|dxdr. (2.53)
0 0

Here, we have used the fact that G, > 0 holds. Applying the Poincaré type inequality (2.38) to
the third term on the right-hand side of (2.53) with the aid of (1.11b), we obtain the estimate
(2.48) for the caseof 8 =0. O

In order to complete the proof of Proposition 2.6, we need to obtain the weighted estimate of

(@x, V).

Lemma 2.10. There exists a positive constant &y such that if N{(T) + 8s < &, then

t
1+ 0% (e v |2 5 + f(l + 0 (e (1. 0% + | (@, V) (D)2 ) d
0
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t
< C[[@o, Yo, 90, Yoo [ 5 + Ct / A+ @, 9 00 v @ gt (2.54)
0

for B e[0,a] and & > 0.

Proof. Since the derivation of the estimate (2.54) is similar to that of (2.23) and (2.31), we only
give the outline of the proof. Multiplying (2.26) by W = (1 + Bx)? (1 4 1)¢, we have

{W(%svf + p%ﬂﬂ)} + {W(%mpf - pzw//)} +pp (D) Wo}
1 X

i jz
=W, (5%% - pzwxw) + W, <5w§ — p%fw) + W(wRy + R3). (2.55)

Integrating (2.55) over R4 x (0, ¢) and substituting (2.48) gives the estimate for ¢, as

t
A+0%llellz +/(1 + 1) (0x (7. 0% + lle |12 ) d
0

t
<C“<¢0’%’%x>||§,ﬁ+C$/<1+r)5‘1||<<o,w,sox)||§,ﬁdf
0

+ C (N1 () + 8s) M1 (). (2.56)

Here, we have used the inequalities

{1+ Bx)P} %u(p)% — pzwp’ < C8s(1 + Bx)Po? +C(1 + Bx)Py?
+CB(1+ Bx)P 2 (p* +97), (2.57)
(14 Bx)P Ry + R3] < (¢ + C8s)(1 + Bx)P @2 + Co (1 + Bx)P (y2 + ¥ l9?)
+ Cebs (1 + Bx)P~4 (¢ + y?), (2.58)

where ¢ an arbitrary positive constant. We note that the third term on the right-hand side of (2.58)
is estimated by applying Poincaré type inequality (2.38) for the case of 8 = 0. In deriving (2.56),
we have also used the estimate for |1, |<p§ as

oo

2
/(1 + B0)P e lpf dx < Cllellillxlly g < CNV@) [ (s Ve Y [ -
0

Next, we prove the estimate for v,,. Multiply (2.32) by W = (1 + H5(1 + Bx)? to get

1 1
(5 mﬁf) — (Wpyrat)x + uWy2 = Ewwf — Wep¥at + WRs.  (2.59)
t
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Integrate (2.59) in R4 x (0, t) and substitute (2.48) and (2.56) in the resultant equality with using
the inequalities

{1+ B0P) |ovavi] + (14 Bx) |Ryl
<e(l+ B0PY2, + Co(l+ Bx)P (o2 + 92 + 9+ o2u2) + Cebs (1 + Bx)P 4 (¢ +v2)

and
o0
/(1 + B0)P (¥ + 929 2) dx < CIL R @r, ¥ |2 5 S CNO | e v | 5.
0

This procedure yields

t
A+ Df el +/<1 + O a2y d
0

t
< €|/ (0. Yo, pox. Yoo 4 +csf(1 + 0@ v g v |7 g dt
0

+ C(N1(t) + 8s) M1 (1), (2.60)

Finally, adding (2.56) to (2.60) and taking N(¢) + s suitably small give the desired estimate
2.54). O

By the same inductive argument as in deriving (2.8), we can prove Proposition 2.6 which
immediately yields the decay estimate (1.16).
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