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An explicit definition is given of a non-linear integral which is termed the Lie
integral. This integral is defined for Lie algebra valued functions in terms of the
representations of the algebra. Various properties of the integral are investigated,
and applications are given to differential equations. Applications to differential
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1. INTRODUCTION

For certain finite dimensional algebras .o/ it is clear that there exists a
multiple-valued function A(X, Y)e .o/ such that

X, ¥ _

e¥e A(X.Y)

e

for all X, Yes/. The Baker (1905)-Hausdorff (1906)-Campbell (1908)

(BACH) formula [15] gives the power series expansion of the branch of
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A(X, Y) about (0,0) with constant term equal to zero. It can be shown
that, with BACH (X, Y)=B(X, Y),

BX. V)=(X+Y)+35[X, Y1+ -,

and it is an interesting problem to find efficient recursion formulas for the
coefficients for this expansion [11]. Its terms are homogeneous polynomials
of increasing degree in Lie products of X and Y. It can also be shown that
B(X, Y) converges in a neighborhood of (0, 0) for all .«/, and that B(X, Y)
fails to converge for all X, Ye &/ in general. For example, in the case that
o =s0(3), or more generally for finite dimensional compact matrix groups,
one can define an associative product in the algebra to be given by

X-Y=B(X.Y)

under the assumption that B(X, Y) converges for all X, Ye.«/. This
product turns ./ into a non-compact Lie group whose Lie algebra is also
«/, yielding a contradiction, since the universal covering group of the
group of &/ 1s compact [2].

In this paper we will be concerned with a generalization of the BACH
formula. Consider the differential equation

d—XzK(s)X(S), a<s<b, (1)
ds

where K and X are «/-valued. Although the results hold more generally if
&/ is finite dimensional, we shall assume that ¢ is a finite dimensional
matrix algebra. The solution of (1) can be written in the form

X(s)=e""X(a). (2)

Several authors have considered the problem of finding formulas for the
solution of (1) (see e.g. [1,3-5,9, 10, 12, 13, 16, 17, 18, 20]).

R. Feynman in [9] found a formal expression for the solution without
proving its convergence. Later, Magnus in [13] obtained a well-known
differential equation, called the Magnus equation, for the function H(s).
The problem of calculating H(s) was also considered by Bialynicki-Birula,
Mielnik, and Plebanski in [1]. These authors note that they do not prove
convergence of the expressions which they obtain. In 1976 Karasev and
Mosolova in [12] obtained an expression for H(s) together with an
estimate for its norm, basing their work on an important method
developed by Maslov in [14].
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K. T. Chen in [3-5] has obtained interesting results concerning the func-
tion H. His work was employed in [16] to obtain a formula, which, when
specialized to finite dimensional algebras, converges everywhere. As already
noted, the BACH formula cannot converge everywhere in general even in
the matrix case. We have concentrated on the question of convergence of
the series in Lie products of K of increasing degree for the function H(s).

In order to expand H(s) in Lie products of K of increasing degree, we
consider the system of equations

— =1tK(s) X(s), a<s<h 01«1, (1y

where we regard r as a parameter. The system then has a solution of the
form

X(t, s)=e"""X(a).
It is clear that H(1, s}= H(s) and it is shown that

H(t, s)= i H,(s) 1",
0

converges, where the H, are the homogeneous terms. It is also shown that
H(t, 5) satisfies the new differential equation

aHg’ - 1 ai’i‘;:,,’w [ ek e ay

The discrete version of this equation is used to obtain norm estimates and
to prove convergence of the series for H(s). It may be contrasted with
Magnus’ equation

ds e~ ™M

1 K(s)

from which norm estimates and convergence do not appear to follow easily.
An explicit formula is found for H(s) and it is used to define a new
integral, the Lie integral

H(s)=LfS K(u) du. (3)

The definition of the Lie integral (3) is based on a formula for N
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arguments. This formula gives an expression for the matrix
By(X,, X,, ..., Xy) such that

X1 X2

e eXN — eBN(XlwaAV’ (4)

for matrices X,, X5, .., X». The Lie integral of an arbitrary function F
defined on an interval [a, 5] is defined in two steps. The integral is first
defined for step functions, and then it is shown that the integrals of
approximating step functions converge in the case that F(¢) is a Riemann
integrable function. The Lie integral (3) is only defined for b — a sufficiently
small, and the allowed size of the interval of definition depends on the
norm of F—the smaller F, the larger the interval.

Suppose first that F(s)=3Y7_; F.¥(s), where /, is the characteristic
function of the interval [a,, a,, ). a=a,<a,< --- <a,=b. Then the Lie
integral (3) is defined to be

Bn(anlAnfls'"vFOAO)’ (5)

where 4, =(a, ., —ay), k=0, ..,n— 1. If Fis Riemann integrable, then the
Lie integral (3) is defined as the limit of expressions of the form (6). The
main part of the paper is devoted to calculating explicit formulas for the
evaluation of this integral.

We note that two of Lie’s theorems, that

11m (eXZ,/2"eX1/2'1)" - L"X' + X2)/2 (6)
n— x
and that
hm (e.\'l,"ne/\'z/ne — .\’lme — )"2/,,),,2 _ e[*'l-z\’:], (7)

n- x

may be regarded as weak convergence results of the Lie integral. For (7)
define F,(s), se [0, 1], by dividing [0, 1 ] into 2r consecutive subintervals
of equal length, and then setting F,(s) equal to X, and X, alternately on
each subinterval, starting with the first one. Real valued functions f, corre-
sponding to the functions F, would converge weakly to the constant equal
to the average of the two values and thus (7) may be viewed as a special
case of a more general result, that if F, converges to F in a suitable sense,
then L (o F,(s)ds— L [} F(s) ds.

For (7), define G, (s), se [0, 1], by first dividing the interval [0, 1] into
n® consecutive subintervals of equal length, I,, k=1, .., n% then dividing
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each of these intervals /, into four consecutive intervals of equal length,
L=1,+I,+1,5+1.,. Finally, set

dnX,, sel, |,

4nX,, sel,,,
G,(s)= i i 8
5) —4nX,, sel,s, ()

—4nX, sel,,.

Real valued functions g,(s) corresponding to the functions G,(s) have
the property that (j g,(s)ds—0. The problem of convergence is more
delicate for Lie integrals, since

L[ G(s)ds— X, X5 ©)
]

The Lie integral may be regarded as the logarithm of the product
integral discussed by Browder, Dollard, Friedman, and Masani in [8]. The
method of this paper may be used to obtain similar results in the case that
the parameter ¢ is replaced by a function ¢(¢, 5) in the system of equations

(1).

2. NOTATION

1. The formal series By(X{, .., Xy)=2" cMX,, ., Xy), where
cM(X,, ..., Xy), is the homogeneous polynomial of degree nin X, ., Xy
such that the formal identity holds:

Xy, XN_:eBN(Xl.---VXNi

€ <. €

2. The function ¥ ,(?), which is analytic in a neighborhood of 0, is
defined as

Yult)= z cNt" and e ... eV =¥,

n=1

3. The function Ty(¢), which is analytic everywhere, is defined as
TN({) = e—IXN .. .efIXzX] ee‘/\’z e etXN + e+ e—tXNXN_ Ie‘X”+ XN,
and for 2<i<N,

— Xy . tXN

ivit,a)y=e e Xige'Xi. .. otV
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so that

™Mz

Ty(t)=

i

It Xio)+ Xy,

2

4. The Lie integral or curve functional is defined by

=%

b
Lj K(s)ds= Y H,(K(s),a<s<b), and

a n=1

H[1] =LJIK(s)a’s,

b
H)=L| tK(s)ds
5. THEOREM 1. The main recursion formulas
b
L[ K(s)ds=H(a, b)+ Hyfa, B)+ -+,
where

]
Hl(a,b)zf K(s) ds,

a

and for n2 1, with Ty=H |,

”o o1
(n+1)Hn+1=Tn+Z {E[HnTn-r]
r=1

+ Z kZp Z [Hmlv [! [ng,,’ Tn—r]

p=1 m, >0
psr ot omyp=r

where k,,-(2p)! are Bernoulli’s numbers and where for k> 1,

d* d*
KUT,=TY0) =5 T (0)= Jim — Ty (1)

N— x dfk N

t=0

6. Formulas for calculating {7} are

T.[1]= Tkzj' [...[K(u,),j“’ K(uz)],

U =a uy=a

up=ua Uky1=a

205

ug -1 g
J K(uk):I»j K(uk+l)] duy ,\ duy - -du,,
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or equivalently

TTLd=Te= [ [ [KGu) K)o

tZU1 2 - Zupy12da

e Kt~ )], K} ), Kuge )] dtye -+ duy.

3. A FORMULA FOR THE LOGARITHM FUNCTIONAL OF e*!-...¢*¥,

The Differential Equation of 5

Let G be a Lie group, L its algebra, and let L have a norm, denoted by
|-]. If X,,..,XyeL and are sufficiently close to Oe L, then there is a
unique analytic function b (X1, ..., Xy)€ L with b,(0, ..., 0)=0 such that
X,

e .. eXN = pPMX1 XN) (10)

DeFINITION 1. The function 6,: Lx --- x L —> L is called the logarithm
functional. Y

Consider the formal expansion

By(X1s o Xp)= ¥ eM(X(y n X ). (11)

n=0

The coefficients ¢¥(X,, .., X) are homogeneous polynomials of degree n
in the variables X, .., X, and are formally determined by (11) when
the infinite series of (12) is substituted in place of b, in Eq. (11). It is
more convenient to put Y,(t)=by(tX,, .., tXy) and then define
M (X, s XN)=/n!)d"/dt" ) 5(£))],_, and that is the approach we
shall take. We then prove in Theorem 4 that the coefficients ¢¥(X, .., X )
are homogeneous of degree n. We use the symbol B, for the expansion and
b, for the function as it is not at all clear that B, converges, or whether
if it does converge it converges to b,. The case N =2 is treated in [22]. It
is shown that B, converges to b, sufficiently close to 0 x 0, 0 € L. Recursion
formulas for ¢2 are given from which it follows, for example, that

c%(X19X2)=X1+X2,
e3(Xy, X,)=1[X,, X, 1, (12)
(X, X)) =5E0(X, - X,), [X,, X5]]

We outline first a simple argument which shows that B, (X, ..., X) does
in fact converge to by (X, ..., Xy) for X, ..., X sufficiently close to 0, and
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then turn to the principal task of this section. This principal task is to find
the recursion formulas for ¢(X,, .., Xy). These formulas are useful in
computing B, (X;, .., X) and in determining its properties.

Recall that the exponential mapping is analytic and its inverse is locally
analytic and thus there is a neighborhood U< L of 0 such that the map-
ping by:Ux -+- xU (N times)— L is analytic for X,,.., XyeU and
by(0, ..., 0)=0. It follows from these remarks that for each § > 0 there is a
VU such that the function @(u, ., uy)=bn(u; X, .., uyXy) is an
analytic function of RV if |u, + - +uy| <(1 +5)\/X7 and X, ... XyeV.
The function Y (t)=y (8t X\, ... Xn)=9(1, ..., 1) is analytic for [¢t] <149,
and

n

) l
C,I:/(Xl....*XN):mz(l//N(l))],:O. (13)

Thus
(1) = Z e (14)

and the expansion converges absolutely for |7] <1+ (8/2). Since
by(Xy, s Xa)=04(1, X4, ..., Xy), the problem of the convergence of B,
to by is reduced to the problem of showing that the expansion of ¥(¢)
converges for +=1, and that expansion has been shown to converge.
Thus By=b, for X, .., X sufficiently small.

DErFINITION 2. The linear operator ad,: L — L is defined by

ady(Y)=1[X, Y]. (15)

The representation X — ad, is called the adjoint representation.
If Xe L is an arbitrary element in L, then as exp: L — G, the differential

(dexp)y: TyL—>T,G, g=e".

The tangent space T, L can be naturally identified with the Lie algebra L
and we may therefore consider (dexp), as a mapping from L to TG, i.e.
(dexp)y: L—>T,G.

It is shown in [15] (and as matrix multiplication corresponds to
composition, see also Theorem 5.1 of [8]) that

e *o(dexp)y=mlady), (16)



208 CHACON AND FOMENKO

where
m(ad ) = i (—_—i(ad)‘»)". (17)
T a (- 1)!
It is also shown in [15] that
(m(ady)) " =k(ady) +3ad,, (18)
where
k(ad)=1+ Y K (ad)¥ (19)

p=1

and where k,,-(2p)! = b,, are the well-known Bernoulli numbers.

We now return to the function ¢(u,,..,u,) and define ¢, =
d(u;, u; oy, ..r Uy), SO that
E“‘X' . euNXN — e¢N<.(uhu,+1,mvu‘~').

These functions are analytic in a neighborhood if 0 RY '+, and one may
therefore take their partial derivatives. We prove the following lemma.

LEMMA 1. The following equations are valid in the domain of analyticity
of the functions for 1 <i<N:

0
g;\’.l - k(ad‘bN‘l)(efa))v,iHXierﬁN,Hl)

1
+§ [¢N~1’e*¢N.:+lXie¢N,:+I]' (20)

Remark. Since ¢y ,, dn,.1€L, all expressions are well defined as
aXa 'el if aeG and Xe L, where aXa ' is defined in terms of the
product of the corresponding matrices.

Proof of Lemma 1. Write ¢, =¢. We have
eule . euNXN — etﬁ(ul,...,u/v) = G’

so that

5, 0
_ (eule .. euNXN) - e¢(u1...4,uN) = T(e¢)G_ (21)

Ju, Ou;
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The right side of (21) is equal to

0
(dequﬁ)a—ui¢(ul’ e U by

where ¢ e L. The left side of (21) is equal to

e e 1 X 56 (€“¥) et ¥t gun Xy
u;
=X L pm—1Xin |y o g1 X1 | pun Xy
i .

Note that X,e** =¢“* . X, because the matrices X; and u, X, commute
as the parameter u, is a scalar. Substituting these expressions into (21), we
obtain

eul'Yl . e“l*l“’l*leul“,r . Xi . €“1+1X1+1 P eut\'X.’V
J
=(dexp¢)a¢(ul,..., “N)- (22)

Multiplying (22) by e ?e G on the left, where e %= (e*' ¥ ... e*¥¥¥) 1 =

e XV e~ X we obtain
efu!v'\'h . efu,HX,” X Xf . e“:-]-\/:‘l e eu,\'X_m,
7¢ 6
= (e ?(dexpy)) F Py, . uy). (23)
i

From (19) we have (e %(dexp,)) ' =k(ad,) + 3 ad, so that

1 , ¢
(k(ad¢) +§ad¢> (e"’”’*‘X,-e"’M’*‘):E; Gty o ty).
Since @(u,, ..., un) =@y (U, ..., uy), we obtain (20) and the proof is
finished.

LEMMA 2. Define y(t, X\, ..., Xy =yt Xy s Xn)=0n (1, s 1) (ie.,

U= -- =uN=[)_

Then
N
dw(/;;(r) _ {k(ad(pN‘l) ( Z e*¢_‘v_y+l -Xi'é’¢'~"+l>}

i=1

1 N
+E[¢N.1a Z eqﬁrv"‘l'Xi'eq)N"‘l]» (24)

i=1

where u, = --- =uy="1.
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Proof of Lemma 2. It follows from the definition of Y/, (¢) that

4 _ < 3

dt ,'=1aui up= - =uy=t

Formula (20) of Lemma 1 then yields (24).
Lemma 2 can be formulated in a slightly different way. Consider the new

L-valued function

T’N(t)= TN(t’ Xl) ey XN)

_ —1X; X,
e XN e 'X.+1,Xi'eh\’.+1_._e! N

M=

i=1
—tXyN - —tX; X X
=e MNie Y M. et

Ty (IR ALE ¢V (25)

where we formally set X, ; =0. The function T(¢) is an analytic function
of t and Xy, ..., Xu.

LEmMMA 2. Let N22 and Ty(t, X, ... Xy), Ya(t, Xy, ..., Xy) be the
functions described above. Then the function  satisfies the following
differential equation in a neighborhood of the origin:

dyn _ 1
2 k(ady, () +5 W, T (26)

Proof immediately follows from (24) of Lemma 2, since ¢, (¢, ..., t)=
Walt, Xy, on Xy

4. A RecursioN FORMULA FOR THE COEFFICIENTS ¢ (X1, ..., Xy)

The function

TN(I)=eftXN_“eftszleth'“etXN*_ +€71XNXN,1€IXN+XN

defined in (25) is very important for all the investigations which follow. Its
values in a neighborhood of zero determine the coefficients ¢(X/, .., X y)
and clearly

A Xps s X)) =Trn(0) =X, + - + X, (27)
Consider expansion (10) again: Y (2, X, .., Xp) =25 o t"eN(X |, s Xy).
The coefficients ¢¥(X,, .., X) do not depend on t. Because ¢ 4(0) =0 (see
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the definition of Y y), ¢§(X,, ... Xy) =0 for all N and arbitrary X, .., Xy,
and therefore the expansion can be written (1) =37, t"c¥ (X, ., X n).

n=1

Remark. We write X = (X, .., X) for simplicity and omit both X and
(X4, .., Xy) when the context makes it possible. Recall that the expansion
> r t"c converges in a neighborhood of the origin. As noted earlier, the
problem is to find expressxons for cM(X), and then to show that

*_,eM(X) converges to Yl for X=(X,,.., Xy)eLx --- xL
sufficiently small. N

THEOREM 2. A recursion formula for the coefficients ¢¥(X) is as follows.

Let X, .., Xy be arbitrary elements in L(ie., not necessarily small). Define
1 d”
X t
N == = W ))"0

where W y(t)= By(1X|, ..., tX ). Then the coefficients ¢ uniquely satisfy the
recursion relations in terms of T'¥(0)e L, valid for n>0,

(n+1)cl, =

— { [}, T "(0)]

+ Y ks, y Lo Lo [cgzp,r(,c"(ou...]},

p=l m;i>0
psr M+ A ma,=r

(28)
so that if n=0,

CIIV:TN(O):X1+"'+XN. (29)

Remark. After this theorem is proved, the main task which remains is
to find simple formulas for 7% (0) so that Theorem 2 can be used to obtain
useful information about the coefficients ¢%. If Eq. (28) is compared with
the usual recursion formulas for the case N =2 (see e.g. [15]) one finds an
additional complication in our case: the presence of the terms 7$(0).

Proof of Theorem 2. Introduce the expansion

into the basic differential equation (26) of Theorem 1. It follows that

ay n (1)
dt

=cN+2c+ -+ (1) "N +o(t). (28
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From the analyticity of the ad representation we have
ad,,(f)=rady+1*ady+ - +1"ad v+ o(1"). 29y
From (29)" we obtain (for 2p < n):

(ad,, )= Y y ad,y ady ---ad .~ +o(t"). (30)
2p<g<n mi>0 2 2 e
I<i<2p
mit ot my =g

Using (19) for k(ad,) we obtain

klad,,,)=1+ ¥ kylady,,)* +o(r")

p=1
2p<n

— q

=14+ Y 73 ky
1<g<n p=l

p<yq

X Y adv ady ---ady ---ad v +o(r"). (31)
im0 my 2 2 2
my+ - +my=q

Now we can substitute (28)', (29), and (31) in the differential equation

(26).
A simple direct calculation yields

Y+ 1) e (X)
n=0

& 1
=y {5 [0, Tw(t, )1+ T ko,
n=0 p=1
2psn

T L0 L [l X0 T 0L Tale )

m;>0
my+ - +mp=n

(32)

As the coefficients of powers of ¢ in the right side of Eq. (32) involve the
function T, (t), they need not equal the constant coefficients of the corres-
ponding powers of 7 on the left side. We may, however, consider derivatives
(d"/dt"™)|,, of both sides of (32). Introduce the notation

1
Q.(1)=3 [, Tw]

+ Y ky Y [N L lel,, TWl]  (33)

p=1 m>0
dp<n mpt o +myp=r
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for r>1 and

Qolt)=Tx(1) for r=0. (34)

Then (32) can be rewritten as

x

Y rn+1)ef = Z Q1) (32)’

r=1

We also have

)= crer

=0

=r!c';Q',"*", nzrz0,

where C”=n!/(n—a)! a!. Applying (d"/dt")|,, to both sides of (32)" then
yields

(n—r)
(n+ 1) Z Crr!(Q,(1)
t=0
and since
cirl 1
nt  (n—r)!
this last equation can be rewritten as
+1 fron 3
(}’l ) n+l Z (}’I—I’)'Q o ( 5)

Next we calculate Q" "'|,_,. Using (33), it easily follows that
(n—r) 1 N (n—r)
Q, |,:o=5[cr-TN (0)]

+ Y ky Y [ems Lolem, c TH7(0)1.]  (36)

=1 mi>0
2p<n mp+ - tmyp=r

for all r>=1 and

Q0 Y, _o=T% 90) for r=0.

Substituting (36) into (35) yields (28), and the theorem is proved.

607,88/2.7
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In order to make Theorem 2 useful it is necessary to give explicit
formulas for 7(0). These formulas will be proved in the next section,
and have the following form.

For k=0,

TWO)=ad" y (Xy )

N—1 o=k o AN -1

+Y X X X OCLeneecpn

i=2 =0 2;=0 an.-;=0

xad "2 ad™ o2 coad™po T rad (X ) + X,

where, as X does not depend on 7, X'¥'=0 if k>0 and X’ = X,. Note
that

T0)=Ty(0)=X,+ X, + --- + Xy.

Convergence of By

It has been indicated that By(X,,..,Xy) =X, c¥(X,,.., Xy) con-
verges to by(X,, .., Xy) if X, .., Xy are in a certain neighborhood V of
Oe L. We actually need a stronger result, that the convergence is uniform
with respect to N provided that the norms of X, .., Xy are required to
decrease in proportion to (1/N). A more precise statement is given below.
Recall that the Lie algebra L has a norm [-|. Let M >1 be such that
I[X, Y]| < M|X] |Y]|. It is well known that such a number M always exists
[19], and in the case of a matrix algebra this number M can be calculated
directly, but we do not need the precise value of M. For an arbitary
X=(X,, ., Xy), X;e L, denote by |X| the sum |X|=3" , | X,

LemMA 3 (Estimation of T1¥(0)). Let Ty(t, X), X =(X,, .., Xy) be the
Sfunction defined by (25) where X is arbitrary. Then for k=1

1
T4 < (MIX]+?
N M

and
1
|T(0) =Ty (0)| SA—/[(MIXI ),
so that for all k=0,

1
IT4(0)] <47 MIX] Yo+t
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Remark. The inequality which we use is the last inequality, valid for
k>0

As the proof of Lemma 3 is quite complicated it is broken up into three
parts, Lemmas 4, 5, and 6. We note, however, that the case k=0 is quite
simple. What is needed is that |T4(0)/ <N|X]. From (25) it follows
that Ty(0)=X,+ --- + X, and thus [Ty (0)| <[X,[+ - + Xy < NX]
Before stating Lemmas 4 and 5, write the function Ty (¢, X) in the form

Tylt, X)=1,-(0, X))+ tra(0 X))
+ o +[N,N(1s X,\'-1)+IN'.N+1U, XN)» (37)

where the functions 7, ;, 2</< N are defined as by

tNJ([s a)= e*lX,‘\' . efz,Ygaele . E,XN
[/vg3(t,a)::e-fl,\’\ e —tkgaez,x; é”/‘\
ty (toa)y=e N o Migethi !Xy (38)

Iyt a)=e " ae™™,

IN.N+I(I~ a):aw

and for all N, so that ¢ ., (¢, Xy)=X,. We have thus

<

Tyln, X)= Iy ilt, Xio )+ Xy

=2

and
N
T X)=Y (L X)) (39)

LEMMA 4. The following equality is valid for 2<i< N and k2 0:

k
19, a)y=e"* ( Y Crad i, (o, a))) e, (40)
x=0

To prove Lemma 4 we need the following result.

LeMMA 5. Consider the L-valued smooth function f(t)=e " g(1)e'™",
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where g(t) is an arbitrary smooth L-valued function of the real variable 1.
Then
k

d d )
= <E+ad4,y~)k g(z)) e, 41)

where

X x

d ko k d K d
—+ad = Cradh o —= Ch ——oadt—*
<dt 2 X) 1;) s e OE’O x g 29

for any constant X € L.

Proof of Lemma 5. Because f=e "“Vge'*¥, then f'=(—-X,)
eftXNgetXN*_e—rXNgreIXN+671XNgXNeIXN — eftXN(__XNg_‘}_gr_}_gXN) etXN=
e "M(d/dt+ad_,,) g) e Here —Xyg+gXy=—[Xy, gl=ad y,(g),
since Xy -e™ ¥ =¢"¥.X,. We see that the first derivative f’ of the initial
function f again has the form e~ “**g, e, where g, =(d/dt+ad_, ) g
This means that we can put /"= f, =e ~“*%g,¢’** and repeat the preceding
calculation to obtain [} =e "N(d/dt +ad ;) g,) &%, ie, [ =
e "¥((d/dt +ad _x,)* g) e'*™. Iterating the process clearly yields Lemma $.

Remark. Because X is a fixed and constant element in the Lie algebra,
the two operators d/dt and ad _ y, commute. Indeed, ((d/dt)-ad ) q(t) =
[ Xy, q(t)) =[—Xy, g (1)]=(ad _x,~d/dt) q(¢) for an arbitrary smooth
function ¢(¢). This justifies the use of the usual binomial formula for the
polynomial (d/dt+ad ) =¥14_, Ckad* 2 (d*/dr).

Proof of Lemma 4. Letting f(1)=1y,(t,a)=e " ...e " .q.

eIX,‘_”eIX;\,‘ = e*(,\'lv(e—l,\w_l “‘eilX"a'elX’--~e’XN*l)e’XN _ e"XN.
ty_1{ta)-e™% we can put g(t)=ty _,.(t,a) to obtain that f(1)=
e "g(1) e'*". Lemma 5 then implies

k
f(k)(t) = ts\l/(,)i(t’ a) ze‘IXN <<_;it+ ad*X/v) IN-— l.i(t’ a)) elXN’

and the binomial formula (see preceding remark) then yields (40) and
Lemma 4 is proved.

LEMMA 6. For all k=0 and 1 <i< N we have
[1500, @)l S MHlal(1Xi + - + Xy, (4ry

where the functions tx (t, a) are defined by (38).

Proof of Lemma 6. We use induction with respect to N, with i and &
arbitrary but within the restrictions listed above.
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(a) We first prove the statement for i=N2>=1, and all k=0
(only needed for N =1 in the initial induction step). We have
tvta)y=1,(t,a)=e"""-a-e™, and so |1,,(0,a)=]al<|X|=(1/M)
NO(M|X])°*!, ie., the estimate is valid for k=0. Consider an arbitrary
k>0. Lemma 4 implies that 1*'(s, a)=e X((d/dt +ad )"
tioyita)yeM=eM((didt+ad ;) a)e™ because 1, (a)=a as we
can see from (38), and as ael is a constant, 1*'(s, a)=
e M(ad*  (a))e™, and thus (15(0, a)| =[ad*  (a)] <M X" |a|. Thus
the statement of the lemma is proved for all k>0 and i=N2>1.

Remark. 1If the norm |-| of the Lie algebra L is invariant under the
adjoint action of Lie group G, ie., |X|=|gXg~'| for all X= L and geG,
then it follows from the preceding calculations that a stronger estimate is
valid: [1%)(1, a)t < M*|X ¥ lal, k20, i=N =1, for all 1 (not only for 1=0).
If L =GL(m, R) one may assume that the norm | | is invariant under the
adjoint action of G.

{b) Using induction, let us suppose that (41)" is valid for all k=0

and 1 <i<N—1. We need to prove (41) forall k>0 and 1 <i<N.

We have from Lemma 4 that [¢3,(0,a)| T4 _, Cilad® 2 (¢5,;(0,a))] <

E o CE M X 18| (0. a)| < (using thc induction hypothesis
fori < N—1) < Th_ Ch - M* 2| X 41" lal M*(1X,| + - +|Xy)* =
la) M¥(1X] + --- +1Xx])*, and thus we have proved (41) for all k>0 and
i< N —1.Thecase i = N has already been established in part (a). This proves
Lemma 6.

Remark. Again in the case when the norm || is invariant under
the adjoint action of G, we have actually shown that |r%)(s, a)| <
la) M*(]X,| + --- 4 | X y])* for arbitrary ¢ in the domain of analyticity.

Proof of Lemma 3. We use induction with respect to & with N an
arbitrary fixed number.

(a) k=0.Then [Ty(0) =X}, 1n;(0, X, )+ Xpl =2, X
(b) Consider the case of arbitrary k>1. Then |T%(0) =
Y00, X, DI<EY, 1150, X, )| < (using Lemma 6 and (41))<
p kJX, 1J(|XP+ +|XN|) < MM LIX X+ - +1X)E
Mk(!Xzf o XWX+ X D) S MAX - XD
and thus Lemma 3 is proved.

We have noted that in the case of an invariant norm, we can obtain the
estimate not only for T%'(0), but even for T\¥(z). In fact, the following
statement is valid.

Lemma 3* (Estimate of TW'(¢)). Let Ty(t, X,, ... Xy) be defined by
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(25) where X, .., Xy€ L, and L has an adjoint invariant norm. Then for
each t in the interval of analyticity of T, we have

1

T2, X)| SA—/I(MU(I)"“, k>1

and
[ Ty(t, X)| <X

The proof of Lemma 3* is similar to that of Lemma 3, with modifica-
tions suggested by the remarks following Lemmas 4, 5, and 6.

We are now prepared to prove the main theorem of this section, the
uniform convergence of B for certain X, .., X .

THEOREM 3. There exists 6 >0 such that if | X |+ - + X x| <9, then
By(Xy, ..., Xy) converges absolutely uniformly in N, and converges to
ba(Xy, .., Xn). Furthermore the function

By(Xy, e Xn)= Z C,,N(Xl, s X )

n=1
defines an analytic mapping from Uc L x --- x L (N times), where
U= {(X{, . Xy | X1+ - + X0 <6},

into L, and the identity

X, XN____eBN(Xl,.A.,XN)

e <€

is valid for all X, .., Xye U.

The proof of Theorem 3 will be divided into two lemmas, Lemmas 7 and
8. We first introduce a certain scalar differential equation whose solution is
very closely connected with the L-valued function ¥ 5 (1, X).

The Main Differential Equation
Let ¢g(z) be a complex function of a complex variable z € C, defined by

ksl 2%, (42)

1

q(z)=1+
14

I D%

where the k,, are those of (16). This equation is a scalar version of
(16), which was used in the calculation of the differential of the operator
inverse to e ¥o(dexpy). Consider also the associated function
k(z)=1+37_, kzpzz”. Then by the Cauchy-Hadamard formula we have
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that the radius of convergence of the expansion 1+ *_, k,,z* for the
function k(z) is the same as the radius of convergence of the expansion for
g(z). Because k(z)=1/(1 —e ") —(2/2) (see [15]), the singularities of the
function k(z) closest to zero are the points +2ni. Therefore, the radius of

convergence of the expansions 1+3 " | k,,=* and 1+ 37 k| 27 s
equal to 2m.
Consider the differential equation
dh(z) . h
e (qm+3) 43)

According to the general theory of differential equations, there is a positive
number b, where 5 < 2z, such that the equation (43) has an analytic solu-
tion A(z) in the disk (|z| <5) for which A(0)=0. Let us fix this number 5.

We next investigate the properties of the solution A(z) of (43). Let
h=h(z) be the analytic function on the disk |z| <b that solves Cauchy's
problem with 4(0)=0 for (43). Consider the expansion (|z| <5)

hz)= Z P2, (44)

n=1

where p, =0 because 4(0)=0.

LemMMma 7. The coefficients p, of the function h(z) satisfyv the recursion
Sformulas

1 7 1
1 =—
(n+1)p, 4y n!+,‘;(n—r)!
1
X(EPH' Y ks, D p,,,,mp,,,Zﬂ) (45)
ZPP?glr my+ -’fz~’>+(r)ng,,:r

Jorn=1, and py=1. It then follows that p, >0 for all n> 1.

Remark. The recursion formulas can be written formally as

7 1
(”+1]Pn+1= Z

ST n—r)!

t
X<5pr+ Z IkZpl Z pml"'pm3ﬁ>,

p=1 >0
2p<r my+ o, =r

where 1/n! is the factor corresponding to r =0.
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Remark. Compare the formulas of (45) with the formulas of (28). It is
remarkable and surprising that these formulas are very similar. This is the
reason that the coefficients p, have a pivotal réle in the definition of the
logarithm functional.

Proof of Lemma 7. We will use in part arguments from the proof of
Theorem 2. Consider the expansion g(h)+h/2=Y 7 ,d,z".

Let us calculate the coefficients d,. Because g(h)=1+23>", |ky,| h?
(where k,,(2p)! are Bernoulli's numbers) and h=37_, p,z", then, using
the method of calculation which was used in the proof of Theorem 2, we
obtain the system of equations

1
drzipr+ Z |k2p\ Z pm;“'pmzl, (46)
p=z1 mi>0
Zpsr mit o dmyp=r

for all r=1 and dy=1. Now consider Eq.(43) and substitute in this
equation relations (44) and (46). We obtain

0 - -2 = x
ngo(n+1)p"+12 =<1+1_!.+ﬁ+ +n+ “'><,=0er )

It is clear that the coefficient of z* in the right side of this equation is
equal to X7_, (1/(n—r))d,, ie. 2"((n+1) p,, ) =2"T2_o (1/(n—r)) d,.
From this equation we obtain (45) and Lemma 7 is proved.

Let us note an important property of the coefficients p,: the expansion
o Pnlz|" converges for all z such that |z| <b (see above).

LemMa 8 (Estimate for the coefficients ¢). Consider the coefficients c¥
of By (which satisfy formulas (28) and (29) for n=1). The following
inequalities hold for all n> 1:

1
) (X Xl <57 (MIX1)"-p, (47)

for arbitrary X,, .., Xye L.
Proof of Lemma 8. We use induction with respect to n.

{a) rn=1. Then we have

N
MXy, o Xy)=Y X, and  |cV|< Y X =X

n
i=1 i=1

(b) Let us assume that (47) is proved for all ¢V, where s=1, 2, ..., n.

Consider ¢}, ;. Then
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1
N oAX)| = (1 35))= n=riQ
e 01 = rom (35)) = | £ o 0170
PRLIEN {1 [Y, T 0001+ Y (ks
Tl S () 2] 0N ST
2p<r
CT e L Ll 0010}
m| + m.i(r)nz,,:r
o7 & o I T 0+ T ke
= = ¢ 5
n+l Sym—r)t 277 0N e
2p<Lr
X Y MP#P|TR=0) ey | - ICﬁ,zpl}
iy + m'i(r)ng,,zr
and using induction, Lemma 3, Lemma 7, and (47)
1z 1 1
< _ n—r+1
n+1r§0(n—r)!M(M|X')
x<lMi(M|X| r Z k
2 M ) pr+p>1 l 2p|
2p<r

Y MFM (M)
my+ v’~n<i->l—?n2p =r

and since m; + --- +my, =7,

1

n

(M| X))

)

r=0

M(n+1)
{1
X —
2

and using 45,

(n—r)!

)

m;>0
my+ -+ myy=r

pr+ Z |k2p|

p=1
2p<r

pml

(M|X])"*!

M(n+1)

(M| Xx])"*!
M

(n+1)pn+l

Prn+1

and thus Lemma 8 is proved.

IR (]
ppml "'pmgl,>

)
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Proof of Theorem 3. Consider the expansion

S Xy Xy) = ¥ M),

n=1 n

Then

5 cﬁ(X)ls T leM()

n=1 n=1
1 €x
SA_J Y p(MIX])" (using Lemma 8)
n=1
1 Z R
= Y Palzol for |zo| = M|X].

n=1

We know that T, p,lz|" converges if |z|<b. Since | p,lz,"
converges for M|X| < b, this implies absolute uniform convergence if

N
Y X <b/M
i=1
and the first part of the theorem is proved with é = (b/M).
Note that e~ is analytic where B, is analytic, and e*' ---e*" is analytic
everywhere. Since as already noted, e®=e*'...e*¥ in a neighborhood of

(0x --- x0), this implies that

eBN:eXI ...eXN

in the domain of analyticity of B,. This concludes the proof of Theorem 3.

Remark. Theorem 3 is used in proving the continuous form of the
logarithm functional.

THEOREM 4. For X, .., Xy€ L arbitrary and real p,

e (X s o pX ) = e (X, oy X ).

Proof of Theorem 4. The proof is obtained using induction on ».

(@) Forn=1,eV(uX,, ., uXn)=uX,+ - +pXny=uc¥(X,, . Xy)
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(b) By induction and by the recursion formulas of (28) it follows that

(n+1)cy,  (uX)

1 S S
=—Tm —y" NX’T(nAr) 0’ X
n!TN(O’#X)+,§,(n-r)!{2u[C’() ("0, pX)]
T
pzl m, >0
psr mi+ ok myp=r

Ll (X0, Lo L 0 T 000,011

Theorem 4 will thus be proved if we show that T (0, uX)=
p"~r-T¢ 7(0,X), or what is the same thing, that TU(0, uX)=
pk - TE0, X) for all k=0. For k=0 we have T (0, uX)= Ty (0, uX)=
pX i+ o+ uXy=uT (0, X). Consider the case k>1. From (39) we
obtain T4(0, uX)=3X " , 1%(0, uX,_,). The problem is thus reduced to
the following statement:

1%.(0, pa) = pkt’ (0, a) for any aelL. (48)
From (40), (see Lemma 4) we have

k
14000, uay= Y, Chad“ 3 (15, (0, pa))
0

x=

k
= Y Ciu*m7ad (15! (0, pa)). (49)

x=0
From this formula it follows that it i1s sufficient to prove that
(2,0, pa) = 1§, (0, a).

We prove this using induction on N. Recall that for each N, ¢, ; satisfies
(49) for 2<i< N, and thus by the induction hypothesis we see that it is
sufficient to prove

11%(0, ua) = p*1*(0, a)
for i=2 and i= N. From the proof of Lemma 6 we have

12(t,a)=e"¥(ad™ , (a)) e,  and so
123(0, pa)=ad* y (a)=p*ad™ , (a) = u*t{%)(a).

This calculation finishes the proof of Theorem 4.
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5. ALGEBRAIC PROPERTIES OF c/.

First we calculate the first few coefficients ¢¥(X,, .., Xy). Their exact
expressions are useful in applications and also in understanding their
algebraic structure.

(1) The first term ¢Y(X,, .., Xy). From (29) we see that
Xy Xy)=Ty(0)=X,+ - + Xy.

(2) The second term ¢ (X, .., Xy). From the recursion formulas
(28) we see that

2¢5'=T(0)+3[cy, Ty(0)]=T4(0),

and therefore ¢) =3T(0). Let us calculate T’(0). Consider Ty ()=
eftXNn‘eftXZXlerXZ”.eIXN+ +€_IXNXN,1€’XN+XN — eftXNTN_l(t)
e+ Xy. Then T = (using (41)) = e "“[Th_,(2), Xy] ™ +
e T (1) ™. For t=0 we have

TOWO)=[Ty_(0), X1+ T (0)

=Y [X, X1+ T4 ,(0). (50)

i=1

LEMMA 9. The following formula is valid for all N:

2¥=TVO)= T [X,X] (51)

1<i<j<N

Proof of Lemma 9. We can use the recursion formula (50) and induc-
tion.

(a) For N=2 we have T,(t1)=e "™X,e 4 X, and it is clear that
T19(0)=[X,, X,]. '
(b) Consider the arbitrary case. Here we have T'(0)=T"} (0)+

va;l] [X:, Xn]l= Z]si<j< ~vo1 [ X5 X,] + va;xl [X;, Xy] (from the
induction hypothesis) =3, ., ;< [X;, X;]. Lemma9 is proved.

Thus we have

1
CQV(XI""’ XN):_ Z [Xia ‘Yj] (52)

I€i<js N

(3) The third term ¢y (X,, .., Xy). From the recursion formulas (28)
we have
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3y =4T0)+ 5[cy, TW(O0)]1+3[ck, T(0)]+ka[el, [ey, Tw(0)1]
=3T3V + 5[ Tw(0), T (0)]+3[3T5'(0), Ty (0)]
(using (52) and (29))
= 5T + 5[ Th(0), TH(O).

Thus
1

{2y 1[ :|
6T (0)+ IR + Xy, Y [Xu X1 (53)

1<i<j<N

A direct calculation of the other ¢ is more difficult. Now it is interesting
to compare our general formulas in the case N =2 with the classical ones.
We consider only the first three terms for simplicity.

(1) In the classical case c¢,(X, Y)=X+ Y. Clearly our function
cV=?=X,+ X, and thus agrees with the classical c,.

(2) In the cla551cal case cz(X Y)=1[X, Y]. Itis clear from (51) that
our function ¢y =? is equal to 1[X,, X,], i.e., agrees with the classical one.

(3) In the classical case c5(X, ¥Y)=35[X~Y, [X, Y]] In our case
we have
3 (X1, Xo) =5 TP0)+ 51X+ Xo, [X1, X511
A direct calculation shows that T2(0)=[[ X, X,], X;], so that

XL X)) =X, X1 X+ 50X+ X, [X, XL
[X)— X5, [Xy, X2 ],

L
12

which agrees with the classical expression.

Using induction it is possible and not too difficult to show that our
expansion B,(X,, X,) coincides with the classical one. We omit details. For
example, c;(X,, X;)= —[X,, [X1, [X,, X;11]1— & [X,, [X,, [X}, X;]1]1.

We next calculate the derivatives 7'(0), as they appear in nearly all the
basic recursion formulas.

LemMa 10 (A formula for TU(0)). The following formula is valid for
k=0

N—1a=k =z

TEO)=XP+ Y Y Y -y chen

i=2 =0 2=0 v, =0

Ww i- k- dx 2y — 22
-CY ad™ ' ad™ ¢

ad“ - |*1~ Tad™y ‘(X,71)+ad,y~(XN 1)
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Here apy_;,=0if i> N and

X""——X 0, k>1
dt* Xy, k=0
If k=0,
TOO0)=Ty(0)=X,+X,+ - +X,. (54)

Proof of Lemma 10. 1t follows from (37) that
Ty(t, X)=tno(t, X))+ o iyt Xy 1)+ Xy
and for k=1
T, X) =550, X )+ <+ + 1560, Xy _y).

Note that according to this notation T(0, X)# T (0, X), which is
inconvenient, and so we write

TE0, X)=155(0, X)) + -+ +1800(0, Xy )+ X,
which is valid for all £ =0.
From (40) we have (2<i<N)

k
(550, X, )= Y Ciad* 2150, (0, X, ),

x=0

for all k= 0. For k=0 we have
t(o) (0, X, _)=Cy ad(l_x?v(t(ff/))_ L0, X)) =Xy
We can iterate the process and obtain

k=ap 3
’%(,),'(0’ X;_y)= Z C];, ad’i—x?( Z Crad®y >z (t(}\72)21(03 Xi—l)))

x =0 ay=0
and so on. Finally, we obtain

k=ag « AN -2
k k AN - k—a 3
B0, X, )= Y o Y CECH...Cmoiadhmadm g

% =0a;=0 ay_i—1=0

daNX, 1 —ay— t(aiN—l)(O’ Xi—l)'
But 7,,(t, X;,_,)=e "¥X,_,e”™ and for all a >0

tl(‘i)(t’ X, )= e"Xi(adoiX,(Xi— 1)) e
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Thus #{%(0, X;_,)=ad* , (X,_,) for all x>0. This implies that for k>0,
N>i,
k=uay o

100, X, )= Z Yoy ct cn

=0 x=0 ay—,; =0
0!\ i—1 1\*0!1 ap — 12
- C3 ad™Uad™ 2

AIN—i—1 — AN an
adfo “ad™ (X, )

Since TH(0)=3N , %+ X" we obtain (54) and Lemma 10 is proved.

Remark. It is also possible to prove the estimate
ITOO) < (UM(N=1) MIX)F ' k=1

given in Lemma 3 using (54) instead of the estimates (41) of Lemma 6.
Those estimates are useful for other purposes as well, however.

We rewrite (54) in a more compact form:

T(k X(k)+ i] Iozk i
=0 x=0
an—io1 yN—i—1 N—i
3 (n ez, (I aerizx, )
an_,=0 =0 p=0

+ ad':XN(XNf 1)

k=0, where ay_;,,,=0if i> N, and for k=0

N
TY0)=Ty(0)=} X,

i=1

Formulas (53) and (54) then give an exact expression for the coefficients
cy. The formula is quite complicated, but fortunately in the main applica-
tion to the continuous case it can be written as the sum of two parts, one
which has a simple geometric interpretation, and one which tends to zero.
It is curious that if one returns to the discrete case from the continuous
case, it is possible to give a geometric interpretation to both parts. We
indicate how this can be done later.

Formula (54) can be used in principle to compute 7’(0) and thus ¢}’
The calculations turn out to be complicated, and as an exact expression for
c? is needed later, we calculate it directly here.
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First note that

1‘13",-(0)=2 Z ad—X,,ad~Xq(Xi——l)

Nzp>g>i—1

+ Y ad y,ad_, (X, )

NzM>i-1

This formula may be obtained in the following way. 7, ;,(0)=X,_, for N>
because fy (f)=e MV ... e MY, e ... ™ Also t,(t)=e""NX,_ e
and {(0)=ad* , (X;_,) (see Lemma 4), for k > 0.
(@) 1@, (0)=ad>,  1,00)+2ad_, "(0)+ 12 (0)
=ad?, (X, )
+2ad_y,  ad_y (X, ,)+ad’, (X, )
=(ad® , +2ad_,, ad_,+ad’ )X, ;)
(b) %, (0)=ad® , iy (0)+2ad_y 11}, (0)+12(), ,(0)
—ad?, (X,_))+2ad_, (ad_,  1,(0)+1(0))
+(ad® y  +2ad ad_y+ad® )X, ,)
=(ad? ,  +ad®, +2ad_, ad ,+ad’ )X, ,)
+2ad_y ,(ad _, X,_,+ad X, )
=(ad®, ,+ad>, +ad’,+2ad ,  ad_,

+2ad_, ad_, +2ad_,  ad_,)(X,_,).

i+1

Evidently this process can be iterated and finally we obtain
113.(0)=2 y ad_y ad_ (X,_)
Nzp>¢g>i—1

+ Z ad _, ad_, (X, ;). (54

Nzm>i—1

Hence
N
TR(0)= 3 1{.(0)
i=2

=2 Z ad,Xp ad —X,,(A/j)

Nzp>g>jz1

+ Y ad_, ad , (X)), (54)"

Nzm>jz1
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or

T(Ig)(o)=2 Z [Xp’ [Xq’ Xj]]

Nzprg>jz2l

+ Z [ n [Xm’Xj]] (54)",

Nzm>jzl
and from (53) it follows that

1 1

T0)+ [ AESERTIE D VD) [Xi,Xj]].
6 12 [Si<j<N

We summarize the results thus far. Let By(X, X, .., Xy)=
© eMXy, .. Xy), where the coefficients ¢ are the homogeneous
polynomials of degree n in X, .., X, such that

Y1 pXN = pBXL . X)

[ - e

formally, as the expansion need not converge for arbitrary X, .., Xy€ L.
Then consider ¥, (1)=Y >, ¢¥1", which converges in a neighborhood of
the origin. It is shown to satisfy the differential equation

AWy

i =k(ad, NTy)+3[¥w, Tyl,

where Ty(t)=3 N ,e ™ ... o)X, _ ™ ... ™1+ X, and where
k(z)=1+X7 kop2?, k,,(2p)! = b, are Bernoulli’s numbers.

Step 1. Consider the differential operator U, , of degree n with
coefficients in L and which depends on the parameters a, € L defined by

1

U — —_—
Al Z s (n=r)l(n+1)

dr-"
X(Eada,+ Z k217 Z adam, adllnxzp)OEF;‘ (55)

p=1 m>0
2p<r my+ o dmy=r

Note that this operator does not depend on N and includes all powers
of d/dt less than or equal to n. This operator acts on L-valued functions of
t, and produces L-valued functions of .

Step 2. Show that the coefficients satisfy the recursion formulas
e =Txh(0)

N
Cn+l=Uc";v \(TN)I G- ’121'

607/88/2-8
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Step 3. Use the recursion formulas of Step2 and the estimate
| T(0)] < (1/MYM| XY+, k=0, to obtain that
(M|x))"+!

N
Cn+1|< o Prn+i1s

where A(z)=Y 7, p,z” satisfies the differential equation

dh(z) | ﬁ
o =e (q(h)+2>,

and thus that the expansion converges uniformly in N if
[ X,|+ -+ +1Xy <b/M, b the radius of convergence of h(z).

6. THE LOGARITHM FUNCTIONAL AND THE DEFINITION OF THE INTEGRAL

Recall that for simplicity we are considering the elements of L as being
represented by finite dimensional matrices. Assume that y= {K(s),
a<s<b} is a Riemann integrable curve in L in the sense that each matrix
element has that property. This implies that

J’b K(s)ds= lim Y K(s¥)d4s, (56)

a Ny

for any partition P={a=s,< --- <sy=b} of (a, b) whose mesh size
tends to zero as N — o, where 4s,=(s;—s,_,) and s, | <s* <s,. Assume
as part of the Riemann integrability condition for the curve y that

jb |K(s5)| ds < oc.

The elements K(s§) 4s,, ..., K(s¥) dsye L. Let X, =K(s¥) 45y, ... Xy =
K(s¥) ds,, noting that X,,., X, is indexed in reverse order from
K(s¥) ds¥, .., K(sy) 4sy. The reason for the inverse order is that it is the
order in which we want to consider the operators as acting, i.e., e<*i4s
first,7eX¢2) 42 second, etc., so that the product of interest is

eK(s;,)AsN e KT A5 pBN(X1L, XN)

e
with X, =K(s¥)dsy, ..., Xy=K(s¥) 4s,. According to Theorem 3, the
infinite expansion denoted by By(X,,.., Xy) converges absolutely
uniformly in N if |X,|+ --- +|Xu| <38, or what is the same thing, if

N [ |K(s¥*)| 4s,< . This last condition holds for a sufficiently small

i=1

partition if [? |K(s)| ds< 6.
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THEOREM 5. Assume that y={K(s), a<s<b} is Riemann integrable,
and that

(57)

b b
L IK(s)| ds <5 =

Then
H(y)=B_(y)= Nllm By(X,y, s X i)

exists, where X,=K(s§_,,,)4sy_,,,. The Lie integral, denoted by
L {2 K(s) ds, is defined as H(y).

Proof of Theorem 5. 1t has already been indicated that Theorem 3
yields absolute uniform convergence of the series By(X, .., Xy). Although
the series converges absolutely uniformly, in order to prove that
limy ., By(X,, ..., Xy) exists, it is necessary to prove more, that the

coefficients ¢(X,, .., Xy) converge as N — oc.
Formula (28) yields

im (n+1)c), (X, .. Xx)

N— x

(n1)
n'Nh_l;nfT (0 X1,~~-s 'v)"'z n_r)y

1
x{ [llm cMXy, s Xy), im TE-7(0, X, . XN)J
2 N — o N> x

nm,>0

Z ky X Llim el (XL X)),

ld‘

myt+ -k npy=r

[- [hm o X1s s Xy)y dim T 70, X,,,,,XN)]..A]}.

N o N — =
In the next section, in Theorem 7, it is shown that

lim TY(0)=T%(0)

N—-x
so that we can prove that lim, _, , ¢/ exists using induction on #. It only
remains to show that the limit exists for n=1. In that case, however,
(29) implies that limy _, , ¢ = limy_ . Tx(0, Ky dsy, .., K, 45)) =
limy ., >, K(s¥) 4s,= [* K(s) ds, and Theorem 5 is proved.

DeriNtTioN.  The curve y,= {K(u), a<u<s} is the curve whose initial
point is K(a) and whose final point is K(s). The curve ty,= {tK(u),
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a<u<s} is the curve whose initial point is tK(a) and whose final point is
tK(b).
Note that since

b b
(1K) ds< 1l [ 1K(s)] ds

all integral are such that Theorem 5 applies if |7] < 1.

THEOREM 6. Let y= {K(s),a<s<b} be any Riemann integrable curve
such that (® |K(s)| ds < 8. Then limy _, ,, Ty({) exists, and

b
fim Ty(1)=To(6,7)=] e ""K(s) e" ds (58)

N-o o a

Proof of Theorem 6. Consider the function

N
Talt, Xy Xp) =Y, @ MV g M) ey oot

i=1

where we define Xy, =0, and X;=K(s}_,, ) dsy_;,,- We can write

N
TN= Z eBN»i(—fXNv-A»- "XH-l)XieBN—l“XHl~~-\ tXn)

i=1

and as
QBN 1= XN = 1Xi 4 D) By i (X 1t XN) identity,
we have
By _ i(—tXy, ., —tX; )= —By_,(tX; (5 s tXy)
and thus

eiBN”(tXN"“’tX”I)Xié‘BN"(’X’+1 ----- IXN)'

Ty=

M=

i=1

This implies that
Ty(t, K, Asq, .., Ky 4sy)

— — By _i(tKy Asy o Ky Asy _§)

e
1

I M=

i

K(S) eBN—iUKl a5y, .. 1Ky_1 sy _)) “As.
i i
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We have from Theorem 5 that

By _ (1K Asy, .. tKy_,4sy_ ;) > H(ty,) (58)

for a given s. It follows from Theorem 3 that the expansion for B, _; con-
verges uniformly in ¢ and s. The proof of Theorem 7 yields that the coef-
ficients of B, _, converge uniformly in s and ¢, and thus the convergence in
(58)" is uniform in s and ¢. We therefore have that the following limit exists:

{
No % a

b
lim TV(t)=j e MUK (5) e s,
The limit lim , _, . Tx(¢) is analytic because the functions 7'y (¢) are and the
convergence is uniform. This also implies that lim, _, . T'9(¢) = T%¥)(2).

COROLLARY 1.

k

d
lim T®(1)="~

N—> dlk

T, (ty)

a Ak
:[ Ch = (e IR (s) ) ds. (59)
dr*

Proof. The proof of the first equality has already been given at the end
of the proof of Theorem 6. The second equality follows from Theorem 6 by
differentiation under the integral sign. That this is possible follows from
uniform analyticity in ¢ of the integrand. This uniform analyticity follows
from the remarks at the end of the proof of Theorem 6.

The limit lim, _, . ¢}(K, 45y, ... K; 4s,) will be denoted by ¢*(K(s)) or
by H,(K(s)). It has been shown to exist provided that ffj |K(s)| ds is
sufficiently small, and further, that H(K(s))=>>_, H,(K(s)) converges,
under the same assumption.

COROLLARY 2. Recursion formulas for H,: H,=[°_  K(s) ds and for all
n=1:
(n+1)H =—1— T(0) + Z ! [H T 7(0)]
n+1 )' re
# Tk T [Hp Lo L, T2 00T |
prilr mp + ~r<n-‘?-?n:,,:r

(60)
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We now calculate 7%)(0, y) for k=0 and k= 1. For k =0 we have from
(58) that

b
T,(0,7)=Hy(y)=| K(s)ds (61)

For k=1 we have from (51) that

TR(O)= ) [X.X]

I<i<j<N

: nz

1<ig< N i<j

) [K(Si)’ ( 2. K(s)) AS,-)] 4s;.

1<isN i>j

As the mesh size of the partition tends to zero, this double sum tends to

the integral
b b
T(0)=| [K(s), ( [R.G dt)] ds. (62)

The integral {_ K(¢) dt is an element of the Lie algebra L, and therefore
its commutator with K(s) is well defined. It is possible to obtain a similar
formula for T2(0) using (54), etc.

It is also interesting to obtain formulas for the first few terms H, in the
expansion H(K(s))=3*_ |, H,(K(s)). It follows from (60), (61), and (62)
that

H\(K(s))= ’ K(s) ds;

s=a

Hy(K(s) =5 T8(0)  (from (51))

1t s
=§[_ I:K(s), K(t)dt] ds. (63)

COROLLARY 3. An estimate of the norm H(K(s)): we have that
[(K(s))| < (1/M) h(z,), where h is the solution of the differential equation
(dh/dz) = e"(q(h) + 3h) with h(0)=0 and z,=M [%|K(s)| ds (we assume
15 1K(s)] ds < 8).

Proof. Follows at once from the proof of Theorem 3.
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FIGURE 1

COROLLARY 4. Suppose that y=1y,U --- Uyy, Le., that y is the union of
N smaller curves (see Fig.1). Then there exists >0 such that if
[21K(s)| ds <& then

H(y)=By(H(y5), -, H(3)))

provided the parameter of y traces vy, first, y, second, etc.

COROLLARY 5. H(y) is independent of parameterizations which preserve
order. Consider the curve K(s) in L, a<<s<b, and the family of curves tK(s),
where 0 <t < ov. We have defined the function

T() =T, ()= lim T,(7)

N -

and the integral

b
Lf (K(s) ds = H(1).

y=du

Then the derivative H'(t)=dH(t)/dt € L is well defined (subject to the usual
restrictions). The value of the derivative H'(t) for each t is an element in L.

COROLLARY 6. For all t for which the functions are defined we have

1 _ p,—ady
(————az ) H =T (64a)
H

ie.,

> _l ”n
gﬂh))—‘ (ad,)"H =T (64b)

Proof. It has been shown that for all N,

dp 1
d—tN = (k <adw) +5 adw> Ty,
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where k(ady)+ j ady = (m(ad )~ '. Then m(ad,,) Yy =T, and as N - oo,
we obtain m(ad,) H' = T, where
fe ol ( _ 1 )?1

l—e” 7
m”“jgdn+nr-= P

v

The corollary is proved.
In an arbitrary finite-dimensional Lie algebra ad, is a matrix. Conse-
quently, all expressions (ad )" are matrices. An equivalent form of (64a) is

ad,
1 _e*adH

H = (T).

7. THE MaAIN RESULT

In this section we find an explicit formula for the solution of the
equation

dx
7{—=K(I)X(t)

in the case that K and X are matrices. The solution is of the form
X(0) = et b X0 4x(0),

where L [§ K(s) ds is the new type of integral defined in Theorem $. It may
be regarded as the logarithm of the curve in L traced by the function X
which is the solution of the differential equation.

The Calculation of T®(0)=1lim, _, ,, T%(0)

We shall make use of the formulas derived in this section in the proofs
of Theorems 5 and 6 of the previous section, and so no results which
depend on those theorems can be used in the calculations of this section.
We assume that

jﬂxun@<5

and consider a partition P={a=sy< --- <sy=b} of (g, b) of mesh size
4,ie, A=max,c; y4;, 4;=(s5;—5,_). Let X,=K(s%_,, ) An_; 11



LIE INTEGRAL RECURSION FORMULAS 237

We start from formula (54) and first change it to a more convenient
form. Note that C; C3, --- C3¥-i~! is equal to

k! o, ! Oy i q)
o (k—oy)! ay! (o —ay)! ay_ it (ay_ g —ay_;)!
k!
(k=) (g —ay)! - (g —ay May ;!

Consequently, from (54) we have, for all £ >0,

N =k a3
TRO=XV+Y ¥ ¥ -

i=2 =0 2=0

AN—i- 1 k!

)

an_ ;=0 (k—ag}! (g —a)! - (ay oy —ay_ ) ay_ ;!

xad* Zraduy® .ooad™ W lad (X, ). (65)

The limit as N — oo exists in (65) and the following theorem is obtained
when the limit is evaluated.

THEOREM 7. Let K(s), a<s<b, be a Riemann integrable curve with
values in L such that % |K(s)| ds<&. Then the limit may be written in the
following equivalent ways for k 2 0:

(1) TU0)= lim T¥(0)

N - o

=(=Dfkt [ | K, [KG)

ASUIS - S Sh

oo [K(ug), K(uy )]+~ 1 duy duy --- duy o, (66)

@ o=kt |k [ k|

uy=ua

up— | ug
- ) K(uk)],f ) K(uk+,)]duk+,duk o duy du,,
ug =u ugr1=a (66)'

-z

(3) TYO)=kt [ [ [K(m) Kwa)],
bzu = - g1 Za

ooy Klug )Y, K(ug o)1 1 duye, | - du, duy. (66)"
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Proof of Theorem 1. First note that (1)= (3) if the commutators are
interchanged in pairs starting from the left, and if the names of the
variables are interchanged. This follows as there are k interchanges and
each interchange in a commutator yields a factor of (—1). Also (3)=(2)
as (2) is just a rewriting of (3). This means that the proof is reduced to
proving case (1).

In order to make the proof more transparent, we consider three special
cases first, and then prove the theorem in full.

(a) If k=0, then
N
TOO)=XP+ Y X, ; (from (54))
i=2
=X1+X2+ ce +XN

and it is clear that

N b
lim Y XN,,.H:J K(s) ds.

4-0,_ a

(b) If k=1 then, recalling the inverse ordering,

T%J(O): - z - [Xja Xi]
. Nzj>i
:—Z[X,-, Y X{l—»(asd—»O)
i Nzj>i

5 Jb rz [K(u)), K(uy)] du, du,.

a “uj=a
(¢) If k=2, then T'P(0)= A+ B, where

A=2 ¥ Lx,. [X,, X;13,

Nzp>g>j=1

B= Y [X,.[X, X]1

Nzm>j>1

It is clear, again using the inverse ordering, that

lim =2 [ [ [K,), LK), Kus) 1 ity diy di,

u3=a ury=a uy=a



LIE INTEGRAL RECURSION FORMULAS 239

so that it only remains to show that lim,  , B=0. Also

Bl< X Y(m, n HILX,, [X., X;1]l=c,

Nzmznzjz21

where Y(m, n, j)=1 if m=n and zero otherwise. We have that

lim ¢= JJJ Yluy, uy, us)

A4 =0
afu€wr<us<h

x | [ K(u,), K(u,) ], K(u3)]| du, dus duy =0

and so the proof is completed for this special case, as Y # 0 only if u, = u..

The proof of the general case is based on formula (65). Each term on the
right side of (65)is a monomial of degree (k+ 1) and it can be written in
the form

M[Xfp[Xi;’[ [Xu’ lk*|]...]7 (67)

where A depends only on i,.. i ,, and where N>i, 2i,> - >
i, 1= 1. These sets of indices (11, iy . ip ) may be divided into groups,

{1 s ik NZL > Zi, 21

={(l), e g N2 > 02 20, 21}

——

U{(il,.. l’\+1) N>ll—12/' >1k+]>1}7
(Gl n e INZ L ZH202 - 20, 21)
={(y e e INZ > 0> 02 - 20, 21

Ui,k 1 ENZ > =02 - 20, 21

etc., so that

(s ig N2 2 i 21

={(iy e le s N2 >H> >0, 21)
k+2
v U {Gs sl N2 > - >l—l]+1>"‘>ik+1>1}
Jj=1
k+2

i=1
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We now write (65) in the form

z M(il’ ooy ik+l)[Xi1’ [Xiz, ooy [Xik’Xik+1] ]

(flyediky1)EA
k+2 -
+ Z Z MUI’"" ik+1)[Xi,9 [Xr':a--" [Xik’ Xik+1]"']5 (69)

J=1 {ij...ik+1)€ B;

and note that M <k!. We have

y Miyy o by )X, [ Xy oo [ X Xy 107 ]

(yemik+ 1) € Bj

<k! Y X [Xys o0 DX, X 1+ 01 (70)

(ilsenik+1)EB;
Recall that X,=K(s% _,.,) An_,+1,and writing for simplicity K(s¥_;. ;)= K,
and 4,_,,,=4;, we have
[Xil’ [Xiz’ Aad) [Xik’ Xik+1] T ]
= [[?1‘1’ [Kizﬁ ) [Efk’ KV}('H] ] Zil Zf‘mx‘

Let C;= {(i1, v ig41 ) i;=1i,,,} so that B, C;, and define

) 1 if =1,
w,i(ily---y lk+l)={0 ! s+l

otherwise.

Equation (70) may be written

kU X [Xs e [XG X 10 )

(i1oenir y1)€ By

<k! ) U7 Y

Nziz - 2is 121

X |[Ki17 [Kiz’ teey [Kikv Kik+1] e ]| Zil T A—ik+|7
and as 4 — 0, this expression converges to (recall the inverse ordering)

k! j ---j \LK (), LK)y oo [K(ti0), Kty 1)+ 1

a<ul s - Supp1sh

'l//j(uh oy Upe ) AUy dtty - duy 5

where

1 i uy_ ;1 =Un et
‘f’j(“n"-’ Uey )= .
0 otherwise.
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As ;=0 almost everywhere with respect to (k + 1) dimensional measure,
this implies that (70) converges to zero for all j, j=1,..,k+2. Thus the
problem of evaluating the limit in (65) is reduced to the problem of
considering the sum over A in (69).

For these terms the condition N>i; >i,> --- >i,,, > 1 implies

0<k—a, <1,
O0<a;—a,<1, ...,

OSfXN;ifl—aN,,'gl’

O<ay_; <1

as an examination of (65) shows, as otherwise at least two of the
indices would coincide. For example, if k—a, =2, then ad® =
[— Xy, [—Xu, 1] and i, =i,. It also follows from (65) that the factor A1
for the terms of A is given by

k!

(k—oy)! (o —ay)! - (oy i —ay_)lay ;!

=kl

This implies that

Y MGy e DX DX [XG, X T 1]

(oniiv1)ed
N
=k!y Y ad™, ad™y - ad” (X, )
I=2  ENVEN sk
EN+ -+ &=k
gp=0o0r L
=k! Y ad_y ad , ---ad_, (X,,)
Nzii>h> - >4y 21
=k!(—1) Z X, [Xs oo [ X, X ] ]
Nzi>h> - >pe21
kU (=04 [ [ LK), [K (),
Ak+1

e [K(ug)s Kty )] -+~ Jduy - duy s

and the theorem is proved.

Remark. Note that
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j [K(u,), [K(u), o [K(u), Kt )] - Ty -+ dtge

g+l

<J~ _[I[K(ul)? [K(uz)’ s [K(uk)» K(uk+l)] ]| dul duk+1
o+l

<M [ IR G)] - 1Ky )] duy - dy
!

b k+1
< M* U |K(5)| ds}

so that the integrals are finite. That the iterated integrals exist as Riemann
integrals follows from the fact that the indefinite integrals are uniformly
bounded continuous functions. This last fact is not needed, as the integrals
could be considered as Lebesgue integrals.

The Main Theorem

THEOREM 8. For each s, a< s<b, assume that K(s)e L and that K(s) is
a matrix. Assume that the Riemann integral of K exists, and that

fb|1<(s)| ds <3 =b/M. (71)

Then the differential equation

dx
—=K(1) X(t 72
i (1) X(1) (72)
has a solution of the form
X(t)=el e KO s x(q) (73)

which satisfies (72) at each t for which lim,_, (1/h) [\*" K(s) ds = K(1),
where

LJIK(s)ds=H(K(s), a<s<1)
=H,[t]+ H,[t]+ --- =H[1]

converges, and {H;[t]} is uniquely defined by the recursion formulas

H,[1] =j' K(s) ds,

a
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and for n= 1, with To=H |,
. " q
(n+1)Hn+l:Tn+ z E[Hr’ Tnfr]
r=1

+ Y ky X [H s Lo [Hopys Ty ]}‘

p=l m,>0
2p<r mi+ o Fnp=r

where k,,(2p)! are Bernoulli’s numbers, and for k> 1,

=] [ K" k)|

ur=u

.- fukil K(uk)} J"“ K(Mk+1):| dug o duy - duy, (75)

up=a Uy =a

or equivalently

T {1]=T,= jj [--- [K(u,), K(u,)],

12U 2 - Zup124a

o Ky 1)), Klui) ], Kluge )] duy -+ duy . 75y

Remark. 1In formula (75) the region of integration is the closed simplex
A+ RF+! where

k+1 k+1
A ={ue R u=(uy, yup,)and t2u,> - up ., 2a).

(see Fig.2). Formulas (75) and (75)" may also be written using right
brackets, yielding a right bracket version.

Proof of Theorem 8. The proof of Theorem 8 follows from Theorem 7
and formula (60). We have used the notation T, =T, [t]=T,([a t])=
(1/k1) T¥Y(0) as the sequence {T,[t]} may be defined by (75). It is
necessary, however, to check that

X(1) = e 0K dx(q) = "1 X(a)
satisfies (71), or what is the same thing, that

1
lim 7 [eHUi+hl _ oYY X(a) = K(t) e"[' X(a).

h— oo
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a k=0: Al=(u;: b>u; 2 a)
a Uy b
L om ® >
b k=1

a ! b

c k:2:A3=((u1,ug,u3):b2u12u22u32a)

U,

FIGURE 2

Since

[eﬂ[r+h] _eH[1]] =% [eH[r+h]e—Hiz] —1] eH[r]’

S

the desired result follows from the fact that

.1
lim - [GH[(+h]€7H[1]—I]
k=0

1
:}“T%)Z [eBz(H[t+h], —H[t])_]] =K(l)
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as may be verified from the uniformity in 4 of convergence for H[ ¢+ /]
and thus of B,.

Remark. It is well known in the theory of ordinary differential equa-
tions that if K(¢) commutes with jfl K(s) ds then the solution of (71) has the
form

X(1) = el*4 X a),

as may easily be checked by direct calculation. The general formulas
(72)-(74) immediately yield this result since [K(t), L’I K(s)ds]=0 imply
T, =0 for k>1 (see (74)), so that H=H, = [ K(s) ds.

It is useful to have an estimate for the norm of the solution (73) of
Eq. (74). Theorem 9 gives a formal statement of such an estimate. See also
Corollary 4 of Theorem 6.

THEOREM 9. Under the same assumptions as in Theorem 8 we have

1
<—
M

(b) ]X(t)| — ]eLﬂ)K(s)dsl geu/M)h(ij‘u(mm)’

(a) le'K(s)ds

a

h(Mfu((sn ds) and

where M is the constant such that |[ X, Y]| < M|X|-|Y| for all X, Ye L and
h(z) is the solution of the scalar equation

dh A
T (q(h)+5’),

with h(0)=0 and gq(h)=1+37_, |k, h, where k,,(2p)! are Bernoulli’s
numbers.

LEMMA 11.
t n+1
IT,| <(1/M)<Mj 1K(s)| ds> .

Proof of Lemma 11. An immediate consequence of the remark
following Theorem 7.

Proof of Theorem 9 (see Corollary 4 of Theorem 6 and Step 3 at the end
of Section 4). We have that

1 : "
I, <<3})<M 1kt ds) .

4

607/88/2-9
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using induction, as in the proof of Lemma 8, and we also have that

o

< 3 I <o h (M Ko as),

n=1

‘L[IK(s)ds

as in the proof of Theorem 3, and (a) is proved. Part (b) follows
immediately from (a), and the theorem is proved.

A Generalization to Homogeneous Manifolds

A homogeneous space V' is a space of left cosets of a Lie group G
modulo a closed subgroup P, ie., V' =G/P. Each Lie group is a special case
of a homogeneous space, for example, by taking P= {I}, although there
are other more interesting ways of considering Lie groups as homogeneous
spaces in general. We consider the case in which G is finite dimensional, so
that the theory developed applies without difficulty. Note that G is
naturally represented as a transformation T, g€ G with T,,: V' — V defined
by

T,(hP)= ghP.

Consider an element Ke L, L the Lie algebra of G. We may regard K as
defining an infinitely smail transformation on V, T,, .. Since each vector
field on V can be interpreted as an ordinary differential equation,

= K(v),

where K(v) is the value of the vector field of X at the point ve V, so that
K(v)e T, V. The solutions of the equation &(t) = K(v(z)) are trajectories on
the manifold V.

Assume that K(s) is a smooth curve in L, the Lie algebra of G. Then for
each s we obtain a vector field K(s, v) on ¥, and the following differential
equation:

do(t)
dt

= K{(1, v(1)). (76)
THEOREM 10. Assume that [ |K(s)| ds <. Then the solution of (76) has
the form
o(1) = " K 4 (o(a)),

where ¢“lK% s for each 1, an element of G and thus e™a¥® % (y(q))
denotes

TPL]f‘K[x)ds(U(a)),
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the action of the transformation representing e“$.X'% on v(a)e V. The
formulas for L (', K(s) ds are (74) and (75).

Proof of Theorem 10. Follows at once from Theorem 8§, as it is just the
representation of G which has changed.

8. THE CONNECTION BETWEEN THE DISCRETE AND CONTINUOUS CASES
OF THE MAIN THEOREM. GEOMETRICAL MEANING OF
THEOREM 7 FOR STEP FUNCTIONS

In this section we fix our attention on the following natural question:
what form does the basic formulas (66), (66), (66)" assume when the
function K(s) is a step function? It is intuitively clear that the formulas
must reduce to (65), the formulas for the discrete case. It is our goal in this
section to establish this. The plan is as follows.

(a) We prove that in the case of a step-function K(s) the continuous
formula (67) transforms into the discrete formula (65);

(b) As a consequence, we obtain an interesting geometrical inter-
pretation of the discrete formula (65) and, in particular, of the geometrical
meaning of the coefficients k!/(k—oa )! (o¢; —a;)! - (ay_;)! in formula
(65).

Consider the function K(s), a <s<b, which has jumps at the points
a<s; <sy< --- <s;<b, where /<oc (Fig. 3) and represent the function
K(s) in slightly different drawings (Figs.4,5). Then we can consider
the subdivision of the region of definition of the function F (namely, the
simplex 4**!) into the sum of polyhedra 0, (Fig. 6), which are defined by

K(a)

K(s)

K(b)

FIGURE 3
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L
; K(S)
| !
| ! N
1 t
! I |
! o ' !
| | i 1 :
| ) !
! b | |
! ! ! | )
D W | + - >
a = 8y 8 82 3y b= sl-{-l
FIGURE 4

hyperplanes corresponding to the points a <s, < --- <s,<b. The function
F is defined as

Fluy, s upir) = [K(uy), [K(uy), .y [K(up), K(uye )] 1 (77)

The union of the polyhedra 6, is the (k+ 1) dimensional cube, and the
function F defined by (77) is smooth in the interior of 8, and has jumps on
its boundary, Fig. 6 is a picture for k=1 (there 4**' = A4?).

Now consider the case when K is a step function, so that K is constant
between jump points. In that case, (77) shows that F is constant in the inte-
rior of each 8, and has a jump as the boundary is crossed from one 8, to

L
ﬁ K(‘s)
; i
' ﬁ
! I ]
! ) 1 l
| — |
! } ! :
' ) 1
' | | *, X s
1 | | ! '
* >~
a 3 32 s b

FIGURE 5
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A Uk

FIGURE 6

an adjacent 6,.. Assume for simplicity that a=s,<s5,< --- <5,<5;4,=b
and that 4,=5,—s,_,, i=1,..,/+ 1 is independent of i, and in fact assume
that 4,= 1. It will be clear that the calculations do not depend in an essen-
tial way on this assumption. In this case, Fig. 7 represents the subdivision
of 4*'. Each polyhedron 6, which is completely contained in 4**! is
isomorphic to a unit cube, and each polyhedron 6, which is not completely

A\ Up4
K(s) =
!
] L
31 ) b
i ! !
! i I
(S i
. e | )
S [ 1
S — oy )
¥ ~ I
V ~ 1 t t l'
[l ' i
o i
b
' ) I ) | s
| 04— 4 4
87 a 3; b
6o
8
Uy
81 83 S

FIGURE 7
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contained in 4%+ is isomorphic to a part of a unit cube, the part which
remains after the removal of parts cut off by the hyperplanes which form
the boundary of 4**'.

THEOREM 11.  If K(s) is a step function as described, then (66) transforms
fo (65).

Proof of Theorem 11. The function F defined in (77) is constant on
each 0,.

(a) Consider first the case k=1, A4**'= 4% (see Fig. 7). Then,
assuming K is left continuous,

T1(0) = (from (66)) = | [K(uy), K(uy)] di, chey

Al=(b>u 2w >a)

1
= Y [K.,KJareaf,+ Y [K.K]] <§ area 9:‘;‘)-

Nzi>j=zl1 Nzi=j=z1

That the first term has the factor area 6, and the second, when i = j, has
the factor 16, may be seen from Figs. 7 and 8. It therefore follows that

1

Tg’(()) = Z [Kia K,] + Z [Kia Ki]
Nzi>j=z1 2N2i>1
= Z [K;, Kj]’
Nzi>jz1i

i

(1,5)

I
1
]
: area = 1
1

~

FiGURE 8
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FIGURE 9

since [K;, K;]1=0. If we now use the fact that the inverse order is used in
defining the integral, we obtain

T‘;’(O): Z [Kis K/]= - Z [Xi» X;]
Nzi>jzl Nzi>jzl
which agrees with (65).

(b) Consider next the case k=2, so that 4*!= 4> (see Fig. 9), so
that the two faces B and C of 4° are defined by the equations B = (u;, = u,)
and C=(u,=u;) (see Fig. 10). Again assume that K has been chosen left
continuous. Enumerate the polyhedra which intersect 4° using the integer
coordinates of their left lower front vertex so that we write

0,=0

fda iy

(see Figs. 11, 12, and 13).

FIGURE 10
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case A Bi, izis

vol =1
(ilvi2ui3)

FIGURE 11

Each polyhedron 8, ,,,, which is totally embedded in 4° is a standard unit
cube of volume =1 (Fig. 11). Here 7| > i, > i;.

Each polyhedron 6, ,,, where i, =i,, intersects the boundary face B
(Fig. 12) and has volume = 3. Each polyhedron 6, ,,,,, where i, =1i,, inter-
sects the boundary face B (Fig. 12) and has volume = 3. Each polyhedron
0, i, Where i, =1, intersects the boundary face C (Fig. 13) and also has
volume =1.

Consider the integral (66)”

1=720)=2 [ [[  [[KGn) K(u)], K(us)] dity dity ity

bzuy>uw>wyza

case B

f1i21y

—

(i;,i'z»iii) vol = =

(V]

i1=i2

FIGURE 12
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case C

T4y

(¥1,42,43)

i2=i3

FiGURE 13
2.lr+1
Ak+1
B
A
4
o

FIGURE 14
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Because the function F(u) is a step function (see above), the integral
T'2(0) transforms to the sum

1=23 F(0,)-vold,

192
H

=2 Z vol 8, [[K,, K] K1,

Nzihzbhziiz!

where [[K;,K,], K,] is the value of the function F(u) at the point
(iy, i, i3}, which is the indicated vertex of the polyhedron 8, (see above).
The integral may be written in the form I= 4 + B+ C, where

A=2 Y F0,)vol8,

64 of type 4
(Fig. 11)

B=2 Y F@6,)volé,,

8, of type B
(Fig. 12)

C=2 Y F@®,)vold,.
Gy of type C
(Fig. 13)

This implies that

A=2 Y [[K.,K,].K,]-1,  because vol8,,, =1;

Nzi>iH>i21

1 1
B=2 Y ([K,.K,.K] =, because vol 6, ., ==;
Nezi>izl 2 2

1 1
c=2 3 ([K,,K,],K,] 5 because vol 9,-1,~2,-2=5.

Nzi>iz1

But B=0, because [K;, K; ]=0 and we have

n»

I=4A+C=2 z [[Kila Kiz], Ki3]

Nzi>b>izl
+ Z [[Kil’ Ki)]’ Kiz]‘
Nzig>ih=1

"

This formula agrees wit (54)

M=

gg‘)i(o)zz Z [Xpﬁ [X{p X;]]

2 Nzp>q>j=21

+ Y X (X, X101

Nzm>j=z1

i
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which is formula (65) for k=2. Thus Theorem 11 is proved in the case
k=2

Note that in writing /=4 + B+ C we counted certain of the polyhedra
twice, those along the line of intersection of B and C. That this apparently
incorrect procedure gives the right answer follows because the function
which is being summed has the value zero there (the reason that C'=0).

(c) Arbitrary k, so that the simplex is 4 *'. Denote the polyhedra 8,

which are completely contained in 4**' by 6;. Denote that part of the
polyhedron which is contained in 4**' among those 6, which intersect
A%+ ! but are not totally contained in 4**' by 6, (Fig. 14). We let

A=Y0, B=Y0,
()

(¥:3)
so that
1=k!J Flu) du
FLER!
=k!f F(u)du+k!f Flu)du=A+ B
A B’
— k1Y F(0,) vol(8,)+ k! F(6,) vol(0, ).
A’ B’
The sum

k1Y F(05) vol(6,)

4’

— 5 IR, [..[K.. K, _ 1]

Nzi> - >zl

which is the sum 4 from (69).
The sum

B:k' Z [Kil’ [ [Kik’ K—'ik+1] ] VOl(eiliz ik)
B

corresponds to the boundary polyhedra and therefore may be decomposed
into parts corresponding to the interior faces of 4**!. The volumes of the
part cut from these by the faces of 4+ are equal to

1

(k—a)! - (ay i —ay. ) ay !
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in (65) depending on the face. We have therefore a geometrical interpreta-
tion of these coefficients.

COROLLARY 1. In the discrete case when the function K(s), a<s<bisa
step function (i.e., constant except for a finite number of jumps), the integral
(66) transforms into the following sum:

T®(0)=A+ B, where

A=k! > [ [K(sy) K(s3,) ], s K(sy) ], K5y, )]s

Nzi> - - >y 21

where Sy, S35 vy S
a<s<b;

4., are the jump-points of the function K(s) in the interval

B: z VOI(B,-I,-Z

Nziz - z2ie21

X[ [Kisy) K(si,)], 0 K(s,) ), K5y, 1,

k1)

where there exists at least one linear relation between the indices i, ..., iy .,
(at least one pair of neighboring indices coincide). The vol(0, . ) can be
expressed in terms of the coefficients k'/(k—oy)! (a;—ax)! - (oy_;)!
Sfrom (65).
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