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In this paper we construct some counterexamples of non-3-colorable planar 
graphs, using the notion of “quasi-edges.” The minimality of some quasi-edges 
is proved. 

1. COUNTEREXAMPLES AND QUASI-EDGES 

The problems under consideration here were united for the first time by 
the general term “The Three Color Problem” in Ore’s book [7], where the 
author was interested in the description of planar 3-colorable graphs. Our 
graph theoretic terminology is that of Harary [4], except that we use vertices 
and edges instead of points and lines, respectively. The graphs considered 
here are planar and have no loops or multiple edges. 

The history of the three-color problem began in 1958 with the paper of 
Grotzsch [2]. where it was proved that a planar graph is 3-colorable if it has 
no triangles. Four years later Grtinbaum [33 proved the following generaliza- 
tion of Griitzsch’s result: Every planar graph with fewer than four triangles is 
3-colorable. In the same paper Grtinbaum put forth the question which deter- 
mined the direction of further research. He supposed that if d is the distance 
of the triangles (i.e.‘, the length of the shortest path joining vertices of dif- 
ferent triangles) and d > 1,. then the planar graph is 3-colorable for an 
arbitrary number t of triangles. Have1 [5] refuted this conjecture by construc- 
ting a planar non-3-colorable graph with d = 1 and t = 4 (Fig. 1) and stated 
the conjecture that if d > 2 for a planar graph then it is 3-colorable. However, 
in his next paper Have1 [6] refuted the latter conjecture by constructing a 
planar non-3-colorable graph with d = 2 and t = 6 (Fig. 2) and proposed 
the more cautions question: Is there an integer n, such that each graph with 
d > n,, and an arbitrary number of triangles is 3-colorable? Since the last 
example due to Have1 contains six triangles, Sachs [S, p. 2581 proposed the 

1 
0095~8956/80/010001-09$02.00/O 

Copyright 0 1980 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 

https://core.ac.uk/display/82247662?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


2 AKSIONOV AND MEC”NIKOV 

FIGURE 1 

FIGURE 2 

following question: Is it true that if a planar graph without separating 
triangles is non-3-colorable and contains exactly four triangles, then these 
triangles can be divided into two pairs such that the triangles of each pair 
have distance less than two ? 

In 1972 V. A. Aksionov offered a proof of the following proposition: If in 
a planar graph G the distance of the triangles is more than two then G is 3- 
colorable. However, in 1975 some gaps were discovered in this proof. 
Figure 3 shows a counterexample to this proposition. This counterexample 
makes the conjecture of Have1 more accurate; i.e., if there exists such an n, 
then n, > 4. 

The counterexample of Fig. 4 refutes the conjecture of Sachs, since it is a 
non-3-colorable planar graph with d = 2 containing only four triangles. 

Really we may construct not only the individual counterexamples shown 

FIGURE 3 
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FIGURE 4 

in Figs. 3 and 4, but two infinite families which contain the graphs shown in 
Figs. 2 and 1, respectively. 

In the construction of these examples, we use graphs which contain a pair 
of nonadjacent vertices z1 and z2 lying in the same face and which have 
different colors in any 3-coloring of the graph. Such graphs we will call 
quasi-edges (z 1 , z2). The construction of quasi-edges in this paper is based on 
counterexamples to the auxiliary theorem of Grtinbaum ([3, Proposition 1; 
7, Theorem 13.2.1; 8, Satz VI.2) which have been completely described in 

Let ‘91 denote the set of planar graphs containi ng no i-faces for i > 6 (an 
i-face is a face having the length of its boundary walk equal to i), and con- 
taining exactly one 5-face and one triangle, where the triangle has at least 
one edge in common with the 5-face (see Fig. 5). In Fig. 5 the shading indi- 
cates a set of 4-faces. All four graphs of Fig. 5 belong to !lR. 

We have the following result from [I, Theorem 21 

LEMMA 1. If G E !$.R and in some 3-coloring the vertices x1 and x8 have 
different colors, then the vertices xg and x5 have the same color. 

z2 

LEMMA 2. If in some 3-coloring of the graph of Fig. 6a the vertices z1 and 
have the same color, then the vertices y1 , y, , and y5 all have different colors. 

LEMMA 3. In any 3-coloring of the graph of Fig. 7a the vertices z, , z2 , y5 , 
and y; cannot all have the same color. 

FIGURE 5 
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*2 

a 

FIGURE 6 

Y3=Z2 

a 

FIGURE 7 

Y3 =z2 

b 

Proof. Suppose that f is a 3-coloring such that f(q) = f(z,) = f( y5) = 
f(&) = 1. Without loss of generality f(u,) = 2. Then f(z,) = f(z,) = 3, and 
f(u,) = f(v3 = f(q) = 2. This is impossible since the vertices of the triangle 
cannot be colored. 

PROPOSITION 1. The graph of Fig. 6b is a quasi-edge (zl , z&. 

Proof. The graph of Fig. 6b is obtained from the graph shown in Fig. 6a 
and from a graph in ‘9X (Figs 5a-d) by identification of vertices x, = y1 , ~ . 
x3 = y3 , xg = y5 . Suppose that in some 3-coloring the vertices z1 and z2 have 
the same color. By Lemma 2 vertices y 1 , y 3 , and y5 have different colors, 
contradicting Lemma 1. 

PROPOSITION 2. The graph of Fig. 7b is a quasi-edge (zl , zz). 

Proof. The graph of Fig. 7b is obtained from the graph of Fig. 7a and 
two graphs from the set ‘98 (Figs. 5a-d) by identification of vertices y1 = x1 , 
y3 = x3 , y5 = x5 and yi = xi , yi = xi , u; = x5 . Suppose now that there 
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exists a 3-coloringfsuch that f(zl) = f(z,) = 1; then f(y,) # 1 and f(y;) # 
1. Hence by Lemma 1, f( y5) = f(z,) = 1 and f( yk) = f(z,) = 1, which is 
impossible by Lemma 3. 

QUASI-EDGES 2. THE MINIMALITY OF 

PROPOSITION 3. Havel’s quasi-edge (Fig. 9g) is the only quasi-edge having 
the minimal number of vertices (eight) and d > 1. 

Z2 

a b 

FIGURE 8 

b d 

e f g 

FIGURE 9 

Sketch of proof: We elucicate some properties inherent to a quasi-edge 
(zl , z&* with minimal number of vertices (less than nine). 

Property 3.1. The number of triangles in (zl , z&* is equal to two. 
The number of triangles is less than three, otherwise the number of vertices 

in (zl , z2)* is not less than nine. If (zl , zz)* has less than two triangles, then 
we add vertices x, and x, and join them with z, and z2 (Fig. 8a). A 3-coloring 
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of 4-face (x, , z, , z, , 2 z ) in which z1 and z, have the same color may be 
extended by Theorem 1 [l] to the whole graph; hence (zl , zz)* is not a quasi- 
edge. 

Property 3.2. The vertices z, and z2 are joined by at least two paths of 
length 3. 

After identification of z1 and z2 , we obtain a non-3-colorable planar 
graph, which by Grtinbaum’s theorem must have more than three triangles. 
Hence, the vertices z1 and z, in (zl , z 2 )* are joined by two paths of length 3: 
(z, , xl , x2 , z2> and (z, , x3 , x4 , z). Since d> 1,x, #x4andx2 #x3. 2 

Zl 

Property 
or z2 (or 

3.3. There is no vertex of degree 2 in (zl , z2)*, except 
both). 

possibly 

Property 3.4. Each vertex of a triangle in (zl , z2>* has degree greater 
than 2. 

By Property 3.3, it is sufficient to consider the case when the vertex of 
degree 2 is one of z1 and z2 (Fig. 8b). In [l], it is proved that any 3-coloring of 
5-cycle (xl , x3 , x4 , z2 , x2) in which vertices x, , x3, and z2 have different 
colors may be extended to the graph (zl , z2)*\(zJ, since d > 1. Thus, in the 
graph (zl , z2)*, vertices z1 and z, can have the same color. This contradiction 
completes the proof. 

Now let us prove Proposition 3. There is only one six-vertex graph with 
d > 1 which satisfies Property 3.4 (Fig. 9a). There are only two seven-vertex 
graphs with d > 1 which satisfy Properties 3.2 and 3.4 )Fig. 9b, c). There are 
four graphs having eight vertices with d > 1 satisfying Properties 3.2, 3.3, 
and 3.4 (Figs. 9d-g). Possible end vertices of quasi-edges must belong to the 
same face and are shown by salid circles. It is easily seen that only one of 
these graphs is a quasi-edge (Fig. 9g). 

PROPOSITION 4. A quasi-edge with d > 2 must contain at least 1 I vertices. 

Sketch of prooJ: Suppose that a minimal quasi-edge G = (zl , z2)* with 
d > 2 contains less than 11 vertices; then it must satisfy the following 
properties. 

Property 4.1. The number of triangles in G is equal to two. 

Property 4.2. Vertices z1 and z, are joined by at least two paths of length 3. 

Property 4.3. There are no vertices of degree 2, except possibly zl or z2 
(or both). 

Property 4.4. In G each vertex of a triangle has degree greater than 2. 
Properties 4.1-4.4 are proved the same way as Properties 3.1-3.4 of Pro- 

position 3. 
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Property 4.5. The number of vertices adjacent to triangle vertices is not 
greater than four. 

Suppose the converse. Since the vertices of one triangle can not be adjacent 
to vertices of the other triangle, there must be in (zl , z&* at least 3 + 
3 + 5 = 11 vertices. 

From Properties 4.1 and 4.4 it follows that (zl , z&* has at least nine 
vertices. Now as in the proof of Proposition 3, Properties 4.1-4.5 essentially 
reduce the number of cases under consideration and allow us to prove that 
there are no quasi-edges with d > 2 having less than 11 vertices. 

3. REMARKS 

1. It is easy to see that the construction of non-3-colorable graphs is 
equivalent to the construction of quasi-edges. Let us consider a critical 
4-chromatic graph; by removing some edge (x, , x,) we obtain a graph which 
has vertices x1 and xZ colored the same color in any 3-coloring. (We say that 
this graph is a quasi-vertex.) By adding a vertex x3 joined by an edge with xZ , 
we obtain a quasi-edge (x1 , x,). On the other hand, if we have a quasi-edge 
we may obtain a non-3-colorable graph by identification of end-vertices of 
the quasi-edge; thus we obtain a quasi-loop. 

A non-3-colorable graph can easily be obtained by the identification of the 
end-vertices of a quasi-edge with the end-vertices of a quasi-vertex (evidently, 
it is also a quasi-loop). The graph obtained has connectivity 2. 

Conjecture I. 
connectivity 2. 

Any critical non-3-colorable planar graph with d > 1 has 

2. Many different kinds of quasi-edges are known. In addition to the quasi- 
edges represented in Figs. 6b and 7b, some examples are shown in Figs. 1Oa-c 
with d = 2, 1, 3, respectively. When constructing the quasi-edges shown in 
Figs. lOb,c, an idea of Steinberg [9] was used. It is easy to see that the graphs 
of Fig. 10 are quasi-edges (zl , zz). On the basis of these examples it is 
possible to construct sequences of quasi-edges which are not subgraphs of 
each other and which do not involve counterexamples to the auxiliary 
theorem of Griinbaum (Lemma 1). The example of Fig. 4 was constructed 
independently by Steinberg [9]. 

3. Non-3-colorable graphs with specified properties can often be construc- 
ted from arbitrary 4-chromatic graphs by the replacement of some edges by 
quasi-edges. For example, by choosing a pair of nonadjacent edges in K4 , we 
minimize the number of triangles in the resultant counterexamples. If we are 
concerned only in constructing a graph with the minimal number of vertices, 
it is natural to replace any two edges in K4; in addition to the 16-vertex 
graph with four triangles shown in Fig. 1, we obtain a 16-vertex graph with 
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b 

FIGURE 10 

five triangles (Fig. 1 la), If we want to construct a 4-chromatic planar graph 
with d > 1 and the minimal number of vertices not belonging to triangles, 
then we replace the thick edges of the graph shown in Fig. 1 lb by Havel’s 
quasi-edges. Thus we obtain a 4-chromatic planar graph with six triangles 
and d > 1, each vertex of which belongs to a triangle (Fig. 1 lc). This construc- 
tion may be extended for any t > 6. 

Conjecture 2. (a) The graph of Fig. 1 has the minimal number of vertices 
among planar non 3-colorable graphs with d >, 1; if we add the restriction 
that t = 4 then it is unique. (b) The graph of Fig. 4 has the minimal number 
of vertices among planar non-3-colorable graphs with d > 2; if we add the 
restriction that t = 4 then it is unique. (c) Every 
graph with d > 3 has at least 44 vertices. 

planar non-3-colorable 

a b 

FIGURE 11 
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4. All known non-3-colorable planar graphs contain 4- or 5-cycles. This 
led R. Steinberg to pose the following question: Does there exist a planar 
graph with neither 4-cycles nor 5-cycles which is not 3-colorable? 

Let us note that in a certain sense cycles of either length (4 or 5) can be 
ignored, since it is possible to insert Havel’s quasi-edges (Fig. 9g) and quasi- 
edges of Fig. 12 into non-3-colorable graphs, eliminating the 4-cycles and the 
5-cycles, respectively. 

FIGURE 12 

5. Since there are now examples of non-3-colorable planar graphs with 
the distance of the triangles equal to 1, 2, and 3, it is natural to suppose that 
such examples exist for any distance d. However, we have another opinion. 

Conjecture 3. There exists an integer n, such that every planar graph 
with d > n, and any number of triangles is 3-colorable. Perhaps no = 5. 
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